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Homogeneous affine hypersurfaces
4-dimensional locally strongly convex homo-
geneous affine hypersurfaces

Abdelouahab Chikh Salah and Luc Vrancken

Abstract. We study 4 dimensional locally strongly convex, locally ho-
mogeneous, hypersurfaces whose affine shape operator has two distinct
principal curvatures. In case that one of the eigenvalues has dimension
1 these hypersurfaces have been previously studied in [4], [6] and [2] in
which a classification of such submanifolds was obtained in dimension 4
and 5 under the additional assumption that the multiplicity of one of the
eigenvalues is 1. In this paper we complete the classification in dimen-
sion 4 by considering the case that the multiplicity of both eigenvalues
is 2.

Mathematics Subject Classification (2010). 53A15.

Keywords. Affine differential geometry, Blaschke hypersurface, affine ho-
mogeneous.

1. Introduction

In this paper we study locally strongly convex, locally homogeneous, hy-
persurfaces in the affine space R"*!. In case that the dimension is 2 these
hypersurface were first studied in the book of Guggenheimer [5]. Their result
was completed in the paper of Nomizu and Sasaki [12] thus giving a complete
classification in dimension 2.

Starting from dimension 2 only partial results exist so far. Apart from
the results of [14] and [9] most of these results deal with the case that the
affine hypersurface is locally strongly convex, i.e. the induced affine metric is
a positive definite metric. In that case such hypersurfaces have been studied
in the paper of Sasaki [15] in the case that the hypersurface is an affine
sphere and in a series of papers by Dillen and Vrancken [1] giving a complete
classification in dimension 3.

The only other results are those of [2], [6] which give a classification in
dimension 5, provided that the affine hypersurface is locally strongly convex
and quasi umbilical. This means that the affine shape operator has only two
distinct eigenvalues and that the multiplicity of one of those two eigenvalues
is 1. In dimension 4 this result state

Theorem 1.1. ([4] ) Let M* be a locally strongly convex, locally homogeneous,
proper quasiumbilical affine hypersurface in R®. Then M is equivalent to the
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where (z,y, z,w,u) are the coordinates of R®

Here, we investigate locally strongly convex affine hypersurface of di-
mension 4 whose affine shape operator has two distinct eigenvalues. In view
of the previous result, in order to obtain a complete classification it is suffi-
cient to deal with the case that the multiplicity of both eigenvalues is two.
By combining the theorems 3.1, 3.2 and 3.3, we show that there exist just
three such hypersurfaces and we prove the following theorem:

Theorem 1.2. Let M* be a locally strongly convez, locally homogeneous, affine
hypersurface in R®. Assume that M has two distinct eigenvalues, both of
multiplicity 2. Then M is equivalent to the convex part of one of the following
hypersurfaces:

(z1— xi)s (22 — xg)gxg =1, (1.1)
22\ °

o (n- et - 2) =1, (12)
T2

2ToT3Ty — xi — (m§ — 2x5) — 2;103305 =1, (1.3)

where (x1, %2, 23,24, 75) are the coordinates of RP.

Note in [3] several constructions were introduced which permitted to
introduce several classes of affine homegeneous locally homogeneous hyper-
surfaces. For example all the examples of [2] and [6] can be recovered using
these constructions. The same is true for the first two examples in our main
theorem. However the final example introduces a new class of affine homoge-
neous hypersurfaces which is not obtained as one of the Calabi constructions.

Finally note that there is a conjecture of Dillen-Vrancken, together with
an additional version of Niebergall-Ryan (for isoparametric hypersurfaces,
[10]), see [8], stating that for an positive definite affine homogeneous affine
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hypersurface or a positive definite isoparametric affine hypersurface the affine
shape operator S has at most one non zero eigenvalue.

2. Preliminaries

Let M™ be a differentiable manifold in the affine space R™t! equipped
with its usual flat connection D and a parallel volume element w and let
& be an arbitrary local transversal vector field to M™. For any vector fields
XY, Xq,..., X, we can write

DxY = VxY +h(X,Y)E, (2.1)
Q(X]_, e ,Xn) = w(Xl, . ,Xn,f),

thus defining on M an affine connection V, a symmetric (0,2)-type tensor h,
called the second fundamental form, and the volume element §. We say that
M is nondegenerate if h is nondegenerate and this condition is independent
of the choice of transversal vector field £. In this case, it is known (see [13])
that there is a unique choice (up the sign) of transversal vector field such
that the induced volume element 6 satisfy the following condition:

Vo =0, (2.3)

gzwhv

where wy, is the metric volume element induced by h. We call V the induced
affine connection, £ the affine normal and h the affine metric. Of course this
choice remains invariant under equiaffine transformations.

By combining (2.3) and (2.4), we obtain the apolarity condition which
states that Vw, = 0. A nondegenerate hypersurface equipped with this
transversal vector field is called a Blaschke hypersurface. Throughout this
paper, we will always assume that M is a Blaschke hypersurface. If A is posi-
tive (or negative) definite, the hypersurface is called locally strongly convex.
Notice that if h is negative definite, we can always replace £ by —¢&, thus
making the new affine metric positive definite. therefore, if we say that M is
locally strongly convex, we will always assume £ is chosen so that h is positive
definite.

Condition (2.3) implies that Dx¢ is tangent to M™ for any tangent
vector X to M. Hence, we can define a (1,1)-tensor field S called the affine
shape operator by

Dxé =—SX. (2.5)

M is called an affine sphere if for all X, SX = AX. We define the affine
mean curvature H by H = (1/n)trace(S).
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The following fundamental equations of Gauss, Codazzi and Ricci are
given by (see [13])

R(X,Y)Z =h(Y,Z)SX — h(X,Z)SY, (Equation of Gauss) (2.6)
(Vh)(X,Y,Z) = (Vh)Y, X, 2), (Equation of Codazzi of h) (2.7)
(Vx9)Y = (Vy9)X, (Equation of Codazzi of S) (2.8)
h(X,8Y)=h(SX,Y). (Equation of Ricci ) (2.9)

Since dim(M) > 2, if M is an affine sphere, it fallows from (2.8) that A
is constant. If A # 0, we say that M is proper affine sphere and if A = 0, we
call M an improper affine sphere. In case that M is locally strongly convex,
it follows from (2.8) that S is diagonalisable. From (2.7) it follows that the
cubic form C(X,Y, Z) = (Vh)(X,Y, Z) is symmetric in X, Y, Z. The theorem
of Berwald states that C' vanishes identically if and only if M is an open part
of nondegenerate quadric.

Let V denote the Levi Civita connection of the affine metric h. The
difference tensor K is defined by

K(X,Y)=VxY — VyxY,

for vector fields X and Y on M. Notice that, since both connections are
torsion free, K is symmetric in X and Y. We also write KxY = K(X,Y).
From [13], we have that

WKxY,Z) = —%C(X,Y,Z). (2.10)

Notice also that the apolarity condition together with (2.10) implies that
Tr Kx = 0 for every tangent vector X. The basic equations can also be
expressed in terms of the Levi Civita connection and the difference tensor.
In particular, we have the Codazzi equation for K which states that

VK(X,Y,Z)—-VK(Y,X,Z)
1 1 1 1
= Sh(Y,2)SX = SM(X, Z)SY + Sh(SX, Z)Y — Sh(SY, Z)X.  (2.11)

A nondegenerate hypersurface M of the equiaffine space R"*! is called locally
homogeneous if for all points p and ¢ of M, there exists a neighborhood U,
of pin M, and an equiaffine transformation A of R"*!, such that A(p) = ¢
and A(U,) C M. If U, = M for all p in M, then M is called homogeneous.

3. Main results

In the remainder of this paper, M* will always denote a locally strongly
convex, locally homogeneous Blaschke hypersurface of R®. Since M is locally
strongly convex, it follows from the Ricci equation that the affine shape oper-
ator is diagonalizable. In view of the previous results we will restrict ourselves
here to the case that M has tow distinct eigenvalues both of multiplicity 2.
Let a point p € M. We construct a tangent basis e, ez, e3,e4 at the
point p and Ay, Ag by the eigenvalues of the shape operator S, such that
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Se1 = Mer, Sey = Aea, Sez = Ase3, Seys = Aoeyq. Then, since A\ and
Ao are different numbers, and as M is homogeneous the eigenvalues of the
shape operator are constant it follows from [11] that we can extend these
vectors to local vector fields F1, Fo, E3, E4, such that

SEy =MEy, SEs=MEy, SE;=MXME;, SE,=M\E,.

