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Abstract—The objective of this work is to show how to control the electric power systems of 9 

a vehicle in such a manner that their power flows should be optimized in the sense of energy 10 

efficiency. As will be seen, the control problem considered in this work can be formulated as an 11 

optimization problem in the presence of several constraints. A systematic approach based on 12 

optimal control will be adopted to design the energy management strategies. Then, by means of 13 

these strategies, the electric energy will be generated and stored in the most appropriate 14 

manner so that the overall energy consumption and eventually the pollutant emissions can be 15 

minimized for a given driving cycle. To this end, both non-causal optimization method using 16 

the knowledge of the entire driving cycle and causal one are developed for two case studies with 17 

different structures of energy storage system. These strategies are then evaluated in an 18 

advanced simulation environment to point out their effectiveness. 19 

Index Terms—Energy management system, vehicular electric power system, battery and 20 

supercapacitor, Pontryagin's minimum principle, state constraints. 21 

 22 

1. Introduction 23 

Over the years, the demand of electric power consumption in conventional vehicle has become 24 

more and more important. This is due to the fact that automotive customers are more and more 25 

demanding in terms of performance, comfort and safety for their new vehicles. Hence, the number of 26 

auxiliary electric-powered devices has been constantly increased in modern vehicles, e.g. active 27 
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suspension, electric brakes, catalyst heaters, etc. This increasing demand tends to double or triple the 28 

current vehicle electric load [1]. Besides improving the efficiency of the electric components, an 29 

effective energy management strategy (EMS) is also crucial to minimize the overall energy 30 

consumption of the vehicle. 31 

In this work, the key feature of the studied vehicle consists in the presence of an electrical 32 

supercharger (eSC) in the turbocharged air system of the spark-ignition (SI) engine. This device aims 33 

at assisting the main turbocharger to reduce the effects of "turbo lag", i.e. slow engine torque 34 

dynamics and lack of torque at low speeds. As a consequent, the drivability is significantly improved. 35 

The energy consumption of the eSC is provided by the vehicular electric power system. To this end, 36 

the vehicle is equipped with an advanced alternator which is controlled in power. Note that this 37 

alternator is directly coupled to the vehicle primary shaft; therefore, the engine operating point can be 38 

shifted by controlling the alternator output power. This fact offers one degree of freedom for energy 39 

optimization as in the case of classical parallel hybrid electric vehicles. However, this small capacity 40 

alternator is exclusively used to generate the energy for the electric power system and cannot assist 41 

the internal combustion engine (ICE) to propel the vehicle. Note also that the considered alternator 42 

can also recover the kinetic and potential energy during the regenerative braking phases. This "free 43 

energy" is then stored in the energy storage system (ESS) and will be used later in appropriate ways.  44 

From the above remarks, it is clear that the energy management becomes very attractive to 45 

improve the overall energy efficiency of the studied vehicle. Because of industrial specifications, the 46 

developed strategies have to satisfy several objectives. First, they can offer a global optimal solution 47 

when the driving conditions are perfectly known in advance, i.e. offline situations. Second, their 48 

adaptations for real-world driving situations (i.e. online situations) are straightforward and the 49 

resulting causal strategies behave closely as the global optimal ones. Third, the developed strategies 50 

must be simple to be implementable with limited computation and memory resources. Fourth, the 51 

strategies are based on a systematic approach so that they can be applicable to a large spectrum of 52 
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component dimension without the need for extensive calibration. For all these reasons, the developed 53 

EMSs will be based on an optimal control approach using physical component models of the vehicle.  54 

Because of the relevance to this work, a brief overview concerning the optimal based energy 55 

management issue for hybrid electric vehicle [2,3] will be provided. In automotive framework, there 56 

are mainly two methods based on optimal control theory which may offer a globally optimal result in 57 

offline situations: Dynamic Programming (DP) [4] and Pontryagin’s Minimum Principle (PMP) [5]. 58 

DP-based strategies are known to be very costly in terms of computation. Numerous efforts have 59 

been devoted to reduce the computation time [6]. These strategies are often used for offline purposes 60 

(performance evaluation, component sizing) [7]. Some adapted online versions can be found in 61 

[8,9,10]. Concerning the strategies based on PMP, their optimum could not be global as in the case of 62 

DP since the PMP only provides necessary optimality conditions. However, they are much more 63 

computationally efficient and the online adaptation is more straightforward. This is the main reason 64 

why we only deal with PMP approach in this work. In the literature, many results exist on PMP-65 

based strategies [11,12] or the related Equivalent Consumption Minimization Strategies (ECMS) 66 

[13,14]. Besides optimal control based approaches, some rule-based methods for energy management 67 

can also be found in literature, see [15,16,17] and references therein. 68 

The main focus of this paper is to propose a systematic approach to design the energy 69 

management strategies that optimize the power flow of the vehicular electric power system. To this 70 

end, both online and offline strategies are considered. Thank to these optimal based EMSs, the 71 

overall energy consumption of the vehicle is minimized under all driving situations. A preliminary 72 

study on the choice of the structure of energy storage system was carried out by our industrial 73 

partners. From that, two case studies of electric power system with the same vehicle architecture will 74 

be considered. These choices are mainly due to the acceptable cost especially for the energy storage 75 

devices compared to conventional hybrid vehicles. The first case study is as in a conventional vehicle 76 

where only the battery is used to provide all onboard electric consumption and to make the electric 77 
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power system more robust against peak-power demands. In this case, the EMS will exploit the 78 

freedom that the battery offers to the alternator in deciding the moment to generate electric power. 79 

