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Abstract

We consider second—order evolution equations in an abstract setting with damping and
time delay and give sufficient conditions ensuring exponential stability. Our abstract frame-
work is then applied to the wave equation, the elasticity system and the Petrovsky system.
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1 Introduction

Let H be a real Hilbert space with norm and inner product denoted respectively by || - ||z
and (-,-)g and let A : D(A) — H be a positive self-adjoint operator with a compact inverse in
H. Denote by V := D(A%) the domain of A3. Moreover, for i = 1,2, let U; be real Hilbert spaces
with norm and inner product denoted respectively by || - ||, and (-, )y, and let B; : U; — V' be
linear operators. In this setting we consider the problem

u (t) + Au(t) + By Biug(t) + BaByug(t —7) =0 ¢ >0, (1.1)
u(0) =ug and w(0) = uq,
Byu(t) = f(t) t € (~7,0),

where the constant 7 > 0 is the time delay. We assume that the delay feedback operator By is
bounded, that is By € L(Us, H), while the standard one By € L(Uy, V') may be unbounded.
Time delays are often present in applications and practical problems and it is by now well—
known that even an arbitrarily small delay in the feedback may destabilize a system which is
uniformly exponentially stable in absence of delay. For some examples in this sense we refer to

[8, 9, 21}, 27].


http://arxiv.org/abs/1308.5106v1

We are interested in giving stability results for the above problem under a suitable assump-
tion on the “size ” of the feedback operator By, when the feedback By is a stabilizing one. More
precisely, we will show that for a system which is exponentially stable in absence of time delay,
i.e. for By = 0, the exponential stability is preserved if || B3] is sufficiently small.

In this sense this paper extends and generalizes the result of [25] for wave equation with
local damping and time delay. On the other hand it completes the analysis of [2I] 23]. Indeed
here we do not assume

J a < 1 such that ||Byully, < «|Biulu,, VueV;

as in [23] (cfr. assumption (1.8) of [2I] for the wave equation).

Assuming that an observability inequality holds for the system (I1I), (I.2)) when By = 0,
through the definition of a suitable energy (see ([B:2])) and the use of a perturbation argument
as in [25], we obtain sufficient conditions ensuring exponential stability. Our abstract framework
is then applied to some concrete examples, namely the wave equation, the elasticity system and
the Petrovsky system.

The paper is organized as follows. In section Pla well-posedness result of the abstract system
is proved. In section [B] we obtain exponential stability results for the abstract system under
suitable conditions. Finally, in sections @] Bl and [6] we apply our abstract results to the wave
equation with local and boundary dampings, the elasticity system and the Petrovsky system
respectively. Other examples (like wave or beam equations on networks) could be given, we skip
them for shortness.

2 Well-posedness

In this section we will give well-posedness results for problem (LI)-(L3)) using semigroup
theory.
As in [2I] we introduce the function

z(p,t) == Bow(t —7p), pe(0,1), t>0. (2.1)
Then, problem (LI)-([L3) can be rewritten as

u(t) + Au(t) + By Biug(t) + B2z(1,t) =0 ¢ >0, (2
Tze(p,t) + z,(p,t) =0, pe(0,1), t>0, (2
u(0) =up and u(0) = uq, (2.
2(p,0) = f°(=7p) pe(0,1), (2
2(0,t) = Byu(t), t>0. (2

If we denote U := (u,uy, 2)T, then U' = (us, ug, z)" and U satisfies

Uu = Au
2.7
{ Z/[(O) = (u07u17f0(_7—'))T7 ( )
where the operator A is defined by
U v
Al v | :=| —Au— B1Bfv—Byz(1) |, (2.8)
Z —T_lzp

2



with domain

D(A) = { (u,v,2)T € V xV x HY((0,1);U3) : Au+ B1Bjv € H and z(0) = Bsv}. (2.9)
Denote by H the Hilbert space
H:=V x H x L*((0,1); Uy), (2.10)

equipped with the inner product

T
[SEEES N
<

where £ is any fixed positive number.
The following well-posedness result holds.

Proposition 2.1 For any initial datum Uy € H there exists a unique solution U € C(]0,+00), H)
of problem [27). Moreover, if Uy € D(A), then

U € C([0,4+00), D(A)) N C([0, +00), H).

Proof. We will show that the operator A defined by (28], (2.9) generates a strongly continuous

semigroup in the Hilbert #H defined in (ZI0), (ZII)).
Denoting by I the identity operator, we first show that there exists a positive constant ¢

such that A — cI is dissipative (cfr. [I]). Let (u,v,2)T € D(A), then

U U v U
<.A v |, v > = < —Au — B1Bjv — Baz(1) |, | v >
z z —T‘lzp z

H
= (A2v, ATu)y — (Au+ B1Bjv + Baz(1),v)y — 5/ 25(p), 2(p)) Uy dp .