We define functions Ffj such that the connection V is given by
4
Ve Ej=Y TEE.  fori=1,...,4, j=1,... 4 (3.1)
k=1

Analysing the Codazzi equation for S (2.8) it follows that:
1 172 pl P2 pl P2 pl 12 3 4 p3 pd P34 3 d
F137 F137P14’ I‘147 FQS? F237P24’ I‘247 FBlv F317F32’ I‘327 F417 F417F42’ I‘42
vanish and that
3 3 4 4 1 1 2 2
Iy =11y, T =14y, Tyg=T3, Tig=TI3%.
From the Codazzi equation for h (2.7) we have
le = 2F§17 F}ll = 211&1’ F%Q = 2F§27 F32 = 2F4212’ I%?, = 211:133,
Ig3 = 2I%3, I'yy =207, Ty =215,
Fiz; = F};?i - F‘f%’ F%z; = FZ% - Fézl?; Féz = F%%_ F%g F%z = F%i_ F?%f
Dip =205 =Ty, Doy =21, =15, I'yy =203 — I3, Ty =205, — I'ys.
The apolarity condition
3 1 2 4 3 1 2 4
[y = =Ty =Ty =Ty, [oy = =gy = I'yy = Ty,
2 1 3 4 2 1 3 4
I3y = —I'3; —I'33 — I'3y, Uy =Ty — Tz — Ty

Hence the only remaining equations are those obtained from the Gauss
equation. Here, in case the frame is completely defined in an equiaffine in-
variant way we can use the fact that M is affine homogeneous implies that all
connection coefficients are constant. This is of course not the case when the
frame is not uniquely defined. Therefore before exploiting the Gauss equa-
tions we first look at the remaining degrees of freedom.

The fact that we have, the eigenvalues have multiplicity two, means that
there are rotations possible in & = span{F1, E2} and & = span{Es, F4}
which are the two eigenspaces relative to A1 and A, respectively. These rota-
tions are given by

{ElzcostEl +sint Fo, and {EgzcossEg—l—sinsE4,
FEy = —sint By + cost Es, FEy = —sins E3 + cos s Fy,
(3.2)
However we see that the vectors T, To defined by
{T1 = K(E\, E\) + K(Ey, Ey) = K(Ev, Er) + K(Ey, By), (3.3)
Ty, = K(FEs3,E3) + K(Ey, E4) = K(E3, Es) + K(Ey4, Ey),

are independent under such rotations and therefore defined in an equiaffine
invariant way. Moreover if we write T; = V; + W;, where V; € & and W; € &
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for i = 1,2 both components are defined in an affine invariant way. Of course
the apolarity condition gives

Vi+Ve=0,
Wi+ Wy =0.

If necessary up to interchanging the two eigenspaces, we have to investigate
the following 3 cases.

Type 1 : Vi 70, (3.4)
Wa 7é 0,
Vi #£0,
Type 2 : 3.5
ype {W2 o, (3.5)
Vi =0,
Type 3 : 3.6
ype {W2 o (3.6)

We will study all types, one after the other. Note that in the first case,
the frame is uniquely determined, as we may assume that F; is in the direction
of V1 and FEj3 is in the direction of W5. In the second case we can still choose
F in the direction of V7 and we retain the rotation freedom in the bundle &;.
In the third case we retain the rotation freedom in both bundles. In the next
sections we will show how to introduce also in those cases a unique frame, in
order to be able to apply the next lemma.

Note that in all the cases, by (3.3) we still have that

2 1
F22 - _F217
4 3
1—‘44 - _F43'

Then by evaluating the Gauss equation we get by a straightforward calcula-
tion that
Lemma 3.1. Let M be a locally strongly convex, affine homogeneous hyper-
surface. Assume that M has two distinct eigenvalues both of multiplicity 2.
Suppose that the frame is chosen in a unique affine invariant way such that
all the previous formulas remain valid. Then all the connection coefficients
are constant and therefore the Gauss equations imply that
G1211 T (I3 = T3y) — T7,(20%, +T5y) + 35,5, =0,
G1212 (r3;)% = I} T3; + 7, (0], +T5,) + A1 =0,
G1213  — T3, (20 + 207, + Iy — 205;) + T1(Tay — Tlp) — 2054 (T35 + IS5 + IGy)

+ T3, (2055 + Ts + T3y) + (T35 — [5)T,) = 0,
G1214 T3,Ty — Ti5(T]; +T5p — Iy — 203,) + 2055 (T3, + T35 + Ty)  +2(I3y — 207,)05, =0,
G1221  — (T}, = 8T4,)(T7, — 2T5;) + (2T75 — T3,)(T}; — 2075 +T5;) — AL =0,
G1222 3T} T3, — 33, I'3; =0,
G1223 TP5(2T7; — 4T3y +5y) + T1a(Tas — T34) — 2(T7 T30 + 1435 — 273, T35 — T35,

— T3 T3 + T35 (53, + 2(T35 + T3,)) + (T3 — T34)T32) = O,
G1224 —T5,T5, + 79, (202, — 4T3, —T5,) 4 2T'1,T5, 4 2(—4T%, 4+ I'f, + 2I'3 )2, = 0,

1 4 2 4 4 2 1 4
G1234  (I'yy + 20, + T5)lo3 + T3y — Ty —2T5y) =0,
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(M1 +2(P75 + T1y) — T3,) (T35 — T3,) — (T7, — T3y +20'5,)(T}5 — T,) =0,
I1,(PF = T3y) + (I3; — T3,)T5, — T3gTh, + 1573, =0,
—I§i0%, + 805, 05) — (6I'1; +5(0%5 + T14)) (0355 + D33 + T'34) + (i3 + 203,003, = 0,
(2075 + T1, + T5,)T3; — 45, (T3, + I35 + [5y) — [T, (8055 + 2(I5 + IGy)) — Tialh,
425,07, =0,
2(T$5T5, + (T35 + T35 + T34)(2T35 + 8T5; + 2T3,) — T55(T55 — 2T55)) + A2 =0,
2(T1,T5) + T35(T55 + Tg + Tay) + (213, + Tig) + 3T5,)T55) =0,
I3,(4T], + 207, +307,) — (2T}, — 2T, + T, +T3,)T3, — (TF; — 2I'3;)T3,
— I'a(Tlg + Tgy) + 1505, =0,
I35 (03) +20%,) — 805,13, + (f; + D195, — ToT3, — [1o(I3; + I5y) — Miglis =0,
273, (2055 + Ty + T34) — [12(2T3, + 4T3, + 3T3,) + T, (T3 — 2T'3,) =0,
— I'lo(P§s + 205,) + 405, T, — T, (T35 + 2055) =0,
—2((P1y + D%, + T1,) (8T + 2(D3, +01y) = (0F) = 205)T54 + Di5T5) — A1 =0,
—2(P7 (T}, + T75 + T1y) + (20, + 377, + 20703, + Ti3T3,) =0,
—T34(20%5 + T31) + Taalgy + (Dh; + T3 + T4) (5035 + 605 + 5I,) — 3T 35 =0,

4 1 2 4 1 2 4\l 2 12
—2T73(Cyg +T1p +2074) + (401 + 3075 + 2T74) T3y — (T — 2T51)T34 =0,

—4P{gT5, + (TF; +2T5,)T5, + (U1, + 2T'7,)T3, =0,
5,15, — T14(T3s + T33) + ToT3, + (N1 + I32)T5, — I3a(Tg + 2055) + 307355 = 0,
— T3 Ty — (T3 — 3T34) (T3, + T35 + T34) + 373, T3, — (T}, — 5T1,)T55 =0,
I3, (Dy — Tay) + 2054 (T35 + T3 + Tay) + (—Ti; + T3 — Iy + 0505

