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Polynomial stabilization of some dissipative
hyperbolic systems

K. Ammari * E. Feireisl Tand S. Nicaise *

Abstract. We study the problem of stabilization for the acoustic system with a spatially
distributed damping. Imposing various hypotheses on the structural properties of the damping
term, we identify either exponential or polynomial decay of solutions with growing time. Expo-
nential decay rate is shown by means of a time domain approach, reducing the problem to an
observability inequality to be verified for solutions of the associated conservative problem. In
addition, we show a polynomial stabilization result, where the proof uses a frequency domain
method and combines a contradiction argument with the multiplier technique to carry out a
special analysis for the resolvent.

AMS subject classification (2010): 35L04, 93B07, 93B52, 74H55.
Keywords: exponential stability, polynomial stability, observability inequality, resol-
vent estimate, dissipative hyberbolic system, acoustic equation.

1 Introduction
We consider the following system of equations:

W+ Vr+ai=0, in Q x RT,
re +divii =0, in Q x RT, (11)
w-n=0, on ' x R, ’
(0, z) = @°(z), r(0,2) = r0(x), v € Q,

where € is a bounded domain in R?, d = 2,3, with a smooth boundary I, div = V- is

the divergence operator and « € C*(£2), with a > 0 on Q and such that
3 a_ > 0 such that @« > a_ on w. (1.2)

Here w # () stands for the subset of 2 on which the feedback is active. As usual n
denotes the unit outward normal vector along I'.
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The system of equations (L)) is a linearization of the acoustic equation governing
the propagation of acoustic waves in a compressible medium, see Lighthill [T0, 1T} 12],
where ol represents a damping term of Brinkman type. This kind of damping arises also
in the process of homogenization (see Allaire [I]), and is frequently used as a suitable
penalization in fluid mechanics models, see Angot, Bruneau, and Fabrie [3]. Our main
goal is to find sufficient condition on the initial data and the function « so that the
solution of (L)) stabilizes to zero for ¢ — oo and, if this occurs, we are interested in the
rate of this decay.

Let L2(Q) denote the standard Hilbert space of square integrable functions in Q. To
avoid abuse of notation, we shall write || - || for the L2(€2)-norm or the L2(€)%norm.
Denoting H = (L?(2))? x L?(2), we introduce the operator

0 \Y% . - .
AZ(div 0 >:D(.A):{(u,7‘)€H, (Vr,divii) € H, @nr =0} C H — H,

and

B= < (\)/a > e L(L*(Q)H), B = (Va 0)eL(H, (L*Q)).

Accordingly, the problem (L.I)) can be recast in an abstract form:

Zy(t) + AZ(t) + BB*Z(t) = 0, t > 0, (1.3)
Z(0) = 2°, '
where Z = (i, ), or, equivalently,
Z(0) = 27,

with Ay = —A — BB* with D(Ad) = D(A)

It can be shown (see Section 2 below) that for any initial data (@°,r) € D(A) the
problem (I]) admits a unique solution

(it,r) € C([0,00); D(A)) N C([0, 00); H).

Moreover, the solution (i, r) satisfies, the energy identity

E(0)— E(t) = /0 H\/aﬁ(s)H?Lz(Q))d ds for all t > 0 (1.5)
with !
B(t) =3 (@), ()7, Yt =0, (1.6)

where we have denoted

(@), Flhg = [ (@) 3(0) + r@hp(o) da (@) HH—\/ | (@) +r2@) d.



Using (L6) and the standard density arguments, we can extend the solution operator
for the data (@°,r) € H. Consequently, we associate to the problem (LI (or to the
abstract Cauchy problems (.3]), (I4])) a solution (semi)-group that is globally bounded
in H.

As the energy F is nonincreasing along trajectories, we want to determine the set
of initial data (@, r°) for which

E(t) - 0ast— oo. (1.7)

Such a question is of course intimately related to the structural properties of the function
«, notably to the geometry of the set w on which the damping is effective.

In this paper, we characterize the set of initial data for which (7)) holds in terms of
the set w, and, eventually we obtain some information on the rate of decay. In particular,
we establish an observability inequality for the associated conservative system yielding
exponential decay and use a frequency domain method, combined with the multiplier
technique, to obtain polynomial rate of decay. It is worth-observing that the associated
conservative system coincides with the standard linear wave equation, supplemented
with the Neumann boundary conditions, where the asymptotic behavior of solutions is
relatively well understood.

