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LAGRANGIAN SUBMANIFOLDS IN THE
NEARLY KAHLER S3 x §3

BART DIOOS, LUC VRANCKEN AND XIANFENG WANG

ABSTRACT. In this paper, we investigate Lagrangian submanifolds in the nearly
Kéhler S® x S3. We construct a new example which is a flat Lagrangian torus.
We give a complete classification of all the Lagrangian immersions of spaces
of constant sectional curvature in the nearly Kihler S3 x S3. As a corollary,

we obtain that the radius of a round Lagrangian sphere in the nearly Kéhler
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1. INTRODUCTION

The study of Lagrangian submanifolds originates from symplectic geometry and
classical mechanics. An even-dimensional manifold is called symplectic if it admits
a symplectic form, which is a closed and non-degenerate two-form. A submanifold
of a symplectic manifold is called Lagrangian if the symplectic form restricted to
the manifold vanishes and if the dimension of the submanifold is half the dimension
of the symplectic manifold. The well-known theorem of Darboux states that locally
all symplectic manifolds are indistinguishable. If one considers a Lagrangian sub-
manifold immersed in a symplectic manifold, then by the theorem of Darboux this
Lagrangian submanifold can also be locally immersed in any symplectic manifold
of the same dimension. Therefore a local classification of Lagrangian submanifolds
is trivial from the symplectic point of view.

Lagrangian submanifolds can more generally be considered in almost Hermitian
manifolds. Note that an almost Hermitian manifold is not necessarily symplectic.
We call that a submanifold of M in an almost Hermitian manifold N Lagrangian,
if the almost complex structure J interchanges the tangent and the normal spaces
and if the dimension of M is half the dimension of N. The most important class of
almost Hermitian manifolds are the Kéhler manifolds. Ké&hler manifolds admit a
complex, Riemannian and symplectic structure which are all three compatible with
each other. The study of Lagrangian submanifolds in Kahler manifolds is a classic
topic and was initiated in the 1970’s [7]. A classification of Lagrangian submani-
folds from the Riemannian point of view is far from trivial. There is no complete
classification and this is too much to hope for. For this reason it makes sense to
study Lagrangian submanifolds with some additional Riemannian conditions. For
instance, one can study Lagrangian submanifolds that are minimal, Hamiltonian
minimal, Hamiltonian stable or unstable (see for instance [19],[20],[26]) or have con-
stant sectional curvature [14]. For a review on Riemannian geometry of Lagrangian
submanifolds we refer to [5] and the references therein.

Nearly Kéhler manifolds are almost Hermitian manifolds with almost complex
structure J satisfying that V.J is skew-symmetric. The geometry of nearly Kéhler
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manifolds was initially studied by Gray [15, 16] in the 1970s from the point of view
of weak holonomy. Nagy (|24, 25]) made further contribution to the classification of
nearly Kéhler manifolds using previous work in [8]. Butruille ([3, 4]) proved that the
only homogeneous 6-dimensional nearly Kihler manifolds are the nearly Kihler S°,
S? xS$3, the complex projective space CP* and the flag manifold SU(3)/U (1) x U(1).
In [22], Moroianu and Semmelmann studied the infinitesimal Einstein deformations
of nearly Kéhler metrics. Lagrangian submanifolds of the nearly Kihler S° are well
studied by now, see for instance [13], [9],[10],[11] and [18]. We also refer to Sec-
tion 18 of [5] and Chapter 19 of [6] for an overview. Moroianu and Semmelmann [23]
recently gave new examples of Lagrangian immersions of round spheres and Berger
spheres in the nearly Kihler S? x S3. A broader study of Lagrangian submanifolds
in nearly Kéhler manifolds was investigated in [28] by Schéifer and Smozcyk. Tt
was proven in [28] that Lagrangian submanifolds in a nearly Kéahler manifold be-
have nicely with respect to the splitting of the nearly Kahler manifold. If a nearly
Kahler manifold is a product of nearly Kahler manifolds, then its Lagrangian sub-
manifolds split into products of Lagrangian submanifolds. Loosely speaking, this
means that Lagrangian submanifolds in six-dimensional nearly K&ahler manifolds
are building blocks of Lagrangian submanifolds in general nearly Kahler manifolds.
This motivates the study of Lagrangian submanifolds in six-dimensional nearly
Kaéahler manifolds. The existence for Lagrangian submanifolds in nearly Kéahler
manifolds is not unobstructed. Schéfer and Smozcyk [28] proved that Lagrangian
submanifolds in a strict nearly Kéhler manifold of dimension six or a twistor space
over a positive quaternionic Kahler manifold are minimal and orientable. This is
different with Lagrangian submanifolds in K&hler manifolds. The reason is that
there is no Darboux theorem for nearly Kahler manifolds since these manifolds are
not symplectic. This is an extra reason to study these Lagrangian submanifolds
from a Riemannian point of view.

In this paper, we study Lagrangian submanifolds in the nearly Kihler S3 x S3.
In Section 2, we recall the basic properties of the nearly Kihler S® x S3, and present
some properties of Lagrangian submanifolds in nearly Kahler manifolds. In Sec-
tion 3, we show that on a Lagrangian submanifold in the nearly Kihler S? x S? there
exist a local frame and three angle functions that describe the geometry and shape
of the submanifold very well. These are related to the almost product structure
P introduced in [2]. We show that most of the geometry of the submanifold M
can be described in terms of the three angle functions. For example, the deriva-
tives of these angle functions give information about most of the components of the
second fundamental form. In Section 4, we present eight examples (or families of
examples) of Lagrangian submanifolds in the nearly Kihler S* x S3. The examples
are Lagrangian immersions of respectively round spheres, Berger spheres or a flat
torus. The flat torus (see Example 4.8) is a new example. Examples 4.1- 4.3 are
the factors and the diagonal which were given by Schéfer and Smozcyk in [28]. Ex-
amples 4.4-4.7 were constructed by Moroianu and Semmelmann in [23]. In section
5, we classify the Lagrangian submanifolds of constant sectional curvature in the
nearly Kéhler S? x S3. The main result that we prove is the following:

Theorem 1.1. Let M be a Lagrangian submanifold of constant sectional curvature
in the nearly Kdhler S® x S3. Then up to an isometry of the nearly Kdhler S3 x S3,
M is locally congruent with one of the following immersions:

(1) f:S* > S$3xS3:uws
(2) £: S > S xSurs
3 : — X TU
()f S3 S3 S?)

(4) f: S > S xS :uws

u, 1), which is Example 4.1,
1,u), which is Example 4.2,
u,u), which is Example 4.3,

uiu™t, uju~t), which is Example 4.7,
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(5) f:R3 =S xS3: (u,v,w) — (p(u,w),q(u,v)), where p and q are constant
mean curvature tori in S® given in Example 4.8.

Remark 1.2. In view of Propsition 4.4 in [23], Moroianu and Semmelmann showed
that the radius of a round Lagrangian sphere in the nearly Kihler S® x S? is nec-
essarily of the form % (note that the scaling in [23] is slightly different from ours,
so the radius here has been modified to be adapted to our conventions) for some
integer k > 2. As a corollary of our Theorem 1.1, we obtain that the values of the
integer k can only be 2 or 4.

We remark that in [31], the authors obtain the following complete classification
of all the totally geodesic Lagrangian immersion in the nearly Kahler S x S3.

Theorem 1.3 ([31]). Let M be a totally geodesic Lagrangian submanifold in the
nearly Kihler S® x S3. Then up to an isometry of the nearly Kihler S3 x S3, M is
locally congruent with one of the following immersions:

(1) f:$* =S xS?:uws (u,1), which is Example 4.1,

(2) f:$* =S xS?:uws (1,u), which is Example 4.2,
(3) f:S$* =S xS?:uwrs (u,u), which is Example 4.3,
(4) f: 8% = $*xS$*:uws (u,ui), which is Example 4.4,
(5) f:S% =S¥ xS3:uws (ut, uiu=t), which is Ezample 4.5,
(6) f:S% =S xS?:uws (uiu=t,u™t), which is Example 4.6.

Hence, combing this result together with our main theorem in this paper, one
obtain characterizations of all the eight examples (see Section 4 for details of the
examples) of Lagrangian submanifolds in the nearly Kihler S* x S3.

2. THE NEARLY KAHLER S? x S? AND ITS LAGRANGIAN SUBMANIFOLDS

In this section we recall the definition of the nearly Kihler S* x S? from [2] and
[12] and give some basic properties of Lagrangian submanifolds which will be useful
for the rest of the paper.

Using the natural identification T{, 4 (S3xS?) = T,S3aT,S?, we write a tangent
vector at (p,q) as Z(p,q) = (U(p, q),V(p, q)) or simply Z = (U, V).