H

Since Au+ B1Bjv + Byz(1) € H C V', by duality we have

u u
<.A v s v > = (A%U, A%U>H — (A’LL,’U>V/7V — (BlBikU,’U>V/7V

zZ zZ o

—(Baz(1),v)yrv — 5/ 2p(p), 2(p))u,dp

— —|Bfvlv, — ((1), Byv)u, — & /0 (P 2P i

Integrating by parts and using the relation z(0) = Bjv, we get

1
| oo 20Doado = 5101~ 1B5013,).



thus, using also Young’s inequality
u u ¢ 1
<A o ]| > < (5 5 ) 1ol < el
z z "

for a suitable constant ¢ > 0. Hence, the operator A — ¢/ is dissipative.
Now, we show that A\ — A is surjective for some A > 0. Given (f,g,h)T € H we seek
(u,v,2)T € D(A) such that

u f
M-A| v |=|gyg
z h
This is equivalent to
A —v=f; (2.12)
A+ Au+ B1Bjv + Baz(1) = g; (2.13)
Ae+T1712,=h. (2.14)

Analogously to [2I], suppose that we have found w with the appropriate regularity. Then,

by R.12),
v=Au—feV. (2.15)

Moreover, from (2.6]), (Z14) and (23], z is given by

p
2(p) = ABjue P — Bi fe P + Te_’\Tp/ Th(o)do, pe(0,1). (2.16)
0

In particular,
2(1) = ABjue ™ + z, (2.17)

where .
20 = —Bife  + TB_)‘T/ e*Th(o)do ,
0

is a fixed element of Us depending only on f and h.
It remains only to determine u. From (ZI2]) and ([2I3]) u satisfies

Nu+ Au+ AByBju + Boz(1) = g+ \f + B1Bi f,
and then, by (ZI7)),

Mu+ Au+ AB Biu+ Xe M ByBiu =g+ A + B1Bj f — By2". (2.18)
We denote the right-hand side of ([ZI8]) by w, namely

w:=g+\Nf+B1Bif—B:'e HC V.
Then, from (ZI8]), we have

(Nu+ Au+ AB1Bju+ e BaBiu, p)vr v = (w, )y v



Since u € V C H, we can rewrite

()\2u + Au+ )\Bleu + )\G_ATBQB;U, 90>V’,V
= 2 (u, )y v + (114“7 901>V’,V + XN Bfu, Bio)vr v + Ae N (Biu, Byo)v: v
= )\2<U, 90>H + <A§u7 A§Q0>H + )‘<BTU’7 Bik(p>U1 + )‘e_AT<B;u7 B;Q0>U2

Therefore, we obtain
1 1
)‘2<u7 (10>H + <A§u7 A§Q0>H + )\<BTU, BTQ0>U1 + )‘6_)\7<B§u7 B;90>U2 = <’LU, (10>V/,V' (219)

The left-hand side of (ZI9) is a continuous and coercive bilinear form on V. Then, Lax—
Milgram’s lemma implies the existence of a unique solution u € V' of ([2I9]) that satisfies

Ny + Au+ AByBju + Ae M ByBiju = w in V'.

This implies that Au € H and by defining v by (ZI5) and z by ([2.I6), we have found (u, v, 2)T €
D(A) satisfying (212)—-(@2I4). This implies that AI — A is surjective for all A > 0 and the same
holds for the operator \I — (A — cI).

Then, the Lumer—Phillips Theorem implies that A — ¢l generates a strongly continuous
semigroup of contraction in H. Hence, the operator A generates a strongly continuous semigroup

in H. [ ]

3 Stability result

For a fixed constant & satisfying
£>1, (3.1)

we define the energy functional for solutions to problem (LI))-(L3]) as

t
N

B(t) = B, 1) = (1T + @3 + 5 [ 1BSuls)[3,ds. (3.2)

t—1

We can obtain a first estimate.

Proposition 3.1 For any regular solution of problem (LT) — (L3)

§

L+8& s .
1B3ue (1)II2y, — >~ Bsue(t — 7). (3:3)

N —1
E'(t) < ~ B0}, + = .

Proof: Differentiating E(t) we get
1 1
E(t) = (Abu(t), Abue(®)) -+ (unlt), ()1 + 5| B30I, — S Bjult — 7).