+ (405 — 303, =0,
2(TY,T3, + T35 (2T5 + Tg) + T35 (2045 + T) + T3, (4745 + T35) — I3aT45) = 0,
4(T35)% — 233T T, + 201,15, + 2(035 + T35 + T'3,)Th5 + Az =0,

4 2 4 2 nd 1 3 2 12 2 42
P1o(TT1 = 2054) + '35 (I3 — gq) — Pipl3y — 3750y — (Pl + Tyl =

|
e

2(203, + T35 + T34)T3; — Ti2T43 + Tia(Tis — 2(I3, + T35 + 2I5,)) = 0,
403 T3, + Ty (Ty — 2T,) — T5,Ti; =0
—2075(0; + T35 + 207y + (401, + 807, + 2T7,)T3, — (I3 — 205,)T5, =0,
3,15, + Tig(T5; — 205,) — T3,T4; + (T1; + Do + D152 — M4alis
+34(—2T3, — 8T, — 2T, + T'i) =0,
2((Pqy — 20T, — (T3] — 2055 + (Ul — T34)T34) — A1 =0,
2(P7 Ty + (T75 — 201,)T5, + (D5 — T3)T5,) =0,
3T1aT5y + T3, (201, + T3) + Ti4(Tiy — 5T3,) — T, (P34 + Tig) =0,
T35 (3T1; + 2(T3, + T1y) — Tq) — (T3, — 2T55)T3; + T35, — T1oT5,
— T54(P55 + T35 + T'3y) + To3T3, = 0,
I5(03) +205,) + (-TF; — 2%, + [5)T3; — [ial3, — T3, (I3, + Iy + [Gy) — TaeTh; =0,
213, (2055 + T + T34) — I35 (203, + 4T35 + 3T3,) + T, (T35 — 2T'3;) =0,
— Iia(P35 + 205y) + 405,05, — [T5(T35 + 2055) =0,
503y +T51) — 803,05, — (Dgy — 5T'3,)T35 — (D3 + 2T'3,)T3, = 0,
2((r95)%) = T3,T7, + I3, (2T3, — T33) + I35 (T3 — 20%3)) + A2 =0,
—2((P11 + I3y + D151 + (201 + 205, + Iy) — T31)T5, + T33T3,) =0,
= 2(2(T'%4)® = T3, T4 + (11 + Tio + T1,)03; + T53T5,) — A1 =0,

1 2 4 3 2 4 3 2 4 2 4 13
— (P11 + T +T14) (B0 — 3y) + Ty (33 — 5055) + T334 — 309373 =0,
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G2342 T3 Ty, — T3 T3y + 205, (T3 — 20%3) =0,

G2343  — T, (Mg — 2T§,) + T3, (Pl — Thy) + T3,(3T5, — T + I'ay) + T3, (g5 — 2T5,)
+ D3(—T35 + T3 — 873, + T4z) = 0,

G2411 TY,(I}, — 2T, —T3,) —T},T3, — (T35 — T3,) (T35 + T3 + T3,) — (U7, — 2T7)0,
+(P3; +T3,)055 =0,

G2422 T7,(T]y +13)) + I35 (Da — 8T3,) — 803,15, — (Dgy + 5054)T3, =0,

G2424 2((T'15)%) — T3 T s + T3, (205, + I'3s) — [5,T44) + A2 = 0,

G2431  — 2(Pjy + Iy + 201055 + Dy Dy + (2D + 2075 +T1y) — T3)T3, = 0,

G2441  2(T},(T3; — 2T34) + (207, — T5))T5, + T34(T33 — T34) =0,

G2442 2(I'}, T3 — 5, (T3, 4+ 20'5,) + (T3 — '3,)T3,) — A1 =0,

G2444  3T34T5, + T1,(3T1, — T3) + T34 (5T, + Tg) — T3,(I'5, + T'iz) =0,

G3411 (I}, — T3)05; + T3, (T3, — I'ly) — (T35 + Dg + T'3,) (T35 — Tig) + I3a (I3, — Tig) =0,

G3431  —2(I}; + Ifp +2079)055 + (P — T31)T3, + 205, (T, — I3)) — 2(01; + Il + )T,
— T34(D3o + 2(055 + Dy — T)) =0,

G3433 T3,(I'35 —T5y) — I'3, (2085 4+ I'3s) 4+ 305,10, = 0,

G3434  (T43)% —T5aTh, + s (T +T35) + A2 = 0,

G3441 2T, (T3, — T3,) + T3,(T3; — T'ly) + T3, (2055 + T3, — 4T%5) — 20, (T35 + T35 + 5T,
— 2T'3) = 2(07; +175) (205, — Iiy) =0,

G3442 2T T3, — T35, +T3,(2055 — T3, — 4T45) + 203, (T3, — 4T3, + 2I45) =0,

4 3 4 3 4 4 3 4 4
G3443  — (T35 — 3T33) (T35 — 2T33) + (2T, — i) (Tag — 205, + Tis) — A2 = 0.

Note that in the previous lemma G ijk¢ means the component of Gauss
equation (2.6) for X = E;,Y = E;, Z = E}, in the direction of E.

3.1. Hypersurfaces of type 1

As mentioned before the frame is completely determined and therefore we
can apply the previous lemma. We will show that this case leads to a contra-
diction. As M is of Type 1, we have that

Iy + T, #0, I35 + Tay # 0. (3.7)
Adding (G1211) and (G1222), we get that
(P11 +T1) (% —Ty) =0.

Using (3.7) we deduce that T'?; = T'};. Similarly we obtain from adding
(G3433) and (G3444) that T'3; = I'};. Adding (G1221) and (G1212) we see
that

2(F%1 - 2F%2)(F%2 - Fgl) =0.
Similarly from (G3443) and (G3434) we get that

2(F§3 - 2F§4)(F§4 - Fig) =0.

So if necessary upto interchanging the vector bundles & and &; there are 3
subcases to consider.
Case I: TI'?, # I'}; and 'y, # I'j;. Hence we must have that I'7, = 1T},

and '3, = 1I'35. Moreover from (G1211) and (G3433) it follows that I'}; =
I'4; =0.
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Next we use (G1341) and the difference of (G1441) and (G1331). This
gives us
11
—TI
2
— 2(T'§,)% + AT{3T, + 4T}, (3T, +4IY,) = 0.

2} (P34 — 2013) + 1y (T34 — 3T73) =0,

From (3.7) we see that I'l; # 0 and I'3; # 0, and therefore it follows from
the previous equations that supposing that T'}; # —%F‘lﬂl, solving the first
equations for I'}; and substituting this result in the second equation leads

to a contradiction. Therefore we must have that I'j, = 0 and I'f, = —3T'1;.
Similarly from the symmetry of the problem in this case we deduce that also
'Y, =0 and I'}, = —3I'3,.

Using now (G1331) and (G1313) we immediately see that
AL = _%(F%l)a
Ao = =2 (35)%
The equations (G1311) and (G1424) now become
57

16
- 2(1—‘%2 - 2F4211>F4212 =0,

F%SF?Q - F%ll—‘g:ﬂ =0,

which implies that T'3, # 0 and '}, = 2I'};. Similarly we get interchanging
the two vector bundles that also '3, # 0 and '}, = 2T'3,.
The equations (G4113 and (G2331)) now immediately imply that

4 _ 513 2 _ 5711
F43 - §F333 I‘21 - §F11'

A contradiction now follows from (G1414).
With similar computations, we can also prove the non-existence of so-
lutions in the cases IT and III, which are respectively given by :

Case I1 : T2, = T2, I3, =T

1
Case III : ', # I3, Ity = 51—‘%1» 34 =Tl

Hence there is not hypersurface in R® of type 1.