The paper is organized as follows. Section 2] summarizes some well known facts
concerning the acoustic system (LI). In section Bl we examine the spectral properties
of the generator A; and establish a strong stability results. Section M addresses the
exponential and not exponential stability results. In Section [B we prove exponential
stability for a modified system, with a slightly different damping law, by using an
observability strategy. Polynomial stability of the modified system is studied in Section
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2 Preliminaries

We start with a simple observation that the problem (1) can be viewed as a bounded
(in H) perturbation of the conservative system

— o . +
{ut+VT—O, in QxR™, } (2.8)

ry + divii = 0, in Q x RT,
which can be recast as the standard wave equation
Tt — Ar =0.

Consequently, the basic existence theory for (LII) derives from that of (2.

Moreover, since the boundary I' as well as the damping coefficient « are smooth,
solutions of (ILT]) remain smooth as soon as we take @, 7% smooth and satisfying relevant
compatibility conditions as the case may be. In what follows, we may therefore deal
with smooth solution, whereas the results for data in H can be obtained by means of
density arguments.



2.1 Long-time behavior

The operator A, possesses a non-trivial kernel that is left invariant by the evolution,
namely, solutions of the “stationary” problem

Vr+ai=0, V-u=0, @ -n|r=0. (2.9)
Thus the stationary field @ is solenoidal, and, integrating (2.9)) over €2 yields
© =0 in supp «, Vr =0.
Accordingly, we introduce the space
E =Ker[Agl ={(d,r) | V-u =0, Ulsuppa =0, @-7ilp =0, r = const},
together with its orthogonal complement (in H) denoted Hy.
It is easy to check that
(Aqg(w, s), (d,r))y = 0 for any (@, s) € D(A), (d,r) € E;

in particular, the solution operator associated to ((LI]) leaves both E and Hj invariant.
Consequently, the decay property (7)) may hold only for the initial data emenating
from the set Hy.

3 Strong stability

The following observation can be shown by a simple density argument:

Lemma 3.1. The solution (i,r) of (LI)) with initial datum in D(Ay) satisfies
E(t) = —/ o | dz < 0. (3.10)
Q
Therefore the energy is non-increasing and (L)) holds for all initial datum in H.

As already shown in the previous section, the strong stability result (7)) may hold
only if we take the initial data

(@°,r%) € Hy = Ker[Ag]*.

There are several ways how to show (LL7), here we make use of the following result due
to Arendt and Batty [4]:

Theorem 3.2. Let (T'(t))i>0 be a bounded Cy-semigroup on a reflexive space X . Denote
by A the generator of (T'(t)) and by o(A) the spectrum of A. If o(A) NiR is countable
and no eigenvalue of A lies on the imaginary axis, then t_l}gl T(t)x =0 for all x € X.

In view of this theorem we need to identify the spectrum of A, lying on the imaginary
axis.

First we look at the point spectrum.



Lemma 3.3. Suppose that |w| > 0. If A is a non-zero real number, then i\ is not an
eigenvalue of Aqg.

Proof. Suppose that

(3.11)

iNG+ V7T +ai=0,
iIAr +divu = 0.

From (BII)) we deduce that
m/ﬂm2—vﬂ¢n+/awﬁ¢w=m
Q Q

whence U|syppa = 0, and, consequently, «, r solve (BI1]) with o = 0. In particular, we
get
—Ar =A%, Vr-n|r =0, 7lsuppa = 0,

and, by unique continuation for elliptic problems, we get r = 0. ]

In accordance with Lemma and the discussion in the previous section, A = 0 is
the only possibly eigenvalue of A4 on the imaginary axis.

Next, we show that Ay has no continuous spectrum on the imaginary axis, except
eventually zero.

Lemma 3.4. Suppose that |w| > 0. If X is a non-zero real number, then i\ belongs to
the resolvent set p(Ag) of Ag.

Proof. In view of Lemma [3.3] it is enough to show that i\l — Ay is surjective.
Hence given a vector (f, p) € H, we look for (@, r) € D(Ay) such that

@AI—uA@(ﬁﬂj::(ﬁp>. (3.12)
By the definition of A, we obtain

INT+Vr+ad=]f,
IAr 4+ divid = p.

