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LAGRANGIAN SUBMANIFOLDS OF THE NEARLY KAHLER S* x S FROM
MINIMAL SURFACES IN §?

BURCU BEKTAS, MARILENA MORUZ, JOERI VAN DER VEKEN, AND LUC VRANCKEN

ABSTRACT. We study non-totally geodesic Lagrangian submanifolds of the nearly Kahler $3 x S3
for which the projection on the first component is nowhere of maximal rank. We show that this
property can be expressed in terms of the so called angle functions and that such Lagrangian
submanifolds are closely related to minimal surfaces in S3. Indeed, starting from an arbitrary
minimal surface, we can construct locally a large family of such Lagrangian immersions, including
one exceptional example. We also show that locally all such Lagrangian submanifolds can be
obtained in this way.

1. INTRODUCTION

The nearly Kéhler manifolds are almost Hermitian manifolds with almost complex structure J
for which the tensor field V.J is skew-symmetric, where V is the Levi Civita connection. They have
been studied intensively in the 1970’s by Gray ([12]). Nagy ([17], [18]) made further contribution
to the classification of nearly K&hler manifolds and more recently it has been shown by Butruille
([4]) that the only homogeneous 6-dimensional nearly Kéhler manifolds are the nearly Kahler 6-
sphere S, S x S3, the projective space CP? and the flag manifold SU(3)/U (1) x U(1), where the
last three are not endowed with the standard metric. All these spaces are compact 3-symmetric
spaces. Note that in 2014 V. Cortés and J. J. Vasquez have discovered the first non homogeneous
(but locally homogeneous) nearly Kéhler structures in [5], while more recently, the first complete
non homogeneous nearly Kéhler structures were discovered on S® and S x S3 in [11].

A natural question for the above mentioned four homogeneous nearly Kéahler manifolds is to
study their submanifolds. There are two natural types of submanifolds of nearly Kéhler (or more
generally, almost Hermitian) manifolds, namely almost complex and totally real submanifolds.
Almost complex submanifolds are submanifolds whose tangent spaces are invariant under J. For
a totally real submanifold, a tangent vector is mapped by the almost complex structure J into a
normal vector. In this case, if additionally the dimension of the submanifold is half the dimension
of the ambient manifold, then the submanifold is Lagrangian.

Note that the Lagrangian submanifolds of nearly Kéhler manifolds are especially interesting as they
are always minimal and orientable (see [10] for S® or [20], [13] for the general case). Lagrangian
submanifolds of S® have been studied by many authors (see, amongst others, [6], [7], [9], [10],[22],
[23], [15] and [19]), whereas the study of Lagrangian submanifolds of S* x S* only started recently.
The first examples of those were given in [20] and [16]. Moreover, in [24] and [8], the authors
obtained a classification of the Lagrangian submanifolds, which are either totally geodesic or have
constant sectional curvature. An important tool in the study in [8] and [24] is the use of an almost
product structure P on S x S?, which was introduced in [1]. Its definition is recalled in Section 2.
The decomposition of P into a tangential part and a normal part along a Lagrangian submanifold
allows us to introduce three principal directions, 1, Fs, F53, with corresponding angle functions
01,02,0s.

In this paper we are interested in studying non-totally geodesic Lagrangian submanifolds f : M —
S3xS3:x— f(x) = (p(x),q(x)), for which the first component has nowhere maximal rank. Basic
properties of the structure and its Lagrangian submanifolds are given in Section 2. In Section 3,
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we show that in this case #; = % (Theorem 1) and p(M) has to be a (branched) minimal surface
in S* (Theorem 3). Conversely, for a non-totally geodesic minimal surface in S* which locally
corresponds to a solution of the Sinh-Gordon equation, Aw = —8sinhw, and for an additional
arbitrary solution of the Liouville equation, Ay = —e*, we can construct locally a Lagrangian
immersion of S? x S3. Thus, we obtain a large class of examples of Lagrangian immersions. We
also obtain that a similar class of Lagrangian immersions can be associated to a totally geodesic
surface in S®. This last case contains, in particular, the constant curvature sphere obtained in
[8]. Additionally, for each non-totally geodesic minimal surface, we obtain also one exceptional
example. In case of the Clifford torus in S3, this additional example is the flat Lagrangian torus
in §% x S? discovered in [8]. We also show that any non-totally geodesic Lagrangian immersion
for which the first component has nowhere maximal rank is obtained by applying one of the three
previously mentioned constructions. The main results are summarized in Section 4.

2. PRELIMINARIES

In this section we recall the homogeneous nearly Kéhler structure of S x S and we mention
some of the known results from [8] and [24].
By the natural identification T(, ,(S* x $%) = T,S* & T,S%, we write a tangent vector at (p,q)
as Z(p,q) = (U(p,q),V(p,q)) or simply Z = (U,V). We regard the 3-sphere as the set of all
unit quaternions in H and we use the notations i, j, k to denote the imaginary units of H. In
computations it is often useful to write a tangent vector Z(p,q) at (p,q) on S* x S* as (pa, ¢f3),
with o and 3 imaginary quaternions. This is possible as for v € T,,S* we know that (v,p) = 0
and, in addition, for p € S* we can always find o € H such that v = p& . Moreover, Re(?) = 0 as
0 = (p,v) = Re(pv) = Re(ppv) = Re(0). We define the vector fields

Ejl(pa Q) - (pZ,O), Fjl(pa Q) - (07 QZ),
(1) Er(p.q) = (p3,0),  F2(p,q) = (0,qj),
E3<paQ) = _(pk50)7 F3(paQ) = _(ank)7
which are mutually orthogonal with respect to the usual Euclidean product metric on S? x S3.
The Lie brackets are [E;, E;| = —2¢;1Ex, [F;, F;] = —2¢;j1F) and [E;, F;] = 0, where
1, if (ijk) is an even permutation of (123),
gijk =4 —1, 1if (ijk) is an odd permutation of (123),
0, otherwise.

The almost complex structure J on the nearly Kihler S? x S? is defined by

1, _
(2) JUV)(p.g) = E(QP(J WU, 297U +V),

for (U,V) € T{;.,4)(S* xS?). The nearly Kéhler metric on S* x S? is the Hermitian metric associated
to the usual Euclidean product metric on S? x S3:
1
3) 9(2,2') =5(2,2") + (1 2,7 Z"))
4 2
—S(UU) + VYY) = 2 UV + 07 YY),

where Z = (U, V) and Z' = (U’,V'). In the first line (-, -) stands for the usual Euclidean product
metric on S x §? and in the second line (-,-) stands for the usual Euclidean metric on S*. By
definition, the almost complex structure is compatible with the metric g.

From [1] we have the following lemma.

Lemma 1. The Levi-Ciita connection ¥V on S® x S* with respect to the metric g is given by

S (By - i)
*€iijk.

5B = b
Ei]‘
7By = =4 (F, — Ex)

< <

O, F
Vil =
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Then we have that
n (?EiJ)?j = —iﬁ%k@k + 2}77@)’ (?Eij)@ = —gjgez‘jk(ﬁf - 1:73%
(Ve JE; = —ﬁ&jk(Ek —F), (Vg J)F;= —Tﬁgijk(ZEk + Fy).
Let G := VJ. Then G is skew-symmetric and satisfies that
(5) G(X,JY)=-JG(X,)Y), ¢g(GX,Y),Z)+9(G(X,2),Y)=0,
for any vectors fields X,Y, Z tangent to S® x S3. Therefore, S? x S? equipped with ¢ and J,

becomes a nearly Kahler manifold.
The almost product structure P introduced in [1] is defined as

(6) PZ = (pg~'V,qp~'U), VZ = (U,V) €Ty, (S*xS?
plays an important role in the study of the Lagrangian submanifolds of the nearly Kahler S? x S3.
It has the following properties:

P?=1d (P is involutive),

PJ=—JP (P and J anti-commute),

g(PZ,PZ"y=g(Z,Z") (P is compatible with g),

g(PZ, 7"y =g(Z,PZ") (P is symmetric).