Hence using the definition of A and ([LI]) we get successively

E'(t) = (Au(t),w(t))v,v — (w(t), Aut)) v,y — (u(t), BiBiw(t)) v,y
~{unl0), BBt — v + S1Bjut) I, — SIBgwlt — D,
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Then,
E'(t) = =[1Biu(®)t, — (B3wi(t), Byuilt = 7))v, + 2l B3us(W)Er, — 2| Bus(t = 7)1
and (B.3]) follows from Cauchy-Schwarz’s inequality. [ |

Note that, from (3.3]), the energy of solutions to problem (LI)—(L3]) is not decreasing in
general. Indeed the second term in the right-hand side of ([8.3]), coming from the delay term in
(L), is non negative. We now consider, as in [25], the next auxiliary problem which is close to
the first one but whose energy is decreasing.

eie(t) + Ap(t) + B1Biwi(t) + BaBypi(t — 1) + EBaBypi(t) =0, >0, (3.4)
©(0) = o, ¢i(0) = 1, (3.5)
Byoi(t) = ¢°(t), t e (-,0), (3.6)

where ¢ is the same constant as in (3.2)).
The well-posedness of system ([B.4)—(B.6) can be proved using standard semigroup theory
as in Proposition 2.1 Analogously to above we introduce the function

n(p,t) = Byge(t —7p),  p€(0,1), t>0;
and we rewrite the problem in the abstract form

{ ' = A,
®(0) = (0, 01, 9° (=),

where the operator A° is defined by

@ (0
A v | = —ASDI— B1B{vY — Ban(1) — B2 B3y |
n =T "1p

with domain D(A°) = D(A) (see (1)) in the Hilbert space H defined by (ZI0) and II).

Proposition 3.2 For any initial datum ®¢ € H there exists a unique solution ® € C([0,+00), H)
of problem B.1). Moreover, if ®q € D(A"), then

® € C([0,+00), D(A”)) N C([0, +00), H).
For solutions of problem (B.4)—-(B.6]) the energy F(-),

F(t)i= Flot) = 5143 01h + el +5 [ 1Be)lfds. (38)

with ¢ satisfying ([B.0]), is decreasing in time.
More precisely, we have the following result.

Proposition 3.3 For any reqular solution of problem [B.4]) — [3.8), we have

F'(t) < —||Bieu(t)ll5, — ?HB%Dt(t)H%g — 5 1Baee(t - [, (3.9)
Then, if & satisfies B1)), the energy F(-) is decreasing.



Proof. In order to have ([B.9) we differentiate ([B.8]). Hence, using the definition of A and (B.4),
we obtain

Ft) = (Ao, Abgn + (o ou) + SIB3a0)IE, — S1B3eit — IR,
= (Ae(t),et)vrv — (ee(t), Ap(t)) vy — (pe(t), BiBrei(t)) vy — E(ee(t), BaBsgi(t))v,vr

~(lt), BaBin(t — 1w + S Biwu(®) |, — SIBs it — )3,

Then,
Fit) = —IBia®l, - €lBseu®lE, — Bior(t), Bgult — 1o,
+E1B3 I, — SIBSet — IR,
and therefore (B.8)) follows from Cauchy-Schwarz’s inequality. [ |

Consider now the following damped system associated with (I]) and (L2]),

wy(t) + Aw(t) + BiBjwy =0 t>0 (3.10)
w(0) =wp and w(0) = wy (3.11)

with (wp,wy) € V x H. For our stability result we need that this system is exponentially stable
or equivalently that the next observability inequality holds (see Lemma 3.2 of [20]). Namely we
assume that there exists a time 7 > 0 such that for every time 7' > T there is a constant c,
depending on 7" but independent of the initial data, such that

T
Bs(0) < c / | By (8)|13, dt, (3.12)
0

for every weak solution of problem (BI0), (B11]) with initial data (wg,w;) € V x H.
Here Fg(-) denotes the standard energy for wave type equations, that is

1,1
Es(t) = Es(w,t) := S ([AZw(®)[7 + [wi(®)]]7).
For shortness let us denote by Cy the norm of Bs
[Ball = [ Bzl = C2. (3.13)
We can prove an exponential stability result for the perturbed problem (B4)—(3.6)).

Theorem 3.4 Assume that (B1) holds and that the observability estimate BI2]) holds for prob-
lem BI0) — BII). Then, there are two positive constants K, fi such that

F(t) < Ke ™F(0), t>0, (3.14)
for any solution of problem B4 — B.8). In particular,

_Co—l—l

K
Co ’

(3.15)



(3.16)

with T' any fized time satisfying T > max {T,7}, T being an observability time for B12), and
32¢TC2 + ¢ 32cC2TE?
(-1 7 &1 ’
where Cy is as in BI3) and ¢ := ¢(T) is the observability constant in (3.12).