3.2. Hypersurfaces of type 2

In this case we have that V; #£ 0 and W5 = 0. We choose E; in the direction
of V1. This fixes the rotation freedom in £;. As W5 vanishes, we have that
'ty = —TI'3;. In order to determine a frame in € we consider the following
subcases:

1. The restriction of the difference tensor K to the space £ does not vanish

identically. Applying a rotation we can choose in this case the vector
field E3 such that h(K(Es, E3), E4) = 0. So we have that I'3; = 0 and

I3 # 0.
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2. The restriction of the difference tensor K to the space & vanishes iden-
tically. However K (&1,&1) ¢ &1. In that case we can fix the vector field
FE3 such that one of the following holds:

(a) ( (El,El),Eg) # 0 and h(K(El,El),E4) = 0,
(b) h(K(E1, E,), E3) # 0 and
( (E1»E1)7E3) ( (E17E1)7E4) = h(K(EhE?)vE‘l) =0,
(c) h(K <E27E2)aE3) # 0 and
hK(E1, FE1), Es) = h(K(E1, E1), Ey) = h(K(E1, E3), E3) =0

and h(K(El,EQ) E4) h(K(EQ,E2)7E4) = O7
which leads to an immediate contradiction as W7 = 0.
3. We have that h(K(&1,&1), &) = h(K(E2,&2),E2) = 0. In this case we
can consider the following subcases:

(a) the symmetric operator K, restricted to & has two distinct eigen-
values. In this case we can pick F3 and E4 in the direction of the
corresponding eigenspaces,

(b) the symmetric operator Kp, restricted to & is a multiple of the
identity, but the symmetric operator K g, restricted to & has two
distinct eigenvalues. In this case we can again pick F3 and Ej in
the direction of the corresponding eigenspaces,

(¢) both the symmetric operators K, and Kg, restricted to & are a
multiple of the identity,

So we see that except in the last case, the frame is uniquely determined and
we can apply the Lemma 3.1.

Type 2.1 We have that ['}; = 0 and T'3; # 0 # '}, + I'2,. From (G3433) it
immediately follows that I'3; = 0. Adding now (G3443) and (G3434) we get

—6T35(I'35 + T3) = 0,
which implies that T'}; = —T'3;. Now (G1424) becomes
3,035 + 205 (I, — 2T'%;) = 0.
So there exist a constant $; such that
Iy = A5, + 203,
F?Q = —251F41-

Moreover from (G3434) we deduce that Ay = —2(I'35)? and from (G1423) we
get that T3 = —21(2T'}; +T'%;). Seeing the equation

G1413  2(1+ B?)(2I'y, +T3,)T4, =0,
we have two small subcases to consider
1. if T'}; = 0 then from solving
G1313  2(I'y; —T%5) (205 +1'd3) =0,
G2323  2(2T%, —T'3,)(T%, +T33) =0,
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we have that I'}; = 0 and I'j; = 0, which is a contradiction with condition
of this case.
2. if I'j; # 0 then I'j; = —1T'35. From the equation

G2423  —4(Bf+1)T30), =0,
we again find that I'3; = 0, which is a contradiction with our assumptions.
Type 2.2.a We have that ['3; =T'3; =T}, =0 and I'}; #0 # 1, +T'%,.
By adding G1211 and G1222 it follows that I'3; = I'};. From G1423 we get
that
[15(205; +Ti3) — 40505 = 0.

As T'}; # 0, there exists a constant 3; such that

FiB = (4ﬁ1 - 2)1—%17

F?u = /Blril?
Similarly it follows from G'1323 that we can write

I, = Bl + 23,

Iy = =261

The equations ((G1314) and (G1414)) now immediately imply respectively
that

Tg3 = =215, Ao = —4(1+281(=1+4 )3,

Now the equations (G1313) and (G2424) reduces to
—4(B3 —1) (281(T51)% + (T5,)?) =
—8(—=1+261) (63 — 1) (T3;)* = 0.

Hence 35 = 1. Note that if necessary by replacing e3 with —e3 we may assume
that 8 = —1. The equation (G2322) then become

(Fél - 51—‘%4)1%1 - 31—‘%21—‘%1 =0.
So there exists a constant (3 such that
T3, = B3T3, Ty = 30315, + 505,
The equation of (G1433) becomes
*251F§1(F34 - 2F4113) =0.

If 3, # 2T'}5, then 31 = 0, and (G3421) gives B3 = 0. The equations
((G3442) and (G2311)) now immediately imply that '3, = 2I'l; = 0 which
is a contradiction. Therefore we always have I'3, = 2I'},.

The equations ((G1444), (G1344), (G2444), (G2333), (G1322) and (G1441))
immediately imply respectively

I3, =0, Tj,=-2I%, T3 =0 p3=0 T =0 XI=0
As T'}; = 0 we must have that I'?, # 0. A contradiction now follows from

G1331 :  —4(I'%,)% =0.
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Type 2.2.b We have that I'; = I'S; = '}, = I'}; = 0. The conditions
in this case now imply that I'S, # 0 and I'}, = 0. Using (G1414) we get that
A2 = 0. Adding (G1313) and (G2323), we get (I'35)? = 0, which is again a
contradiction.

Type 2.3.a We have that I'f; = T3, =T34, =T}, =13, =T{, = 0. By
the choice of F3 and E4 we also have that

T, =
{2;2}4 + I:h +T3, #0# T + T, 35
From equations (G1313) and (G3434) we immediately see that
Ao =0, T33=0 Ti;3=0.
Adding (G2322) and (G2311), we get that
—(T}y +TH)05 = 0.

So we deduce that I'}; = 0. Similarly we obtain from adding (G2422) and
(G2411) that '3, = 0. Similarly from adding (G1211) and (G1222) we obtain
I'?, =T%,. From (G1212) we obtain that

A= —2(T3)% + (T}, —T3,)T3,.
From the equation (G1211)
35, (-3, +13,) =0,

we obtain two cases,

Case 1: We assume that I'3; # I'?, then I'; = 0. Moreover, from (G1212)
we deduce that I'f, = 3T;.

Using the condition (3.8), from (G1341) we immediately see that I'{; = 0.
The equation (G1342) yields I'4; = 0. Using (G2431) we obtain I'3; = 0. By
subtracting equations (G1332) and (G1442) we get I'3, = 0. We are now left
with the equations (G1331), (G1441), (G2332) and (G2442) which state that

(Fh - 2F4114 - Fgl)@rh - Fgl) =0,
(—4T}, — 21, 4+ T3,)(3T1, + 2T, +T3,) =0,
I3, (-4, —2I'f, +13,) =0,
I3 (-T1, + 201, +T3,) =0.
Solving the above system we get a contradiction with
oI, + T}y + Ty = 2I'f, + 31, #0.
Case 2: Assume that I'3, = I'?,. The equation (G1234) is given by
(T}, + T3y + 2T}, T35 — 20155, = 0.

We assume that {I'3;,T'3,} are not both vanishing. Then there exist a con-
stant a such that

1
I}y = al's, Iy =aly, — §(F%1 +T%,).
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The condition (3.8) becomes 2al'3, # 0. The equations (G1243), (G1431)
and (G3444) yield that I'}; =0, I'3; = 0 and '3, = 0.
Subtracting (G2332) and (G2442) we see that

4F34(F%1 - ar%z) =0.

Using (3.8) we deduce that I'}; = a;T'%,. Similarly subtracting (G2331) and
(G2441) we see that

—4r3, ((o® +2) T3, +11,) =0.

We obtain I't; = —(2 + a?)I'?,. The equations (G1442) and (G2332) now
become

o (a2 + 1)(T%,)? - 4(T4,)?) = 0,
4 (o +1) (T1,)? - 4(I34)* =0,
which leads to a contradiction.
Now if I'3; = '3, = 0, then,
the fact that A; # 0, implies from (G1441) that I'f, # 0. So (G2441) imme-
diately implies that I's; = 0.
Using (3.8), we deduce from (G1243) and (G1341) that I'2; = 0 and T'}; = 0

respectively. The equations ((G2442), (G1441), (G1331), (G2332)) now reduce
to

— (3T, + Iy +2I,) (20, + 3T, + 2I',) = 0,

- (F%l - F?z - 2114114)(11?2 - 2114114) =0,

—I'1,(301; + 'Yy + 2I',) =0,

[y (—T1; + 7, +207,) = 0.
We immediately see that the above system admits no solution which satisfies
the condition (3.8).