Moreover, the almost product structure P can be expressed in terms of the usual product structure
QZ =Q(U,V) = (-U,V) and vice versa:

QZ=—(2PJZ - JZ),

Sl

PZ=2(Z-3QJZ).

N | =

Next, we recall the relation between the Levi-Civita connections V of ¢ and VZ of the Euclidean
product metric (-, -).

Lemma 2. [8] The relation between the nearly Kihler connection NV and the Euclidean connection
VEis .
VEY =VxY + 3 (JG(X, PY) + JG(Y, PX)).
We recall here a useful formula, already known in [8].

Let D be the Euclidean connection on R®. For vector fields X = (X1, X3) and Y = (Y7,Y2) on
S? x S3, we may decompose DxY along the tangent and the normal directions as follows:

@ DxY = VY + L (DxY, (5,0)(p: ) + 5(DxY, (5,0} (~,0).

Here, notice the factor % due to the fact that (p,q) and (—p,q) have length V2. Moreover, as
(Y, (p,q)) =0, (7) is equivalent with

DxY = VEY — L(¥, X)(p,0) — 5{Y, (X0, Xa)) (~pya).

In the special case that Yo = 0, the previous formula reduces to

(8) Dx(Y1,0) = V£ (¥1,0) — (X1,Y1)(p,0).

We find it appropriate here to prove an additional important formula not explicitly mentioned in
[1], that allows us to evaluate G for any tangent vector fields.

Proposition 1. Let X = (pa,q8),Y = (pv,40) € T(,q)S® x S*. Then

(9) G(X,Y):32—\/§(p(5><’y+04x5+04x*y—QB><5),q(foz><§fﬂ><fy+2a><’y—6><5)).
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Proof. As « is an imaginary unit quaternion, we may write o = - i+« - j + a3 - k and similarly
for f3,7,0. Then, using (1), we write for more convenience in computations X = U, + V3, where
U, = a1 F1 + asFs — asF3 and Vg = 61F1 + Bgﬁ’g — 6313’3. Similarly, Y = U, + V5. We now use
the relations in (4) and compute

G(Ua, Vp) = (Uaxp = Vaxp);, GUa,Up) = (Uaxpg +2Vaxp)-

2 2
3V3 3V3
As PU, = V,, we obtain that

2
G(Va, Vp) = —ﬁ(vaxﬁ + 2Uaxp)-

Finally, by linearity we get the relation in (9). O

From now on we will restrict ourselves to 3-dimensional Lagrangian submanifolds M of S? x S3.
It is known from [8] and [24] that, as the pull-back of T'(S® x S?) to M splits into TM & JTM,
there are two endomorphisms A, B : TM — TM such that the restriction P|rp; of P to the
submanifold equals A + JB, that is PX = AX + JBX, for all X € TM. Note that the previous
formula, together with the fact that P and J anti-commute, also determines P on the normal
space by PJX = —JPX = BX — JAX. In addition, from the properties of J and P it follows
that A and B are symmetric operators which commute and satisfy moreover that A? + B? = Id
(see [8]). Hence A and B can be diagonalised simultaneously at a point p in M and there is an
orthonormal basis e, ez, e3 € T, M such that

(10) Pe; = cos(20;)e; + sin(26;)Je;.

The functions 6; are called the angle functions of the immersion. Next, for a point p belonging to
an open dense subset of M on which the multiplicities of the eigenvalues of A and B are constant
(see [21]), we may extend the orthonormal basis ej, eq, e3 to a frame on a neighborhood in the
Lagrangian submanifold. Finally, taking into account the properties of G we know that there
exists a local orthonormal frame {F1, E2, F5} on an open subset of M such that

(11) AE; = cos(20,)E;, BE; =sin(26;)E;
and

1
(12) JG(Ei,Ej) = —¢ijp L.

V3

The following result is known ([8]):
Proposition 2. The sum of the angles 01 + 02 + 03 is zero modulo 7.

For the Levi-Civita connection V on M we introduce (see [8]) the functions ij satisfying

3
Vg Ej = wajEk and wfj = —wfk.
k=1
As usual, we write:
VxY = VxY +h(X,Y),
VxJY = =S;y X + V% JY,

where h is the second fundamental form on M and Sy is the shape operator in the direction of
JY. As for the Lagrangian manifolds of a strict 6-dimensional nearly Kéhler manifold we have
that G(X,Y) is normal (see [13], [20]), it follows that

VxJY = JVxY + G(X,Y),
Jh(X,Y) = —S;y X.

The latter equation implies in particular that the cubic form g(h(X,Y), JZ) is totally symmetric.
We denote by hfj the components of this cubic form on M:

(13) hy; = g(h(E;, E}), JEy).
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3. REsuLTS

3.1. Elementary properties of orientable minimal surfaces in S3.

We recall some elementary properties of minimal surfaces. Let p : S — S* ¢ R* be an ori-
ented minimal surface. We are going to check that the immersion either admits local isother-
mal coordinates for which the conformal factor satisfies the Sinh-Gordon equation or is totally
geodesic. First, we take isothermal coordinates u,v such that du,dv is positively oriented,
(Ou, Ou) = (Ov,0v) = 2e* and (Ju,dv) = 0 in a neighborhood of a point of S. As it is often
more useful to use complex notation we write z = u + Iv and consider 9z = $(du — I9v) and
9z = 3(du + I0v). Note that we use I here in order to distinguish between the 4, j, k intro-
duced in the quaternions. We also extend everything in a linear way in I. This means that
(0z,0z) = (0z,0%) = 0 and (0z,0Z) = e*. If we write Ou = pa and Qv = pf, the unit normal is

given by N = poéff . It is elementary to check that this is independent of the choice of complex

coordinate and that the matrix (p ‘g—g‘ % N ) belongs to SO(4). We denote by o the component
of the second fundamental form in the direction of N. Remark that with this choice, the minimal-
ity of the surface implies 0(0z,0z) = 0 and we may determine the components of the connection

V on the surface:
(14) V.02 =w,0z, Vg, 02 =Vy:02=0 and Vy; =w;0Z.
The Codazzi equation of a surface in S? states that

Vo(0z,0%z,0z) = Vo(0z,0z,0%).

So it follows that 0z(0(0z,0z)) = 0. Hence 0(dz,0z) is a holomorphic function. Then we have
two cases:

Case 1. If 0(9z,0z) = 0 on an open set, then by conjugation ¢(9z,09%Z) = 0 and therefore, using
the analyticity of a minimal surface, o = 0 everywhere.

Case 2. If 0(0z,0z) # 0, then there exists a function g(z) such that 0(9z,0z) = g(z). Away from
isolated points we can always make a change of coordinates if necessary such that o(9z,0z) = —1.
Notice that by conjugation we get also 0(9z,0z) = —1. Such a change of coordinates is unique
up to translations and replacing z by —z.

Next, given the immersions p : S — S3(1) <y R*, from the Gauss formula we obtain:

(15) DPzz = 7ewp’

w

where N is the normal on S? and N, = e “p;, Nz = e “p,. Therefore

Pazz = (Waz — €7 ¥)pz —w2e¥p,  paze = —Ywp — pz,
which shows that w satisfies
W,z = —2sinhw <=
(16) Aw = —8sinhw (Sinh-Gordon equation).

Notice that by Aw we denote the Euclidean Laplacian of w in R? = C.
Let P be the lift of the minimal immersion to the immersion of the frame bundle in SO(4), i.e.