Cp = max {26, (3.17)

Proof. Following a classical argument (see [28]) we can decompose the solution ¢ of ([3.4]) — (B.6])
as
p=w+w

where w is the solution of system B.I0]), 11 with wy = g, w1 = ¢1; while w solves

’lI)tt(t) + Aw( ) + BlBl’wt( ) = —gBQBSQOt(t) — BQBSQDt(t — 7') t>0 (318)
w(0) =0 and w(0)=0 (3.19)

By B.3),

0
F(0) = Bs(w,0) + f/n@%mm@

= Bs(w.0)+ 5 [ B3t = 7).
Therefore, from [3I2), if T > max{T, 7} we obtain

Fw>3cA W%wdﬂbﬂt+§/ |B3e(t — 7|3, dt

< 26/0 (1B (I, + | Brae )17, )dt + = / | B3 (t — 7)1, dt,

where ¢ is the observability constant for the damped system BI0), BI1).
Now, observe that from (BI8]),

d1

1 o o - o
dt2(”wt( OF + 1420 ) 17) + |Biwllf, = (b, by + A + By Bjy)

— (@1, —€BaBiault) — BaBslt — D)
Integrating in time from 0 to ¢, for ¢ € (0,277, and using ([BI9) we have

1 1
Sl ()1 + |AZd(8)|1F) /HBlwt s)|t, ds

2
= [t ~eBaB3as) ~ BoBils ~ 7mds,
0
and then
t
0 mr+;/uBﬂw Hmds_STcg/‘wawt>WMB+BTG%§AHBaw@wadS

vara [, IBs@Ods +5TCE [ 1Bt~ )l ds.
(3.21)



where Cy was defined in (B.13).
This estimate directly implies that for all ¢ € [0,277], one has

2T

1 o .
L/H%W@%@+W@34H%%®%M

um<uH+2/quw>mﬁk_4ﬂy

+W%A |Byr(s — 7)[13,ds

(3.22)
and so, integrating in [0, 277,

2T 2T pt 1 2T
| laeihar sz [ [ IBia IR, dsde < oo [ 185000170
0 0 0 212 0 (3'23)

2T
+mﬁ@§/ Mmmw@w+wﬂﬁ/ |Bygr(s — 7)[[3,ds.
0 0
Therefore,

1 2T 2T ) ) 2T 5
50/ et Hﬂdt+x{/ /"nBlwt $)3, dsdt < 16T2C3¢ /“ 1B r(s) 2, ds
0 0

+wW@A |Byouls — )|, ds.
from which follows
2T
/’/H&m mwmwwﬂ@é/\wwmes
wﬂ@A |Byr(s — 7)[[3,ds

Using the fact that

2T 2T )
/ /w&m M dsdt = [ IBia(s) I}, 27 9 ds

T
AHEﬁ@%ﬂTﬂMS

v

v

T
7 [ 1B, ds

we deduce that
2T

T
/H&mmﬁﬁéwﬁﬁéH@%@%w

27 (3.24)
#8703 [ 155 = Dl ds.
Using (3:24) in (320) we obtain
! 2 ) & [T 2
FO) <2 [ |Bio®lfdi+ (16CF+ 5) [ [Biott - )
0 0 (3.25)

2T
+16cC3TE> /0 I Bsspi ()|, dt,
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that we rewrite as

2T 2 2T
) 320TC2+ ¢ (€1 )
Fo <2 [ 1Bl 2L ( / HstO(t—T)HQUzdt>

¢ 1 2 3.26)
32CC2T52 g -1 2T . 2T ( :
H2EE (S [T imeita) <o [ P

with Cp as in (BI7).
Therefore, from (3.26]), using also that F'(-) is decreasing we obtain

F(2T) < F(0) < Co(F(0) — F(2T)).

Then,
F(2T) < Co F(0)
—Cy+1 ’
and this implies the exponential estimate [B.I4]) with K, i as in (BI5), (3I6]), due to the semi-
group property together with the fact that I’ is non increasing. [ |

Now, let us recall the following classical result of Pazy (Theorem 1.1 in Ch. 3 of [24]).

Theorem 3.5 Let X be a Banach space and let A be the infinitesimal generator of a Cy semi-
group T(t) on X, satisfying |T(t)|] < Me“t. If B is a bounded linear operator on X then A+ B
is the infinitesimal generator of a Cy semigroup S(t) on X, satisfying || S(t)| < MeWTMIBIE

Using this perturbation result we are ready to give the asymptotic stability result for
problem (LI)—(L3]) when the norm of the delay feedback Bj is sufficiently small.

Theorem 3.6 Assume that the observability estimate ([B.12)) holds for problem (BI0) — B.1I).
For all £ > 1 in the definition [B2), there is f > 0 depending on T, 7, & and on the operator
By, such that if the delay feedback satisfies | B3| < [, then there exist positive constants K, u

for which we have
E(t) < Ke " E(0), t>0, (3.27)

for any solution of (LI — (L3).