Type 2.3.b We have that '}y =3, =T}, =T}, =3, =1, =T, =0

and '}y = —4(I'{; + I'}y). By the choice of F3 and E4 we also have that

2, =0
Mo ) (3.9)
5y #0# 'y + T,

In exactly the same way as in the previous case we get Ay = '35 = ['}; =
%, =T% =0 and I'?; = T'},. From (G1244) we obtain that '3, = I'?; and
from (G1432) and (G2432) we see that I'}; = I'33 = 0. Subtracting (G1331)
and (G1441) it follows that I'}; = 0. Equation (G2331) now implies that
I'?, = —1I},. From (G1212) we now see that A; is negative and if necessary
by replacing E; buy —F; we see that I'}; = %\/—/\1. Similarly from (G2332)

we get that '3, = —%\/ —A1. Therefore we have shown the following lemma.

Lemma 3.2. Let M be an affine homogeneous hypersurface which is of type
2.3.b. Then A1 is negative and Ay = 0. Moreover, we can choose a local frame
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{E1, Es, E5, E4} such that

=2V Th=-gVh vV
F%4:_27\1/§\/_7)‘1’ F%lz—%\/—i)\u Iy, = \}g\/iv
1“33:%\/—7)\17 F§4:_%‘/T‘1’ M= F
= VR Th=-oevon 7V

and all the other connection coefficients vanish.

From this we can now show the following.
Theorem 3.1. Let M* be a locally strongly convez, locally homogeneous, affine
hypersurface in R®. Assume the affine shape operator of M has two distinct

real eigenvalues, both multiplicity 2 and that M is of Type 2.3.b. Then M is
locally affine congruent to an open part of the hypersurface

(z1— xi)g (z2 — m§)3x§ = 1. (3.10)

Proof. Using the local frame of the previous lemma, we have that the Lie
brackets are given by

[E1,E) =0, [E1, Es]= \/ —MEs, [Ei, E4 = \/ A Ey,
[Es, B3] = \/ —ME3, [E2, E4 = _7\/ —MEs, [Es3 E4 =0.

So if we now take Ef = Ey,E5 = Ey, B = p1Es, B} = paE,, we see that
with respect to the new frame the Lie brackets become

[EikaE;]:Oa
[ET, B3] = (Er(p1) — 0127\1/§\/—>\1)E3,
51 4] = (Er(pa) = pog /=0

[E3, B3] = (E2(p1) + p1 \}g\/ —A1)Es,

1
=V _)\1)E47

[EzaE4] (E2(P2) Pl\/g

[E3, B3] = 0.
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Now a straightforward computations shows that the one forms w; and ws
respectively defined by

wi(Br) = L\/ —A1, wi(EB2) = —i\/—i)q, (3.11)
(Es3)
wa(Er) = L\/ —A1, wa(E) = L\/—Al, (3.12)
(Es)

are closed one forms. Hence there exist local functions such that wy; = dln p;
and we = dIn pe. Using these functions we now see that with respect to the
new frame all connection coefficients vanish. Hence there exist local coordi-
nates (u,v,z,y) such that

7] 0 0

0
=F,, —=F, —pEs, — =pE,. 1
ou 1 v 25 al‘pl 3 p2Liy (3 3)

dy
By integrating (3.11) and (3.12), and (3.13), we get the functions p; and ps

p1 =1 7V ~hlu=2v) p2 = Qo 7V ~h{uto) (3.14)

where a; and g are positive constants. Of course by translating the coordi-
nates u and v we may assume that a; = as = 1.

We now note the immersion F : M < R"*!. From the definition of the
affine shape operator and Lemma 3.2 we get that

§u = M Fy, gv = -\ Fy, 596 = §y =0,

and

2
Fuuzi _)\Fu+ )
\/3\/ 1 3

5
|

|
b
=
&

Fux _Oa
Fuy =0,
1
Fop=——=vV—-MF,+¢,
VU \/gﬁ u £ (315)
oy 707
Fy =0,
1 2

Fzy =0,

2 1 2
Fyy = Pz(fﬁ “hkus ﬁ\/i)\va +4)
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Taking the derivative of the first equation of (3.15) we get

uuu - \/ )\1Fuu + /\1F = 0

Its solutions are given by

F(’U, v, T,y ('U,Z‘,y) +A2(U,.’If,y)€#1u +A3(U7$7y)elt2u7 (316)
where p; = , Mo = SV\/%/\l and A, Ay, A3 are functions in M. It

immediately follows from (3.15) that Ay depends only on v, A; dpends only
on x and y and Az is a constant vector. Therefore

F(u,v,z,y) = A1(z,y) + Az(v)err™ + Aget2". (3.17)
It now follows that

2
= Fuu - =
¢ V3
It now follows that for Ay we get the following differential equation:

A (v) = =3 A2

7)\1Fu = 7)\1(142(1))6'“‘111 + Age’““).

Its solution are
As(v) = cr.e7 MY oy @2V

where ¢y, co are constant vectors. The remaining differential equations now
become

8
(A1)az = —C1A1,

3
(Al):ry = 07

8
(Al)yy = —gCg)q.

Therefore

4 4
Ai(x,y) = csx + cay — §Cl)‘1x2 - §02/\1y2 + cs.

Of course by a translation, we may now suppose that cs vanishes and by an
affine transformation we may assume that cy,cs,c3,cq, A3 is the canonical
basis of R®. This completes the proof of the theorem. (]

Type 2.3.c We have that T'3; = T3, =T34, =T}, =13, =T, =T}, =
rZ,=0,r}, = f%(Fh +T%,) and '3, = 0. The difference tensor is given by
K(E1,Ey) =T1,E; + T3, Es, K(Ey, Ey) =13, Ey + T3, Es,
K(Eq, Ey) =T3,Ey + T9,E,, K(Ey, Es) = 3L} +T1)Es,
K(Es, E3) = K(Ey, Ey) = 5 (1, +T7,)Er, K(Ey, Ey) = 5Ty, + 1) By,
K(Ey, E3) = K(FEq, Ey) = K(E3, E;) = 0.

For this type of hypersurface we want to prove the following theorem.
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Theorem 3.2. Let M* be a locally strongly convez, locally homogeneous, affine
hypersurface in R® whose affine shape operator has two distinct real eigen-
values with multiplicity two. Assume that M is of Type 2.3.c. Then Ay is
negative and Ao vanishes. Moreover M is affine equivalent with an open part
of
2\ O
a3 <x1 — (a2 +22) — i"’) =1L (3.18)
2
Before starting the proof of this theorem we first need the following
lemma.

Lemma 3.3. We can choose the frame {E1, Ea, E5, E4} such that

2 1 1 /3
Fh:*\/T—E)\/*)\l, F%QZ*\/T—E)\/*M, F?32\/;\/T1,

1 /3 5 3
F%4:2\/;\/ A, T3 =- 3V AL F%zz\/g\/—)\h
3 3
1—%3:\/;\/ —A1, le14:\/;\/ —A1,

and all the other connection coefficients vanish.

Proof. We will use some of the Codazzi equations for the difference tensor
K. A straightforward computation yield that

Gle1221 3(I'F, — T3y + (T}, — 2I5,) (T3, —T3,) =0,
Glc1331 %(f(rh +T2,)(2T, +T%,) — A1 + X2) =0,
Glcl332  — %F%(Fh +12,) =0,

Glc2331  — %(r}l + 12,3 =0,

Glc2442 %(—(rh +T2,)T2, — A\ + Xo) =0,

Glc3432 %(P}l +T2,)T2, =0,

1
Gle3442  — 5(Fi1 +I7,)T'5 =0,

where we denote Glcijk¢ the ¢-th component of the equation (2.11) with
X =1FE, Y =UFE;, Z = Ej Note that of course there are other non
vanishing components. These however will not be used in the proof of the
lemma.

From the equations ((Glc2331), (Glc1332), (Glc3432), (Glc3442)), and
the fact that M is of Type 2.3.c, we get that Iy, =T, =T% =13, =0.
In view of the Type of M we also have that I'}; # 0. Solving now the three
remaining equations we get after if necessary changing the sign of e; that

24/ = 1+ A V=A1+A 5
VoAt A 2 _ VoMt r2 = \/;,/_)\1_’_)\2.