The 3-sphere S? can be regarded as the set of all the unit quaternions in H, as
usual we use the notations i, j, k to denote the imaginary units of H. Define the
vector fields

Er(p,q) = (p1,0), Fi(p,q) = (0, 41),
EQ(pv Q) = (pj70)7 FQ(pv Q) = (07 Qj)v
E3(p7 Q) = _(pk70)7 F3(p7 Q) = _(quk)

These vector fields are mutually orthogonal with respect to the usual Euclidean
product metric on the nearly Kahler S* x S®. The Lie brackets are [E;, Ej] =
*25ijkEk; [Fl,Fj] = 7282'ij]€ and [EHFJ] = 0, where

1, if {ijk} is an even permutation of {123},
gijk =1 —1, if {ijk} is an odd permutation of {123},
0, otherwise.

The almost complex structure .JJ on the nearly Kihler S* x S? is defined by

(2.1) JUV) pg) = 2pq 'V = U, —2qp'U 4+ V)

1
L



4 BART DIOOS, LUC VRANCKEN AND XIANFENG WANG

for (U, V) € T(p,q)(S* x S*) (see [4]). Note that the definition uses the Lie group
structure of the nearly Kihler S* x S3. The map
TanS? xS = T11)S* xS* - (U, V) = i(zv —U, -2V +U)
V3

defines an almost complex structure on the Lie algebra, the tangent space at (1,1).
By using left translations on the nearly Kihler S x S3 this map can be extended
to an almost complex structure on the nearly Kihler S* x S3. The left translations
on the nearly Kéhler S? x S? are given by left multiplications with a unit quater-
nion. The almost complex structure can be described as follows. The first step is
to left translate a vector (U, V) at (p,q) € S® x S? to (p~1U, ¢~ V) at the unit ele-
ment (1,1). Then this vector is mapped onto %(2(]‘11/ —p U, -2p~ U + ¢~ V)
at the point (1,1). When this vector is translated back to T(p,q)S?’ x S3, it gives the
expression (2.1).

The nearly Kahler metric on S? x S? is the Hermitian metric associated to the
usual Euclidean product metric on S? x S3:

9(Z,Z2"==(2,2"y+(JZ,JZ"))

W DN =

(.0 4 (V,V) = 2 (7 0 V) + 0707 V)),

where Z = (U,V) and Z' = (U’,V’). In the first line (-,-) stands for the usual
Euclidean product metric on S x S* and in the second line (-, -) stands for the usual
Euclidean metric on S?. By definition the almost complex structure is compatible
with the metric g. An easy calculation gives

g(Ei,Ej) = 4/351‘]‘; g(EZ‘,Fj) = _2/35ij; g(Fz‘,Fj> = 4/3 51’]’-

Note that this metric differs up to a constant factor from the one introduced in [4].
Here we set everything up so that it equals the Hermitian metric associated with
the usual Euclidean product metric. In [4], the factor was chosen in such a way
that the standard basis E1, Es, E3, I, 5, F3 has volume 1.

Lemma 2.1 ([2]). The Levi-Civita connection V on S* x S* with respect to the
metric g is given by

Vi Ej = —¢ijiEr, Vi Fj = &Tjk(Ek — ),
Vi Ej = Eigjk (Fr — Ey), Vi Fj = —eijiFy.
One easily verifies that
) (Ve J)E; = _&z/ggijk(Ek +2F,), (Vg J)F; = _?;EEijk(Ek — Fy),
(Vi J)E; = ——=¢€iji(Ex — Fi), (Vi J)F; = —=€ijk(2E; + Fy).

3v3 3v3

The tensor field G = V.J is skew-symmetric, i.e., G(X,Y) 4+ G(Y, X) = (VxJ)Y +
(VyJ)X =0, ¥V X,Y € TM, hence (S® x S, g, J) is nearly Kihler. Moreover, G
satisfies the following properties (cf. [1], [15]):

(2.3) GX,JY)+JG(X,Y)=0, g(GX,Y), Z)+ g(G(X,Z),Y) = 0.

For unitary quaternions a, b and ¢, the map F: S$? x §2 — S? x S? given by
(p,q) + (apc™t,bge™1t) is an isometry of (S? xS3, g) (cf. the remark after Lemma 2.2
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in [27]). Indeed, F preserves the almost complex structure J, since

1
JAdF g (v, w) = —=(2(apc™")(cq™ b )bwe™ — ave™,

V3
—2(bge™ ) (ep™a™ M ave ™ + bwe™)
= dFp,q) (J (v,w))

(see also [21, Proposition 3.1]) and F' preserves the usual metric (-, -) as well.
Next, we introduce an almost product structure on the nearly Kihler S? x S3.
The (1, 1)-tensor field P is defined by

(2.4) PZ = (pg~'V,qp~'U),

where Z = (U, V) is a tangent vector at (p,q). The definition of P also makes use
of the Lie group structure of the nearly Kihler S? x S3. At the Lie algebra level
the map

TupS* x 8% = Tu)S* x 8%+ (U, V) = (V,U)
defines an almost product structure. By left translation this structure can be ex-
tended to the manifold S* x S, similarly as was done for the almost complex

structure J. We summarize the elementary properties of the almost product in the
following lemma.

Lemma 2.2 ([2]). The almost product structure P satisfies the following properties:

(2.5a) P? =1d, i.e. P is involutive,

(2.5b) PJ=—JP, i.e. P and J anti-commute,
(2.5¢) g(PZ,PZ"y=g(Z,Z"), i.e. P is compatible with g,
(2.5d) g(PZ, 7" = g(Z,PZ'"), i.e. P is symmetric.

Proof. The first three equations can be verified with a direct calculation. The last
equation follows from the first and third equation. O

It is elementary to show that the isometries of (S* x S3, g, J) also preserve
the almost product structure P. Note that PE; = F; and PF; = E;. From these
equations and Lemma 2.1 it follows that

N 1 ~ 1
2. (Ve P)Ej = seiju(Br +2Fk), (Ve P)F; = —gein(2E + Fi),
2.6
N 1 ~ 1
(VEZP)F] = _ggijk(Ek+2Fk), (VF;P)FQ = ggijk(2Ek+Fk)-

The tensor field VP does not vanish identically, so the endomorphism P is not
a product structure. However, the almost product structure P and its covariant
derivative VP admit the following properties.

Lemma 2.3 ([2]). For tangent vector fields X, Y on (S* x S3,g,J) the following
equations hold:

(2.7) PG(X,Y) + G(PX,PY) =0,
(2.8) (VxP)JY = J(VxP)Y,

(2.9) G(X,PY)+ PG(X,Y) = —2J(VxP)Y,
(2.10) (VxP)PY + P(VxP)Y =0,
(2.11) (VxP)Y + (VpxP)Y =0,

(2.12) VP =0.
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The Riemannian curvature tensor R on (S? x S3, g) is given by
~ 5
R(UVIW = = (9(V. W)U = g(U,W)V)

1
+ 55 (9(IV. W)U = g(JU, W)V = 29(JU,V)IW)

1
+ 3 (9(PV.W)PU — g(PU.W)PV
+g(JPV,W)JPU — g(JPU,W)JPV).

One can now show that the nearly Kahler S3 x S? is of constant type % and therefore
we have

(2.13)  g(G(X,Y),G(Z,W)) = 3 (9(X, Z2)g(Y,W) — g(X, W)g(Y, Z)

+9(JX, 2)g(JWY) — g(JX,W)g(JZ,Y)),

W =

(2.14) G(X.G(Y.2)) = L(o(X. 2)Y (X, Y)Z
+9(JX, 2)JY — g(JX,Y)JZ),
(2.15) (VG)(X,Y, Z) = ~(g(X, Z)JY — g(X,Y)JZ — g(JY, Z)X).

3

For later use, we also need the relation between the geometry of the nearly Kahler
manifold (S? x §3,¢) and the product manifold (S x S3,(-,-)), which is §* x §3
endowed with the usual Euclidean product metric. The equations in this para-
graph shall be used every time we want to obtain an explicit parametrization of a
submanifold in the nearly Kahler S? x S3.

The almost product structure P can be expressed in terms of the usual product
structure QZ = Q(U, V) = (=U, V) and vice versa:

1
(2.16) QZ = %(QPJZ —JZ),
(2.17) PZ = %(Z —V3QJZ).

Using these equations the Euclidean product metric (-, -) can be expressed in terms
of g and P:

(218)  (2.2)=2(6(2.7)+9(Q7.Q7)) = 4(2,7) + 597, PZ),
and consequently
(2.19) (Z,Q7") = ?g(Z, PJZ").

We can now show the relation between the Levi-Civita connections V of g and V#
of the usual Euclidean product metric (-,-) on % x 3.

Lemma 2.4 ([12]). The relation between the nearly Kihler connection V and the
Euclidean connection V¥ is

(2.20) VEY =VxY + %(JG(X, PY) + JG(Y, PX)).