Proof. We can see problem ([LI)-(L3]) as a perturbation of the auxiliary one. Therefore,

U u
Al v | =A+B) | v
z z
with
U 0
Bl v | = —§{B2Bjv
z 0

From Theorem B.4] and Theorem 35 we know that if

i+ K|B|| <0, (3.28)

10



where i and K are defined by (B1I5), (3.10) and ([BI7), then
E(t) < Ke "E(0),

with p = i — K||B||, for any solution of problem (LI)—(L3).
It remains to prove that ([B.28)) is satisfied for || B;|| sufficiently small. We can rewrite (3.28))
as

Bl <

that is
1 Cy Co+1

2T Co+ 1 Co
The difficulty is that the constant Cj (defined by (BI7))) appearing in the right-hand

side of this estimate depends on £ and Cs as well. So let us consider the continuous function
h: (0,400) — (0,400),

£C3 < (3.29)

s s+ 1
h(s) := 1 .

() s+1 s
Then, h tends to zero for s — 0 and for s — +00. Moreover, h assumes the maximal value 1/e

at is increasing before e% and decreasing after.

1
e—1° 1

Now it is easy to check that g_fl > :11 Considering that ¢ is fixed > 1 and T is fixed as
well, we consider Cy as a function of Cy > 0, that we write Cp(C2). But we remark that from

its definition, Cp is non decreasing (in Cy) and

Cy(0) = max {20, gEl}> eil'

Hence h(Cy(C2)) is non increasing as a function of Cy with h(Cy(0)) > 0 and since the left-hand
side of ([3:29)) is increasing in Cy and is zero at Cy = 0, there exists a point S > 0 such that

2¢3°T = h(Co(B)),

and for which ([3:29) holds for all Cy € [0, 3).
Obviously 3 depends on T (and then on T and 7), on & and, through the observability
constant ¢ and the time 7T, on the feedback operator Bj. [ |

Remark 3.7 If B is bounded, namely if By € L(Uy, H), then by Proposition 1 of [II], the
system (BI0) — (BI1) is exponentially stable (or equivalently the observability estimate (B.12))
holds for problem (310) — (311))) if and only if the observability estimate

1 1 T N
Bs(0) = 5(14bunlly + s ) < ¢ [ 1Bt 0)1F, (330)

holds for some 7' > 0 and ¢ > 0, for every weak solution ¢ of the conservative system

©(0) =wy and ¢ (0) = wy (3.32)
with initial data (wg,w;) € V x H. [ ]

11



4 The wave equation

4.1 Internal dampings

Our first application concerns the wave equation with locally distributed internal dampings.
More precisely, let 2 C IR" be an open bounded domain with a Lipschitz boundary 9. We
suppose given by, bg in L>°(Q2) such that

bi(z),ba(x) >0 ae. x €.

Let us consider the initial boundary value problem

ug(x,t) — Au(z, t) + by (x)ug(x, t) + bo(x)ur(x,t —7) =0 in Q x (0,+00), (4
u(z,t) =0 on 90 x (0,+00), (4.
u(z,0) =up(x) and wu(z,0) =wui(z) in €, (4.
Vboug(z,t) = fO(z,t) in wy x (—7,0), (4

(4

~— ~— ~— ~—

1
2
3
4
5

with initial data (ug, u1, f°) € H}(Q) x L3(Q) x L2((—7,0); L*(w2)), where w; = {x € Q : b;(z) >
0} is the support of b;, i = 1 or 2.
This problem enters into our previous framework, if we take H = L?(2) and the operator
A defined by
A:D(A) - H : u— —Au,

where D(A) = {u € H}(Q) : Au € L?(Q)}. This operator A is a self-adjoint and positive
operator with a compact inverse in H and is such that V = D(AY2) = H}(Q). We then define
U = L?(w1), Us = L?(ws) and the operators B;,i = 1,2, as
Bi : Uz — H UV — bl(a;)f), (46)
where © € L?(Q) is the extension of v by zero outside w;. It is easy to verify that
Bio = \/b_,-cp‘% for ¢ € H.

As BB}y = b;p, for any ¢ € H and i = 1,2, we deduce that problem (£I)-(44]) enters in the
abstract framework ([LI)—(L3]).

In this setting, the energy functional is

E(t) = %/Q{u?(x,t) + ]Vu(m,t)]Q}dx + g /t—'r /Q bg(x)u?(x,s)da;ds, (4.7)

which is the standard energy for wave equation
1
Bs(t) = Bs(w.t) i= 5 [ (w + [Vul)da,
Q

plus an integral term due to the presence of a time delay.