1
Fll__

\/ﬁ ) 12 — \/ﬁ ) 21 —
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4 4 T4
The remaining unknown connection coefficients are {I'{3, '35, '35, 43 }. Note
however that these connection coefficients are not necessary constants.
The remaining Gauss equations become

G1221 Ao =0,

V15
G1343 ;\/g VAL ATy + DTy + Bs(Th) — Ei(T3) =0,
G2343 53045 + E3(I53) — E2(I'g3) =0,
G2443 —T53T55 + E4(T'33) — E»(T'33) =0,
(3443 — ([335)? — (T43)? — A2 + E4(T'33) — E5(I'43) =0,

1 /3
G1434 - 2\/;\/—)\1 + ATy + 11305, — Ey(T'3) + By (T3;) = 0.

The equation (G1221) now immediately implies that Ay = 0. The other equa-
tions are correspond precisely to the conditions that the one form w defined
by

W(El) = _F4113a w(EQ) = _Fg?ﬂ W(E3) = _F§3) W(Eél) = _FiS’ (3'19)

is a closed one form. Hence there exists a function ¢ such that w = dp. We
now consider the following change of frame

G1234 — Ey(T'fs) + El(rg3) =0,

(BT, E5,E5,E;) = (FE1, Ea,cos ¢ E3 + sin g Ey, —sin ¢ E3 4 cos ¢ Ey),

This frame still satisfies all of the previous conditions. However we moreover
have that

Ve B3 = (Ei(p) +T15) Ef =0,
Vi Ej = (Ea(p) +T33) Ef =0,

., 1 /3 . . .
Ty i = 2 SV 4 ((Bulp) 4 ) coni + (Bu(e) + T sin) B
1 /3 i

s 3v e

Vi = — ((Es(p) + D) sinp — (Ea(p) + Ty) cos o) Ef =0.

The conclusion of Lemma 3.3 follows from these and the expression of K. [

Proof of Theorem 3.2. We use the local frame constructed in Lemma 3.3.
The Lie brackets of the last frame are given by

By, Bs] = \/—AlEm By, Bs] = \[ V=MEs,
By, Ef] = \[\/ NEi, [Ea By = [Esy By = [Es, Ed] = 0.
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Therefore we immediately see that the one forms w; and wy defined by

4 1 /3
Wl(El):*\/il—5 —A1, wz(E1):*§ g\/*)\h

wi(Ez) =0, wi(k3) =0, wi(Ey) =0,
(.OQ(EQ) = 0, CUQ(Eg) = 0, WQ(E4) = O
are closed one forms. Hence there exist positive functions p; such that w; =
dlIn p;. If we now look at the frame given by E1, p1 Es, poE3, poE4 we have
that all the Lie brackets vanish. So there exist local coordinates (u,v,z,y),
such that 5 9 & 8
— —,—,—)=(F E E Ey).
(Gu’ o0’ o’ 8y) (E1, p1Es, paEs, po 4)
Choosing the initial conditions for the functions p; appropriately we get that

4
p1= eix/ﬁ\/fi)‘l'u7 P2 = 67%\/5\/77)\1‘“.

In the same way as in the previous theorem we now determine the system

of differential equations for the position vector F' and the affine normal of
the immersion. We get that

fu = _)\1Fuy fv = _>\1Fv7 £«T = gy =0,

and
2
Fuu =——=v A Fu + &,
VM 3
)
Fu'u =——=v A F’U7
N
Fux s
Fuy— ’
3
Foy=p? <\/;\/>\1Fu + 5) ,
(3.20)
ch 707
F,, =0,
3
me:pg <\/;V_>\1Fu+§>7
Fry =0,

Fyy:ﬂ% <\/§VA1Fu+5>~

Deriving the first equation with respect to u, we get

2
Etuu + _)\1Fuu + )\1Fu == 0

V15

Its solutions are given by

F(u,v,z,y) = A1(v,2,y) + Az(v, x,y)e"™ + Az(v, 2, y)e!?", (3.21)
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where pp = —\/%\/—)\1 and po = \/%\/—)\1, and Ay, As, A3 are functions in
M.

The other equations now immediately imply that As is a constant vector, As
depends only on v and A; is the sum of a function depending only on = and
a function depending only on y. The first equations also implies that

5 = 7>\1(A2(U7 z, y)eulu + A3(va z, y)eﬂzu)'
The remaining differential equations now reduce to
(A1)ez = =5 A3,
(Al)yy = *§A3)\1’
(AZ)UU = _%AB)\L

So there exist constant vectors As, c1,¢a, ¢3, C4, c5 such that
4
Fu,v,z,y) = —gAg)\l({EQ + y2) 4+ c1x 4 coy +cs
4
+ (—3A1A3v2 + c3v 4 cq)e™ + Aget2t.

As )1 is negative, by a homothetic transformation we may of course assume
that —%)\1 = 1. Next by applying an affine transformation we may that cs
vanishes and cy, ¢, c3, ¢4, A5 are mapped to the standard basis. So we can
write

F(u,v,x, y) = ((‘IZ + y2) + v26#1u + 6H2u7 eﬂlua T, Y, Ueﬂlu)'

which is contained in

3.3. Hypersurfaces of type 3

In this case we have that both V; = 0 and Wy = 0. We again will use
properties of the difference tensor K in order to determine a unique frame.
Note that by the classical Berwald theorem, we know that if K vanishes
identically, M is congruent with a quadric (and therefore an affine sphere). So
we may assume that K does not vanish identically. This leaves the following
possibilities.

1. Suppose that the restriction of K to either & or & does not vanish
identically. If necessary by interchanging both distributions we may as-
sume that h(K(&1),&1),E1) does not vanish identically. In that case we
can pick e such that h(K(F1, E1), Fy) =0 and h(K(E1, E1), E1) # 0).

(a) the symmetric operator K g, restricted to & has two distinct eigen-
values. In this case we can pick E3 and F, in the direction of the
corresponding eigenspaces,
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(b) the symmetric operator Kpg, restricted to & is a multiple of the
identity. Note that because V; = 0 this implies that Kg, restricted
to & vanishes. However the symmetric operator Kz, restricted to
&> has two distinct eigenvalues. In this case we can again pick E3
and FE4 in the direction of the corresponding eigenspaces,

(¢) both the symmetric operators K g, and K g, restricted to & vanish.
However h(K (Es,E&2),E2) does not vanish. In that case we can pick
E3 such that h(K(E3, Eg), E4) =0 and h(K(Eg, Eg), Eg) 75 O)

(d) We have K(El,El) = I/1E1 = —K(Eg,Eg), K(El,EQ) = —V1E2
and all other components of the difference tensor vanish. In this
case we still have a rotation freedom in & and the frame is not
determined uniquely.

2. Suppose that the restriction of K to both & and &; vanishes identically.
We can now look at the restriction of K to & and &;. This gives us two
maps

KIZK‘51:£1X51—>52, K2=K‘52:€2X<€2—>51.

By the apolarity and the symmetry of K we now that K(Fs, Ey) =
—K(E1, Ey) and K(Ey4, Ey) = —K(FEs5, E3). Hence the maps map the
unit circle in respectively & and & to an ellipse (or a line), a circle or
a point. Using the fact that K can not vanish identically this leaves us
with the following possibilities:

(a) The image of K! is an ellipse (or line). We can choose E3 and Ej as
the axes of the ellipse and we can choose E; such that K(F1, E1)
is in the direction of Fs.

(b) The image of both K* and K? are circles. We can pick E3 and E,
such that

=By = —K(Ey, Ey), K(Ei1,Ey) =uvEy,

where ¢ = +1. Making now the following change of basis E} =
cos. By +sinp. By, BS = —sinp. By +cos p.Ey, E5 = cos2¢.Es +
sin2p.F4 and B} = —sin2p.E3 4 cos2p.Ey, we see that v] = 14
and

vy = %(1/2((1 + €) cos(3yp) + (¢ — 1) cos(by))

+ v5(—(1 + €) sin(3¢) + (1 — €) sin(5¢)),
Vi = L(a((1 + €)sin(3p) + (1 — €) sin(5¢))

+v3((1+ €) cos(3p) — (1 - €) cos(5¢)).
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Hence by assuming that v5 has to vanish we can fix the frame
completely.