Assuming that @ and r exist we can write

(—=Vr+ f). (3.13)

uzz’)\—Fa

Inserting this expression in the second identity we obtain the differential equation in r:

1 1 2
iAr — di =p—di —_— in . =0. 14
ixr — div <z‘)\+aVT> p — div <z’)\—|—af> inQ, Vr-nlp =0 (3.14)
Multiplying this identity by a test function s € H'(f), integrating in  and using
formal integration by parts we get the problem:

/ (z’)\r§—|— 3 ! Vr. V§> dx = F(s),Vs € HY(), (3.15)
Q

A+ «
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where

1 -
F(s) = 3 -Vs | dx.
(s) /Q<ps+z_)\+af Vs> x
We use the Fredholm alternative by splitting the left-hand side of (BI5]) into its

principal part
1 _
ap(r,s) = /Q B aVr - Vsdzx,

ap(r,s) = i)\/ rsdx.
Q

The principal part is a continuous sesquilinear coercive form on H} (Q),

and its lower order term

HL(Q)={veH (D), /vd:E:O};
Q

hence it induces an isomorphism A, from H} () into (H},(€2))". The mapping Ay from
H}(Q) into (H} () induces by ag is clearly given by i\l and is therefore compact.
Consequently by the Fredholm alternative, A,+ Ay is an isomorphism from H} () into
(H}(Q))" if and only if it is injective. But the injectivity of A, + Ap is equivalent to
the injectivity of i\l — Az Indeed let r € H} (Q) be such that (A, + Ag)r = 0 or
equivalently such that

/ <i)\rs+ , ! Vr- Vs) dr =0,Ys € H. (). (3.16)
Q A+«

Since 7 is of mean zero, this identity remains valid for all s € H'(Q2). Hence by taking
s € D(Q2) we find that

iAr —div <#V7’> =0in Q. (3.17)
A+«

By taking s = r in ([B.10]), we find
1
/ <z’)\|r|2 e |V7"|2> do =0,
Q N+«

By taking the real part of this identity, we find that
a|Vr|> =0 in Q.

This implies that
Vr =0in w.

Hence by (8I7), » = 0 in w and by the Holmgren uniqueness theorem we deduce that
r=0.

In conclusion A, + Ag is an isomorphism from H} () into (H} ())’ which implies
that there exists a unique solution r € H} (Q) of

- 1 - 1
/Q <z)\7’s + B aVT . Vs> dx = F(s),Ys € H,,(Q),

As F(1) = 0, we deduce that » € H}(Q) is solution of [3I5) and relation (BIZ)
holds. O



These Lemmas and Theorem leads to

Corollary 3.5. Let (ii,r) be the unique semi-group solution of the problem (1.1) ema-
nating from the initial data (@°,7°) € H. Let Pg be the orthogonal projection onto the
space E = Ker[Ay] in H, and let

(W, s) = PE(QIO,TO).

Then
(@, r)(t, ) — (W, s)||g — 0 as t — oc.

4 Exponential stability

Now, we may ask, under some conditions on the damping coefficient, the convergence
in Corollary is exponential in time.

Theorem 4.1. If the damping coefficient « is not uniformly positive definite, meaning

jufale) =0

then the system (ILT]) is not exponentially stable. Conversely, if a is uniformly positive
definite, meaning
w=Q,

then the system (1)) is exponentially stable, specifically,

(@, 7)(t, )| g < exp(—Lt)||(@°, )|z, L >0, whenever/ﬁro dz =0.

Proof. According to [9] (see also [2]), the exponential stability of the system (LI is
equivalent that the undamped system, i.e.

G+ Vp=0, in Q x RY,
pi+ divg = 0, in Q x RY,

@-nzo, qonI‘xRJr, (4.1)
#(0,z) = ¢°(z), p(0,z) = p’(z), z € Q,
satisfies the following inequality: There exist positive real numbers 7', C' such that
’ g 2 NI
/0 /Qoz(x) ‘qb(x,t)‘ dzdt > C H(¢ P )H(Lm)mg(m (4.2)

v (o, p°) € (L2(Q))% x L*() such that /po dz = 0.
Q

Since this estimate is well-defined in the energy space, it holds if and only if it holds for
strong solutions.