P:US = SOM4):w— (pw Jw N),

where US denotes the unit tangent bundle of S and J denotes the natural complex structure on
an orientable surface. In terms of our chosen isothermal coordinate this map can be parametrised
by

Pu,v,t) = (p(u,v)mostpu—i—sintpv7—sint Pu + cost P 7N(u,v))7
| Pu | | pu | | Pu | | pu |

for some real parameter t. Note that we have the frame equations which state that

dpP = PQ' = —PQ,
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where in terms of the coordinates u, v and ¢ the matrix €2 is given by

) 0 V2e% (cos(t)du + sin(t)dv) V2e% (cos(t)dv — sin(t)du) 0
oty : oo e v V3 LoD
—v/2e% (cos(t)dv— 1 V2e™ % (si

sin(t)du) ~3(Wudv —wodu) — dt 0 cos(t)dv
0 V2e™ % (cos(t)du — sin(t)dv) —+/2e™ % (sin(t)du + cos(t)dv) 0

3.2. From the Lagrangian immersion to the minimal surface.

Now we will consider Lagrangian submanifolds in the nearly Kihler S* x S3. We write the
Lagrangian submanifold M as

f:M—S3xs?

z = f(z) = (p(x), q(x)),
and we assume that the first component has nowhere maximal rank. We have the following:
Theorem 1. Let

f:M—S*xSs?

z = f(x) = (p(z), q(x)),

be a Lagrangian immersion such that p: M — S3 has nowhere mazimal rank. Then 5 s an angle
function up to a multiple of m. The converse is also true.

Proof. Tt is clear that p has nowhere maximal rank if and only if there exists a non zero vector
field X such that dp(X) = 0. As usual we identify df (X) with X, so we have that X = df(X) =
(dp(X),dq(X)) and QX = (—dp(X),dq(X)). Therefore p has nowhere maximal rank if and only
if

X =QX
= L(PJX - JX)
= L (2BX —2JAX — JX).

Comparing tangent and normal components we see that this is the case if and only if

AX =-1Xx BX = ?X.

So we see that X is an eigenvector of both A and B and that the corresponding angle function is
% (up to a multiple of 7). O

For the remainder of the paper we will consider Lagrangian immersions for which the map p has
nowhere maximal rank. In view of the previous lemma this means that one of the angle functions
is constant, namely #; = %. Then using that the angles are only determined up to a multiple of
7w and given that 26; 4 260, + 203 is a multiple of 27, we may write

291 = 2'?71'7
(17) 205 = 2A + 2,
205 = —2A + 2,

for A an arbitrary function which takes values in [—~F, Z]. If necessary by interchanging Ey, E3
with —FEs3, E> we may assume that A > 0 and therefore A takes values only in [0, 7]. Similarly,
if necessary interchanging Fy, E3 by —F;, —FE3, we may also assume that hi; < 0 (see equation
(13)).

Note however that at the points where A is 0 or  modulo 7, we have that two of the angle functions
coincide. If this is true on an open set, it follows from [24] that the Lagrangian submanifold is
totally geodesic and is congruent either with f: S% — S x S3 1w+ (1,u) or f: S3 — §3 x §3:
u > (uiv=,u"t). So by restricting to an open dense subset of M which we denote by M*, we



LAGRANGIAN SUBMANIFOLDS OF THE NEARLY KAHLER §° x §3 7

may actually assume that A € (0, §), in which case the function A, as well as the vector fields
E1, Es, E5 are differentiable.

Notice that the case when A is constant is treated in [3], where such Lagrangian submanifolds are
determined to be either totally geodesic or of constant sectional curvature. As we consider here
A € (0, %), the only possibility is A = Z, in which case the Lagrangian submanifold is not totally
geodesic, but of constant sectional curvature.

Theorem 2. Let M be a Lagrangian submanifold of constant sectional curvature in the nearly
Kéhler S® xS3. If M is not totally geodesic, then up to an isometry of the nearly Kdhler S3 xS3, M
is locally congruent with one of the following immersions:
(1) f:S* > x S uws (wiv™t ujut),
(2) f:R3 = S3xS3: (u,v,w) — (p(u,w),q(u,v)), where p and q are constant mean curvature
tori in S? given by

p(u,w) = (cosucos w, cos usin w, sin u cos w, sinu sinw) ,

1 . . .
q(u,v) = 7 (cosv (sinu + cosu) , sinv (sinwu + cosu) ,

cosv (sinu — cosu) ,sinv (sinu — cosu)) .

Note that these are precisely the two Lagrangian immersions with constant sectional curvature

obtained in [8]. These two examples will appear as special solutions in respectively Case 2 and
Case 3. However we will mainly focus on the case that A is not constant.
In the following, we will identify a tangent vector X in T, M with its image through df in T| p’q)S?’ X
S3, that is X = df(X) = (dp(X), dg(X)), and we can write QX = Q(df (X)) = (—dp(X), dgq(X)).
Therefore, if we see dp(X) projected on the first factor of S x S* | that is dp(X) = (dp(X),0), we
can write

1
(13) dp(X) = 1(x - Qx).
We use relations (10) and (17) to compute PE; = —1F; + ?JEL As mentioned before this is

equivalent with stating that dp(E;) = 0 and that p has nowhere maximal rank. By straightforward
computations we obtain

) (dp(E2),0) = (§ — L sin(2A + %ﬂ)) By + 1 (4 + cos2A + 1)) J By,
(dp(E3),0) = (% — J5sin(—2A + %ﬂ)) E3 + 7 (3 +cos(—2A + 37)) JE3
and

™

dp(Es), dp(Es)) = sin® A,
(20) (dp(
dp

Ey), dp(Es)) = sin® A,
(dp(Es), dp(E3)) = 0.
We denote
vy := dp(Ez) = (dp(E2),0),
(21) v3 1= dp(E3) = (dp(E3),0),
&= %El —JE;
and we may easily see that Q¢ = —¢, i.e. & lies entirely on the first factor of S* x S2. Moreover,

(vi,vj) = §;sin A, (§,v2) = (§,v3) = 0 and (£,£) = 1. Therefore, p(M) is a surface in S* and ¢
can be seen as a unit normal to the surface.
As far as the Lagrangian immersion itself is concerned we also have due to the minimality that
hiy + iy + iz =0,
(22) hiy + h3y + h35 =0,
hiy + h3y + 35 = 0.
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From [8] we know that the covariant derivatives of the endomorphisms A and B are

(23) (VxA)Y = BS;xY — Jh(X,BY) + =(JG(X,AY) — AJG(X,Y)),

1
2

(24) (VxB)Y = —AS;xY + Jh(X,AY) + = (JG(X, AY) — AJG(X,Y)).

1
2
We are going to use the definition of VA and VB in the previous expressions and then evaluate
them for different vectors in the basis in order to get information about the functions wfj and hfj.

For X =Y = E; in (23) we obtain that

hiy = —his,
(25) w? = h3, cot A,

w3, = —h3; cot A.
If we take X = Fy and Y = E5 in (23) and (24), we see that
(26) Ei(A) = his,

3

(27) Wiy = % — h3,cot 2A
and, for X = F5 and Y = E; in (23), we obtain
(28) h%l =0,
(29) w3, = —cot Ah3,,
(30) wd = —? — h3ycot A.

Then we choose successively X = E3,Y = E;, X = Es,Y = F3 and X = E3,Y = Fs in relations
(23) and (24) and obtain

(31) h:ﬂ =0,

(32) wi = % + cot Ah3,,
(33) Wi = —cot Ah3,,
(34) Wiy = — cot 2AR3,,
(35) Wiy = — cot 2Ah3s,
(36) Ey(A) = hg:y

(37) E3(A) = *h§2~

We can easily see from (25), (28) and (31) that
wi =0 and w} =0
and, if we consider as well the relations in (22), we have that
h3s = —h3, hip =0 and hiy = —h3,.