Remark 2.5. Using the above lemma and the expression for () one can show
that (VEQ)Y = 0 implies equation (2.8) and vice versa. In this sense P really is
the “nearly Kéahler analogue” of the Euclidean product structure Q.
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In [28], Schifer and Smoczyk gave a broader study of Lagrangian submanifolds in
a nearly K&hler manifold, they also showed that the classical result of Ejiri [13], that
a Lagrangian submanifold of the nearly Kéhler S° is always minimal and orientable,
holds actually for arbitrary 6-dimensional strict nearly Kéhler manifolds (see also
[17]). From now on we will assume that M is a Lagrangian submanifold in the
nearly Kihler S x S3. Hence M is 3-dimensional and the almost complex structure
J maps tangent vectors to normal vectors. Like Lagrangian submanifolds of the
nearly Kéhler S8, from [17] or [28] it follows:

Lemma 2.6 (cf. [17], [28]). Let M be a Lagrangian submanifold of the nearly
Kihler S x S3. Then M is minimal and orientable. Moreover, for X,Y tangent
to M, G(X,Y) is a normal vector field on M.

If we denote the immersion by f, the formulas of Gauss and Weingarten are
respectively given by

(2.21) VxfY = fu(VxY) +h(X,Y),
(2.22) Vxn=—f.(SyX) + Vxn,

for tangent vector fields X and Y and a normal vector field . The second fun-
damental form h is related to S, by g(h(X,Y),n) = ¢(5,X,Y). From (2.21) and
(2.22), we find that

(2.23) VxJfu(Y) = Jf(VxY) + G(f.X, [.Y),
(2.24) f+(SyvX) = —-Jh(X,Y).

The above formulas immediately imply that

(2.25) g(MX,Y),JfZ) = g(MX, Z), J£.Y),

ie. g(M(X,Y),Jf.Z) is totally symmetric. Of course as usual whenever there is no
confusion, we will drop the immersion f from the notations.

3. LAGRANGIAN SUBMANIFOLDS OF THE NEARLY KAHLER S° x S°

Note that in the previous section most of the results remain valid for Lagrangian
submanifolds of arbitrary 6-dimensional strict nearly Kéhler manifolds. Here how-
ever we will restrict ourselves to the case that the ambient space is the nearly
Kahler S® x S3. We will show how the properties of the almost product structure
P, related to the product structure on the nearly Kihler S? x S incorporates most
of the geometry of the Lagrangian submanifold. The key idea is to “decompose”
the almost product structure P into a tangent part A and a normal part B.

Let M be a Lagrangian submanifold of the nearly Kahler S x S3. Since M is
Lagrangian, the pull-back of T'(S® x S3) to M splits into TM @& JT M. Therefore
there are two endomorphisms A, B: TM — T M such that the restriction P|pps of P
to the submanifold M equals A + JB, that is PX = AX + JBX for all X € TM.
Note that the above formula, together with the fact that P and J anticommute,
also determine P on the normal space by PJX = —JPX = BX — JAX. The
following lemma gives the basic properties of A and B.

Lemma 3.1. The endomorphisms A and B are symmetric commuting endomor-
phisms that satisfy A% + B? =1d.

Proof. The lemma follows easily from the basic properties of P and J (P is sym-
metric, J is compatible with g). For X, Y € TM we have g(AX,Y) = g(PX,Y) =
g9(X, PY) = g(X, AY). Similarly one finds ¢(BX,Y) = g(PJX,Y) = g(PY,JX) =
g(JBY,JX) = g(BY, X). Since P is involutive, we also have

X = P?2X = (A>+ B*)X + J(BA - AB)X.
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Comparing the tangent and normals parts gives A2 + B2 =Id and [4,B] =0. O

As A and B are symmetric operators whose Lie bracket vanishes, we know that
they can be diagonalized simultaneously at a point of M. Therefore, at each point
p there is an orthonormal basis e, ez, es € T, M such that

Pe; = cos20;e; +sin20;Je;, Vi=1,2,3.

The factor 2 in the arguments of the sines and cosines is there for convenience as
it will simplify many of the following expressions.

Now we extend the orthonormal basis eq, ey, e3 at a point p to a frame on a
neighborhood of p in the Lagrangian submanifold. By Lemma 1.1-1.2 in [29] the
orthonormal basis at a point can be extended to a differentiable frame F;, Fy Ej3
on an open dense neighborhood where the multiplicities of the eigenvalues of A
and B are constant. Taking also into account the properties of G we know that
there exists a local orthonormal frame {E7, Eo, E3} on an open dense subset of M
such that

(3.1) AE; = cos(20,)E;, BE; =sin(20;)E;, JG(E;, E;) = %EijkEk.
Lemma 3.2. The sum of the angles 01 + 62 + 03 is zero modulo .
Proof. Using equation (2.7) and (2.4b), we get
PE, = V3PJG(E;, E3) = V/3JG(PE,, PE3)
and thus cos 26, Fy +sin26, JE;(= PE) is equal to
\/3(005(2(92 +63))JG(Es, E3) + sin(2(02 + 03))G(Es, Eg))
Comparing tangent and normal parts gives

cos 20, = cos(2(f2 + 03)), sin20; = —sin(2(f3 + 63).

Therefore
cos(2(61 + 02 + 03)) = cos 201 cos(2(02 + 03)) — sin 26, sin(2(62 + 03)) = 1,
8o 01 + 65+ 603 =0 mod 7. O

Using the decomposition of P and the expression of the curvature tensor of the
nearly Kihler S x S? we can now write down the expressions for the equations of
Gauss and Codazzi. We have the equation of Gauss as follows.

(3.2)

R(X,Y)Z = % (9(Y,2)X — (X, Z)Y)

+ %(g(AY, Z)AX — g(AX, Z)AY + g(BY, Z)BX — g(BX, Z)BY)
+ Sy, )X — Shix,2)Y.

Note that in view of the symmetry of the second fundamental form the above Gauss
equation can be rewritten as

(3.3)
5

R(X,Y)Z = 5 (9(Y; 2)X = 9(X, 2)Y)

+ %(Q(AY, Z)AX — g(AX,Z)AY + g(BY, Z)BX — g(BX, Z)BY)
+ [ij,SJy]Z.
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By taking the normal part of the curvature tensor, we have that the Codazzi equa-
tion is given by

(3.4)
(Vh)(Xa Y, Z)) - (Vh)(Y, X, Z) =

%(g(AY, Z)JBX — g(AX, Z)JBY — g(BY, Z)JAX + g(BX,Z)JAY).

Analogously, like Lagrangian immersions of the nearly Kahler S®, we find that
the Ricci equation is equivalent with the Gauss equation. Indeed from (2.23), (2.15)
and the fact that G(X,Y) is a normal vector field we get that

(3.5) RHX,Y)JZ =JR(X,Y)Z + (9(X, 2)JY — g(Y, Z)JX).
Therefore by applying the Gauss equation (3.2), we recover that

(3.6)

RY(X,Y)JZ :%(g(Y, Z)JX - g(X, Z)JY)

+ %(g(AK Z)JAX — g(AX,Z)JAY + g(BY, Z)JBX — g(BX,Z)JBY)
+ J[Ssx,Siv]Z.
Hence by taking the inner product with JW we get the Ricci equation
9(RY(X,Y)JZ, W) = g(R(X,Y)JZ,JW) + g([Ssx. Ssv]Z, W)
= g(R(X,Y)JZ,JW) + g(Ssz, Sqw]X,Y).

‘We now calculate the covariant derivatives of A and B.

Lemma 3.3. The covariant derivatives of the endomorphisms A and B are

(VxA)Y = BS,xY — Jh(X,BY) + %(JG(X, AY) — AJG(X,Y)),
(VxB)Y = Jh(X,AY) — AS,xY + %(JG(X, BY) - BJG(X,Y)).

Proof. We express equation (2.9) in terms of A and B. By the Gauss and Wein-
garten formula and Lemma 2.6 we get on one hand

(VxP)Y = VxAY + VxJBY — PVxY — Ph(X,Y)
= VxAY + h(X,AY) + JVxBY + G(X,BY)
— AVyxY — JBVxY — PJS;xY
= (VxA)Y + J(VxB)Y + Jh(X,BY) — BS;xY
+ h(X,AY) + JAS;xY + G(X, BY).
On the other hand we have

%(JG(X, PY) + JPG(X,Y))
= %(JG(X, AY) + G(X, BY) — AJG(X,Y) — JBJG(X,Y)).

