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Abstract

We consider abstract evolution equations with a nonlinear term depending on
the state and on delayed states. We show that, if the Cy-semigroup describing the
linear part of the model is exponentially stable, then the whole system retains this
property under some Lipschitz continuity assumptions on the nonlinearity. More
precisely, we give a general exponential decay estimate for small time delays if the
nonlinear term is globally Lipschitz and an exponential decay estimate for solutions
starting from small data when the nonlinearity is only locally Lipschitz and the
linear part is a negative selfadjoint operator. In the latter case we do not need
any restriction on the size of the time delays. In both cases, concrete examples are
presented that illustrate our abstract results.

1 Introduction

Let H be a fixed Hilbert space with inner product (-,-) and norm || - ||, and

consider an operator A from H into itself that generates a Cy-semigroup (S(t)):>o that is
exponentially stable, i.e., there exist two positive constants M and w such that

1Sl ey < Me ™!, V>0, (1.1)

where, as usual, £L(H) denotes the space of bounded linear operators from H into itself.
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We consider the evolution equation

Ui(t) = AU(t) + X1, F(U(#),U(t — 7)) in (0, +00), (1.2)
Ut —7) =Us(t), Vte(0,7], '
where [ is a positive natural number and 7; > 0,72 = 1,---, I, are time delays. Without

loss of generality we can suppose that the delays are different from each other and that
<T=T1, Vi=2,---,1.

The nonlinear terms F; : H x H — H satisfy some Lipschitz conditions, while the initial
datum Uy satisfies Uy € C([0, 7]; H). We denote by U° the initial datum at ¢ = 0, namely

Ul =Uy(r)eH. (1.3)

Time delay effects frequently appear in many practical applications and physical
models. On the other hand, it is well-known (cfr. [3, [6] [7, 19, 29]) that they can induce
some instability. Then, we are interested in giving an exponential stability result for such
a problem under a suitable smallness condition on the delay 7 or on the initial data. In
[21] we have studied the case of linear dependency on the delayed state U(t — 7), i.e., we
have considered the model

{ Uy(t) = AU(t) + G(U () + kBU(t — ) in (0, +00),

U(0) =0° BU(t—7)=g(t), Vte(0,7), (1.4)

where B is a fixed bounded operator from H into itself, G : H — H satisfies some Lipschitz
conditions, the initial datum U° belongs to H and g € C([0,7]; H).

For some concrete examples, mainly for G = 0, it was known that the above problem,
under certain smallness conditions on the delay feedback kB, is exponentially stable, the
proof being from time to time quite technical because some observability inequalities
or perturbation methods are used. For instance the case of wave equation with interior
feedback delay and dissipative boundary condition was considered in [2] by constructing
suitable Lyapunov functionals while the case of a locally damped wave equation with
distributed delay has been analyzed in [26] by introducing an auxiliary model easier to
deal with and using a perturbative argument. The last approach has then been extended
to a general class of second order evolution equations in [20]. The case of a Timoshenko
system with delay has been studied in [28] by using appropriate Lyapunov functionals.
Also wave type equations with viscoelastic dissipative damping and time delay feedback
have been considered (see e.g. [12],[1]). Moreover we quote the book [3] for several examples,
also in the parabolic case.

Therefore, in [21I] our main goal was to furnish a general stability result based on
a direct and more simple proof obtained by using the so-called Duhamel’s formula (or
variation of parameters formula). Indeed we proved an exponential stability result under
a suitable condition between the constant k and the constants M, w, 7, the nonlinear term
G and the norm of the bounded delay operator B .



Now, we extend the results in [21I] by analyzing the more general model (L2). In
particular, while in [21] we have considered only linear dependency on the delayed state
U(t — ) (see (L4)), we now consider a nonlinear dependency on the state and also on
the delayed states. We first treat the case when Fj, ¢ = 1,..., I, are globally Lipschitz
continuous and give an exponential stability result under a smallness assumption on the
time delays. The proof, when adapted to model (I.4]), is easier with respect to the one
that we gave in [21] for the globally Lipschitz case. However, the result from [21] allowed a
bit larger size on the time delay (see Remark 2.0) in order to have an exponential stability
estimate for problem (L4)).