(¢) The image of K; is a circle and h(K(Es,&2),&1) = 0. Given E
and FE5, we can choose F3 and Ej4 such that

K(Ey, Ey) = v B3 = —K(Es, Es), K(Ey, Ey) = v Ey,
K(E17E3) = VlEla K(E17E4) = V1E23
K(EQ,E3) = —l/lEQ, K(EQ,E4) = I/lEl.

Note that in this case making the following change of basis pre-
serves the difference tensor
Ef =cosp.Fq +sinp.Eo, E5 = —sinp.E; + cos p.Ey,
E3 =cos2¢.F3 +sin2¢p.Ey and B} = —sin2p.F3 4 cos 2¢.Ey.
So we see that except in case 3.1.d and case 3.2.c, the frame is uniquely
determined and we can apply the Lemma 3.1.

Type 3: Case 1.a, Case 1.b and Case 1.c These cases can be treated
simultaneously. We have that I't, = —T'%3,, I'3, = —I'},, I'f, = —T'3; and
'3, = —T'3;. Note that we have also that I'?, # 0, I'3; = 0 and T}, = 0.

From (G1211) we first get that '}, = 0. The equation (G1341) now
implies that I'{3T'}, = 0. Let us first assume that I'f, = 0. Then (G1441)
implies that A\; = 0. Then (G1212) and (G1221) respectively imply that

I3, ([, +T3,) =0=—(2r7, — T3,)(3%, — T3).

This leads to I'?, = 0 which is a contradiction.

Therefore we must have that '}, # 0 and I'}; = 0. Adding (G1221)
and (G1212) we get that '3, = T'?,. So that (G1212) implies that \; =
—2(I'?,)%. From (G1234), (G1243), we then deduce that I's; = '3, = 0.
Whereas (G1434) and (G1343) imply that I'{; = 0 and I'j; = 2I'%;. The
equations (G1331) and (G1441) now reduce to

2(TTy — T1) (T, +2I1y) = 0= 2(T'%, — 2T, (I, + I'iy),

which again lead to the contradiction that I'?, = 0. Hence these cases are not
possible.

Type 3.1.d Due to the form of the difference tensor we have that I'y; =
lea4 = len = 1&1 = F?z = F%z = I”114 = F§4 = F§4 = Fg:} = F§13 = 0. This
implies that

h(Ve,E2,E1) =0,
and in view of the form of K also
h(Ve,E2,E1) = 0.
So by a direct computation we get that
(VK)(E1, Es, E3) — (VK)(Es, E1, B3) = h(E\Vg, E3) = 0.
On the other hand, from the Codazzi equation for K, (2.11) we deduce that
(VK)(E1, E3, E3) — (VK)(E3, E1, E3) = 3(A1 — \o) E1.

Hence this case also leads to a contradiction.
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Type 3.2 Case a or Case b These cases can be again treated simulta-
neously as we have again the possibility to define an affine invariant frame.
From the choice of the frame we have that

I‘:%1 = F%z = Fi3 = 1—%3 = leu = Fi’z =0
Note also that in both Case a and Case b, we have that I'}; # 0. Case a can
be recognised by I'f, # £2I'};, whereas Case b can be recognised by I'}, # 0,
'3, =0 and I'f, = £2I'};. From (G1313) and (G1311) it immediately follows
that 'Y, = 0 (and therefore Case b can not occur) as well as that Ay =
—4(T'4;)?. Similarly from (G2322) we deduce that I'3, = 0. From (G1212) we
get that
AL = _(F%1)2 - (Fgl)Q'
The equation (G3443)
A4(T5)? = (T35)% + (Tis)%,
implies that I'i; and I'{; can not cancel simultaneously. Therefore from
(G1333) and (G1444) it follows that I'}, = 0. Similarly from (G2333) and
(G2444) we get that I'Z, = 0. The equations (G1213) and (G1224) become
—T1o015 + 415, T3y = 0 = 2I'3 T, — 2T 513,

As we are necessary in Case (a), we have that (I'l5)? —4(T'3;)? # 0 and there-
fore the previous system of equations implies that I'l; = I'?; = 0. Similarly
from (G1214) and (G1223) we get that I'3; = I's; = 0. Repeating the same
argument respectively for (G1314) and (G1323) and (G1423) and (G1414)
we have that I'3; = I'3; = 0 and I'}; = 0 and I'}; = —2I'};. A contradiction
now follows from (G2424) which becomes

2((1“%2)2 - 4(1—‘1131)2) =0.

Type 3.2.c For this type of hypersurfaces, we want to show the following
theorem

Theorem 3.3. Let M* be a locally strongly convez, locally homogeneous, affine
hypersurface in R® whose affine shape operator has two distinct real eigen-
values both of multiplicity 2. Assume that M is of Type 3.2.c. Then \y =0
and Ao is negative. Moreover M is affine congruent with an open part of the
affine hypersurface given by

209T3T4 — a:i - (ﬂc§ — 2:105) — 2:1:%955 =1.
Before starting the proof of the theorem, we need the following lemma.
Lemma 3.4. We can choose the frame {E1, Eo, Es, E4} such that
Fi = \/—7/\2, F%z = \/—7)\2, F31 = \/—7)\2,
ngz_\/—i&v lenz \/?a F§2:—\/?,
Fil = \/*Tz, Fis = \/TA% Fi4 = *\/i)\%

and all the other gammas are vanished.
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Proof. From the choice of the frame we have that
F%l = F%z = Fis = F§3 = F}u = Fi’z =

We also have that, if necessary after changing the sign of ep that I'l, =
2T}, # 0. Moreover, we have also '}, =T's, =%, =T2, = 0.
Using the Codazzi equation for K we now find by a straightforward
computation that
Glc1231 (2%, —T1)T3, =0,
Glc1241 (23, —T5;)T'3, =0,

1
Glel33l 3 (4(T31)* = A1+ A2) =0,

Gle1341 T4, (213, —T'33) =0,
Glc2431 T (2r}, —or% +T9%,) =0.
Therefore we get that
Iy =217, T35 =203, Ty =23, Ti;=-203 +2I7%,.

Moreover, we have that

VAL — A2
—

The remaining unknown coefficients coefficients are I'?;,T'3,,T'3,,T'%,.
As the frame is not unique these are not necessarily constants.

Now the Gauss equation (G1331) is given by

1
F31_

A1 =0.

The final Gauss equations now reduce to
G1212 (T1)? +(T3,)° - EZ(I%) + Ei(T3),
G1312  T2,T% —or? 712 + r WX — B5(T%) + By (%)) = 0,
G1334 203,13, — A, T5, +30%, /=Xy — 2E5(%,) + 2E1(15,) =0,
G412 2T1T5 + 515, — Ey(T]) + Ei(Th) =0,
G2312 —T}T3, — 205, T + +%F%1\/i)\2 — B3(T'3,) + E2(T'3,) = 0,
G2412 213,13, — THTS, +TH V=X — Es(T'3,) + E2(TF) = 0,
G312 2((13)% + (T5)? ~ T3V =e ) = Ba(T3) + E(T3) = 0.

These equations are precisely the existence conditions, see Appendix 2
of [7]

(i, Ejlo = Vi, Ej(9)—VE; Ei(p) = Ei(Ej(p) —E;j(Ei(p)), for 1 <i,j <4.
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for the following system of differential equations

E1 (90) = _1—‘%17
EQ((P) = _1—%17
S (322)
Es(p) = —T%, — Y52 sin 20,
Ey(p) = —T3 + Y522 ’\2 cos 2¢p + Y522 _’\2

Taking therefore a solution of this system and using the freedom in the frame
to define,

{Ei‘ =cosy.FE; +siny.Es, {ng =cos2p.E3+sin2p.Ey,

ES = —sing .Ey 4 cos ¢ . Es, E} = —sin2¢ .E3 4 cos2p .Ey,

we see that the new frame satisfies all previous conditions and that moreover:

\/)\2

Vi Ef = ((Bi(p) +TF) cos o + (Ba(p) + T3, sinp) Ej + E:

-V _)‘2E§j,
2

ﬁE; Ef = (—(Ei(p) +T1)sing + (Ea(p) + I'3;) cos ) E5 +

2

V=X
VE*E3 = <(E3 + F31) cos 2 + (E4(<p) + I‘ﬁl — 22) sin 2@) E;=0,

V=2
VE*E?, =2 ( (B3(p) +T2,) sin 2 + (E4(g0) + T2, — 22> cos 2(,0) E};

ﬁ

V=
2

Ej

Therefore we may assume that

I, =0, I3 =0, I'3=0 TI% =)
This completes the proof of the lemma. O
Proof of Theorem 3.3. We use the local frame constructed in the previous

lemma. By applying a homothety we may assume that Ay = —1. The Lie
brackets of the last frame are given by

V=
[E1,E2) =0, [Ei,Es]=— 5 Ey, [E1, Ey] = —\/— A2 By,
NESY
2

[Es, B3] = Ey, [Ey, E4) =0, [E3, E4=—\/—XEs.