This degree of freedom is generally not used [10]. For the second case study, a hybrid storage system 80 

combining a supercapacitor [18] together with a battery will be used. Such a hybrid storage system 81 

has been widely used in automotive industry since it has both the high energy density of the battery 82 

and the high power density of the supercapacitor [19]. The supercapacitor aims at providing high 83 

currents during hard transition phases to protect the battery from fatal damages caused by over-84 

discharge [2]. The supercapacitor is also used to store energy from regenerative braking and to 85 

reduce the battery size [19]. As will be seen, battery/supercapacitor hybrid energy storage system is 86 

more flexible in terms of optimization than the first one since it offers two degrees of freedom for 87 

EMS. However the electric structure and the control design are more complex than the first case.  88 

In this work, we assume that the state constraints concerning the battery are not critical for 89 

optimization problem since it can be oversized. However, the supercapacitor may quickly charge and 90 

discharge due to its low specific energy compared to the battery [15]. Hence, the state constraints of 91 

the supercapacitor should be taken into account. To this end, a new form of penalty function will be 92 

proposed by introducing a dummy variable in the expression of the Hamiltonian. The strategies 93 

developed in this work are simple to implement, efficient in terms of fuel reduction and of 94 

computation times. They can be directly applied to parallel hybrid electric vehicles, and the 95 

formulation can be easily generalized to a large family of hybrid vehicles. 96 

The paper is organized as follows. Section 2 first presents the studied vehicle structure with its 97 

two different electric power systems. Then, the models of some vehicle components used for control 98 

purpose are provided. In Section 3, the optimal control problems are formulated for both case studies 99 

and the Pontryagin's Minimum Principle is then applied to design the EMSs. Section 4 is devoted to 100 

the implementation issue of the developed EMSs on an advanced dynamic vehicle simulator and the 101 

analysis of the obtained results. To this end, the brief description of simulator is first given. Then, a 102 
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discussion on how to use the optimal control outputs and also a simple adaptation idea to obtain 103 

causal strategies from optimal ones are presented. Next, the simulation results are performed to show 104 

the effectiveness of the developed strategies. Finally, a conclusion is given in Section 5. 105 

2. Vehicle Description and Control-Based Models 106 

The considered vehicle architecture is depicted in Figure 1. The notations are given in Appendix. 107 

 108 

Figure 1. Representation of the studied vehicle architecture 109 

The vehicle is equipped with a conventional powertrain with 5-speed manual transmission. The 110 

alternator is connected to the engine with a fixed gear ratio. The only difference between the two 111 

considered case studies consists in their electric power system, i.e. the "Electric System" block in 112 

Figure 1. The power flow of both case studies is described below. 113 

2.1. Case study 1: Single storage electric power system 114 

The power flow in this case is sketched in Figure 2. The direction of the arrows corresponds to the 115 

direction of the energy exchange between different components. 116 

 117 

Figure 2. Power flow of the studied vehicle with single storage electric power system 118 
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The ICE produces the mechanical power iceP  from chemical energy (fuel). This mechanical power 119 

iceP  is divided into two parts. The first part drP  is used for vehicle propulsion. The second one ,alt mP  120 

is delivered to the alternator and then converted to electrical power ,alt eP . The alternator generates the 121 

power to satisfy the demand loadsP  of all onboard auxiliaries including the eSC. It is also used to 122 

charge the battery when necessary. The battery power batP can be negative (when it is charged by the 123 

alternator) as well as positive (when it provides electric power for all electrical loads). It should be 124 

noticed that the eSC is controlled by engine control unit (ECU) which is out of the present work 125 

scope. However, its energy consumption profile is known and will be considered as an input of the 126 

developed EMSs. 127 

2.2. Case study 2: Dual storage electric power system 128 

A sketch of the power flow in this case is depicted in Figure 3. It is worth noting that Case study 1 129 

is nothing else than a special case of Case study 2 where the supercapacitor and the DC/DC converter 130 

are removed from the electric power system. 131 

 132 

Figure 3. Vehicle power flow in the studied dual storage electric power system 133 

It can be observed that the consumption of onboard auxiliaries auxP  can be powered either by the 134 

alternator or by the battery. The battery is also used to charge the supercapacitor through the DC/DC 135 

converter. However, the supercapacitor cannot charge the battery in this electric structure; it is 136 

exclusively used to power the eSC. 137 
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2.3. Vehicle Control-Based Model 138 

The control models are used to develop the energy optimization algorithm. At each sampling time, 139 

the energy optimization algorithm computes the optimal control sequences that minimize the energy 140 

consumption of the vehicle. For real-time applications, the control model should have a very limited 141 

complexity. Hereafter, some control models of the components of interest for both case studies will 142 

be described. It is worth noting that for confidentiality reasons with our industrial partners, all figures 143 

showing the data of system components are slightly scaled so that the characteristics of these 144 

components will not be revealed. 145 

2.3.1. Internal combustion engine 146 

ICE is a complex system where many physical phenomena are not easy to model, e.g. combustion 147 

process [20]. However, from an energetic point of view some assumptions can be considered. Here, 148 

the temperature dependency and the dynamic behavior of the ICE will be neglected. Then, ICE is 149 

characterized by a static look-up-table (LUT) giving the instantaneous fuel consumption in function 150 

of the engine torque and the engine speed, see Figure 4. 151 

 152 

Figure 4. Representation of the instantaneous fuel consumption of the studied engine 153 

Moreover, at a given engine speed, the engine torque is physically limited by its maximum available 154 

torque. This characteristic is also represented by a static LUT. 155 
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2.3.2. Alternator 156 

The alternator is characterized by some static LUTs as in the case of ICE. The first one, shown in 157 

Figure 5, provides the alternator efficiency as a function of the rotary speed and the current. The 158 

second LUT needed for the alternator average model provides the maximum current that the 159 

alternator can produce as a function of the rotary speed and the current, see Figure 6. 160 