Later on we will also need to study the Codazzi equations for M. From [8] we know their general
form:

1
VI(X.Y.Z) = VWY, X, Z) =5 (g(AY. 2)JBX — g(AX, Z)IBY
(38) —g(BY, Z)JAX + g(BX, Z)JAY).

We are going to use the definition for VA in the previous relation and take different values for
the vectors X,Y and Z. Thus, we evaluate it successively for Fy, Es, E1; Eq, Fo, Ey; E1, E3, Es;
FE1, Fs, Es and Fs, E3, E3 and we obtain the following relations, respectively:

Ei(h3) = 1(—v/3h3, + 6(hi3)? cot A — 6(h3,)? csc(2A) + sin(24)),

E1(h3y) = 1h35(V3 + 93, cot A + 3h3, tan A),

(39)
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1
:%h% + h3,h3, cot A — h3;3h35 cot A — h3,h3, cot(2A),

E1(h3y) — Ba(h3y) =h3,h3,(2cot A — tan A) + h 5(2V/3 — 3h3, cot A + 9h3, tan A),

Es(his) — By (h3s)

Es(hiy) — By (h3s) :ﬁhgz + (h3yh35 — hizh3s) cot A — (3h3yh3, + 2hT3h35) cot(2A),

1
:%hg3 + h3,h3, cot A + h3,h35 cot A — h3,h35 cot(2A),

E2(h£1))3) — Ej3 (hzfz) (h§2h32 + h h%B) cot(24),

(40)  Es(hi3) + Er(h3,)

Es(hy) — Ea(h3s) = — 5(8(@)2 +4(hi5)? + 3((h32)* + (h35)%)) cot A~

3
S ((3)? + (hy)?) tan A,

1..
Es(h3,) + E3(hs) = — gh?3(\/§+ 6hi;y cot A).

1
3 (V3h3, + sin4A) +

Theorem 3. Let
f:M—S*xs?
z = f(z) = (p(2),q(x)),

be a Lagrangian immersion such that p : M — S® has nowhere mazimal rank. Assume that M is
not totally geodesic. Then p(M) is a (branched) minimal surface in S®. Moreover

~ . v v
P:M*"— SO4): z+— (p(x) sin2A sin3A 5) ,

where vy, v3 and & are defined by (21), is a map which is contained into the frame bundle over the
minimal surface p.

Proof. Recall that dp(E;) = 0, hence p(M) is a surface. Denoting the second fundamental form
of the surface in the direction of £ by o, a straightforward computation yields that

O'(EQ, EQ) = hil)’?),
(41) 0(Es, E3) = 0(E3, E2) = % cos Asin A — h3,,

O'(Eg, Eg) = —h?g
As dp(FE>) and dp(E3) are orthogonal and have the same length, the above formulas indeed imply
that the surface is minimal.
Moreover we also see that the surface is totally geodesic if and only if h; = 0 and h3, =
%cosAsinA. Note also that if we write (dp(E2),0) = (pa,0) and (dp(Es3),0) = (pv,0),
have that

G((dp(EQ)a O)a (dp(E?))a O)) = G((pa, 0)7 (p% O))
= 525 (p(a x ), 2q(x x 7).

Therefore,

(p(er x 7),0) = 2 (G((dp(E), 0), (dp(Es), 0)) — Q(G((dp(Ez),0), (dp(E3),0)))) .
A straightforward computation, using (19) and (12), shows that this gives
(p(a x 7),0) = (sin A)*E.
Therefore & corresponds with the normal N on the surface. O
3.3. The reverse construction.
In the following, we will separate the study of the submanifold into three cases, according to

whether the surface is totally geodesic or not and whether the map to the frame bundle is an
immersion or not.
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3.3.1. Case 1. p(M) is not a totally geodesic surface and the map P is an immersion.
In that case we can identify M with the frame bundle on the minimal surface induced earlier.
Recall that

~ V2 U3
: M*( ).
Piue AP sinA sin A ¢

Writing again dp = —7552, we can express the matrix Q in terms of {E1, Es, E5} by

0 sin(A)ws sin(A)ws 0
. (\/ + hi CSC(2A)) w1+ h35 csc(A)wa+
—sin(A)w, 0 h3y esc(2A)wa+ (M — h3ycsc A) w3
h34 csc(2A)ws V3
o cos A 3 .
~ sin(A)ws (\f + h3, csc(2A))wy 0 ( N hiy csc(A)) wo—
h3y csc(2A)wa — h3s csc(2A)ws h35 cse(A)ws
__cosA cos A 3
0 T h3y csc A) w3— (— s~ i CSC(A)) wWo— 0
h35 csc(A)ws h35 csc(A)ws

where w;(E;) = 8;;. The above matrix implies that the map P into SO(4) C R'S is an immersion
if and only if

f + h3ycsc(2A) #£ 0.

As it is an immersion, in view of the dimensions, its image is an open part of the frame bundle
and we can identify M with an open part of the frame bundle on the minimal surface. Moreover
we can write

Py

| P |

= cos(t + vy(t,u,v)) p

| Pu |

+ sin(t + y(t, u, v))

sin A ’

where ~ is some function. As P is an immersion, we have that ¢ + (¢, u, v) depends on ¢ and can
be taken as the new variable ¢ on the frame bundle. Doing so, we have that P = P and Q = Q
(for P,Q as in subsection 3.1). Comparing both expressions for the matrix © we deduce

wy :W (_ (\@C;iii\ e/ (h3, cost — hiysint) + ;wv> du—
<\f2csl(;2/<\ e/ (h3y sint 4+ h3s cost) — ;wu> dv + dt) ,
mmfwﬁmom+m@m,
:ﬁxﬁﬁmm@@fm@m%
as well as
(12) { O oS thlogn =0
e~%sin(2t) + (hi’2 csc A — €2 ) =5 =0,

which implies that

(43)

{ hi, = —e~“cos(2t)sin’ A,

h3y, = (fe"" sin(2t) sin A + C‘\’ng) sin A.

We may express Ey, Fs, E5 with respect to the basis {0t, Ou, Ov} as follows. For E; = a;0t+b;0u+
¢;0v, we use the previously obtained expressions of w; in w;(E;) = d0;; and by straightforward
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computations we get

E, = <\}§ + h3y csc(2A)> ot,

By =(csc(2A)h3, + % sin Ae /2 (cos(t)w, — sin(t)wy))dt+

(44) e=w/2 costsinAau . e=w/2 sintsinAav’
V2 V2

1

B = ( csc(2A)h3; — —=sin A e=“/?(cos(t)w,, + sin(t >8t—

3 (csc( Yhss 2\/Ebln e (cos(t)wy + sin(t)wy)
e~w/?sintsin A e~“/? costsin A

Ou + Ov.
7 u 7 v

In order to be able to proceed with the reverse construction, i.e. in order to be able to construct
a Lagrangian immersion starting from the minimal surface we need to express A, h3, and hj; in
terms of the variables ¢, u,v. Remark that, as E1(A) = h3;, we may use (43) and the expression
of E; in (44) to determine how A depends on the variable t. We get

2 cos(2t) sin? A
V3ew —2costsinttan A

In order to solve the above differential equation, we use (45) to compute the derivative of the

(45) A=

: V3e¥ : .
expression 2% — sin(2t):

2
V/3ew . .
ot (tanA —sin(2t) | = 2sin(4t),

. 2
which, by integration, gives (;ﬁ"‘A — sin(2t)) = —1 cos(4t) + &, where ¢; does not depend on t.

Notice that this implies
24/3¢ev
e14/c1 — 2cos(4t) + 2sin(2t) ’

where €; = 1 and, at the same time, the surface is defined on an open set where ¢; —2 cos(4¢) > 0.
Note that as the above expression contains a square root which would complicate simplifications
later on, we will avoid its use as much as possible. For later use, remark that we can write

(2\/36“’

tan A

(46) tan A =

2
(47) - 2sin(2t)> = c¢; — 2cos(4t).