As the conservative system (£.2)) admits solutions that are constant in time, namely,

i€ L*Q), V-idlr=0, p=0,



it is clear that exponential stability cannot hold if inf,cq a(z) = 0. Indeed, as « is
smooth, we can always find for any § > 0 small a solenoidal compactly supported
function ¢° in Q such that

<.

alsuppqgo -

Consequently, relation (£.2)) cannot holds uniformly for any choice of the data.

On the other hand, suppose that « is bounded below away from zero on the whole
set 2. Writing the vector field 4 as its Helmholtz decomposition

—

@ = Hi@) + Ve, (4.3)

where H denotes the standard Helmholtz projection onto the space of solenoidal func-
tions, it is enough to verify the observability criterion ([4.2]) for q? = V. In such a case,
however, the conservative system (1] reduces to the standard wave equation and (4.2])
is obviously satisfied as the damping acts uniformly on the whole domain €2 (see also
Section ). O

5 Changing the damping law

As we have seen before, system (L)) is exponentially stable if and only if « is uniformly
positive definite. We will show in this section that if we change the feedback law in
order to filter the divergence free vector fields, then we will get exponential stability for
a quite large set of a.

In view of the Helmholtz decomposition (£.3]), denote by P the orthogonal projection
on the closed subspace of L?(2)?

V= {V(p:cpEHl(Q)/gpdx:O}.
Q
Then in ([[I]) we change the damping term a @ by P(« P) and consider the system

U+ Vr+ PlaPi) =0, in Q xR,
re + divii =0, in Q x RT,

un =0, on I x RT, (5-1)
@(0,z) = @ (z), r(0,2) = r°(x), z € Q.
Accordingly, we arrive at the system
Vi +Vr+ P(aVe) =0, in Q x RT,
re+Ap =0, in QxRT, (5.2)

Vo-n=0, onI' x RT,
(10(07‘7:) = ()00(‘7:)7 T(wa) = ro(x)v YIS Q,

/gpodx:/rodxzo.
Q Q

where



By virtue of [9] (see also [2]), the exponential stability of the system (52)) on V x V
is equivalent to the following property of solutions to the undamped system:

There exist a positive real number Tj such that for all T' > Tj, there exists C' > 0
such that

/ [ ate) (960 dode = € (65 e (53)

for any 1, p satisfying

V¢t+Vp:0, ianR+,
pr+ AP =0, in Q x R,

Vi -n=0, onI xR,

¥(0,2) = ¢°(2), p(0,2) = p°(x), z € Q,

(5.4)

Oe HY(Q), p° € L3(Q 0 de = Odz = 0.
Y e H(Q), p € (),/Qﬂ) x /prt

However, the system (5.4) can be written in the form of a standard wave equation
with the Neumann Laplacian:

Py + Ay =0, in Q x RT,
V¢-n=0, onT x R, (5.5)
¢(07$) = ¢O(x)v ¢t(07x) = Tl)l(x) = _pO(x)’ xr €,

whereas the observability inequality ([B.3]) reduces to
2
/ / ) IV (z t)‘ dxdt > C H(Vwoywl)H(Lz(Q)dez(Q)' (5.6)

Thus we have obtained the following exponential stability result:

Theorem 5.1. The system (B510) is exponentially stable, meaning,
(@, 7)(t, )i < exp(=L) (@, 7°)[|u for a certain L >0,

whenever
i’ =Vl ¥ e HY(Q), / o0 da = / 0 dz =0,
Q Q

if and only if any solution ¢ of the wave equation (0.1l satisfies the observability in-

equality (B.0)).

Validity of the observability inequality (5.6]) is related to the general discussion in
Bardos et al. [5] (see also Zuazua [I7, [I8]). Here we note that (5.6]) holds provided
w contains a neighborhood of the whole boundary I', in the sense that there exists a
neighborhood O of T' in R such that QN O C w. First we notice that by the arguments
of section 4 of [I5] with a = 0 and M (u) = mVu + %Ftu (see estimate (4.10)), where,
as usual, m(x) = x — xg for some xq € R%, there exits C' > 0 such that for all T > 0, we
have

T
2EO) < CEO)+ [ [ (P + Vo + [0)dad, 6.7

9



where O’ is a sufficiently small neighbourhood of the boundary (such that O’ ¢ O). On
the other hand, fixing a cut-off function 1 such that 7 =1 on O’ and with a support O,

we can write . .
/ / [y | ddt < / / Ny |*dzdt.
0 QNO’ 0 Q

Hence by integration by parts in time, we get

T T T
, . )
/0 /Q nO/W}t' dadt < — /0 /Q b ddedt + /Q mbtzbdat‘o.