Using Lemma 2.6 we can compare the tangent and normal parts in equation (2.9).
This gives us the covariant derivatives of A and B. O

It would be interesting to ask whether it is possible to prove an existence and
uniqueness theorem like for submanifolds of real space forms or lagrangian subman-
ifolds of complex space forms. Although such a theorem would simplify some of the
later proofs, it is outside the scope of the present paper.
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For the Levi-Civita connection V on M we introduce the functions w . satisfy-
ing Vg, E; = wijE;€ and wij = —wik, where we have used Einstein bummatlon. We
write hfj = g(h(E;, E;), JEL). The tensor hfj is a totally symmetric tensor on the
Lagrangian submanifold. The covariant derivative on the nearly Kahler S3 x S? will
be denoted by V as usual. In the following, we will use equation (2.9) to obtain
extra information on the angles 6; and second fundamental form hfj

Lemma 3.4. The derivatives of the angles 6; give the components of the second
fundamental form ‘

Ei(8)) = ~hi,
except hy,. The second fundamental form and covariant derivative are related by

hkaofkkea\fkh’“-—««
cos( k) G Cii ~ Wij sin( k), ¥V j#k, where e} := eijp.

Proof. We will not do all the calculations explicitly, instead we give one calculation
as an example. Choose X =Y = Ej in (2.9). Then the equation 2(Vg, P)E; =
JG(E1, PE,) gives

—2(hiy + E1(61)) sin(26,) = 0,

2(hi; + E1(61)) cos(26,) = 0,

—2(h3; cos(01 — 02) +w?y sin(f; — 6)) sin(f; + 62) = 0,
2(h?; cos(0y — 02) + wiy sin(f; — 02)) cos(61 + 02) = 0,
—2(hi; cos(61 — 03) + w?; sin(6; — 63)) sin(f; + 63) = 0,
2(h?; cos(61 — 03) 4+ wiy sin(fy — 03)) cos(6; + 03) = 0.

Since the sines and cosines cannot be zero at the same time, we find that Eq(61) =
—hi, and two expressions relating w¥ i; and hk Doing the same calculations for X
E;and Y = E; with i,57 = 1,2, 3, we get the lemma.

Ol

Note that from Lemma 3.4 we have that
E;(8;) = —h’;.
Therefore we also have the compatibility conditions that
Ek(hj‘j) + Ez‘(h?j) = [Ek’E'](e')

:Zw,ﬂ—w VEe(0;)

3
:Z wlirw hZ

So we have six additional independent equatlons. One can show, using Lemma 3.4,
that the above equations are equivalent with six of the Codazzi equations. One does
not obtain all the equations of Gauss and Codazzi this way, but the compatibility
conditions for the 6; are easier to calculate.

Remark 3.5. We note that from Lemma 3.4 and Lemma 3.2, we obtain that
YL+ hhy + hhs = —Ei(01 + 602 +03) =0, Vi=1,23. Hence, we obtain a new
proof of the fact that M is minimal (see Lemma 2.6).

Another consequence of Lemma 3.4 is

Corollary 3.6. Let M be a Lagrangian submanifold of the nearly Kahler S? x S3.
If M is totally geodesic, then the angles 61, 5 and 03 are constant. Conversely, if
the angles are constant and h$, = 0, then M is totally geodesic.
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Remark 3.7. We must assume that h$, = 0 in the converse statement of Corollary
3.6. Examples 4.7-4.8 in the next section show that this assumption is necessary.

In the following, we give two other corollaries of Lemma 3.4. Lemma 3.8 gives a
sufficient condition for a Lagrangian submanifold in the nearly Kihler S* x S? to
be totally geodesic. Lemma 3.9 gives a necessary condition and shows us that the
converse statement of Lemma 3.8 also holds.

Lemma 3.8. If two of the angles are equal modulo w, then the Lagrangian sub-
mamnifold is totally geodesic.

Proof. Without loss of generality we may assume that #; = 65 mod n. It follows
from Lemma 3.4 that hi;, = hiy and hi, = 0 for i = 1,2,3. Combining the
equations, together with the symmetry of h, gives hl; = h3, = h3; = hi, = h3, =0
and by minimality also hi; and h3; vanish. The three remaining components are
related by h3, = h$; and h3; = —2h3$,. The compatibility condition for ¢; with
respect to Ey and Ey (take k= j =1, ¢ =2 in (3.7)) gives

(3.8) (Wi)z - ng)hzil =0.

Now we use the Codazzi equation (3.4) applied to X = E1, Y = Ey, Z = E5. As
01 and 0 are equal modulo 7, the term on the right hand side of (3.4)vanishes and
so we obtain by taking the component in the direction of JFEs that

1
(3.9) (% +wiy — 3wiy)hi; = 0.
We claim that h3; = 0. If h3; # 0, then from (3.8) and (3.9) we get wi; = wiy = ?

It follows from the second equation of Lemma 3.4 that 0 = (—% — w3, ) sin(6; —63),

taking into account that w3, = % we obtain that sin(6; — 03) = 0, hence 6, =
03 + am, where a is a constant integer. Then using the first equation of Lemma 3.4,
we derive that h3; = —FE3(63) = —E3(01) = h$;, but we have that h3; = —2h3,,
so we get that h3; = h3; = 0, which is a contradiction. Thus A3, = 0 and the
submanifold is totally geodesic. O

Lemma 3.9. Consider a totally geodesic Lagrangian submanifold in the nearly
Kihler S? x S3. After a possible permutation of the angles and the choice of the
angles 20; at an initial point belonging to the interval [0,27), we must have one of
the following possibilities:

(]—) (29172027293) = (4%7%347‘”)7 (2) (2017202;203) = (%a%v%)a
(3) (26‘1,292,293) = (0, 70), (4) (291,292,293) = (0,’]T77T)7
(5) (26172927203) = (%’%74%)’ (6) (20172927293) = (%a%75§)

Proof. The Codazzi equation (3.4) gives
9(AY, Z)BX — g(AX, Z)BY = ¢(BY, Z)AX — ¢(BX, Z)AY.

Taking X = E; and Y = Z = Ej, this yields sin (2(91- — Oj)) =0 for i # j. So
the angles 26; are equal up to an integer multiple of w. Together with Lemma 3.2
we deduce that the angles need to be constant, and therefore after a choice at an
initial point one obtains the possibilities in the statement. O

4. EXAMPLES OF LAGRANGIAN SUBMANIFOLDS IN THE NEARLY KAHLER S° x §°

In this section we present eight examples (or families of examples) of Lagrangian
submanifolds in the nearly Kihler S®xS3. Example 4.8 (a flat Lagrangian torus) is
a new example. Examples 4.1- 4.3 are the factors and the diagonal which were given
by Schéfer and Smozcyk in [28]. Examples 4.4-4.7 were constructed by Moroianu
and Semmelmann in [23], where they studied generalized Killing spinors on the
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standard sphere S3, which turn out to be related to Lagrangian embeddings in the
nearly Kihler S? x S3. The first seven examples are immersions of round 3-spheres
or Berger spheres. On these 3-sphere S? as the set of all the unit quaternions in
H, we consider the left invariant tangent vector fields X1, Xo, X5 on S3, which are
given by

(4.1) X1(u) = ui, Xo(u) =uj, Xs(u)=—-uk,

where u = x1 + 291 + 23] + 4k € S? is viewed as a unit quaternion, and i, j, k are
the imaginary units of H. Obviously, X7, X3, X3 form a basis of the tangent bundle
TS3. We refer to [31] for more details of Examples 4.1-4.6.

Example 4.1. Consider the immersion: f: S* — S3xS3: u — (u,1). f is a totally
geodesic Lagrangian immersion, f(S*) is isometric to a round sphere. The angles
correspond to case (1) of Lemma 3.9.

Example 4.2. Consider the immersion:f: S — S? x §%: u + (1,u). f is a totally
geodesic Lagrangian immersion, f(S*) is isometric to a round sphere. The angles
correspond to case (2) of Lemma 3.9.

Example 4.3. Consider the immersion: f: S — §3xS?: u > (u,u). f is a totally
geodesic Lagrangian immersion, f(S*) is isometric to a round sphere. The angles
correspond to case (3) of Lemma 3.9.

Example 4.4. Consider the immersion f: S* — S3 x §3 : u ~— (u,ub) with b €
ImH, ||b]] = 1. First we note that after an isometry (p,q) — (pa~!,qa"') and
a reparametrization u +— wa of the 3-sphere with ¢ € ImH, the immersion be-
comes u — (u,uaba=t). We now choose a such that aba=! = i. This is always
possible, because conjugation with a unit quaternion gives a rotation of Im H and
the group of rotations acts transitively on Im H. Therefore we may always consider
the immersion: f: S* — §% x §*: u + (u,ui). f is a totally geodesic Lagrangian
immersion, f(S?) is isometric to a Berger sphere. The angles correspond to case
(4) of Lemma 3.9.

Note that by changing the parametrization of S?, we can also reduce the potential
immersion f(u) = (ui,u) to the preceding example.

Example 4.5. Consider the immersion f: S* — §% x §3 : u + (u,u'bu) with b €
ImH, ||b]| = 1. After an isometry of the nearly Kihler S*xS* and a reparametriza-
tion of w as in the previous example, we can always consider the immersion:

f:8 =S¥ xS u— (vt uiut).

f is a totally geodesic Lagrangian immersion, f(S?) is isometric to a Berger sphere.
The angles correspond to case (5) of Lemma 3.9.