Then, we assume that the nonlinearity is only locally Lipschitz continuous (with a
stronger topology) and we prove global existence and an exponential decay estimates for
small initial data, independently of the size of the time delays. In this last case, we need
to restrict ourselves to the case of a negative self-adjoint operator A. Nevertheless, this
last case has various applications in population dynamics (see section [).

The paper is organized as follow. In section [2] we deal with the globally Lipschitz
case; we give a well-posedness result and an exponential stability estimate for small
delays. Some concrete examples are also presented. In section [l we treat the case where
the reaction term is only locally Lipschitz. We prove the local well-posedness and then,
for small initial conditions, a global existence result and an exponential decay estimate.
Finally, in section dl we give some illustrative applications of the abstract results of section
to models in population dynamics. In particular we consider model for single species
and competition models for two species.

2 The case of small delays with F; globally Lipschitz

In this section we assume that the nonlinear terms are globally Lipschitz and study
existence and asymptotic behavior of solutions, generalizing Proposition 2.1 and Theorem

2.2 of [21].

2.1 Well-posedness and stability estimate

Let the functions F;, ¢ = 1,...,1, be globally Lipschitz continuous, namely for every
1=1,...,1,

37 >0 such that |[[F5(Uy, Us) — F5(UT, Us) |l < %([|Ur = Uil + [ U2 = Us[|20),
V(Ul,UQ),( T,US) EHXH.
(2.1)

The following well-posedness result holds.

Proposition 2.1 Assume that the functions F; satisfy @11), for alli =1,...,1. For any
initial datum Uy € C([0,7];H), there exists a unique (mild) solution U € C([0,400), H)



of problem (L2). Moreover,

1

Ut) = St)U" + /0 S(t—s) Z Fi(U(s),U(s — 1)) ds. (2.2)

i=1

Proof. Like in [21], we use an iterative argument. Namely in the interval (0, 7y, ), where
Tmin = Min;—; 77, problem (L2)) can be seen as a standard evolution problem

{ Uy(t) = AU(t) + g1 (U(t)) in (0, Timin)
U(0) = U°,

-----

(2.3)

where g, (U(t)) = S_1_, Fy(U(t), U(t —7;)). Note that the terms U(t —7;) can be regarded
as known data for ¢ € [0, 7). This problem has a unique solution U € C([0, Tuin), H)
(see Th. 1.2, Ch. 6 of [25]) satisfying

Ut) = S(t)U° +/0 S(t—s)g1(U(s))ds.

This yields U(t), for t € [0, Tyin). Therefore on (Tiin, 27min), problem (L2) can be seen as
the evolution problem

{ Us(t) = AU(t) + g2(U(t)) i (Tomin, 27imin) (2.4)

U(Tmin) = U(Tmin_)u

where go(U(t)) = 2 E,(U(t),U(t — 73)) , since the terms U(t — 7;) can be regarded as
data being known from the first step. Hence, this problem has a unique solution U €
C([Tmins 2Tmin), H) given by

D) = St = roin)U(Tin—) + [ St $)ga(U()) d, ¥ € [T 27

Tmin

By iterating this procedure, we obtain a global solution U satisfying (2.2]). m
Now we will prove the following exponential stability result.

Theorem 2.2 Assume that the functions F; satisfy (2.1)) and
F(0,0) =0, (2.5)
foralli=1,...,1. With M,w from ([I.T]), we assume that (see (2.1)))

I
w
722%<m~ (2.6)

1=1

If the time delay T satisfies the smallness condition



then there exists w' > 0 such that the solution U € C([0,+00),H) of problem (L2)), with
Uy € C([0,7]; H), satisfies

[U )]l < Me™ (||U0||H‘|‘Z%/ “s||Us—7',)||Hds) vt > 0. (2.8)