Now using the first identity in (B.5]) and an integration by parts in space, we get

/oT/ma |¢t|2d:ndtg/OT/QV¢-(Vmﬁ)dzndt+/ﬂ771,bt&dx‘:.

Therefore using Leibniz’s rule and Cauchy-Schwarz’s inequality we obtain that

T T
/ / [t devdt < Cl/ / (Vo[ + [¢]?)dzdt + C2E(0),
0 QNO’ 0 QNO

for some positive constants C7, Cs independent of T'. Inserting this estimate in (7)) we
get

T
ATE(0) < (C + Ca)E(0) + Cy /0 /Q LVl + oP)dad, (5.8)

where Cy = max{1,C1}. To eliminate the last term of this right-hand side we use a
compacteness/uniqueness argument. Namely assume that (5.3]) does not hold. Then
there exists a sequence of (¢), y solution of (B.5) with initial data ¥9 and 1} such
that

V92l + lle |l = 1, (5.9)

and -
/ / a(x) V(e 8)[? dedt = =, (5.10)
0 Q 14

Since the system (5.5)) is conservative, the sequence (1) is bounded in H'(Qr), where
Qr = Q x (0,T)). Hence it converges strongly in L?(Q7) to ¢ a weak solution (in
HY(Qr) of (5.H) with initial data ¢° ¢!. But thanks to (5.8)) applied to ¥y — ¥y, we
deduce that the sequence (¢), cN is a Cauchy sequence in H Q7). Hence vy converges
in H'(Qr) to 1, weak solution of (5.5)) and satisfying

V0[] + [t = 1, (5.11)
and

/T/ o(z) |Vo(x, t)|* dedt = 0. (5.12)
0 Q

Accordingly
Vi =01in w x (0,7,

or quivalently

Y(z,t) =(t) inw x (0,7).

10



But again due to the first identity in (5.5,
Y (t) =0 inw x (0,7),
hence there exists two complex numbers a, b such that
Y(x,t) =at+bin w x (0,7).

Now consider the difference .
B =1 —at —b.
Then we see that it a weak solution of (5.5)) such that
Y =0inw x (0,T).

By using Theorem 9.1 of [16], we deduce that

¢:OOHQT7

or equivalently
P(z,t) =at+bon Qr.

But in our situation 9" belongs to H} (2) and therefore 1(-,t) belongs to H} (), for
all t > 0. As a consequence we deduce that

0= / Oz, t) do = (at + b)[Q, ¥t > 0.
Q

This imples that a = b = 0 and contradicts (5.11).

Thus we have shown the following:
Corollary 5.2. Suppose that
inlf; a(x) > 0.
Te

Then the system (51)) is exponentially stable in the sense specified in Theorem [

6 Polynomial stability

In this section we show that system (LT) is polynomially stable if w contains a neigh-
borhood of the whole boundary I" as in Corollary

This result is based on the following result stated in Theorem 2.4 of [§] (see also
[6] [T, [14] for weaker variants).

Lemma 6.1. A Cy semigroup e'* of contractions on a Hilbert space such that
p(L) D{iB | B € R} =R, (6.1)

satisfies
1
e Uol| < Ct™1||Uollp(cy, YUo € D(L), V> 1,

11



as well as
e Uo|| < Ct|Uollp(ery, YUo € D(LY), Vi >1,

for some constant C' > 0 and for some positive integer | if and only if

lim sup (i — L) < oc. (6.2)

=
Bl—oo B

Lemma 6.2. Assume that w contains a neighborhood of the whole boundary I.