 161 

Figure 5. Representation of the alternator efficiency 162 

 163 

Figure 6. Representation of the alternator maximal current 164 

For energy management strategy design, another LUT providing the maximum available torque at a 165 

given alternator speed is also needed. This one guarantees that the alternator torque is always within 166 
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its physical limitation. Note that the alternator only works in generator mode, so its current is 167 

conventionally positive and is assumed to be measured for the optimization design problem. 168 

2.3.3. Battery 169 

For control purpose, the thermal-temperature effects of the battery are usually neglected. Then, the 170 

only state variable left in the battery is its state of charge (SOC) whose dynamics equation is given as 171 

follows: 172 

( ) ( )( ) ( ) ,0
,0

; 0bat bat
bat bat bat

bat

I SOC t
SOC t SOC SOC

Q
= − =ɺ  (1) 173 

where the initial state of charge ,0batSOC  and the nominal capacity ,0batQ  of the battery are given. The 174 

expression of the battery current can be given as [8]: 175 

( )( ) ( )( ) ( )( ) ( )( ) ( )
( )( )

2 4

2

oc bat oc bat bat bat bat

bat bat
bat bat

U SOC t U SOC t R SOC t P t
I SOC t

R SOC t

− −
=  (2) 176 

where ( )batP t  is the battery power at the terminal voltage. 177 

2.3.4. Supercapacitor 178 

After neglecting all complex thermal-electrochemical dynamics, the only state variable left in the 179 

supercapacitor is its voltage cU  which is the image of its available energy amount: 180 

( ) ( )( ) ( ) ,0; 0sc c

c c c
sc

I U t
U t U U

C
= − =ɺ  (3) 181 

where the capacitance scC  and the initial voltage ,0cU  of the supercapacitor are constant and given. 182 

Similar to the battery, the supercapacitor current expression can be also given as: 183 

( )( ) ( ) ( ) ( )2 4

2
c c sc sc

sc c
sc

U t U t R P t
I U t

R

− −
=  (4) 184 

where ( )scP t  is the supercapacitor power at the terminal voltage. 185 

 186 
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2.3.5. DC/DC converter 187 

The DC/DC converter is simply modeled by the following efficiency rate: 188 

( )
( )

,

,

DC o
DC

DC i

P t

P t
η =  (5) 189 

where ( ),DC oP t  and ( ),DC iP t  are respectively converter output and input powers. The efficiency of the 190 

DC/DC converter is given. 191 

3. Optimal Control Based Energy Management 192 

Hereafter, the optimization problem is formulated for two case studies: 193 

• Case study 1: single storage electric power system 194 

• Case study 2: dual storage electric power system 195 

Next, the PMP will be applied to derive the energy management strategies for these both cases. 196 

3.1. Problem Formulation 197 

3.1.1. Control objective 198 

In this work, the goal of optimal control is to minimize the fuel consumption over the driving 199 

cycle in the time optimization horizon [ ]0,T , then the cost function is expressed by: 200 

( ) ( )( ) ( ) ( )( )
0 0

, ,
T T

lhv fuel ice ice fuel ice iceQ m T t t dt P T t t dtω ω= =∫ ∫ɺJ  (6) 201 

where ( ) ( )( ),fuel ice iceP T t tω  is the fuel power and the instantaneous fuel consumption of ICE 202 

( ) ( )( ),fuel ice icem T t tωɺ  is known at a given engine speed iceω  and torque iceT .  203 

Remark 1: The pollutant emissions can be also incorporated by modifying the cost function (6) as: 204 

( ) ( )( ) ( ) ( )( )
10

, ,
T n

fuel ice ice i i ice ice
i

P T t t m T t t dtω α ω
=

 = + 
 

∑∫ ɺɶJ  (7) 205 

where iα  are weighting factors provided by designers and the instantaneous pollutant emission rates 206 

( ) ( )( ),i ice icem T t tωɺ  (in general xNO , CO, HC ) are given by static LUTs. However, the objective to 207 
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minimize the pollutant emissions is beyond the scope of this paper; therefore only the cost function 208 

of the form (6) will be considered in the sequel. 209 

3.1.2. Constraints 210 

a. Vehicle architecture constraints: The mechanical relations between torques and speeds of the 211 

considered vehicle architecture represented in Figure 1 are given by the equations: 212 

( ) ( )( ) ( ) ( )( ) ( )( ) ( )

( ) ( )
( )( )

( )
( )( )

w gb ice alt gb ps

ice alt
w

T t R k t T t T t R k t T t

t t
t

R k t R k t

η ρ η

ω ω
ω

ρ

 = + =



= =


 (8) 213 

The driving cycle is usually defined by the couple ( ) ( )( ),w t k tω . Indeed, when ( )w tω  and ( )k t  are 214 

known, the torque requested at the wheels ( )wT t  can be easily derived for the vehicle longitudinal 215 

dynamics equation [6]. In this work, engaged gear ( )k t  at each moment is chosen by the driver. 216 

Then, it can be noticed from (8) that, with a given driving cycle, neither the engine speed nor the 217 

alternator speed can be chosen by the energy management strategy, the only degree of freedom of the 218 

studied architecture is the alternator torque (or ICE torque). 219 

b. Mechanical constraints: Due to the physical limitations of the ICE and the alternator, their speeds 220 

and torques are subject to the following constraints: 221 

( )
( )

,min ,max

,min ,max

ice ice ice

alt alt alt

t

t

ω ω ω
ω ω ω

≤ ≤


≤ ≤
 (9) 222 

and 223 

( )( ) ( ) ( )( )
( )( ) ( ) ( )( )