12



Since By is bounded, according to Remark 3.7 our main assumption concerns the existence
of an observability estimate for the standard wave equation:

ou(z,t) — Ap(z,t) =0 in Q x (0,+00) (4.8)
o(z,t) =0 on 090 x (0,+00) (4.9)
o(z,0) =wp(x) and ¢p(x,0) =wi(x) in Q (4.10)

with (wg,wy) € H&(Q) X L2(Q).
We then assume that there exists a time 7" > 0 such that for every time T' > T there is a
constant ¢, depending on 1" but independent of the initial data, such that

T
Es(0) < C/o Ab1($)@?(x,s)d$ds, (4.11)

for every weak solution of problem (] — (ZI0).
According to (BI3) we have
1Ball = [1b21222, (4.12)

where, for v € L>(Q), we denote [|v]|oc = sup,eq |v(z)|, the L> norm of v.
Therefore, according to Theorem B.6, we have the next result:

Theorem 4.1 Assume that the observability estimate (LI1]) holds for the wave equation [{L8]) —
HIQ). For all > 1 in the definition [@T), there is B > 0 depending on T, T, & and by such that
if [|b2]lco < B, then there exist positive constants K,y for which we have

E(t) < Ke "™E(0), t>0,
for any solution of (A1l — (4.4).

Remark 4.2 1. From Lemma VIIL.2.4 of [I8] (see also [I4] [15] 17, 19, 28]), the observability
estimate ([@II]) holds for the wave equation (@8] — (@I0) if the boundary of € is of class C?, if
T is bigger than the diameter of 2 and if

bi(z) >0° >0, ae zcuw, (4.13)
when the open subset w of Q is a neighborhood of 'y, where
Fo={z€dQ: (x—x) - -v(x) >0}, (4.14)

for some zy € R™ and v(z) is the outer unit normal vector at x € 9.

2. From [2], the observability estimate ([AII]) also holds for the wave equation (L8] — (£I0) if
the boundary of Q is of class C*° and if ([@.I3)) holds when the open subset w of {2 satisfies the
geometric control property. [ ]

Remark 4.3 According to point 1 of the previous remark, Theorem [A.] allows to recover the
results from Theorem 1.2 of [25] in a larger setting. [ |
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4.2 Internal and boundary dampings

We assume here that the boundary 0 of € is splitted up as 902 = I'g U T'1, where I'g, I'1 are
closed subsets of 9Q with I'o NIy = (. Moreover we assume that I'g and I'; have an non empty
interior (on 092). We suppose given k € L>°(I'g) and b € L*>() such that b(z) > 0 a.e. x € Q
and

kE(x) > ko > 0 a.e. x € T.

We here consider the problem

u(z,t) — Au(x,t) + b(z)ug(x,t —7) =0, z€Q, t>0, (4.15)
u(z,t) =0, ze€ly, t>0 (4.16)
%(az,t) = —k(z)ut(x,t), x€ly, t>0 (4.17)
u(z,0) = up(x), u(z,0) =ui(x), =z €, (4.18)
Viu(z,t) = fOz,t), ze€Q, te(-T,0), (4.19)

with initial data in a suitable space.
This problem enters into our previous framework, if we take H = L?(2) and the operator
A defined by
A:D(A) = H : u— —Au,
where
ou

D(A) :=={u € H} (Q) : Aue L*(Q) and ey

0on Ty},
with
Hi ={ueH(Q) :u=0onTy}.

We then define Uy := L?(Tg), Us := L?(ws) (w2 being the support of b) and the operators
B, By as
By € L(Us; H), Bou = /b(x) 0, Yu € L*(wy),

and
By € L(U; V"), Biu = Vk A_1Nu, Vu € L*(Iy), Biw = \/Ewuﬂo, Yw eV :=D(AY?),

where A_; is the extension of A to H, namely for all h € H and ¢ € D(A), A_1h is the unique
element in (D(A))" (the duality is in the sense of H), such that (see for instance [26])

(A_1h; ©)(D(a)y D(A) Z/QhASOdl’.

Here and below N € £(L?(T'g); L*(Q)) is defined as follows: for all v € L?(Ty), Nuv is the
unique solution (transposition solution) of

N
ANv =0, Nv|p1:O,M =0
v To

With these definitions, we can show that problem ([@I5])—-(@I9]) enters in the abstract frame-

work ([LI)—(T3]).