Then the resolvent of the operator of Ay satisfies condition [G2) with | = 3.
Proof. We use a contradiction argument, i.e., we suppose that ([62]) is false with some
[ > 0. Then there exist a sequence of real numbers 3,, — +o00 and a sequence of vectors

Zy = (tn, )" in D(Ay) with

and
BEN(EBn — Aa)Znll3 — 0 as n — oo. (6.4)

From the definition of A, this last property is equivalent to
Bl (iBnily, + Viry + aily) =: f, — 0 in L2(Q)%, (6.5)

and
Bl (iBnry + divi,) =: g, — 0 in L*(Q). (6.6)

As usual, taking the inner product of ([6.4]) with Z,,, using (6.3]) and the dissipative-
ness of Ay, we find

/Q o |in2dz = R((iBn — Ad)Zns Zn) = o(B71), (6.7)

where, here and hereafter, a,, = o(b,) means that

We multiply ([G.5) by ,, integrate in £ and use (6.3]) to find
/Q(z'ﬁn|ﬁn|2 + Vi - U + ot ?) dz = o(3;1).
Using (6.7) and integrating by parts we obtain
/Q(z'ﬁn|ﬁn|2 — rpdivi,) dz = o(B,1).
Using (6.6) (and (G.3])) we get
B [ (= ral?) do = o(5;"),

12



This shows that
[n]1* = lIrnll® = o(8, D). (6.8)

The identity (G.3]) implies that
Vi = B fn — (iBp + @)y, (6.9)

and therefore

HVTHH = O(Bn)a (610)

where, here and hereafter, a,, = O(b,,) means that there exists C' > 0 independent of n
such that a,, < Cb, for n large enough.

By (639]), we also have
/oz|Vrn|2dx < 2/ aliBn + af? [ 2da +25,;2l/ o | 2dz.
Q Q Q
Hence, for | > 2, by using (6.7]) we find that

/ o |V |2de = o(827). (6.11)
Q

Now we notice that (6.5]) and (6.7) imply that

Bty + Vin = hy i= B fn — ail, (6.12)

n

with .
| = o(B,Y/2). (6.13)

We use the Helmholtz decomposition

-

hn = v‘pn + Xny (6'14)

to deduce that
lenll? o + 1Xal& = o(B71). (6.15)

The identities ([612)) and ([G.14]) yield
iBniin + V1 = Vo + Xn,

or equivalently
1Bty = —Vsu + Xn, (6.16)
with
Sn =Tn — ©n- (6.17)

As 1, is solenoidal, s, is harmonic, and, furthermore since u,, -n = X, -n =0 on I,

we automatically have
Vsp-n=0onT. (6.18)
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Next, by ([63) and ([G.I5), one has

[lsnll = O(1). (6.19)
while (6.I0) and (6.15]) lead to
[Vsnl = O(Bn)- (6.20)
Now by (6.6]), (G.16]) and (GI8]) we see that s, satisfies
1
iBnsn — 5= div Vs = (6.21)

where
gn = B;lgn - iﬂn‘ﬁn'

Due to (6.6) and (6I5]) we see that
1l = o(83 7). (6.22)

At this stage we use the multiplier method to find some properties on s,. First we
multiply ([6.21]) by —i5, and integrate in  to obtain due to (6.19) and (6.22])

/ (Bnsn + idiv Vsp)sn dz = o(8L72).
Q p

n

By an integration by part and since the boundary term is zero due to ([G.I8]), we obtain
1 _
[ Gulsnl? = (950 dz = o(31%), (6:23)
Q n

Secondly we take a (smooth) real-valued multiplier m € C?(Q)¢ fixed later on but
such that m = 0 on I and multiply (€2I)) by —im - V5, and integrate in  to obtain

due to ([€20) and (622

/(ann + ﬁidiv Vsn)m - V5, dz = o(f27'/?). (6.24)
Q n

Now, in a standard way, by means of Green’s formula, the first term
I := / spm - V5, dx
Q
is transformed into
I, = —/ Ok (spmy) 8y dx + / m- n]sn\zda
Q r
= —I —/divm|8n|2 dz,
Q

recalling that m = 0 on the boundary. Hence we have

2RI = —/ divm|s,|? dz. (6.25)
Q
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In the same manner we have
I = / divVs,m Vs, dr = —/ Ok SnOk(m - Vs, dz (6.26)
Q Q
= - / 8ksn6kmj8j§n dx — I3,
Q

where

[3:/8k8nmjakajsndx.
Q

Again an integration by part leads to

I3 = —/8j(8ksnmj)8ksnda:
Q
= —Ig—/divm|Vsn|2d:E.
Q

Consequently
2RI = —/ divm|Vs,|? dz,
Q

and using this expression in (6.26]) we find

2RI, = —2%/ aksnakmjc‘)jgn) dx (627)
Q
+ / divm|Vs,|? dz.
Q
Taking the real part of ([€.24]) and using (6.25) and ([G.27) we obtain
. ) 1 . 9
—ﬂn/ divm|s,|* dx + —/ divm|Vs,|* dz
Q Bn Ja