,min ,max

,min ,max

ice ice ice ice ice

alt alt alt alt alt

T t T t T t

T t T t T t

ω ω

ω ω

 ≤ ≤


≤ ≤

 (10) 224 

By considering the physical alternator torque limits, the engine torque limits at each instant t  are 225 

given as, where the primary shaft torque ( ) ( ) ( )ps ice altT t T t T tρ= +  is derived from the driving cycle: 226 

( ) ( ) ( )( ) ( ) ( )( ){ },min ,max:ice ice ice ice ice ice ice iceT t T t T t T t T tω ω≤ ≤=∈T  (11) 227 
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where 228 

( )( ) ( )( ) ( ) ( )( ){ }
( )( ) ( )( ) ( ) ( )( ){ }

,min ,min ,max

,max ,max ,min

max ,

min ,

ice ice ice ice ps alt alt

ice ice ice ice ps alt alt

T t T t T t T t

T t T t T t T t

ω ω ρ ω

ω ω ρ ω

 = −


= −

 (12) 229 

c. Electric power system constraints: As mentioned above, the only difference between the two 230 

considered case studies consists in their energy storage systems. Case study 1 deals only with one 231 

battery, see Figure 7. The optimization problem formulation in this case is similar to the one of 232 

conventional parallel hybrid electric vehicles with only one system state of the battery (1). 233 

 234 

Figure 7. Sketch of the electric structure of Case study 1 235 

From the electric structure in Figure 7, the battery current can be computed as: 236 

( ) ( ) ( )bat alt loadsI t I t I t= −  (13) 237 

where the electric load current ( )loadsI t  is known and represents all onboard auxiliary demand 238 

including the consumption of eSC. The current delivered by the alternator ( )altI t  can be easily 239 

derived from the optimal alternator torque at each time step. It is noticed from (13) that if the 240 

alternator is optimally controlled, then, the battery use is also indirectly optimized in the sense of 241 

energy efficiency. 242 

For Case study 2, both battery and supercapacitor are considered. They are linked by a DC/DC 243 

converter. The electric structure of this case is depicted in Figure 8. In this case, the dynamics of the 244 

supercapacitor (3) should be considered together with (1) for optimization problem to fully take 245 

advantage of all electric structure potential.  246 
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 247 

Figure 8. Sketch of the electric structure of Case study 2 248 

In this work, the DC/DC converter controls its output current, i.e. ( ) ( ),DC DC ot I tλ = . It is noticed that 249 

the electric structure of Case study 2 offers a second degree of freedom for optimization problem: the 250 

DC/DC output (or input) current. Indeed, if one of these two currents is optimized, the other can be 251 

easily deduced from the power relation (5) of DC/DC converter. The battery and supercapacitor 252 

currents are respectively computed by the following relations: 253 

( ) ( ) ( ) ( ),bat alt aux DC iI t I t I t I t= − −  (14) 254 

( ) ( ) ( ),sc DC o eSCI t I t I t= −  (15) 255 

The DC/DC output current is constrained by: 256 

( ) ( ) ( ){ }, , , , , ,:DC o DC o DC o DC o DC o DC oI t I t I I t I=∈ ≤ ≤I  (16) 257 

where ,DC oI  and ,DC oI  are respectively the minimum and maximum output current of the converter.  258 

For safe operation and cycle life extension, the battery SOC and battery current are both limited: 259 

( ),min ,maxbat bat batSOC SOC t SOC≤ ≤  (17) 260 

( ),min ,maxbat bat batI I t I≤ ≤  (18) 261 

For the supercapacitor, the voltage cU  and the current scI  are subject to the following constraints: 262 

( ),min ,maxc c cU U t U≤ ≤  (19) 263 

( ),min ,maxsc sc scI I t I≤ ≤  (20) 264 
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Both battery and supercapacitor are considered as energy buffer systems. Therefore, the charge 265 

sustaining condition should be fulfilled by EMS for both of them. Concretely, one should have266 

0batSOC∆ ≈  and 0cU∆ ≈  where:  267 

( ) ( )0bat bat batSOC SOC T SOC∆ −≜  (21) 268 

( ) ( )0c c cU U T U∆ −≜  (22) 269 

3.2. Application of Pontryagin’s Minimum Principle 270 

Next, the PMP will be applied to the two cases. Only offline optimal solutions will be considered in 271 

this subsection. Thereafter, for simplicity, the explicit time-dependence of the variables is omitted 272 

except for confusing situations. 273 

3.2.1. Case study 1: Single storage electric power system 274 

Taking into account (1) and (6), the Hamiltonian in this case is defined as: 275 

( ) ( ) ( )
1 1

,0

, , , bat
ice fuel ice

bat
bat ice

bat

SOC

Q
C T PSO

I
Tλ ω λ= −H  (23) 276 

where the battery current ( )bbat atSOCI  is computed by (13). The necessary optimality conditions 277 

provided by PMP in this case are given as: 278 

( ) ( ) ( )
*

* *
,0

1 ,0

; 0
bat bat

bat bat bat
bat

I SOC
SOC SOC SOC

Qλ
∂ ⋅

= = − =
∂

ɺ
H

 (24) 279 

( ) ( )**
* 1
1

,0

bat bat

bat bat bat

I SOC

SOC Q SOC

λλ
∂∂ ⋅

= − =
∂ ∂

ɺ
H

 (25) 280 

( )*
,0bat batSOC T SOC≈  (26) 281 

*
,min ,maxbat bat batSOC SOC SOC≤ ≤  (27) 282 

( ) ( ) [ ]* * *
1

* *
1, , , , ; 0, ;ibat bace ice icet iceSOC T SOC T t T Tλ λ ∀ ∈ ∀≤ ∈H H T  (28) 283 

Several comments can be made regarding these optimality conditions. First, the conditions (24) and 284 