Example 4.6. Consider the immersion: f: S — S3xS?: u > (uiv=t,u™?t). fisa
totally geodesic Lagrangian immersion, f(S?) is isometric to a Berger sphere. The
angles correspond to case (6) of Lemma 3.9.

Example 4.7. Consider the immersion f:S* — S3 x S3 : w — (uau™!,ubu=1)
with unit quaternions a,b € ImH and {(a,b) = 0. After an isometry of the nearly
Kihler S x S and a reparametrization we can always consider the immersion

8% =83 xS us (uint ujut).

For the tangent map we have df(X;) = (0,2uku™'), df(X2) = (—2uku™1',0),
df (X3) = 2(—uju~1, uiu=1). The inner products are given by g(df(Xi)7 df(Xj)) =
)

%&j, so f is an immersion of a round sphere. We have that Jdf (X;) = % (2, uku™1),
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Jdf (X3) = %(uku‘l7 —2) and Jdf (X3) = —%(uju_ ,uiu™1). One can now easily

verify that f is a Lagrangian immersion. We also have

Pdf(X1) = (2,0) = —5(df (X1) — V3Jdf (X)),

Pdf(Xs) = (0,2) = —5(df (Xa) + V3Jdf (X)),

Pdf(X3) = —2(uju™ !, —uiu™") = df (X3).
The angles 26; are thus equal to 0, 2—” and 4”. Therefore by Lemma 3.9 this
immersion is not totally geodesic. Slnce the angles are constant, h3, is the only
non-zero component of the second fundamental form. This example shows that we
cannot omit the condition h3, = 0 in Corollary 3.6.

Example 4.8. Consider the immersion f : R® — S3xS? : (u,v,w) — (p(u,w), q(u,v))
where p and ¢ are constant mean curvature tori in S® given by

s = (co (5o (57 o (57 (5 o (5o (7)o (5 0 (°5))
oo = G (o (57) (o (7)o (57)) o (5) (o (57 7o (5))-
() (o (552) o (52 () (o (422) o (452).

It follows that

V3 oo VB V3 _ V3B N
fu = <<—7 sin (@) cos (W) , - sin (@) sin (@) , - cos (@) cos (W), - cos (@) sin (w)) s
1 /3 . . L 1 /3 . . o
V3 cos (?) (cos (@) — sin (@) , 5“ > sin () (cos (@) — sin (@),
1 /3 N _ 13 -
V3 cos (?) (sin (@) 4 cos (@)) , V3 sin (0) (sin (@) 4 cos (@)) s
B /3 ~ 1 /3 N e e
fv =11(0,0,0,0), -3 Esm (v) (sin (@) + cos (@)) , 5 gcos (9) (sin (@) + cos (@)) ,
L3 sin (%) (sin (@ S (@ L3 (%) (sin (@ s (@
—3\V3 sin (9) (sin (@) — cos (a)) , 51/ 5 cos (0) (sin (@) — cos (@)) s

fu = (Q? cos (i) sin (), ? cos (i) cos (), —? sin (@) sin (), ? sin (@) cos (@) . (0,0,0, 0)) :
where in order to simplify expressions we have written u = @u, U= gv and

w = @w A straightforward computations gives that

Jfu = (; (—sin (@) cos (W) , — sin (@) sin (W) , cos (@) cos (W) , cos (@) sin (W)) ,

2\[ (cos (D) (sin (@) — cos (@), sin (0) (sin (@) — cos (@),
—cos (0) (sin (@) + cos (@) , — sin () (sin (@) + cos (@)))) ,
J fv = ((—sin (@) sin (@) , sin (@) cos (@) , cos (@) sin (W) , — cos (&) cos (0)) ,
1 - N e~ _
Wi (—sin (0) (sin (@) + cos (@)) , cos (0) (sin (@) + cos (1)) ,

sin (0) (cos (@) — sin (@) , cos (D) (sin (@) — cos (@0)))),
Jfuw = <; (cos (@) sin (w) , — cos (@) cos (W) , sin (@) sin (@) , — sin (@) cos (w)) ,

1 . e~ _
7% (sin (9) (cos (@) — sin (@)) , cos (0) (sin (@) — cos (@)) ,
sin (0) (sin (@) + cos (@)) , — cos () (sin (@) + cos (@)))) .
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From this we get that f is a Lagrangian immersion and that {fy, fy, fw} is an
orthonormal basis of the tangent space. Hence it is a flat Lagrangian torus. By a
lengthy but straightforward computation we also get that

Pfy= fu, Pfo= 7%]‘-11 + @vaa Pfy, = 7%fw - @wa-

The angles 26; are therefore again equal to 0, %’T and %’r. Therefore by Lemma 3.9
this immersion is also not totally geodesic. Since the angles are constant, h3, is
again the only non-zero component of the second fundamental form. This exam-
ple is another example that shows that we cannot omit the condition h?, = 0 in
Corollary 3.6.

5. LAGRANGIAN SUBMANIFOLDS OF CONSTANT SECTIONAL CURVATURE

In this section we classify all Lagrangian submanifolds of constant sectional cur-
vature in the nearly Kahler S? x S3 . We will prove that those Lagrangian sub-
manifolds of the nearly Kihler S* x S? are congruent with one of the examples of
constant sectional curvature listed in the previous section. As a corollary, we obtain
that the radius of a round Lagrangian sphere in the nearly Kahler S? x S? can only
be % or %. This improves Proposition 4.4 of [23].

In order to prove the classification, the first step is to find all the components hfj
of the second fundamental form. As we have already obtained the complete classifi-
cation of the totally geodesic Lagrangian submanifolds in the nearly kihler S? x S3
in [31] (see Theorem 1.3), we can assume now that the immersion is not totally
geodesic. Then from Lemma 3.8 we may assume that all the angle functions are
different (modulo 7). Therefore, we have that there exists a local orthonormal
frame {Ey, E2, E3} on an open dense subset of M such that (3.1) holds.

We note that it is not possible to follow the approach introduced by Ejiri for
studying Lagrangian submanifolds of constant sectional curvature in the complex
space forms ([14]) or in the nearly Ké&hler 6-sphere ([13]). Indeed the Gauss equa-
tions give quadratic equations for the hfj and it turns out that these are not easy to
solve directly without additional information. We therefore use another approach.
The next lemma gives us linear equations for the components hfj. The key idea is
to calculate the expression = given by

(5.1) v=3 6 ((V*h)(W,X.Y,2)— (V?h)(W,Y, X, Z)),

where & stands for the cyclic sum, in two different ways. On one hand we can
calculate this using the covariant derivative of the Codazzi equation (3.4), which
tells us that x equals the expression (5.3). On the other hand we can rewrite x as

(5.2) v=3 & ((V'h)(W,X,Y,Z) - (V*h)(X, WY, Z)),
and then by applying the Ricci identity we obtain that this expression = vanishes.

More precisely, we have the following key lemma.

Lemma 5.1. Let M be a Lagrangian submanifold of constant sectional curvature
in the nearly Kéhler S x S* . Then for all tangent vector fields W, X,Y,Z € TM
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the expression

& A {oIG W), 42) + Lg(IG(Y, 2), AW) - Lg(JG(W, 2), AY)

+g(h(W, Z),JBY) — g(h(Y, Z), JBW)}JBX
+ {9UIGOV,Y), BZ) + Lg(IG(W, 2), BY) - Zg(JG(Y, Z), BW)

- + g(M(W, Z), JAY) — g(h(Y, Z), JAW)}JAX
5.3
+ g(Ax, 2){JBIGW,Y) + %G(Y, BW) — %G(W, BY)

+ (W, AY) — h(Y, AW)}
+ g(BX, 2){~JAIG(V.Y) + %G(W, AY) - %G(Y, AW)

+ (W, BY) — h(Y, BW)}}

Proof. As we have mentioned before, we calculate expression (5.1) in two different
ways.

a%‘birst, we calculate z using the covariant derivative of the Codazzi equation (3.4),
which gives us the long expression (5.3). We denote the normal part (R(X,Y)Z)*
as T1(X,Y, Z). This is the righthandside of the Codazzi equation (3.4). So we have
that
(5.4) 3((VR)(X,Y, 2)) = (VI)(Y, X, Z)) = 3T1(X, Y, Z)

' =g(AY,Z)JBX — g(AX,Z)JBY + g(BX, Z)JAY — g(BY, Z)JAX.
Using Lemma 2.6 and (2.23), the covariant derivative VTi, where V is the covariant
derivative on M, can be written as
(5.5) (V)W XY, Z) =To(W,X,Y,Z) - To(W,Y, X, Z),
where