As we can rewrite the above equation as

<2\/§e“’

2
— 2sin(2 2 cos(4 2= 2
— sin( t)) + 2cos(4t) + c1 + 2,

we see that ¢; > —2 and equality can hold if ¢ € {£7, :l:%r} and Qt‘a/fi\u +2 = 0. So on an open
dense subset we can write

g =eTH — 2,

Combining this with the previous expression of ¢; and taking the derivative with respect to v and
v, we can compute

sin? A (uu + e¥ cot A (36“ cot A(phy — wy) — 23t Sin(Qt)) + wu)
- 6e2w cot A — 2v/3e® sin(2t)

sin? A (uv + e“ cot A (36‘*’ cot Ay — wy) — 23, sin(2t)) + wv)
- 6e2+ cot A — 2v/3ev sin(2t) .

A, =

v =
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Using this, together with (44), we can solve in (36) and (37), for h3, and h3;. This gives us

e~ 3%/25in? A
3, = ———— " (3e“ cos A((wy — piy) Sint + 1y — wy) cOSt)—
22 612 ( (( fu) (1 ) )
V3sin A((fty + we) cos(3t) + (s + wy) sin(3t))),
e 39/2gin% o

6v/2

hgg = (\/gsin A((p, + wy) sin(3t) + (—py — wy) cos(3t))—

3e” cos Aty — wy) cost — 3e* cos Ay, — wy)sint).
In order to determine a differential equation for the function g we now apply the previously
obtained Codazzi equations for M. By (44), it turns out that (39) and the first 5 equations of

(40) are trivially satisfied. Recall from (16) that Aw = —8sinhw. The seventh equation of (40)
reduces to

(48) Ap = —4e*(cos(2A) + 2) esc? A + 8v/3 cot A sin(2t) + 8sinh w.
A straightforward computation, using the definition of p and (47), shows that this reduces to
(49) Ap = —et.

Further on, with these new notations, we may see by straightforward computations that the sixth
equation of (40) is now trivially satisfied.

Reverse construction
We denote by p : S — S? C R* a given minimal surface S which is not totally geodesic, on

which we take suitable isothermal coordinates as introduced before. Hence we have a solution w
of Aw = —8sinhw. Additionally, we take a solution of

(50) Ap = —et

and we take the open part of the frame bundle such that

(51) (2\/§6w

2
— 2sin(2 =e¥tH —2 —2cos(4
tan A sin( t)) e cos(4t)

has a solution for the function A on an open domain. We define

h3, = —e* cos(2t) sin? A,
cos A

V3
e~3%/25in? A
h3y = vz (3¢ cos A((wy — ) sint + (py — wy) cost)—
V3sin A((fty + wy) co8(3t) + (p1y + wy) sin(3t))),

—3w/2 ; 2A
hd, — %(\@Sm A((p + wu) Sin(3t) + (— 1y — wy) cos(3t))—

3e” cos Aty — wy,) cost — 3e” cos A(py — wy) sint)

h3, = (—e *sin(2t) sin A +

)sin A,
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and we define as well a metric on the open part of the frame bundle, by assuming that the vectors
1
E; =3 (\[ — 2e”“ tan Asint cos t) ot,

e3w/2gin A

E2 = — W(\/gtan/&((ﬂu + Wu) COS(?)t) —+ (/j,,u + wv) Sln(3t)) + 3ew((uu + Wu) sin ¢+
e~ % costsin A e~ % sintsin A
(52) (7,“1) - Wv) Ccos t))at + \/§ ou + \/§ v,
e 3w/2gin A . }
E; :W (\/gtan A((py + wy) sin(3t) + (—phy — wy) cos(3t)) — 3¢ ((py + wy) cost+
e~ % sintsin A e~ % costsin A
(1o + wy) sin )) NG u 7 v

form an orthonormal basis.
We now want to determine the Lagrangian immersion

f:SxI—S*xSs?
(u,v,t) = fu,v,t) = (p(u,v,t), q(u,v,t)).

We already know that the first component is the given minimal surface p. We write for both bases

2(q) = qB1,  F(p) = pay, Ei(q) = qB1, Ei(p) = pan,
2(q) = qB2, 75 (p) = pas, and E(q) = P2, E2(p) = paz,
5(q) = aBs, £ (p) = pas, E3(q) = qBs, E3(p) = pas.

Note that a; = 0 and @y and a3 are determined by the minimal surface. In particular as and as
are mutually orthogonal imaginary quaternions with length squared 2e*. From (52) we then get
that

ap =0,

i e~ % costsin A e~ % sintsin A

Qg = NG s NG a3,
. e~ % sintsin A e~ % costsin A
a3 — — o + Qs

V2

and from the properties of the minimal surface we obtain

V2

Jole das 1 1 w
D = —HE = sweQa — W3 — €7 an X g,

ou

da 1 1

G = Wyl + W3 + Qg X ag,
da; 1 1

8—5 = sWye + JWua3 — Q2 X a3.

Using the properties of the vector cross product, this also implies that

% = 209 + 2e¥ 3 + Wy X g,
W = —2e%a9 — 2a3 + Wy X as.

Now, in order to find j3;, we remark that the vectors Ey, E» and Ej3 need to correspond with
eigenvectors of the operators A and B with suitable eigenfunctions. We have

Ey = (0,q51),
(53) Es = (paz, qf2),
Es = (pds, qfs).
The angle functions are 6; = %’T, 0y = 2A + %’r, 03 = —2A + 2?” and
(54) PE; = cos(20;)E; + sin(20;) JE;,
for i = 1,2,3. At the same time, by the definition of P in (6) and by (53) we have
(55) PE; = (pp1,0), PEy=(pf2,qda), PEs= (pBs,qas).
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Now we use the definition of J to write out JE;:

JE, = %(%Bl,q&),
(56) JE, = %@(252 ~ i), q(—~26z + o)),
JE3 = L(29(253 — a3),q(—2da3 + B3)).

V3
Then, by using (56), (53) and the values of 6; in (17), we rewrite equation (54) and, by comparing
it to (55), we obtain

cos(2A + 2F) — % sin(2A + 27)

G2 = 3(1 = V3cot A)ds,

1-— %sin@A + %’T)
_ cos(—2A+ ZF) — Lsin(—2A + ZF)
V3 3/ . ~
no 1 — Zsin(—2A + &) G5 = 3(1+ V3 cot A)ds.
3

Next we continue the computations in order to determine 31. For this, we compute G(FE2, E5) in
two different ways, once using (12) and once using (9). We obtain, respectively

1 1 - -
G(Ey, E3) = ——=JE; = —g(pQﬁl’(Jﬂl),

\/g
and
G(E27 E3) = G((pd27 qBQ)? (pd3a q/&fﬂ))
= %(p(@ X a3 + G X B3 + G2 X Gz — 2B x P,
q(—P2 x a3 — G X B3 + 202 X &3 — 2 X f3)
= 3752 - 301~ 3cot? A))ag x d3,q(1 — (1 — 3cot® A))dg x d)
= 551+ cot? A)(2pdy X dis, qlin X @3).
Hence, comparing both expressions we get that

B = —? cscZ A @y X Gy = —?e_“ag X as.

Moreover, we also obtain that
~ 1 L w
B = m(l — V/3cot A)e™ 2 sin A(cos tag + sin tas),

B3 = ﬁ(l + V3 cot A)e_% sin A(— sintag + costag).
We then take the inverse of (52) and deduce that
8 = — V3as x Q3
LT 9V Bew — 25in(2¢) tan(A)’
By = 1 (ew (uv 1y (pn ) cos(21) tan(A)
8 V3ew — sin(2t) tan(A)
1 iy (1o + wy) cos(2t) tan(A)
= = —e€ U + wu +
Ps 8 < <M V3ew — sin(2t) tan(A)

By straightforward computations, it now follows that

> g X a3 — 4(v/3cot(A) cos(2t) + 1)ag — 4v/3 sin(2¢) cot Aa3> ,

> g X ag — 4v/3 cot(A) sin(2t) s + 4(1 + V3 cos(2t) cot A)oz;;) .