(25) provide respectively the dynamics of the system state and its associated co-state. However, 285 
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neither an initial condition nor a final condition on the co-state is available. Second, it is important to 286 

emphasize that when the charge sustaining condition guaranteed by (26) is required for the EMS, the 287 

battery usually operates only in a small range of SOC [21]. As a consequence, the open circuit 288 

voltage and the internal resistance of the battery may not vary so much in this range. Therefore, from 289 

(2), it can be concluded that the battery current ( )bbat atSOCI  is not significantly affected by the 290 

variation of battery SOC. Combining this fact with condition (25), it follows that: 291 

1 1 100λ λ λ≈ ⇒ =ɺ  (29) 292 

where the constant 10λ  has to be determined. This assumption has been exploited in many other 293 

previous works [11,6,21]. Third, our studied battery has an important nominal capacity ,0batQ , then, 294 

the state constraints (27) will never be violated. Fourth, at each instant t , the optimal control *
iceT  295 

minimizing the Hamiltonian can be exhaustively searched in the torque admissible set iceT  defined in 296 

(11). This can be numerically done by testing all torque possibilities of the set iceT  at each time step. 297 

Hence, the constraints on the control variable iceT  are "naturally" considered. Fifth, it is clear that the 298 

optimal solution at each instant t  depends on the initial conditions of the system state ,0batSOC  and 299 

the co-state 10λ . The former initial condition is given, however, the latter on is not known a priori. 300 

The value of 10λ  depends on boundary condition of the terminal cost at final time T , i.e. the future 301 

information of the driving conditions. Indeed, the determination/estimation of this value is crucial to 302 

reach the optimal solution as close as possible. For offline situations where driving cycles are given 303 

in advance, the value of 10λ  can be iteratively computed by a "root finding algorithm" [11]. 304 

3.2.2. Case study 2: Dual storage electric power system 305 

In this case, two dynamical systems (1) and (3) are available for the energy storage system. As 306 

previously highlighted, the state constraints (19) of the supercapacitor should be taken into account. 307 

To this end, a new dummy variable has been introduced whose dynamics is defined as [22]: 308 
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( )d cX T Uɺ ≜  (30) 309 

where the function ( )cT U  in (30) is defined as: 310 

( ) ( ) ( )2 2

,min ,min ,max ,maxc c c c c c c c cT U U U sg U U U U sg U U   = − − + − −     (31) 311 

and the function ( )sg ⋅  in (31) is given as: 312 

( ) 0, 0

1, 0

x
sg x

x

<
 ≥
≜  (32) 313 

Note that ( ) [ ]0, 0,dX t t T≥ ∀ ∈ɺ  and ( ) 0dX t =ɺ  only for times when the state constraints (19) are 314 

satisfied. The new dummy variable ( )dX t : 315 

( ) ( ) ( )
0

0
t

d d dX t X t dt X= +∫ ɺ  (33) 316 

is required to satisfy the two boundary conditions: ( )0 0dX =  and ( ) 0dX T = . This fact implies once 317 

again that ( ) [ ]0,  0,dX t t T= ∀ ∈ . However, it is possible only if the state constraints (19) are 318 

satisfied for all [ ]0,t T∈ . 319 

Taking into account the dynamics (1), (3) and (30), the augmented Hamiltonian for the Case study 2 320 

is defined as follows: 321 

( ) ( ) ( )

( ) ( )

, 1 2 1
,0

,

2

, , , ,  

,
                                                                 

, , bat
bat c

sc

bat
a ice DC o fuel i

c

c
sc

ce ice
bat

DC o

d

SOCI
T I P T

Q

I

SOC U

I U
T U

C

λ λ ω λ

λ λ+

= −

−

⋯H

 (34) 322 

Then, the necessary optimality conditions are given by (24)-(27) together with the following ones: 323 

( ) ( ) ( )* *
,0

2

*
,

* ,
; 0

DC oa sc c

c c c
sc

I U
U

I
U U

Cλ
∂ ⋅

= = − =
∂

ɺ
H

 (35) 324 

( )*
,0c cU T U≈  (36) 325 

*
,min ,maxc c cU U U≤ ≤  (37) 326 
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( ) ( ) ( )
( )

2 2* * * * *
,min ,min ,max ,max

* 0 0

d c c c c c c c
d

d

a
cX U U sg U U U U sg U U

X

λ
∂ ⋅

   = = − − + − −   ∂

=

ɺ
H

 (38) 327 

( ) ( ) ( )

( ) ( )

* ** *
* 1 2
2

,0

* * * * * *
,min

*

,min ,max

,

,max

 

                         2 2

,bat bat sc ca

c bat c sc c

d c c c c d c

o

c

C

c c

DI SOC I U

U Q U C U

U U sg U U U U sg

I

U U

λ λλ

λ λ

∂ ∂∂ ⋅
= − = +

∂ ∂ ∂

   − − − − − −   

ɺ ⋯
H

 (39) 328 

( )* a
d

dX
λ

∂ ⋅
= −

∂
ɺ

H
 (40) 329 

( ) ( )
[ ] ( )

* * * * * * * * * *
1

* *
2 , 1 2

,,

,, , , , , , , , , , , ,

       0, ;

;

,

a bat c d a bat c iceice DC o

ice ice DC

DC o d

DC o o

SOC U T I

T

SOC U T I

t T I

λ λ λ λ λ λ

∀ ∈

≤

∈ ×∀

H H

T I
 (41) 330 

As in Case study 1, 1 10λ λ= , [ ]0,t T∀ ∈  and at each instant t , the optimal control inputs ( )*
iceT t  and 331 

( )*
,DC oI t  minimizing the Hamiltonian can be exhaustively searched in the torque and current 332 

admissible sets iceT  and ,DC oI  defined respectively in (11) and (16). 333 

Since dX  does not appear explicitly in ( )a ⋅H , then, it can be deduced from (40) that: 334 