Proof. From (2.2), we can estimate

0@ < M (10 + 30 [ (0l + 1005 = 7)) )

t

t 1
gMe_“t<||U0||H+7/ e“5||U(s)||Hds+Z%-/ U (s =)l ds), V>0,
0 i=1 0

(2.9)
Then, for t > 7,
t
HWMMSMFMNWM+7/€WW$M@
(2.10)
+a+ Z%/ e ||U (s — TZ)HHd8>
where
a—Z%/ e |U(s — 7;)||uds - (2.11)
Thus, for ¢t > 7, we obtain
t
0@ < Me (1ol + 7 [ UG5 beds +a
0
I t—m;
#30u [ ) uds) (212)
i=1 0

t
< Me (| Uplln + @) + yMe (1 + 6“”)/ e’ |U(s)|ln ds -
0



For t < [0, 7], one can estimate

Z%/ (s = )l s
I -
<3 / e N|U(s — ) lwds + 3 %/ U (s — 1)l ds

i <t

ot Y [ e (213

i T<t
<at 3 e / U (s) |l ds

i oT<t
Satae [ s,

0
Therefore, from (29), also for ¢ < 7, it results
t
U@ I3 < Me™ (|U [l + ) +yMe™" (1 + 6“)/ e*[|U(s)|ln ds . (2.14)
0

Then, from (2ZI2) and (214,
t
e NU@) ) < MU ||y + @) +yM (1 + e“”)/ e ||U(s)||pds, Yt>0. (2.15)
0

Therefore, Gronwall’s lemma yields
Ul < MMUEDH(U g + @), £ 0, (2.16)
Estimate (2.16) can be rewritten as
U ()]} < Me @MUy 4+ a), £20. (2.17)
Then, exponential decay is ensured under the condition

w> My(1+4¢e“T). (2.18)

Under the assumption (ZG), inequality (ZI8)) is satisfied if and only if 7 satisfies the
smallness condition (2.7)). Then, the statement is proved. =
We can restate the previous theorem for the particular case of model (L4):

Theorem 2.3 Assume that the nonlinear term G satisfies the Lipschitz condition
Iy >0 such that ||G(U1) — G(U) |l <AI|UL = Uf|ls, Y U, Uf €H. (2.19)

Let M,w,~ as in (L)) and ZI9). Moreover, let us assume that G(0) = 0 and (2.0) hold.
If the time delay T satisfies the smallness condition

1 1 w
yi=—In—— (— — 2.20
r< = e (37 ) (2:20)
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then there exists w* > 0 such that the solution U € C(]0,+00), H) of problem ([L4), with
U% et and g € C([0,7]; H), satisfies

U< Me (ol [ lg(lds), ez o (2.21)
0

Remark 2.4 Note that Theorem is very general. For instance, it furnishes stability
results for previously studied models for wave type equations (cfr. [2], 26] 20] and subsec-
tions below) and Timoshenko models (cfr. [28]) eventually with the addition of
a nonlinear term depending on the not delayed state and on a finite number of delayed
states. Also, it includes recent stability results for problems with viscoelastic damping

and time delay (cfr. [12} [I]).

Remark 2.5 Note that the condition (2.20) is a bit less general with respect to the one
obtained in [21]. Indeed, here we need
w

k|| B||e“" <
Bllsee + < <

instead of the condition

wT

Mt
assumed there. On the other hand, the present approach allows to extend the class of the
problems for which the stability result holds.

wT €
k|| Blle”" + <

We now present a couple of examples, among the many, illustrating our previous
abstract result.

2.2 The damped wave equation

Let © be a bounded domain in IR" with a boundary T' of class C% Let f; : R — R
be globally Lipschitz continuous functions, j = 1,2, satisfying f1(0) = f2(0) = 0. Let us
consider the following semilinear damped wave equation:

u(z,t) — Au(x, t) + a(x)u(z,t) = fr(u(z,t)) + fo(u(z,t — 7)) in Q x (0, +00),
u(z,t) =0 in Q x (0,+00),
u(z,t —7) = up(x,t), w(zr,t—7)=u(x,t) inQx(0,7],

where 7 > 0 is the time delay and the damping coefficient a € L>®(2) satisfies
a(x) > ap >0, ae z€w, (2.22)

for some nonempty open subset w of € satisfying some control geometric properties (see
e.g. []). The initial datum (ug, u;) is taken in C([0, 7], H3(Q) x L*()).
Setting U = (u,u;)T, this problem can be rewritten in the form ([2) with H =

Hi () x L(),
(3 )



and Fi(U(t),U(t — 7)) = (0, fi(u(t)) + fo(u(t — 7)))" . It is well-known that A generates
a strongly continuous semigroup which is exponentially stable (see e.g. [30, [15]), thus the
assumptions on fi, fo ensure that Proposition 2.1] and Theorem apply to this model
giving a well-posedness result and an exponential decay estimate of the energy for small
values of the time delay 7.