Now, the energy functional is
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B(1) = 5 /Q (1) + [Vl )Py + 5 /t - /Q b(z)ud(z, s)dds. (4.20)

As By is not bounded, we need to consider the non delayed system

wy(z,t) — Aw(z,t) =0 in 2 x (0,400) (
w(z,t) =0 on Iy x (0,+00) (
Z—Z)(x,t) = —k(x)wi(x,t), €Ty t>0 (

(

w(x,0) = wo(z) and wi(x,0) =wi(z) in Q

with (wg,wy) € Hfl‘l (Q) x L2(Q).
Hence our main assumption will be: There exists a time 7 > 0 such that for every time
T > T there is a constant ¢, depending on 7" but independent of the initial data, such that

T
Es(0) < C/O /1“ k(z)w?(z, s)dxzds, (4.25)

for every weak solution of problem (E21]) — ([F24]).
Then, our previous results apply also to this model and we can restate Theorem

Theorem 4.4 Assume that the observability estimate ([A25]) holds for every weak solution of
problem [E21)) — [@24). For all € > 1 in the definition [E20), there is 8 > 0 depending on T, T,
€ and k, such that if ||b(x)]|ec < B, then there exist positive constants K, p for which we have

E(t) < Ke ™E(0), t>0,

for any solution of (£13]) — (EI9).

Remark 4.5 1. From Theorem 1 and Remark 1 of [13] (see also [5l [6] [7} [16]), the observability
estimate ([{27]) holds for the damped wave equation ([A21]) — (£24) if the boundary of € is of
class C?, if T is large enough and if Ty is given by {@I4) for some zg € R™.

2. From [2], the observability estimate (£258]) also holds for the damped wave equation ([@21]) —
[#24) if the boundary of Q is of class C* and if the part Iy satisfies the geometric control
property.

3. If we suppress the assumption I'yNT'y = (), then Theorem 1 of [13] shows that the observability
estimate (4.25)) holds for the damped wave equation (A.2I]) — (£.24]) under the same assumptions
than in point 1 but with the choice k(z) = (x — o) - v(z) and if n < 3 (see also Proposition 6.4
of [I0] in dimension 2). For this example, k is no more uniformly positive on I'g, nevertheless it
enters into our abstract framework. [ |

Remark 4.6 This result, namely exponential decay of the energy for solutions to problem
(EI5)—(EI9) for “small” internal delay feedback, has been first proved in [I], for b and k constant
and T'g given by ([4.I4)), by constructing a suitable Lyapunov functional and using the multiplier
method. We give here a simpler proof by using a more general method, allowing to weaken the
assumptions on b, k and I'y. [ |
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5 The elasticity system

5.1 Internal dampings

Here we consider the following elastodynamic system

u(x,t) — pAu(z,t) — (A4 p)V div u

+b1(z)ur(z, t) + ba(z)ur(z,t —7) =0 in Qx(0,+00), (5.1)
u(z,t) =0 on 90 x (0,4+00), (5.2)
u(z,0) =up(z) and wu(x,0) =wui(zr) in €Q, (5.3)
Vboue(z, ) = fO(t)  in wy x (—7,0), (5.4)

with initial data (ug,u1, f) € H(Q)" x L2(Q)" x L*((—7,0); L?(w2)") and by, by satisfying the
same assumptions as in subsection [l Note that in this case the state variable u is vector-valued
and A, u are the Lamé coefficients that are positive real numbers.

As before this problem enters into our abstract setting, once we take H = L?(Q)", and A
defined by

A:D(A) - H : u— —pAu(z,t) — (A + p)V div u,

where D(A) = {u € HY Q)" : pAu+ (A + p)V div u € L*(Q)"}.
The operator A is a self-adjoint and positive operator with a compact inverse in H and is
such that V = D(A'/?) = H}(Q)" equipped with the inner product

(u,v)y = / <M Z O0iuj0ivj + (A + p) div u div v) dz, Yu,v € H(Q)".
QO =
i,j=1
We then define U; = L?(w;)" and the operators B;,i = 1,2, as
Bi:U;—H: v— /b,
where v is the extension of v by zero outside w;. As before
Bi(p) = Vbipy, forp€H,

and thus B;B}(¢) = by, for any ¢ € H and ¢ = 1,2. So, problem (GI)-(%.4]) enters in the
abstract framework ([LI)—(L3]).

Therefore in order to apply the abstract results of section Bl we only need to check the
observability estimate for the associated conservative system: There exists a time T > 0 and a
constant ¢ > 0 such that

1 T
swowoy + [ Juidn) <e [ [ bila)loPo,s)dods, (55)
Q 0 Jo
for every weak solution ¢ of

(ptt(l‘7t) - MASD(:U?t) - ()‘ + lu’)v div 90($7t) =0 in Qx (07 +OO)7
o(z,t) =0 on 092 x (0,+00),
o(z,0) =wp(z) and ¢(z,0) =wi(x) in Q,
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with initial data (wq,w1) € HE(Q)™ x L2(Q)".
If such an estimate holds, the stability result from section [B] can be applied to the above
system.