( )* *
00a

d d d
dX

λ λ λ
∂ ⋅

= − = ⇒ =
∂

ɺ
H

 (42) 335 

where 0dλ  is the constant to be determined. Note that if the supercapacitor has an important 336 

capacitance scC , its state constraints (19) will be then trivial. In this case, 0dλ  can be set equal to 0, 337 

which means that the supercapacitor state constraints are not taken into account. 338 

From the supercapacitor current ( )sc cI U  expression in (4), it follows that: 339 

( ) ( )
2 4

sc c sc c

c c sc sc

I U I U

U U R P

∂
= −

∂ −
 (43) 340 

Then, the condition (39) can be rewritten as: 341 
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( )
( )

( ) ( )

* *
2*

2 2*

* * * *
0 ,min ,min 0 ,max ,max

 
4

            2 2

sc c

sc c sc sc

d c c c c d c c c c

I U

C U R P

U U sg U U U U sg U U

λ
λ

λ λ

−
=

−

   − − − − − −   

ɺ ⋯

 (44) 342 

The trajectory *
2λ  is obtained by integrating both sides of (44) which ( )*

2 200λ λ=  has to be 343 

determined. 344 

The optimization problem of Case study 2 is now reduced to the choice of the three values 10λ , 345 

20λ  and 0dλ  in such a manner that both boundary conditions (charge sustaining conditions) (26) and 346 

(36) are satisfied. However, using a "root finding algorithm" as in Case study 1 to iteratively compute 347 

these three values would not be appropriate due to excessive computation times. A simple method, 348 

which is more effective in terms of computation times, will be proposed latter. Although this method 349 

only offers sub-optimal control sequences of *
iceT  and *

,DC oI , it can be directly used for online 350 

implementation. 351 

3.2.3. Physical interpretation of Hamiltonian 352 

This subsection aims at pointing out the physical meaning of the Hamiltonians and the co-states in 353 

the previous definitions (23) and (34). To this end, only Hamiltonian of Case study 2 is considered 354 

since it is of a more general form than the one in (23). 355 

Let us define the following variables: 356 

( )1
,

21
2

0

;
boc ba ctt scaU S QC

s
O U C

s
λ λ− −≜ ≜  (45) 357 

Then, the expression of the Hamiltonian in (34) can be rewritten as: 358 

( ) ( ) ( )
( ) ( )

, 1 2 1 ,

2 ,,

, , , ,  

                                                                 ,

, ,a ice DC o fuel ice ice bat i

D

bat c bat

sc i dc cC o

SOC U SOT I s s P T C

P U U

s

s I T

Pω

λ

=

+

+

+

⋯H
 (46) 359 

where ( ),fuel ice iceP T ω , ( ), bbat i atSOCP  and ( ),, ,sc i c DC oP IU  are respectively the fuel power, the inner 360 

battery power and the inner supercapacitor power. The physical meaning of the Hamiltonian becomes 361 
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clearer with (46). Indeed, this is the sum of the weighted powers of all energy sources available in the 362 

vehicle. In other words, the Hamiltonian represents an equivalent fuel power; and the variables 1s  363 

and 2s  are used to converts the inner battery power and the inner supercapacitor power into the 364 

equivalent quantities of fuel power. That is why these variables are usually referred to equivalence 365 

factors [13,14]. The more important these variables are, the more expensive the electric energy is. So, 366 

it is more beneficial to recover the energy by regenerative braking. On the contrary, the lower these 367 

variables are, the cheaper the electric energy is also. As a consequent, it is more beneficial to use the 368 

electric machine to generate the energy (for the case of hybrid vehicles). 369 

In the cases where the state constraints are present, the dynamics dXɺ  indicates these constraints 370 

are whether or not violated. Then, the term 0d dddX Xλ λ=ɺ ɺ  is incorporated into the Hamiltonian as a 371 

penalty function. The constant 0dλ  should be selected to be very high such that the supercapacitor 372 

state lies in its bound limits in very short time. Since there is no penalty if the state remains between 373 

its upper and lower limits, the energy management strategies can make full use of the supercapacitor 374 

over the allowable range. 375 

4. Implementation and Results Analysis 376 

4.1. Dynamic Vehicle Simulator 377 

Before analyzing the results, it should be noticed that all developed strategies in this work are 378 

validated with a dynamic vehicle simulator calibrated with real vehicle data. This simulator consists 379 

of all appropriate models of different elements constituting the studied vehicle, including the driver 380 

and the energy management strategy. An overview of the simulation environment in this work is 381 

illustrated in Figure 9. As can be seen, the considered simulation environment has two separated 382 

parts: the vehicle model part and the energy management system part.  383 
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 384 

Figure 9. Simulation environment in the thesis framework 385 

The energy management system part is our optimization algorithm coded in C-language for time 386 

computation efficiency and implemented in Matlab/Simulink as an S-function. The vehicle model 387 

part accurately represents all relevant characteristics of the real vehicle. This one is implemented in 388 

LMS Imagine.Lab AMESim platform which is inspired by Bond Graph approach [23]. The model 389 

and control strategies involved of this dynamic vehicle simulator have been developed by our 390 

industrial partners and will not be exposed here for confidentiality. The two parts of the simulation 391 

environment are interconnected by a co-simulation interface. The most advantage of this simulation 392 

approach is that it offers at the same time the realistic vehicle model and the great convenience of 393 

Matlab/Simulink in terms of control design. 394 

In what follows, some issues directly related to the implementation of the developed energy 395 

management strategies into the simulator are first discussed. Next, a simple idea to derive a causal 396 