981 0P B
ou - ot - 261 X 62 - 07
981 0P B
v - ot _261 XBS_Oa
0 0

O 0% 2By x o =0,

ou ov
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from which we deduce that the integrability conditions for the immersion ¢ are satisfied.

3.3.2. Case 2. The minimal surface p(M) is totally geodesic, i.e. ¢ = 0. As mentioned

before this means that h$; = 0, h, = % The equations following from (23) and (24), just

like in the first case, give

cos(2A
hiy =0, wi; =0, wh = _2+27\/(§2)7
(57) h3, =0, w} =0, w3y = —h3, cot(2A),
h3 =0 w3 _ sin?A wQ _ 24-cos(2A)
11 =Y 2= 7 3 31 = T a3
wy =0, wi =0, wiy = —h3, cot(2A)
and
Ey (A) =Y
(58) Ey(A) = hi,,
Es(A) = —h%Q.

In this case, the equations of Codazzi become

V3
2

V3

(59) El(hg?,) = h%g, El(hgz) = Thggv E2(h:2)’2) = _ES(hgs)

and
(60) —1—(1412(h35)*+12(h33)?) cos(2A)+cos(4A) +cos(6A)+4( By (h3s) — E3(h3s)) sin(2A) = 0.

In what follows we are going to introduce new vector fields on M by:
4

Xl = ﬁE17
2h3, csc? Asec A
61 Xo=—"22" """ F +2cscA Es,
(61) 2 Ve 1 2
2h3, csc? Asec A
Xy=-—"2"" """ F +2cscA Ej.
3 VA 1 3
We can easily check that
(X1, Xo] = 2X3,
(62) [Xo, X3] = 2X7,
(X35, X1] = 2X5.

Taking a canonical metric on M such that X;, X5 and X3 have unit length and are mutually
orthogonal, it follows from the Koszul formula that all connection components are determined.
From (4.1), Proposition 5.2 and its preceeding paragraph in [8] it follows that we can locally
identify M with S® and we can consider X;, X, and X3 as the standard vector fields on S? with

Xi(z) = =i,
(63) Xa(z) = 7,
Xs(x) = zk.

Using the above formulas, the component p of the map can now be determined explicitly. First,
we write

for ¢ = 1,2,3, where D denotes the FEuclidean covariant derivative. Of course, by Theorem 1,

Dx,p =0. Then, we may compute by (18)

2cos A sin A
dp(X2),0) = +2sinA)Ey 4+ (—2cos A +
(dp(X2),0) = ( 7 JE2 + ( 7

2cos A sin A
— +2sin A)Es + (2cos A +
\/g ) 3 ( \/g

)J Es,

(dp(X3),0) = (

)JE3
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and we see that

V)Efl (dp(XZ)a 0) = (2dp(X3)7 O)’ V)E(Q (dp(X?))? O) = (O’ 0)5
(65) V%, (dp(X3),0) = (=2dp(X2),0), V¥, (dp(X2),0) = (0,0),
V)EQ (dp(X2),0) = (0,0), V)E(3 (dp(X3),0) = (0,0).
Moreover, it is straightforward to get
(66) (dp(X2),dp(X2)) = (dp(X3),dp(X5)) =4, (dp(X2),dp(X3)) = 0.

Next, we want to determine a system of differential equations satisfied by as and «s. For this,
we consider S? x S € R?* x RY. On the one hand, we use (64) together with Dx (dp(Y),0) =
(Dxdp(Y),0). On the other hand, we use (8) and, therefore, we obtain

Xi(az) = 2as, Xi(a3) = =20,
(67) Xo(az) =0, Xo(a3) = —ag X ag,
X3(O[2) = —a3 X a9, X3(Oé3) =0.

We choose a unit quaternion h such that at the point p(z) = 1 we have
an(1) = —2hjh~,
asz(1) = —2hkh™*,
g X ag(1l) = 4hih ™ .

Using (63), we can check that ay = —2hajr 'h™!, az = —2hakz = h~! and ag x a3 = 4hziz~1h~!
are the unique solutions for the system of differential equations in (67):

Xi(ao) = X1(=2hzjz A7) = —2(hX 1 (z)jz ' h™ + haj X1 (z= R
= —4hxkz~'h7!

= 20&3,

Xi(a3) = X1(—2hxkz™'h™Y) = —2(h X1 (2)ka 'Rt + hakX (g~ R
= 4dhaxjz th!

= *20427

Xo(as) = Xo(—2hzkz 'h™1) = —2(hajkz 'h~! + hak(—j)z~th™1)
= —4hxiz th!

= —Qg X (3,

Xo(ag) = Xo(—2hzjz = h™Y) = —2(hajjz th™ + haj(—j)z th™1)

X3(as) = X3(—2hxka™'h™) = —2(hakka ™ h™ + hak(—k)z~'h™1)
= 0’

Xs(ap) = X3(—2hzjz 'h™Y) = —2(hakjz 'h™' + haj(—k)z A1)
= dhxiz~"h !
=ay X og.
This in its turn implies that
(68) p(z) = —hiziz"'h™!
is the unique solution of X;(p) = pay; with initial conditions p(1) = 1. Indeed we have
X (p) = X1 (—hiziz™'h™1) = 0 = pay,
Xo(p) = Xo(—hiziz™ h™') = 2hizka ™ h™ = (=hiziz"'h™')(=2hxjz " h™) = pas,
X3(p) = Xg(—hiziz"'h™') = —2hizjz 'h~! = (—hiziz"'h™Y)(=2hzkz A7) = pas.
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Before we can determine the second component g of the Lagrangian immersion, we need to explore
the Codazzi equations further. First we look at the system of differential equations for the function
A in (59) and (60). Notice that by using the relations in (61) we have that

X1(A) =0,
(69) X5(A) = 2h35 csc A,

X3(A) = —2h3, csc A,
where the last two equations can be seen as the definition for the functions h3; and h3,. The
first one is, of course, a condition for the unknown function of A. Three out of the four Codazzi

equations then can be seen as integrability conditions for the existence of a solution of this system,
whereas the last one reduces to

Xo(Xo(A)) + X3(X3(A)) = (cot(A) — tan(A))((Xa(A))? 4 (X35(A))?) + 4(1 + 2cos(2A)) cot(A).
Under the change of variable A = arctan(e??), this equation simplifies to

_ 48
(70) X2(X2(8)) + X3(X5(8)) = %'

Note also that for A = Z, we get the solution corresponding to example (1) in Theorem 2, as it
follows. From (61) and (69) we see that

4

Xl = %Ela
4

X2 %EQa
4

X5 = Es.

3 \/g 3

This implies that M has constant sectional curvature %. Hence this corresponds to example (1)
in Theorem 2.

Remark 1. Note that there exist at least locally many solutions of the system

X1(8) =0,
2(3 — et
Xo(X2(B)) + X3(X3(8)) = %-
This can be seen by choosing special coordinates on the usual S3. We take
x1 = cos v cos(t + u),
x9 = cosvsin(t + u),
x3 = sinwv cos(u — t),
x4 = sinvsin(u — t).