(W, X,Y,Z) = g(VwA)Y, 2)JBX + g(VwB)X, Z)JAY
(5.6) T g(AY, Z)G(W, BX) + g(BX, Z)G(W, AY)
+g(AY, Z)J(VwB)X + g(BX, Z)J(VwA)Y.
By Lemma 2.6 and Lemma 3.3 the tensor 75 can be expressed completely in terms
of A and B in the following way:
T (W, X,Y,Z) =g(BS;wY,Z)JBX + g(h(W,BY),JZ)JBX)
- 39(GW,AY), JZ)JBX + 39(G(W,Y),JAZ)JBX
— g(AY, Z)h(W, AX) — g(AY, Z).J AS s X
+ 29(AY, Z)G(W, BX) — 3g(AY, Z)JBJG(W, X)
—g(h(W,AX),JZ)JAY — g(SywX,AZ)JAY
—39(GW,BX),JZ)JAY + 19(G(W, X),JBZ)JAY
+9g(BX, Z)JBS;wY + g(BX, Z)h(W, BY)
+ 39(BX,2)G(W,AY) — Lg(BX, Z)JAJG(W,Y).
Now we can compute x. From (5.1), (5.4) and (5.5), we have that
v =To(W,X,Y,Z) + To(X,Y,W, Z) + To(Y, W, X, Z)
~T(W,Y, X, Z) — To(X,W,Y, Z) — To(Y, X, W, Z).
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Therefore when we compute = we can omit in (5.7) all terms which are symmetric
in two of the variables W, X, Y. So we get x by omitting these terms in (5.7) and
by taking the cyclic sum of the difference of remainder of (5.7) with itself with two
variables interchanged. Hence we can write

x=Ts(W,X,Y,Z) + T3(X,Y, W, Z) + T5(Y, W, X, Z)
~T3(W,Y, X, 2) - T3(X,W,Y, Z) — T5(Y, X, W, Z),
where
T5(W,X,Y,Z) = g(h(W,BY),JZ)JBX) — 3g(G(W, AY), JZ)JBX

+39(GW.Y), JAZ)JBX — g(AY, Z)W(W, AX)
+ $9(AY, Z)G(W, BX) — Lg(AY, Z)JBJG(W, X)
—g(hW,AX),JZ)JAY — +9(G(W,BX),JZ)JAY
+ 19(GW, X), JBZ)JAY + g(BX, Z)h(W, BY)
+19(BX,Z)G(W, AY) — L9(BX, 2)JAJG(W,Y).

From this we immediately get that x equals the expression (5.3).
Next, we can rewrite x as

(5.8) r=3 6 ((V2h) (W, X,Y, Z) — (V*h)(X,W,Y, Z)) .

By the Ricci identity, we have that
(5.9) =z= 3W§Y (RJ‘(VV, X)WY,Z) - h(RW,X)Y,Z) — h(Y,R(W, X)Z)) .

Equations (2.24) and (3.5) give
RH(W, X)h(Y, Z)
= RY(W, X)JS;vZ

= JR(W,X)S;yZ + %(g(h(VV, Y),JZ)JX — g(h(X,Y), JZ)JW).

Since M has constant curvature the curvature tensor (we denote the constant by
¢), we have R(X,Y)Z = c(g(Y,Z)X — g(X,Z)Y). An easy calculation shows that
x vanishes. This completes the proof of the lemma. O

We are now in a position to prove the classification result. We consider again the
endomorphisms A and B that satisfy P|ry = A + JB and take the orthonormal
basis F4, Es, E3 such that AE; = \E; and BE; = u;E; for ¢ = 1,2,3. In the
notation of the previous sections \; = cos26; and p; = sin26;. As sometimes the
expressions in terms of \; and p; are shorter, so we will not always express equations
in terms of the angles #;. Taking into account of the properties of G, we may also

assume that JG(E1, E3) = ?Eg by replacing E3 by —FEj3 if necessary. Thus we
obtain that JG(E“E]) = %F%jkEk- By taking X = El, Y = EQ and Z =W = E3
in formula (5.3) in Lemma 5.1, we obtain six equations, namely

(5.10)  (Ai(A; = Ak) + iy — ) By, + (Ae(i = Aj) + (i — 1)) by = 0,
(5.11)  (Ni(Nj = Ak) + iy — pw) ) by = 0,

for every positive permutation (ijk) of (123). Only four of the above equations are
linearly independent.

We now distinguish two cases: Case 1: h3, # 0 and Case 2: h3, = 0.
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Case 1: h3, # 0. First we note that

A1(A2 = Az) + pa(p2 — p3) = cos(2(61 — 02)) — cos(2(61 — 03))
=-2 sin(291 — 92 - 93) Sil’l(93 - 02)
So from equation (5.11) we find that sin(260; — 62 — 03) sin(63 — 62), sin(20 — 65 —
61) sin(6, —03) and sin(203 — 02 —03) sin(62 — ;) have to vanish. As the immersion is
not totally geodesic, from Lemma 3.8 we have that the angle functions are mutually

different which in turn implies that for ¢ different from j, we have that sin(6; — 6;)
is different from 0. Hence

sin(291 — 6‘2 — 93) = sin(292 — 93 — 6‘1) = sin(293 — 92 — 93) =0.

So (261 — 05 — 63) is a multiple of 7. By Lemma 3.2, (61 + 62+ 03) is also a multiple
of m. Hence ¢ is a multiple of . A same argument can be applied for the other
angles 0 and 63. As the immersion is not totally geodesic, from Lemma 3.8 we
have that no two angle functions are the same and therefore the angles must be
different modulo 7. So the only possibility for the angles are 0, 3 and 2”

Since all the angles #; are constant all the h are zero except h12 by Lemma 3.4.
By Lemma 3.4 it now follows that all the connectlon coefficients w . are zero except
the cases that 7, j, k are all different. These non-zero coefficients wlj can be written
in terms of h3, in the following way

(5.12) wi = why = wh = Y3hi, + 43,

Note also that from the Gauss equation (3.2) it follows that the constant curvature
c is related to the second fundamental form by

cEy = R(Es, E1)E4
= (& — §)E2+ [SsE,. Sym ) Fr
= ZEQ — SJEl(h,IQEg)
= 1Bz — (hiy)°Es

(5.13)

This implies that h$, and therefore also wj,, wis and w3, are all constants. So
computing the curvature by the definition we have that
cEy = R(Ey, Eq)E,
=VE, Ve 1 — Vg Ve, Bl — Vg, e E1
(5.14) = —whwiz By — (W5 — wip)wd; By
(w12) Es
= (s + )7 .

Comparing both expressions (5.13) and (5.14), we get that 8(h3,)? + 2h3, = 1,
which implies that h3, = I or —l In the following, we will discuss two subcases
of case 1 respectlvely Case la: h12 = 1 and Case 1b: A}, = —5.

Case la: h}, = 1. In this case, we have that w}, = wly = w3, = @ and the
sectional curvature is equal to 1—36

In the next theorem we will prove that in this case (Case la) the submanifold
M is locally congruent with the immersion in Example 4.7. In order to prove this,
we first recall that the Berger sphere can be constructed by looking at S* as a
hypersurface of the quaternions. As before we take the frame X;(u) = ui, Xo(u) =
uj, Xs(u) = —uk of left invariant vector fields. It follows by a straightforward
calculation that

(X1, Xo] = —2X3, [Xo, X3] = —-2X;, [X3,Xi]=-2X>.
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We now define a new metric g;,, depending on two constants 7 and x on S? by

4 472
gb(va) = ; <Xa Y> + (7 - 1)<Xa X1><Y7X1> .
This implies that the vector fields By = ;=X1, Ep = @XQ and F3 = ng form
an orthonormal basis of the tangent space with respect to g,. It follows immediately
from the Koszul formula that Vg, E; = 0 and that

VEQE'gif’T'E'l7 VE2E1 :TE3,
(5.15) Vi, By = TE), Ve, B = —TE,,
K K
VEl-EQ = (T - E)E& vE'1E3 = (_T + E)EQ

Note that the following theorem of [10] which can be proved similarly to the local
version of the Cartan-Ambrose-Hicks theorem (cf. the proof of Theorem 1.7.18 of
[30]), then shows that a manifold admitting such vector fields is locally isometric
with a Berger sphere.

Proposition 5.2. Let M" and M™ be Riemannian manifolds with Levi-Civita
connections V and V. Suppose that there exists constant ci-“j, i,7,k € {1,...,n} such
that for all p € M and p € M there exist orthonormal frame fields {E1,...,En}
around p and {E, ..., E,} around p such that Vg, E; =Y _ ¢l Ey, and Vi B =
>ory cijk, Then for every point p € M and p € M there ezists a local isometry

which maps a neighborhood of p onto a meighborhood of p and E; on E;.

The previous proposition can of course be also applied in case that x = 472. In
that case we simply have a regular sphere of constant sectional curvature.