EMS for real-time applications is presented. Then, to show the performance of the developed 397 

strategies in terms of energy consumption efficiency, they will be also compared to a baseline 398 
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strategy where the energy storage system (ESS: battery and/or supercapacitor) will be practically 399 

never charged or discharged. As a consequent, the alternator will be always activated to generate all 400 

energy needed for onboard electric demand. Note also that these baseline strategies, provided by our 401 

industrial partners, will not be detailed for confidentiality reason. 402 

4.2. Implementation 403 

4.2.1. How to use the optimal control sequences? 404 

The developed EMSs provide the engine torque and also the alternator torque in both case studies. 405 

They are often used as reference signals to control the ICE and the alternator, respectively. However, 406 

in this project, the ECU is designed by another industrial partner and only optimal alternator torque 407 

*
altT  will be used to control the reference voltage of the alternator. The control scheme of the 408 

alternator is illustrated in Figure 10. 409 

 410 

Figure 10. Control scheme of the alternator 411 

For Case study 2, the EMS provides also the optimal control sequence * ,DC oI  which will be used to 412 

control the DC/DC converter as shown in Figure 8. 413 

It is important to remark that the approach used in our work does not require any modifications of 414 

the vehicle structure (drive train and electric power system). The only simple task for implementation 415 

is to replace the existing controller(s) of the baseline strategy with those developed in this paper. 416 

4.2.2. Online adaptation 417 

As previously emphasized, it is possible to obtain the optimal solutions only when all information 418 

of the entire driving cycle is available a priori. In subsection 3.2, we also showed that the 419 
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optimization problems consist finally in determining the constant 10λ  for Case study 1 and constants 420 

10λ  and 20λ  for Case study 2 with a "root finding algorithm". However, these strategies are not causal 421 

and cannot be applicable for real-world applications. Therefore, an adaptation of these strategies for 422 

online implementation is necessary. Over the years, a great deal of efforts has been investigated to 423 

cope with online strategies based on non-causal optimal ones [6]. The crucial point of this problem is 424 

to find out an appropriate way to adapt the co-state(s) in such a manner that the behavior of causal 425 

strategies is as close as possible to the corresponding optimal solution. For simplicity and for 426 

computation efficiency, the so-called "λ -control" method is adopted in this work [24,25,10]. This 427 

method is based on a feedback control which is easy to implement, see Figure 11. The expression of 428 

the estimated λɶ  is given as: 429 

( ) ( )0

0

t

p sp i spK SOC SOC K SOC SOCλ λ= + − + −∫ɶ  (47) 430 

where spSOC  is the SOC set point of the considered energy system storage. This value is given as 431 

( )0spSOC SOC=  if the charge sustaining condition is considered. pK , iK  are the gains of the PI 432 

controller and 0λ  is the initial guess. 433 

 434 

Figure 11. Online estimation of the co-state λɶ  435 

It can be noticed that the idea of the "λ -control" method is simply to keep the SOC of each 436 

energy storage system in a reference range of variation defined by spSOC . In other words, the 437 

feedback "λ -control" aims at preventing the overcharge or depletion of the considered ESS in long 438 
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term, however, its SOC may "freely" vary in short term. For this reason, the PI controller gains 439 

should be selected rather low. A detail on this discussion can be found in [25]. 440 

4.3. Simulation Results 441 

In this work, the Artemis Road cycle [26] will be exclusively considered to validate the different 442 

energy management strategies. This driving cycle represents real driving conditions and allows 443 

achieving a realistic evaluation of the obtained results. The vehicle speed and gear position of this 444 

real-world driving cycle are shown in Figure 12. For all simulations presented hereafter, the tracking 445 

performance of the vehicle with respect to the speed reference of the considered driving cycle is 446 

always perfectly guaranteed. 447 

 448 

Figure 12. Artemis Road cycle: vehicle speed (up) and imposed gearbox ratio (bottom) 449 

4.3.1. Case study 1 450 

The following strategies are implemented and their results will be compared: 451 

• BL1: Baseline strategy for Case study 1 where the battery is not practically used, so the 452 

alternator power is almost equal to the required electric load. 453 

• PMP1: PMP-based optimal strategy for Case study 1 with a given driving cycle. 454 

• RT1: Real-time strategy for Case study 1 with 1λɶ  estimated by (47). 455 
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The desired and the realized alternator torques obtained from PMP1 strategy are presented in 456 

Figure 13. It can be noticed that the alternator toque, which is indirectly imposed by the voltage 457 

reference of the electric power system, globally tracks the optimal alternator torque provided by the 458 

PMP1 strategy. However, the alternator has its own dynamics. Hence, the realized torque tends to 0 459 

after a certain time for each alternator activation. This problem, which is unavoidable, will degrade 460 

the fuel saving performance of the PMP1 strategy. Indeed, the alternator can take some electric 461 

energy which is unscheduled by PMP1 strategy. 462 

 463 

Figure 13. Optimal alternator toque provided by PMP1 strategy and real alternator provided by 464 

simulator for all the driving cycle (up) and their zooms (bottom) 465 

Figure 14 shows the comparison of realized alternator torques between PMP1 and BL1 strategies. As 466 

previously stated, BL1 tries to maintain a constant alternator voltage; such that the battery is 467 

practically not used and all onboard electric load energy is directly supplied by the alternator. Hence, 468 

the alternator will be always activated for this strategy and this can increase the fuel consumption. 469 

Concerning PMP1 strategy, it schedules the alternator activation at appropriate moments 470 

(deceleration phases, battery charging) and with appropriate quantities of torque. In such a manner, 471 

PMP1 strategy can help to recover a certain amount of "free energy" coming from regenerative 472 

braking. In addition, with this optimal strategy, the alternator can be also used to shift the operating 473 
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point of the ICE to other regions that require relative less fuel. Moreover, the battery will be better 474 

exploited as shown in Figure 15. 475 

 476 

Figure 14. Comparison of realized alternator torques between BL1 and PMP1 strategies 477 