2.3 The wave equation with memory

Let 2 C IR™ be an open bounded set with a smooth boundary and let f;,j = 1,2, as in
the previous example. Let us consider the following problem:

uy(z,t) — Au(x, t) + /000 w(s)Au(z,t — s)ds

1(u(z, b)) + folu(z,t — 7)) inQx(0,400), (2.23)
u(z,t) =0 on JNQ x (0,+00), (2.24)
u(z,t) = up(z,t) in Q x (=00, 0], (2.25)

where the initial datum wuy belongs to a suitable space, the constant 7 > 0 is the time
delay and the memory kernel u : [0, 4+00) — [0, +00) is a locally absolutely continuous
function satisfying

1) p(0) = po > 0;

ii) f0+oo p(t)dt = p < 1;

iii) p/'(t) < —ap(t), for some a > 0.

As in [5], we denote

n'(z,s) = u(z,t) —u(x,t —s). (2.26)

Then we can restate (2.23)(2Z27) as

w(z, t) = (1 — p)Au(z, t) + /000 w(s)An'(x, s)ds

= fi(u(x,t)) + folu(x,t — 7)) in Q x (0,4+00) (2.27)

ni(z,s) = —n'(x,s) +u(z,t) in Q x (0,+00) x (0, +00), (2.28)
u(xz,t) =0 on JQ x (0,+00) (2.29)
n'(z,s) =0 in 9Q x (0, +o0), t >0, (2.30)
(2.31)

(2.32)

u(z,0) = up(x) and wu(x,0) =wui(z) in 2, 2.31
n°(x,s) = no(x,s) in Q x (0, +00), 2.32
where
uo(z) = uo(z,0), =z € Q,
u(z) = 29z, t)]mo, € € (2.33)
no(z,8) = ug(x,0) —up(x,—s), z€Q, se (0,+00).



Let us denote U := (u,us,n')T. Then we can rewrite problem (Z27)—(2.32) in the

abstract form

{ Ui(t) = AU(t) + F1(U(t),U(t — 1)), (2.34)
U(O) - (u()a Uy, UO)T>

where the operator A is defined by

u v
Al v | = Q=pAu+ [;7 p(s)Aw(s)ds |, (2.35)
w —Wg —i— v

with domain

= { (w0, € Hy(Q) x H§(Q) x L3 (0, +00); Hy(€2)) -
(1 A+ [ u(s)n(s)ds € HA(Q) N H(Q), n, € L2((0, +o0); HY()},  (236)

where L2 ((0,00); Hj(Q)) is the Hilbert space of Hj— valued functions on (0,+oc), en-
dowed with the inner product

(0, V) L2 ((0.00): 12 () = /Q (/ wu(s)Vo(x, s)Vi(z, s)ds) dx.
0
Denote by H the Hilbert space

H = Hy () x L*(Q) x Ly((0, 00); Hy (),
equipped with the inner product

) - [ wuwidas [osin [ [ ovovo

" (2.37)
It is well-known (see e.g. [10]) that the operator A generates an exponentially stable semi-
group. Thus, Proposition 2.I] and Theorem guarantee well-posedness and exponential
stability, for small delays, also for the model (223)—(2.25]).

—
ISEESEES
2=

3 The case of small data with general nonlinearities

Here we consider a more general class of nonlinearities but assume that A is a negative
selfadjoint operator in . In this case, A generates an analytic semi-group (see [14, Exam-
ple IX.1.25]) and existence results for problem (I.2)) can be obtained for nonlinear terms

satisfying the next hypothesis ([3.2]). More precisely, we recall that V = D((—A)%) is a
Hilbert space with the norm

VI3 = (—A)2U, (~A)2U), YU € V.
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Furthermore if Ay is the smallest eigenvalue of —A, we have

MU, < 1O, YU eV (3.1)

Then we assume that there exist a positive real number g < %, a constant Cy and two
continuous functions hy, hy from [0, 00)? to [0, 00) such that, for alli =1,...,1,

|15 (Ur, Vi) = Fi(Us, Va)|[ < Col|Uy — Us|ln (3.2)

+ha(|Usllv, |02l [Villw, [Valo)1Ur = Ually
+ha([[U1]lv, [Uallv, [Vally, [Vallw) Ve = Vallp(—.a9)

for all (Ul, UQ), (‘/1, ‘/2) ey xV.
The following local existence result holds (compare with Theorem 1 of [22]).