Theorem 5.3. Let M be a Lagrangian submanifold of the nearly Kihler S® x S3.
Assume that there exists a local orthonormal frame as in Case 1a. Then M is
locally congruent with the immersion f: S — S x §3 : u s (uiu™1, uju=t), which
is Example 4.7.

Proof. We have that

ko— V3 k
i 4Ty

and the only non vanishing component of the second fundamental form is
g(h(El, Eg)7 JEg) = i

This implies immediately that M is congruent with a space of constant sectional

W,

curvature 1% Moreover, from the beginning of the discussion about Case 1, we
know that the angle functions are given by (261,262,265) = (0, 2%, 4T). So we can

find a local basis such that v/3JG(E;, E;) = E3 and
PE, = Ey, PEy= 1By + L JEy, PEy= 1By — 3 JE;,.
From this and (2.16) it follows that
QE1 = —V3JE, QE; = By, QB3 = —E;.

Applying Proposition 5.2 and comparing with (5.15) (take k = 3, 7 = %), we
have that we can identify M with S?, with a proportional metric and that we may

assume that
By =—¥3Xy, By =—YX), By=—%X,,
We now write the immersion f = (p,q) and df(E;) = Dg, f = (pa;, qB;) where

«;, B; are imaginary quaternions. In view of the above properties of @, it immedi-
ately follows that 81 = a1, as =0 and B3 = 0.
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Moreover using the expression for P and the fact that JG(F1, Eq) = §E3 we
have that Vgl Fi = Vg2E2 = VgsEg =0 and

Vi B2 =0, VE E3 =0,

VE Bl = —LE; = —¥3(pay, 0),
ngE?) = ( QEI) (palvo)a
Vi, B2 = —%(El +QE) = —%(o,qan,

Ve, Er = @EQ = @(O,Q@)-

From the relation between the nearly Kéahler metric and the usual Euclidean
product metric (see (2.18)), we have that F1, Es, F5 are orthogonal with respect to
the induced Euclidean product metric and that their lengths are given by

(E1, Ey) =3, (Bo, Eo) = (E3,E3) = §

This in turn implies that a1, 82, ag are mutually orthogonal imaginary quaternions

and
3

lal? =3, B = lasf* = .
On the other hand, from
Dp; Dg, f = (paja; + pEj(as), 485 8i + qE;(Bi)),
it follows that
VE,Ei = (play x ai + Bj(ew)), a(B; x Bi + E;(8:))-

Hence substituting as = 0, 81 = a3 and 83 = 0 it follows that

P2 X oy = §a37
as well as
Ey(on) = —§Oé37 E3(a1) = @52’ Ei(an) =0,
E5(B2) =0, E3(B2) = — Lo Ei(B2) = §Oé3,
Ey(az) = §a1, Ez(az) =0, Ei(az) = —§52~
In terms of the standard vector fields X, X5, X3 this gives
Xi(a1) = 2as, Xo(ar) = —2f, X3(a1) =0,
X1(B2) =0, Xa(B2) = 2a4, X3(B2) = —2as,
X1(ag) = -2, Xo(a3) =0, Xs(a3) = 20s.

We can choose a rotation (unitary quaternion h) such that
Ba(1) = L2hih ™1, az(1) = Lhjh~!, ai(1) = —Lhkh ™!,

and we can pick the initial conditions such that f(1) = (hih™!,hjh~1). As the
differential equations for «;, 8;, p and ¢ are linear systems of differential equations
with fixed initial conditions we can apply a standard uniqueness theorem. It is
therefore sufficient to give a solution which satisfies the above system with the

given initial conditions.
We have that

Ba(u) = @huiu_lh_l, as(u) = ?huju_lh_l7 oy (u) = —?huku_lh_l,
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satisfy X1(f2) = Xa(a3) = X3(a1) =0 and

Xi(aq) = —Q‘fhulku_lh_ = 2‘fhu3u_1h 1= 2a3,
Xy(ay) = =23 hujku='h~t = —2 huiu~ h™! = —26,,
X3(az) = 23 hu(—k)ju~ A = 2 huiu = h~! = 26,
X3(f2) = 2L hu(~k)iu~'h ™! = 23 huju~' A = —2as,
Xi(ag) = 2£hu1_]u Th=1 = ZLim,Lszlif1 = —2a;,
Xo(f2) = 2L hujiu~'h ™t = 23 huku ' ATt = 2.

Next, if we take p = huiv " 'h~! and ¢ = huju~'h™!, we have that
Dg,p= ‘fD D= fhu_]u_lh ! huiu_lh_l(—éhuku_lh_l) = pay,
Dp,p = —%2Dx,p =0 = pas,
Dp,p=—%2Dx,p = Lhuku™"h™" = huiu™"h ™" (L huju™'h™") = pas,
Dp,q=—YDx,q¢ = Lhu(-i)u'h™ = huju~ b~ (=L huku *h™1) = ¢f,
Dpyq = —YDx,q¢ = —Bhuku 'h™' = huju™ h = (L huiu"*h™1) = ¢fs,
Dp,q=—%Dx,q = 0= qfs.

After applying an isometry of the nearly Kéhler S® x S3, we completes the proof of

the theorem. O

Case 1b: h3, = —1. In this case, all connection coefficients are zero and the

submanifold M is flat. In that case we have

Theorem 5.4. Let M be a Lagrangian submanifold of the nearly Kihler S® x S3.
Assume that there exists a local orthonormal frame as in Case 1b. Then M s lo-
cally congruent with the immersion f : R® — S xS3 : (u,v,w) — (p(u,w), q(u,v)),
where p and q are constant mean curvature tori in S® given in Example 4.8.

Proof. We know that all connection coefficients vanish and that the only non vanish-
ing component of the second fundamental form is g(h(E1, Ez), JE3) = —5. More-
over, from the beginning of the discussion about Case 1, we know that the angle
functions are given by (261, 2605, 203) = (0, 2;, 4;) So we can find a local basis such

that v3JG(Ey, Ey) = E3 and
PE, = E\, PEy = —1Ey+ B JE;, PEy3=—1E; — 3 JE;.
From this it follows that
QE, = —V3JE\, QF; = E», QE3 = —E;.

As the connection coefficients vanish we may identify Fy, Es, F3 with coordinate
vector fields. As before we write the f = (p,q) and we denote the coordinates by
u,v,w. Therefore, we have E1 = f,, Fy = f,, F3 = f,. It immediately follows
from the above expression of @) that p does not depend on v, q¢ does not depend on
w (i.e., py = g = 0) and that p~1p, = ¢ 'qu.

Moreover using the above expression for P and the fact that JG(f,, f,) = ? Sw,
we have that V]I%:qu = Vifl, = V?wfw =0 and

VE7‘fU = vfi)fu = _%wa - %fw - iwa - _%wa - ?fwv
Vifw = v‘g“fu = —%va + @fv — %va = _%va + %fvy
Vi fu=VEfo=—3Tfut 37 fu =0,
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From the relation between the nearly Kéhler metric and the usual Euclidean
product metric (see (2.18)), we have that f,, fu, fw are also orthogonal with respect
to the induced Euclidean product metric and that their lengths are given by

<fuafu>: , <.fv»fv> <fw7fw>:Z

Moreover from (2.16) and (2.18), we have (X, QY) = —¥3¢(X, JPY), hence

<fanfv> = <fanfw> = <fanfw> =0,
<fu7qu> =0, <fvafv> = %a <fw7qu)> = _%~
As
DxY =VRY = 3(X,Y)f - 3(X,QY)Qf,
where D denotes the usual covariant derivative on H? = R®, we deduce by com-

bining the above equations that the immersion f is determined by the following
system of partial differential equations:

fuu = _%fa fvv = _%f_ %Qf, fww = _%f+%Qfa
fvw =0, fuv = _%wa - ?fwv fuw = _%va + ?fy

In terms of the components p and ¢ this reduces to

(516) Puu = —§P7 Puww = _§p7 Puw = _ﬁpq_lqiw
1 1 2
and
(517) Quu = _%(L Quv = _%CL Guv = \gfqp Pw-
In order to simplify expressions, in the following we will write o = %u, U= @v
and w = ?w

We first look at the system of differential equations for p (see (5.16)). Solving
the first two equations in (5.16), it follows that we can write

p = Aj cos(@) cos(w) + Az cos(u) sin(w) + As sin(@) cos(w) + Ay sin(a) sin(w)),
where in order to simplify expressions we have written @ = ?u, U= @v and

W = Y3w. Using now the fact that p,p) = 1 together with (p,,p,) =0 (as f, and
2 g g

fw are mutually orthogonal with respect to the induced Euclidean product metric)
if follows that by applying an isometry of SO(4) we may write A; = (1,0,0,0),
As =(0,1,0,0), A3 = (0,0,1,0) and A4 = (0,0,0,&1), where ; = +1.