As, given (63), at the point © = (z1, 22, 23, z4) the vectors in the basis are
Xi(2) = (a2, 21,24, —23),
Xo(x) = (—x3, —x4, 1, T2),
X3(z) = (—x4, 73, =72, 71),
it is straightforward to see that
ot = X,
Ou = cos(2v) X7 + sin(2t) sin(2v) Xo + cos(2t) sin(2v) X3,
Ov = cos(2t) Xo — sin(2t) X3,
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and conversely,

X, = 0t,
_ sin(2t) cos(2v)
Xo = Sin(20) Ou — sin(2t) Sn(20) Ot + cos(2t)0v,
_cos(2t) cos(2v)
X3 = Sin(20) Ou — cos(2t) Sin(20 )815 sin(2t)0v.
At last, the equations in (70) become %5 =0 and
’p | 0B op _
(71) CSC (QU)W =+ W + 2¢c ( )av f— 2(36 48 1)

The above differential equation is an elliptic quasilinear second order PDE. Hence, we can apply
the Cauchy-Kowalevskaya theorem (see [14]). Therefore, if we start with an analytic regular curve
without self intersections and analytic Cauchy data along the curve, we locally have a unique
(analytic) solution. Given that we can choose arbitrarily both the curve and the Cauchy data
along the curve, locally there exist many solutions for the system in (71).

In the following part we are going to determine the second part of the immersion. We start
with an arbitrary solution of

r
Xo(X5(B)) + X3(X5(B)) = %

and we are going to find a system of differential equations determining the immersion q. We define
h3, and h3; as in (69) and such that A = arctan(e??). First, we can write for each of the bases
that we took, {E;} and {X,}, the following:

Xi(q) = b1, Xi(p) = pou, Ei(q) = qB1, Ei(p) = pan,
XQ(q) = Q/BQa XQ(p) = pQ2, and Ez(q) = q@27 EQ(p) = pd27
X3(q) = qBs, Xz(p) = pas, E3(q) = qB3, Es(p) = pas,

where a; = 0 and «s and ag are as determined previously. Then, we prove as before that

. V3

- X Y
A QSinQAa2 s
_ cos(2A+ %) — Lsin(2A + 2F)
(72) b= - = singA + ) dz = 5(1— V3 cot A)ds,
V3
. cos(— 2A+2”)——sm( 2A + ZF)
B3 = V3 a3 %( ++v3cot A)as

1- ﬁ sin(—2A + 27)
and we continue the computations in order to find the system of differential equations for the
immersion ¢ in terms of the basis {X;}. As we identify df(X;) = X1, we have
(61) 4 4 . =
=" —F, = —(pa1,qB1).
/3 1 \/g(P 1,951)

Therefore, 51 = % B1. We may compute similarly for Dy, f and Dx, f and find

Dx, f = (X1(p), X1(q)) = (0,q81) = X

By =2csc A By — h%Q esc? Asec Afy, Gy = — —rhajrthl
=2cscA B3 — h23 csc? Asec ABy, &3 = ——ghaka  h™!

and

Bl = —?hxiaflh*l.
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Using now relations (72) we may express
By = —(1 —V3cot A) hazjz= h™t + hd, csc? Asec A haiz™ h™!,
Bs = —(1+ V3cot A) hzkz ™ h™ + hi; csc? Asec A hziz ™ h~t.
Finally, as X;(q) = ¢B;, we find
X1(q) = —2qhxiz=th~1,
X5(q) = q(h3y csc® Asec A haiz='h™" — (1 — /3cot A) hxjz='h™1),
X3(q) = q(h35 csc? Asec A hwiz™ h™ — (1 ++/3cot A) hakz~th™1),
which, given (69) and A = arctan(e??), is equivalent to
X1(q) = —2qhxiz=th~1,
(73) Xo(q) = q (—X3(B)hwiz='h=! — (1 — V/3e=??) hajz='h~1),
X3(q) = ¢ (X2(B) haiz='h™ — (1 4+ V3e=28) hakz~1h™1).
By straightforward computations, one may see that X;(X,;(q)) — X;(X:(¢)) = [Xi, X;](q) hold for
1,7 = 1,2,3. Therefore, the immersion f is completely determined by (68) and (73).

3.3.3. Case 3. The minimal surface p(M) is not totally geodesic, but the map P is not
an immerston. As mentioned before this means that

sin(2A)
5

Therefore, the equations in subsection 3.2 which follow from (23) and (24) become

(74) hiy = —

cos(2A
h%2 = _h‘%?,a W%2 = 71“2\/3(2 )7 w§1 = w§1 = —h§3 cot A,
142 cos(2A 142 cos(2A
hty = hi; =0, W§’1:7+;\/§)( )7 W§1:_7+2C\/§,( )7
w%l = W% =0, WSQ = _h§2 cot(24), Wgz = —h§3 cot(2A)
and
(75) Ei(A) = hiy,  Es(A) = h3s,  E3(A) = —hi,.

Moreover, the equations of Codazzi in (39) yield h$; = 0 and, therefore, w3, = w3; = 0. The first
two equations in (40) imply that

Ei(h33) =0 and Ei(h3,) =0,

while the next three ones vanish identically. The last two equations in (40) become
(76) Es(h3,) = —Es3(h3s)
and
(77) =1 —[1 + 6(h3y)% + 6(h35)%] cos 2A + cos 4A + cos 6A + 2[—E3(h3y) + E2(h33)]sin2A = 0,
respectively. The Lie brackets of the vector fields E1, Fs, E3 give

[En, Ea] =0,

[E1, E5] =0,
1+ 2cos(2A)

[Ea, B3] = — 7 Ey + hiy cot(2A) By + hiy, cot(2A) Es.
Next, we take new vector fields X7, X5, X3 of the form
X, = Ei,
(78) Xo = VAR, h§3)E1 + V2 Ey — V2 E;
3% (sin(2A))2 3% ,/sin(2A) 3%\/sin(2A)
X5 = V2(h3, + hiy) ) V2 o V2 Es.
3% (sin(2A)) 2 3% /sin(2A) 37 ,/sin(2A)
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We can easily check that [X1, Xo] =0, [X1, X3] = 0 and [X3, X3] = 0, therefore, by the lemma on
page 155 in [2], we know that there exist coordinates {t,u,v} on M such that

X, = ot,
X2 = 8u,
X3 = 0v.
Using (75) we obtain:
At = 07
A — h%? + h’§3
Y 31/4\/cosAsin A’
—h3y + 3,

PP —— 7 L
31/4y/cos A sin A

Furthermore, we express h3, and h3; from the previous relations as
1
h3y = 531/4(Au — Ay)Vecos Asin A,
1
M3 = 53" 4(Au + Ay)Veos Asin A

and therefore, the expression of (78) becomes

Xl = Elv
A, csc(2A) 1 1
79 Xo=— B+ By — ————F;,
(79) ? V3 ! 3%\/cosAsinA 2 37v/cosAsin A s
A 2A 1 1
X, = w esc( )E1 Bs.

+ — E, +
V3 33vcosAsin A ? 3%\/cosAsinA

Finally, by straightforward computations, one may see that equation (77) becomes

(80) = V3(A] + A7) cos(2A) + 3% (E2(Au) — Bs(Au) + Ba(Ay) + Bs(A,))Veos Asin A~
— 2(sin(2A) + sin(4A)) = 0.

We compute dp(du) and dp(dv):
V3 —2cos (2A + %) 2sin (2A + T) — /3 2cos (2A + 20) + 1

dp (Ou) = 39/1/2\/sim(2h) 2t 33/4\/2, /sin(2A) 3t 33/4y/2/sin(2A)

2005(2A—|—%) -1

JE>+

JEs,

33/4ﬂ\/m 3
d(@v)—\/g_QCOS<2A+%) _QSin(2A+§)—\/§E+2cos(2A+%’T)+1 .
p Ve amh)  giaamEh) T sivaamen)
2 2A+T) -1

cos (2A + %) B,

33/44/2,/sin(2A)

and we remark that they are mutually orthogonal and that their length is % So, as u,v are

isothermal coordinates on the surface, for which (Qu, du) = (Jv, dv) = 2e*, we obtain that

tan A
81 “ = .
(51 o =




LAGRANGIAN SUBMANIFOLDS OF THE NEARLY KAHLER §° x §3 21

On the one hand, for z = z + Iy as in subsection 3.1, we may compute dp(9z):

Ap(0=) = 3 ldp (0u) — 1 - dp (00)

T 22 33/41 sin(2A) O e e

2
(1+I)(f—2s1n<2A+f))E3+(1—1) 2c0s (20 + 5 ) 4 1) JEot
3 3
7r
(1+1) (2c0s (20 + g) —1) By
As
V3 — 2cos (2A—|— %) = 2sin A(V3sin A + cosA), 2sin (2A+ g) — V3 =2sinA(cos A — V/3sin A),
2 cos <2A+ 2;) +1=2sinA(sinA —v3cosA), 2cos (2A+ g) —1=—2sinA(sin A + V3 cosA),

we finally have
sin A
dp(0z) = 1—1)(V3sinA+cosA) Ey+ (1+1)(cosA —v3sinA) Es+
p(02) = i | D) ) B2t (1) ) Es

1) (sinA — V3cos A) JEy — (1+1) (sinA +/3cos A) JEg] .