Proposition 3.1 Assume that the functions F; satisfy B2). Then for any initial datum
U € C([0,7]; V) N C*([0, 7], D((—A)P)), with B < % from the assumption B2) and 0 =
min{J3, 1 — B}, there exist a time Ts, € (0, +00] and a unique solution U € C([0,Tx),V)N
CY(0,Ty),H) of problem (L2).

Proof. Like in the proof of Proposition 21 we look at the problem (2] in the time
interval [0, Tin) Where, as before, 7., = min;—; _;7;. Then the model can be rewritten
as

.....

{ U= AT o6 U) in 7o), 5.3

0
where g(t,U(t)) = Zf L Ei(U(t),U(t—m;)). Recall that the terms U(t—7;) can be regarded
as known data for t € [0, Tmin) . Then owing to (8:2)) the nonlinear part satisfies

lg(ts, U2) = glta, Ua) e = | SIA(Us, Unlts = 7+ 7)) = F(Ua, Uolta = 7 + 7))

H
I
< F(U, Us(t = 75+ 7)) = Fi(Ua, Uo(ts = 7 4 7))l
=1
< 1Co||Ur — Us|ln
I
+> " h(| Uy, [Usllv, 1Uo(tr = 73+ 7w, [Us(t2 = 75 + 7)) 10y = Ually
i=1
+3 B[Oy, 1U2llvs 0ot = 73 + 7w, |Uo(ta = 72+ 7) [[v)-
=1
NUo(ty — 70 +7) = Us(ta — 7i + 7)|| p(—as) -
(3.4)

From (3.4)), using (31)), easily follows
lg(t1, Ur) — g(t2, Ua) |l < L(R)(tr — ta|” + [|UL — Ualy) .

for all (Uy,Uz) € V x V with ||Ui]ly, [|Uz2|ly < R and for all ¢1,ty € [0, Tyin) . Therefore,
we can apply Theorem 6.3.1 of [25] and deduce the existence of a unique local solution
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U € C([0,1), V)NC'((0,), H) defined in a time interval [0, #) with & < Ty, - If £ = 71, and
| U (Tmin) ||y < 400, then one can extend the solution U for times ¢ > 7, by considering
on the time interval (Tyin, 27Tmin) the problem

{ Us(t) = AU(t) + g1 (£, U(t)) i (Tmin, 27imin) (3.5)

U(0) = U(Tyin),

min

where g (t,U(t)) = SI_, F;(U(t),U(t — 7;)). Note that, since we know the solution U (t)
for t € [0, Tyin) from the first step, the terms U(t — 7;) can be regarded as known data for
t € [Tmins 2Tmin) -
Observe also that
U € C*([0, Tmin], D(—A))). (3.6)

Indeed from the proof of Theorem 6.3.1 of [25], we see that

1

U(t) = (=A)"2y(1),

with y € C([0, Tin), H) given by
t
y(1) = SOA+ [ (A = s)g(s. (~A)y() ds. Y € 0,7l
0
Hence for any t € [0, Tyin) and h > 0 such that ¢ + h < Ty, wWe have

y(t+h) —y(t) = (S(h) — D)S(t)(—A)2U° + Ry(t, h) + Rs(t, h),

where

1

S(t = s)g(s, (=A)2y(s)) ds

=

Rt = [ (S(h) = D(=A)

1

S(t+h—s)g(s, (—A)"2y(s)) ds.