Remark 5.1 Under the assumptions of point 1 of Remark [£.2] the observability estimate (5.5])
is obtained in the proof of Theorem 3.1 of [4] (estimate (3.2) of [4]). |

5.2 Internal and boundary dampings

Under the assumptions of subsection we consider the following elastodynamic system

u(x,t) — pAu(z,t) — AN+ p)V div u + b(x)ug(z,t —7) =0 in  Q x (0,400),
u(z,t) =0, zel, t>0

o(u(z,t)) - v(z) = —k(x)ui(z,t), x €Ty, t>0

u(z,0) =up(x) and ui(z,0) =ui(z) in €Q,

Vouy(z,t) = fO(t) inwy x (—7,0),

with initial data (ug,uq, f) € H(Q)" x L2(Q)" x L*((—7,0); L?(w2)") and

c c c c
© 0o 3 O
= D =

o~~~ o~

o(u) = N(Z Oi(uj)vi)j—y + (A + p)( div u) v on Ty.
i=1

This problem enters into our abstract setting, once we take H = L?(Q)", A defined in the
previous subsection, and B; and By defined as in subsection

As Bj is not bounded, we need to assume that there exists a time 7 > 0 such that for every
time T > T there is a constant ¢, depending on 7 but independent of the initial data, such that

((wo, wo v+/ lwi|? dx) <c/ / x)w | (x, s)dxds, (5.10)

for every weak solution w of the non delayed system

wy(z, )—,qu(m,t)—()H—,u)Vdivsz in Qx (0,+00),

w(x,t) = zel, t>0 (5.11)
o(w(z, )) V(a:) = —k(x)wi(z,t), xze€Tly t>0 (5.12)
w(x,0) = wo(r) and wi(x,0) =wi(z) in €Q,, (5.13)

for initial data (wo,w;) € Hg(Q)™ x L?(2)".
Again if such an estimate holds, the stability result from section Bl can be applied to the

system (5.6)—([E9).

Remark 5.2 1. Under the assumptions of point 1 of Remark [£5] the observability estimate

(EI0) is proved in [3].

2. If we assume that the boundary of € is smooth and that
(x — ) -v(z) <0on Ty,
then the observability estimate (5.10) is proved in Lemma 3.2 of [12]. [ |
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6 The Petrovsky system

6.1 Hinged boundary conditions

Let © C IR" be an open bounded set with a boundary 92 of class C* (as before this regularity
could be weakened).
Let us consider the initial boundary value problem

uge(z,t) + A%u(2,t) + by (2)ug(2, ) + ba(2)ug(2,t —7) = 0 in Q x (0, +00),  (6.1)
u(z,t) = Au(z,t) =0 on 02 x (0,400), (6.2)
u(z,0) =up(x) and ui(z,0) =ui(z) in €Q, (6.3)
wg(z,t) = fO(x,t) in wy x (—7,0), (6.4)

with initial data (ug, w1, f°) € (H2(Q)NH(2)) x L2(Q) x L?((—7,0); L?(w2)) and by, b satisfying
the same assumptions as in subsection 11
Now, we take H = L?(Q2) and let A be the operator

A:D(A) — H : u— A%, (6.5)

where
D(A) = {v e H}(Q) N H Q) : Au =0 on 9Q}.
The operator A is self-adjoint and positive, has a compact inverse in H and satisfies
D(AY2) = H?(Q) N HA(Q). We then define U; = L?*(w;) and the operators B;,i = 1,2, by
4). So, problem (G.I)—([6.4]) enters in the abstract framework (LI)—(L3).

If an observability estimate of the associated conservative system holds, then the results of
section [3] apply also to the plate model.

Remark 6.1 Under the assumptions of point 1 of Remark and the additional regularity
of the boundary, it is well-known that an observability estimate of the associated conservative
system holds, see Proposition 7.5.7 (see also Example 11.2.4) of [26]. |

6.2 Clamped boundary conditions

Let Q € IR? be an open bounded set with a boundary 9 of class C'*.
Here we consider the initial boundary value problem

ug(x,t) + A%u(z, t) 4 by (@)wy (2, 1) + bo(x)uy(z,t —7) =0 in Q x (0,400),  (6.6)
u(z,t) = %(:ﬂ,t) =0 on 092 x (0,400), (6.7)
u(z,0) =up(z) and wu(x,0) =ui(zr) in €Q, (6.8)
ue(z,t) = fO(z,t) in wy x (—7,0), (6.9)
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with initial data (ug,u1, f) € H3(Q) x L2(Q) x L?((—,0); L?(w2)) where

H2(Q) :={ pec H*Q) : u:%:()on o0},

and by, by satisfy the same assumptions than in the previous subsection.

As usual, if an observability estimate holds for the associated conservative system, the

results of section [3] can be applied to this model.

Remark 6.2 Under the assumptions of point 1 of Remark and the additional assumptions
of this subsection, the observability estimate for the associated conservative system has been

recently proved by the authors (see [22], Theorem 6.1). [ |
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