Moreover, from (81), it follows that w, = m (A, —iAy).

On the other hand, we may compute ngdp(az) using the Euclidean connection V¥ :

_ir . 9 ,
V5.dp(9z) = —%El L esinA (3‘\/5’;;:;; A?’)) Ao =) o
e~ T sin A(Ay, +iAy,) g\/gcosA — 3sin A) Byt JE 4
3v/3sin2 (2A)
e~ T sin A(A, —iAy) (\/gsinA — 3cos A) JE,—
3¢/3sin? (2A)
(% + %) sin A(A, —iA,) (\/gsinA + 3cos A) JE
\@{‘/gsin%(QA) >

From the previous computations we see, indeed, that
VE dp(0z) = —N + w.dp(9z),

which corresponds to (15). From here, we remark the component in the direction of the normal
N = ¢ (see subsection 3.2) and we see that the choice of coordinates {t,u,v} following from (78)
is the right one, as we have indeed o(9z,0z) = —1, as in subsection 3.1. Using (81) together with
the fact that, by taking the inverse in (79), we have

E, = 0t,
1./sin(2A — A,
g, — Srvsin( )< Ay = Ay 8t+8u+8v),
2v/2 \/35111(2/\)
By = S1VsinCA) ( Ay + A, 8t+8u—8v),
2/2 \/gsm(QA)

we may prove that equation (80) is equivalent to the Sinh-Gordon equation in (16), which charac-
terizes the minimal surface.
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Reverse construction

Let S be a minimal surface given by p : S — S® C R*, on which we take isothermal coordinates
u and v as in subsection 3.1. Hence, we have a solution w of the Sinh-Gordon equation Aw =
—8sinhw. Next, we define a function A € (0, 5) such that

w  tanA
=7

Remark 2. If w = 0, then A = %, which corresponds to example (2) in Theorem 2.

(&

We then define a metric on an open part of the unit frame bundle of the surface by assuming
that the vectors

B, = ot

V/3ew/2 <wv — Wy, >
Ey = Ot+0u+0v |,
2T oVt 3 \ 2V3

V/3ew/2 (wv + wy, )
By = — Ot + 0u — Ov
ST T oT+3e \ 2v3

form an orthonormal basis. Next, we want to determine the Lagrangian immersion

(82)

f:SxI—S*xs?
(U,U,t) ‘_> f(u)v7t) = (p(u7v)t)7Q(u7v7t))7

for which we already know that the first component is the given minimal surface p. We write for
both bases

2(q) =qB1, Z(p) = pou, Ei(q) = qf1, Ei(p) = paa,
5 (a) = abs, %(p) = paz, and Es(q) = g, Ea(p) = paa,
~(q) =qBs,  5(p) =pas E3(q) = qBs, E3(p) = pas.

Note that a; = 0 and a5 and a3 are determined by the minimal surface. In particular as and as
are mutually orthogonal imaginary quaternions with length squared 2¢“. From the derivates of p
in the latter relations together with (82), we obtain

(83) Gg = ———(az + a3),

We then follow the same steps as in Case I and obtain

~ _ \/ge_""

B = 1 Qg X as,
~ \/g(ew/Q _e—w/2

(84) 52 = 4\/W )(042 +Oé3)7
53 = _\/g(eo‘)/2 _ e—w/Q)

WiTaes @2
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Finally, we take the inverse of the matrix which give {F;} in the basis {0¢t, Ou,0v} in (82) and
obtain

V3e™

B1=— 1oz X0,
By = %(46‘”@2 —dag 4+ wyag X ag),
By = 7%(4042 —4e”az + wyag X ag).
By straightforward computations, it now follows that
0B 0P
— — ——= =281 X 33 =0,
CT B1 X B2
0B 0Ps
— — —— =281 X 33=0,
9 ot B1 % B3
dBs 0P
— — —= =283 X 3 =0,
9w o B3 x B2

from which we deduce that the integrability conditions for the immersion g are satisfied.

4. CONCLUSION

The results in Section 3.3 can now be summarized in the following theorems.

Theorem 4. Letw and p be solutions of, respectively, the Sinh-Gordon equation Aw = —8sinhw
and the Liouville equation Ap = —e* on an open simply connected domain U C C and let p: U —
S? be the associated minimal surface with complex coordinate z such that o(0z,0z) = —1.

Let V. ={(z,t) | z € U,t € R,e“ " — 2 —2cos(4t) > 0} and let A be a solution of

<2\/§e“

tan A

- 2sin(2t)> = e¥TH — 2 — 2cos(4t)

on V. Then, there exists a Lagrangian immersion f:V — S x S* : 2 — (p(z), q(x)), where q is
determined by

99 _ _ V3 as X«

Ot 2/3ew — 2sin(2t) tan A L >

g 1 (e_w (,Uv o, (1o, + wy) cos(2t) tan A

ou 8 V3ew — sin(2t) tan A
44/3sin(2t) cot A g 043),

dqg 1 W ( (ty + wy) cos(2¢) tan A

= ==(- + wy +

v 8 ( ‘ Hlu 7 S V3ew — sin(2t) tan A

4(1 + V3 cos(2t) cot A) ¢ ag),

) q s X as —4(V3cot Acos(2t) + 1) ¢ aa—

) q ag X ag — 4v/3cot Asin(2t) q ag+

where g = Ppy, and g = PPy, -

Theorem 5. Let X1, Xy, X3 be the standard vector fields on S®. Let 3 be a solution of the
differential equations

2(3 — e*f)

X2(X2(B)) + X3(X3(B)) = —5—

on a connected, simply connected open subset U of S3.
Then there exist a Lagrangian immersion f : U — S* x S : @ — (p(x), q(z)), where p(x) = ziz™!
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and q is determined by
X1(q) = —2qhxiz=th~1,
Xo(q) = ¢ (—X3(B)hziz='h=! — (1 — V3e™?) hajz='h71),
X3(q) = q (X2(B) haiz='h™! — (14 V3e=28) hakz—'h~1).

Note that in the previous theorem the image of p is a totally geodesic surface in S?.

Theorem 6. Let w be a solution of the Sinh-Gordon equation Aw = —8sinhw on an open con-
nected domain of U in C and let p : U — S? be the associated minimal surface with complex
coordinate z such that 0(0z,0z) = —1. Then, there exist a Lagrangian immersion f : U x I —
S? x 3 : 2 (p(x), q(x)), where q is determined by

dq V3e v

5= g ¢azxas,

0 e

672 = T(4e“’qa2 — 4dqog + wyq a2 X ag),
0 e v

£ - _7(4‘1042 —4e¥qas + wuq a2 X as).

where ag = pp,, and ag = Ppy.

Theorem 7. Let f: M — S3 x S? : o — (p(x),q(x)) be a Lagrangian immersion such that p has
nowhere mazimal rank. Then every point x of an open dense subset of M has a neighborhood U
such that fly is obtained as described in Theorem 4, 5 or 6.
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