D=

t+h
Rath) = [ (-4
t
Accordingly, we have

(AP Ut +h) = U®1) = (A 2(y(t+h) —y(t)
= (S(h) — I)(—A)S()U° + (—A)°~2(Ry(t, h) + Rs(t, b)),

and since (—A)?~2 is a bounded operator from H into itself (see [25, Lemma 2.6.3]), one
gets

I(=A) Ut +h) = UE)ll S NS(h) = D(=A)SEU 30 + || Ro(t, B3¢ + | Rs(t, h)l|-
The estimates (6.3.15) and (6.3.16) of [25] give

1Ro(t, 2) 3¢ + | Rs(t, )l S B S 17 (3.8)

11



hence to get the Holder continuity (3.6]), it remains to show that
1(S(h) = D(=A)’SHU° |l < h°. (3.9)
But we first notice that the estimates (2.6.26) of [25] yields

1(S(h) — D)(—A)PSE)U°||3 < h2P||(—A)2S()U° ||,

1

and since (—A)25(t) = S(t)(—A)2 and the semigroup is of contractions, we get
1(S(k) = D(=AP?SOU° s < W2~ A2Vl < b2 U°)v,

which proves (3.9).
Then, as before, one can apply Theorem 6.3.1 of [25] extending the previously found
solution. One can eventually iterate this procedure by obtaining a solution

UecC(0,Ts),V)NCH(0,Ts), H)

of problem (L2), satisfying lim, - [|U(t)||y = +o0 if Too < +00. m

We now give an exponential stability result for small initial data. Note that we do
not require here any restriction on the size of the time delays. For that purpose, we need
the additional assumption on our nonlinear functions, namely we suppose that there exist
a positive constant C; and a continuous function hs from [0, 00) ! to [0, 00) satisfying
h3(0) = 0 and such that

1

| Y W EUVi)ul < Wl (CullUl + Bs (U [l Vi, - IVEIDIU ), (3.10)

i=1

foral WeH, UV, eV, i=1,--- 1.

Theorem 3.2 Assume that (B2) and BI0) are satisfied. With Cy from the assumption
BI0), we assume that

1< (3.11)

Then there exist Ko > 0 small enough and vy < 1 (depending on Ky) such that for all
K € (0, Ko| and Uy € C([0,7]; V) satisfying

1Us(0)[lv <7k, t € [~T,0], (3.12)
problem ([L2)) has a global solution U that satisfies the exponential decay estimate
IU#)l < Me™* ¥t >0, (3.13)

for a positive constant M depending on Uy and a suitable positive constant &.

12



Proof. By Proposition B3] there exists T, > 0 such that problem (2] has a unique
solution U € C([0,Tx),V) N CH(0,Ty),H). As in [I7], for K € (0, Ko] with Ky fixed
later on, we look at

To =sup{d € (0,00) : |[U(t)||y < K, ¥Vt € (0,9)}. (3.14)

Our assumption ([BI2) clearly guarantees that Ty > 0. We will now show that Ty = +o0
by a contradiction argument. Indeed if we assume that 7Tj is finite, then by its definition,

we will have
||U(t)||v < K7 vVt € [_Ta T0)> (315)

and
IU(To)llv = K. (3.16)

In a first step, for ¢ € [0,7p), we estimate 2||U(t)||3,. Indeed by (L2), for all ¢t € [0, Tp),
we have

%HU(@H% = 2(U(t),Uy(t))n

= 2U(t), AU(t) + Z F(U#),U(t — 1))

I
= 22U +2) U0, FU®) Ut = 7))
i=1
Hence using the assumption ([B.I0), we get

d
ZIU@I < 20T +2G [T @)1
+ 2hs([[U@)[lv, [UE = 7)lv, -+, IUE =) IW)NT @[ NT @) -
Therefore by (3.13), we deduce that
d
MU < =2V + 26U @)1
+ 2C(E) U@ NU By,

where Cy(K) = maxo<y <k h3(y, 21, -+, 2r) is a constant that depends on K and is a
non-decreasing function of K. Using (B]), we arrive at

Floo < 2(-1+ 2+ S92 o

From our assumption (BI1]), we can choose Ky small enough such that

C
—w = (—1 + 24 C4(K0))
A1

13



is negative. Hence for all K € (0, Ko}, the previous estimate implies that

d

TIU@I < 20U < =20 U@, ¥t € [0, To). (3.17)
This estimate obviously implies that

IU@OI5, < e U O)13, ¥t € [0,Tp). (3.18)