—ﬁi%/ OsnOkm;0;5, dr = o(f271/?). (6.28)
n Q

From (6II)) and (6I5), we see that
/ | Vsn[2 dz = o(82), (6.29)
Q
hence for [ > 2, Vs, tends to zero on w. This means that we are mainly interested in

the behaviour of s, outside w. Therefore we take for m a function with a support far
from the boundary, namely we take

where 7 is a smooth cut-off function such that

n=1onw® andn=0in O,
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where O’ is a neigbourhood of T'. Since
Oxmyj = 01 + 20,7,

([628) becomes
1
—Bn / (dn + z - Vn)|s,|? dz + 3. / ((d—2)n+x-Vn)|Vs,|? dz
Q n
—ﬁi%/ Ok SnOknx;0j5, do = 0(53;1/2). (6.30)
n Q

Assume that the next estimate

([ 1s.P dsc)é — o1 1%) (6.31)

holds. Then combining this estimate with (629]) in (630]) we obtain
—ﬁnd/ sl dx+—(d—2)/ DIV sal? di = o(5271/2). (6.32)
Coming back to (6.23) and writting 1 =n + (1 — n), we get
[ Bunlsal? = sy de = o(ai)
[ =mlsaf = -0 =)V, o

Hence (6.31)) and (6.29) lead to
1
[ Bulsal? = 5-0lVsuf?) do = o(312) + o(53). (633)
Q n
This estimate in ([6.32]) yields

/ nlsnl? dz = o(BL) 4 o(8271).
Q

By choosing [ > 2 and using again (6.31), we arrive at
/ |sn|? dz = o(B)71/?). (6.34)
Q

Taking into account ([G.23]) we get

/vasny2dg;:ﬁg/g\sny2da;+o(ﬁg—l/2),

and (634 finally leads to
/ |Vsn|? dz = o(8371/2). (6.35)
Q
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Coming back to our original variables, for r,, we have by (6.34)) and (G.I5]) that
[l = 0(8,772),
while for @, using (6.I6]), ([635]) and (6.15)
I |* = o(8y /%)
In conclusion for [ > 3, ||r,|| and ||@,|| tend to zero which contradicts (G.3]).

It remains to prove ([6.31]). For that purpose, we first show that the mean of s, on
I tends to zero. Fix a function h € (C?(Q))? such that supp h C w and

h-n=1lonT.

Such a function exists by Lemma I.3.1 of [I3] since we assume that 2 has a C3-boundary.
We then multiply (G5]) by h and integrate in Q to get

/Q((ZBn + )iy, 4+ Vry)hdz = o(5;1).

Hence integrating by parts, we obtain

/ (1B + a)iih — rndiv h) dz + / v do = o( 371, (6.36)
Q

r
We still need to transform the term

/ rndiv h dx.
Q
By using (6.6]) we may write
/ rndiv hde = —i / (B g, — div ) div h dz.
Q Q
Again by Green’s formula and the fact that u,, - n =0 on I' we obtain
/ rndiv hde = —z'/ (87 Vg, div h + i@, - Vdiv h) dz.
Q Q
Using this identity in (6.36]) we obtain

/ rpdo = — / ((iBn + @)inh —iB; Y g,div b — iid,, - Vdiv k) dz + o(8;1).
r Q

Using ([6.7)) we get
/ v do = o( 1-112), (6.37)
r

But a standard Poincaré type inequality implies that

1 1
(/ |rn|2d:1:>2 §C’(</ |V7‘n|2d:17>2 + ‘/rnda
w w T

for some C' > 0 depending only on w. Hence using (6.37)) and (G.I1)) yields

1
3
([ rnpae)” o), (639
This estimate and (€15 leads to (G.3T]). O

9
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This Lemma and Lemmas and [3.4] show that the restriction of the operator Ay
to Hj satisfies the hypotheses of Lemma with [ = 3. Therefore we have obtained
the next main result.

Theorem 6.3. Assume that w contains a neighborhood of the whole boundary I' then
the system (L) with an initial datum (@°,7°) in Ho N D(Ag), Hy = Ker[Aq]*, is
polynomially stable, namely there exists C' > 0 such that

E(t) < Ct/3) (@, r°) |5, ¥t > 0.
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