A similar argument is of course valid for the second map ¢. Also it is well known
that S® x S3 = SU(2) x SU(2) is the double cover of SO(4), so any rotation R €
SO(4) can be written as R(r) = ax3, where a, 3 € S®. Therefore, applying an
isometry of the nearly Kihler S® x S3, we can write that

p = (cos(@) cos(w), cos(@) sin(w), sin(a) cos(w), 1 sin(a) sin(w)),
q = (cos() cos(v), cos(u) sin(v), sin(a) cos(?), €2 sin(a) sin(w))d,
where e; = +1 and d = (dy, d2, d3, d4) is a unitary quaternion. Note that taking d or

—d gives up to an isometry the same example. Looking now at p~!py., + \gq’lqv =
0 (see (5.16)) it immediately follows that e; = e = 1.

Moreover we get from py, = —gpq_lqv, Quo = ?qp‘lpw (see (5.16) and
(5.17)) that the unit quaternion d has to satisfy:

d3 4+ d3+d3+di =1,

dydy + d3dy = didy — dadz = 0,

di +d3 —dj —dj =d} —d5 — dj + di =0,

— 1 —2dyds + 2dady = 1 + 2d1d3 + 2dody = 0.
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This reduces to
dg = d%, d? = d%, d% + d% = %, didz = —%, dads = 0.
This system has solutions d = (—=,0, ——=,0) and d = (——=,0, —=,0). This com-

V2TV 2777 V2
pletes the proof of the theorem. O

N

Case 2: h3, = 0. In this case, recall that (A;(A; — )+ i (p; — px)) = 2sin(6; —
01) sin(20; — 0; — 6;). Therefore, the general solution of (5.10) is

hl, = —2a;sin(0; — 0;) sin(20; — 0; — 64,
hi, = 2a;sin(0; —0;)sin(20; — 0; — 0;),

where here and throughout the remainder of case, (ijk) denotes a positive per-
mutations of (123) and a1, as and a3 are some real functions. The components h?;
can be calculated using the minimality of M.

As before we may assume that M is not totally geodesic. Then from Lemma
3.8 we may assume that all the angle functions are different (modulo 7). Hence,
sin (6; — 0;) # 0, Vi # j. We will show by contradiction that Case 2 cannot occur.

By the second equation in Lemma 3.4 and (5.18), one then can express the wfj

(5.18)

in terms of the hi—“j (since sin (8; — 0x) # 0, V j # k). This gives us for all positive
permutations (ijk) of (123) that
wl = 2a; cot(8; — 0;) sin(0, — 6;) sin(20; — 6; — 64),
wl, = 2a; cot(8; — O;) sin(6; — 6;) sin(260), — 0; — 6;),
k V3
ij 6
Using Lemma 3.4 and (5.18), the differential equations for the angles become
Ej(@i) = 20zj Sin(oj - Qk) Sin(QQi - 9j - Hk),
EJ(Gk) = 72043' sin(@i — 93) sin(%)k — 01 — Hj),

__.J _
Wij = ~Wig =

(5.19)

and
E1(91) = 70&1(COS(2(01 — 02)) + COS(2(91 — 93)) — 2COS(2(02 — 93))),

(5.20) E5(02) = —an(cos(2(02 — 03)) + cos(2(02 — 01)) — 2 cos(2(03 — 61))),
E3(03) = —as(cos(2(0s — 61)) + cos(2(85 — 63)) — 2 cos(2(01 — 62))).

First, we deal with the case that cos(6;—6;) # 0 # sin(20,—0;—0;), V 1, j, k distinct.
In that case, we find using the above expressions for wfj together with the Gauss
equation (3.2) for R(E;, E;)E}, that

1
Ei(aj) = ~& csc(6; — 0;) sin(6; — 0y) csc(b; + 05 — 20;) x
[aaiaj sin(6; + 0; — 20,)(—7sin(0; — O4) + 2sin(20; — 0, — 6) + sin(20; — 30, + 0x))
+ 2\/§0¢k sin(Gi - 2(9j + ek)

and

1
Ej(o) = 8 csc(6; — 0;)sin(6; — 0x) csc(0; + 6 — 26;) %

[aaiaj sin(6; + 0; — 20,)(—7sin(0; — 6) + 2sin(20; — 0; — 0;) + sin(20; — 30; + 601,))
+2v3a4 sin(26; — 6, — Qk)]

Substituting these derivatives into the compatibility conditions,
Ei(E;(6:)) — Ej(Ei(0:)) = (VE,Ej — VE, Ei)(6:),
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gives the following three equations relating the functions «y, as and as:
(5.21)

o (sin(29k —0; —0,;)sin(0, +6; — 29j)) = 8\/§aja;c sin® (0 — 6;) sin? (6, — 260; + 0;),

for every positive permutation (ijk) of (123). So we have equations of the form z;a; =

ajay, where

. sin(20k —0; — 9]) sin(@k +6; — 29]‘) £0
8v/3sin®(0), — 0;) sin® (05 — 20; + 6;)

As the lagrangian submanifold M is not totally geodesic, from (5.18) we know that

not all the «; can vanish at the same time. Therefore it follows from the above

system of equations (5.21) that

%

2 _ . _ sin2(29i—9j—9j)
@ = TjTk = T 19255 (0; —0;) sin® (0; — 0y ) sin(0;+0, —205) sin(0; —20;+07) °

Using the Gauss equation (3.2) to calculate the sectional curvature K of the plane
spanned by E; and E;, we have that K = 1—52 + %COS(2(9¢ —0,)) for all i # j. As
the sectional curvature is constant, this implies that

cos(2(6; — 0;)) = cos(2(6x — 6;)),

which means that all the angles are constant, hence by Lemma 3.4 and the assump-
tion of Case 2 that h}, = 0, the submanifold M is totally geodesic. So we get a
contradiction with the assumption that M is not totally geodesic.

Next, we deal with the case that there exist some i, j, k which are distinct such
that sin(26; — 6; — 0;) = 0. As the sum of the angles is a multiple of 7 and all the
angles are determined up to a multiple of 7, in this case it is sufficient to consider

the case that 6; = %r and 03 = ar — 01 — 05 = am — %” — 05, where a and b are
some constant integers and 65 is not constant. As 0y + 03 = am — %’T = constant,

65 is not constant, using (5.19), we get from
2 bm a—b b
0=FE1(f2+03) =201[1 — 2cos” (am — 3 205) + (—1)*° cos (am — 3 205)]

that a7 has to vanish. Then from the Gauss equation (3.2) we obtain that the
sectional curvature K of the plane spanned by E; and Fs is given by

K =3 + % cos(20, — 21)7#)

As M has constant sectional curvature this implies that 65, and therefore all angle
functions, are constant. Hence by Lemma 3.4 and the assumption of Case 2 that
h3, = 0, the submanifold M is totally geodesic. So we get a contradiction with the
assumption that M is not totally geodesic.

Finally, we deal with the case that there exist some i, j such that cos(6; —6;) = 0.
As the sum of the angles is a multiple of 7w and all the angles are only determined
up to a multiple of 7, in this case it is sufficient to consider the case that

0 =01 — %, 05 =ar — 0, — 0 = am + T — 20,
where a is a constant integer, b is an odd constant integer and #; is not constant.
As 0, — 0, = YT = constant, 6 is not constant, using (5.19)-(5.20), we get from
0= E1(6; — 62) = —a (2cos (br) — 3cos (66;) + cos (br — 661)),
0 = E(61 — 62) = az(2cos (br) + cos (601) — 3 cos (br — 661)),
3bm

b
0= E3(01 — 02) = 2&3 sin(%)sin(T — 601),

that a; = ag = ag = 0. Hence by Lemma 3.4 and the assumption of Case 2 that
h3y = 0, the submanifold M is totally geodesic. So we get a contradiction with the
assumption that M is not totally geodesic.
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Therefore, we have proved that Case 2 cannot occur.

Proof of Theorem 1.1 : Assume that M is a Lagrangian submanifold of con-
stant sectional curvature in the nearly Kahler S? x S3. First, we consider the
case that M is totally geodesic, then applying Theorem 1.3 obtained by Zhang-Hu-
Dioos-Vrancken-Wang, we get that M is locally congruent with one of the following
immersions:

(1) f:S% = S3%xS3%: urs (u, 1), which is Example 4.1,

(2) f:S% = S3%xS3%:ur~ (1,u), which is Example 4.2,

(3) f:S% = S3xS3: urs (u,u), which is Example 4.3.

Second, we consider the case that M is not totally geodesic. They applying our
discussions for Case la (see Theorem 5.3), Case 1b (see Theorem 5.4) and Case 2
(we have proved that this case cannot occur), we obtain that M is locally congruent
with one of the following immersions:

(4) f:S% = S$3 xS ur (uiv=t,uju~t), which is Example 4.7,

(5) f:R3 =S xS3: (u,v,w) — (p(u,w), q(u,v)), where p and g are constant
mean curvature tori in S given in Example 4.8.

This complete the proof of Theorem 1.1. O
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