 478 

Figure 15. Battery state of charge for different strategies (up); trajectory of estimated 1λɶ479 

corresponding to RT1 strategy (bottom) 480 

From Figure 15, it can be observed that if the co-state 1λɶ  is fine tuned then RT1 strategy has the same 481 

behaviors as PMP1 strategy although it does not need any information on the future of driving cycle. 482 

Table 1 summarizes the energy consumption of the considered strategies and the fuel saving of PMP1 483 
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and RT1 strategies with respect to BL1 strategy for Artemis Road cycle. This table shows that the 484 

proposed strategies (OPTI1 and RT1) are not only effective to reduce the fuel consumption but also 485 

can guarantee the sustaining charge condition of the battery. 486 

Strategy Fuel Use [g] Fuel Saving [%] batSOC∆  [%] 

BL1 700.072 0 0.361 

OPTI1 685. 597 2.068 0.056 

RT1 685.776 2.042 0.111 

Table 1. Summary of energy consumption for different strategies of Case study 1 487 

4.3.2. Case study 2 488 

As previously stated, searching offline optimal solution with "root finding algorithm" can be too 489 

expensive in terms of simulation time. Hence, this will be not presented here and only two strategies 490 

are implemented and compared in this case: 491 

• BL2: Baseline strategy for Case study 2 uses only the supercapacitor. The DC/DC converter 492 

is controlled by a heuristic strategy of industrial partner. This strategy aims at guaranteeing 493 

that the voltage in the supercapacitor side is always superior to the one in the battery side and 494 

the supercapacitor energy is always kept between certain levels. 495 

• RT2: Real-time strategy for Case study 2 with 1λɶ  and 2λɶ  estimated by (47). 496 

The results of BL2 and RT2 strategies are compared in Figure 16. The same comments on the 497 

alternator activation can be done as in Case study 1, i.e. the alternator is mostly activated by RT2 498 

strategy to recover regenerative braking energy. Moreover, RT2 strategy also activates the DC/DC 499 

converter more often than BL2 strategy to charge the supercapacitor at appropriate moments. As a 500 

consequent, both energy storage systems (ESS) are better exploited in RT2 strategy than in BL2 501 

strategy as shown in Figure 17. 502 
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 503 

Figure 16. Comparison of alternator torque and converter current between BL2 and RT2 strategies 504 

It can be also observed from Figure 17 that the charge sustaining conditions for both ESSs are 505 

guaranteed by RT2 strategy whereas BL2 strategy cannot fulfill this condition for the supercapacitor. 506 

Indeed, BL2 strategy only has tendency to charge the supercapacitor. Moreover, as previously stated, 507 

the use of the battery is very limited in this case; in particularly the battery SOC with BL2 strategy is 508 

almost constant for the entire driving cycle. 509 

 510 

Figure 17. Comparison of ESS state of charges between BL2 and RT2 strategies 511 
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Figure 18 shows that supercapacitor voltage always remains in its operating range, i.e. it is always 512 

higher than the battery voltage as imposed by the electric power system and lower than the 513 

supercapacitor voltage maximal value (16.2V). Thanks to the penalty function 0d d d dX Xλ λ=ɺ ɺ  514 

incorporated into the Hamiltonian, the supercapacitor voltage only touches its upper limit for a very 515 

short time (around 100s) of the driving cycle. 516 

 517 

Figure 18. Voltages of energy storage systems for RT2 strategy 518 
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RT2 strategy is effective for fuel consumption reduction. 521 

Strategy Fuel Use [g] Fuel Saving [%] batSOC∆  [%] scSOC∆  [%] 

BL2 701.819 0 0.019 9.394 

RT2 690.322 1.634 0.076 0.054 

Table 2. Summary of energy consumption for different strategies of Case study 2 522 
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would be compensated with some effective energy management strategies (note that the eSC is 525 

practically only activated in low load region). 526 

5. Concluding Remarks 527 

In this work, PMP-based strategies are developed to "optimally" control the vehicular electric 528 

power systems. We have shown that this approach has several advantages for real-time 529 

implementation. First, causal strategies, which can mimic the behavior of optimal solution, can be 530 

easily obtained with a simple feedback control scheme. Second, it is very efficient in terms of time 531 

computation because it is based on the instantaneous minimization of the Hamiltonian. The 532 

effectiveness of the approach is pointed out through several simulation results for both case studies. 533 

Most of fuel saving comes from regenerative braking which is "free" energy. Despite the additional 534 

cost for hardware investments, the dual storage electric power system offers a limited fuel saving 535 

performance compared to single storage electric power system for the given parameter values in the 536 

simulator AMESim. However, this electric structure may be used to reduce the capacity of the battery 537 

since it is not practically used or it would be more interesting for electric hybrid vehicles with "stop 538 

and start" operation. 539 

The energy management problem considered in this work can be directly applied to parallel hybrid 540 

electric vehicles. They are also easily generalized to others hybrid architectures with some slight 541 

modifications. 542 
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 551 

Appendix. Some notations of vehicle variables used in this paper 552 

Variable Description Unit Variable Description Unit 

wT  Wheel torque Nm wω  Wheel speed rpm 

iceT  ICE torque Nm iceω  ICE speed rpm 

altT  Alternator torque Nm altω  Alternator speed rpm 

psT  Primary shaft torque Nm ρ  Gear ratio of the reducer -- 

gbη  Gearbox efficiency -- k  hk  gear of the gearbox -- 

lhvQ  
Constant fuel energy 

density 
kJ/kg ( )R k  

Gearbox ratio of the thk  

gear 
-- 
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