Therefore a straightforward computation shows that the integrabilty condi-
tions, see Appendix 2 of [7], of the following system of differential equations



26 Abdelouahab Chikh Salah and Luc Vrancken

for the functions p1, p2 and p3

-2
Ei(p1) =0, Ez(p1) =0, EBs(p)=pm 5 2, Ea(p) =0,
-
Ei(p2) =0, Ea(p2) =0, Es(p2) =0, Eulp2) = \//?7
1

Ei(p3) = p1vV/ =2, Ea(ps) =0, Es(p3) =0, Eu(p3)=0,
are satisfied. We now define
Ef=-LE —1ppE
1= 1= 3p1p2l,
E; = plEQa

Eék = E3a
* 1 2
Ef = 5p1psEa + p1Ey.

We then get that [E}, EX] = 0. So there exist local coordinates (z,2,u,y),
such that

0 0 0 0
(%, ER @) = (p%E1 — 2p1p2Es, p1Es, Es, 2p1p3Es + pi Ey).

Choosing the initial conditions for the functions p; appropriately we get that

V=2
pr=e 2z Y P2 =Y, p3 = .
Note that
1
E1=p1 <8m + 2y32> ;
1
E2 = 78Z7
P1
E3 - auv

In the same way as in the previous theorems we now determine the system of
differential equations for the position vector F' and the affine normal of the
immersion. We get that

51252207 gu:Fuu Sy:Fy_%sz,
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and
Fuu =§,
Fuz =0,
Fuy=F, - %xFZv
Fy. =0,
F,,=e"(-F,+¢),
Fl, = Ye™* (2F, — oF, + ye?F, — ye?'¢) (3.23)
F.y=itaze" (—F, +¢),
Fuo = 1o (4= @992) By — 4B, + 2P + (-3 +0)).
Fop=1le(a (e2uyFu +2F, — 62“§y) + (2¢* — x2) F.),

Fyy = Le"(4e" +2%) (—F, +€).
Deriving the first equation with respect to u, we get
Fyyu — F, = 0.
Its solutions are given by
F(u,z,y,2) = A1(z,y, 2) + As(x,y, 2)e" + Az(x,y,2)e™ ™, (3.24)

The other differential equations involving the variable u then imply that
Ajz is a constant, As depends only on the variable y and

(A1), = 32(A1).. (3.25)

From the differential equations F,, we obtain that
E=e"((A1)z. — Az + Aze™).

Substituting this in the differential equation for F,, we see that

(A1)zz = (A2)yy
The differential equations for £ imply also that

(A1).. = 24A3.
Therefore it follows that we can write
As(y) = Azy® + Cry + Co,

where C7 and Cy are constant vectors. Moreove, using also the differential
equation for F,, we see that we can write

Ay (z,y,2) = A32® + (zyAs + Ciz + B1(y))z + Ba(z,y).
Expressing now (3.25) yields
22A3 4 (B1)yz + (Ba)y = 1243 + 3 (2yAs + C12” + Bi(y)z)).
Therefore B;(y) = C3 a constant vector and

By (z,y) = 12%y* A3 + L2°yCy + $2yC3 + Bs(2).
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The only remaining equation of our system of differential equations now be-
comes
(B3) gz = 2C5.
So after applying a translation in R® we see that we can write
Bg(l‘) = 02.172 + Cyx.

Mapping now Cy, Cy, C5,C1,2A3 to the standard basis completes the proof
of the theorem (]

Note that all of the examples appearing in the theorem are indeed affine
homogeneous. As the first two already appear as generalised Calabi products
in [3] we only have to consider the final example.

We look at the set of equiaffine matrices given by

b(l‘? y’ Z’ u) =
e 2eu/ 2y 0 0 O x?
0 eu/? 0 0 0 T
0 e 2y e u/2 0 0 3(zy+22)
ety e? (32 4 2) e U2y 1 0 ja(zy+2z)
equz %e“/Qy(xy +2z2) e /2 (%y + z) y e ¥ %(acy +22)?
0 0 0 0 0 1

As
b(x7y’ Z7 u)b(x/7y/7 Z/7u/)
u
=blz+e2a’,y+e 'y, —ge "y + %e“px'y +e 2 4z u+ ),

the set of above matrices forms a group. It is clear that the image of our
surface is the orbit of the point (1,0,0,0,1,1).

References

[1] F. Dillen and L. Vrancken, The classification of 3-dimensional locally strongly
convex homogeneous affine hypersurfaces, Manuscripta Math., 80(2), 165-180,
1993.

[2] F. Dillen and L. Vrancken, Homogeneous affine hypersurfaces with rank one
shape operators, Math. Z., 212(1), 61-72, 1993.

[3] F. Dillen and L. Vrancken, Calabi-type composition of affine spheres, Differential
Geometry and its Applications, 4 303328, 1994.

[4] F. Dillen and L. Vrancken, Quasi-umbilical, locally strongly convex homogeneous
affine hypersurfaces, J. Math. Soc. Japan, 46(3), 477-502, 1994.

[5] H.W. Guggenheimer, Differential geometry, Dover Publications, Inc., New York,
1977, Corrected reprint of the 1963 edition, Dover Books on Advanced Mathe-
matics.

[6] Z. Hu, C. Li and C. Zhang, On quasi-umbilical locally strongly convex homoge-
neous affine hypersurfaces, Differential Geom. Appl., 33, 46-74, 2014.

[7] D. Laugwitz, Differential and Riemannian geometry, Translated by Fritz Stein-
hardt. Academic Press, New York-London, 1965.



Homogeneous affine hypersurfaces 29

[8] H. Liu, M. Magid, Ch. Scharlach and U. Simon, Recent developments in affine
differential geometry. In Geometry and topology of submanifolds, VIII (Brussels,
1995/Nordfjordeid, 1995), 1-15, World Sci. Publ., River Edge, N, 1996.

[9] M. Magid and L. Vrancken, Homogeneous hypersurfaces with nondiagonalisable,
rank one shape operators, Soochow J. Math., 21(1), 89-105, 1995.

[10] R. Niebergall and P.J. Ryan, Affine isoparametric hypersurfaces, Math. Z.,
217(3), 479-485, 1994.

[11] K. Nomizu, On hypersurfaces satisfying a certain condition on the curvature
tensor, Tohoku Math. J., 20, 40-59 1968.

[12] K. Nomizu and T. Sasaki, A new model of unimodular-affinely homogeneous
surfaces, Manuscripta Math., 73(1), 39-44, 1991.

[13] K. Nomizu and T. Sasaki, Affine differential geometry, Cambridge University
Press, 1994.

[14] M. Ooguri, Three-dimensional locally homogeneous Lorentzian affine hyper-
spheres with constant sectional curvature, Journal of Geometry, 104(1), 137-152,
2013.

[15] T. Sasaki, Hyperbolic affine hypersurfaces, Nagoya Math. J., 77, 107-123, 1980.

Abdelouahab Chikh Salah

Département de Mathématiques et Informatique,
Université de Ghardaia, BP 455, 47000 Ghardaia, Algeria
e-mail: chikhsalah.abdelouahab@univ-ghardaia.dz

Luc Vrancken

LAMAV, Université de Valenciennes, Campus du Mont Houy, 59313 Valenciennes
Cedex 9, France;

KU Leuven, Departement Wiskunde Celestijnenlaan 200B, 3001 Leuven, Belgium
e-mail: Luc.Vrancken@univ-valenciennes.fr