But the first estimate of (3.I7) means that
d 2 2
IV O3 +2w[[ U@y < 0,

and if we multiply this estimate by e~ for some w’ € (0, w] fixed later on, we find that

d w/ UJ, w/
T NU@ 1) + 2 e U@ < e U@

and using (BI8)), we get

d / / /
(@ NU@IE) + 2 U@ < we 2" [T(0)]3 (3.19)

Hence we fix w’ € (0,w] such that w’ < 2A\;w (possible since A\; and w are positive), and
then integrate (8.19) between 0 and 7} to find

To
U@+ 2 [ OO < (14 5= a2 ) o)
0

v 2
(1+ s ) 0O

This clearly implies that there exists a positive constant C'(w, A;) depending only on w
and \; such that

‘A%“W®%ﬁSCWJMW®W (3.20)

We now estimate < [|U(t)||3. First we notice that

%HU(t)H% = 2((—A)IU, (~A) V)

— (AU, U
- —2(Ut(t)—ZE(U(t),U(t—Ti))>Ut)H

= 20U+ 23 (FU®), U = 7)), U
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By the assumption ([BI0), we get
d
ZIU@IR < =200 3 + 20Tl (CLIT @) 3 + Co(E)NU (@) [v)-

Young’s inequality and (B.1]) lead to

4
dt

w13 < (\% + Cu(K)) U] (3.21)

Now we proceed as in the proof of Lemma 2.1 of [I7], namely we multiply this estimate
by e¥’t to get

d 't 2 ’ Ch 2\ w't 2
—(e” < — K « .
(UML) < (@ + (\/>\—1 + Ca(K))7)e MUy
Integrating this estimate between 0 and ¢ € (0, Tp], one obtains
W't 2 2 / Cy 2 ! w's 2
UMDY < NUOR + (W' + (= + Ca(K))7) [ e?[[U(s)]y ds,
VA1 0
and therefore owing to (3.20), one finally finds
, . C W
O < (14 6+ (= + CURIICE M) ) 0O, e 0.7 (3:22)
1

Therefore if we define vy > 0 by

1ol =4 (1 + (W + (\f—;_l + C4(K())*)O(w, )\1)) ,

we clearly see that 79 < 1. Furthermore for any Up satisfying (812), and reminding that
0 < K < Ky, we have

(1 W (C D, m) OIH

\/Tl / Cl 2 27172 1 2
< (4 @ (e aumPIC ) ) 3K° = 112

Consequently, the estimate ([8.22)) guarantees that
K _u
1U()]y < e V't € (0, Tyl (3.23)

In particular, on gets

K
U@y < 5,

that clearly contradicts (BI0). This means that 7j is infinite and we conclude by the

estimate (323). m
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4 Examples with general nonlinearities

In the whole section, 2 denotes an arbitrary bounded domain of R?, d > 1, with a
Lipschitz boundary I'.

4.1 Delay-diffusion equations

We consider the semilinear diffusion equation with time delay

w(t) — Au(t) = f(u(t),u(t—71)) in Q x (0, +00), (4.1)
Bu(xz,t) =0 onI' x (0,4+00), (4.2)
u(z,t)) = up(z,t) in Q x [—7,0], (4.3)

where the constant 7 > 0 is the time delay and the initial datum wu belongs to the space
C([0,7]; L*()). The operator B is in the form

Bu = ad,u + d'u,

with either & = 0 and o/ = 1 corresponding to the case of Dirichlet boundary conditions
or =1 and o > 0 (with o/ € L*>®(0f2)) corresponding to the case of Neumann—Robin
boundary conditions.

Analogous problems have been considered by Friesecke in [J], where an exponential
stability result is obtained for small time delay, under some growth conditions on the
locally Lipschitz function f, by using a Lyapunov functional approach. We may also
quote the paper of Pao [23] where a coupled system of parabolic semilinear equations
with delays is studied. Using the method of upper and lower solutions to investigate
existence and asymptotic behavior, sufficient conditions for stability and instability are
given, under some monotonicity properties on the reaction term f , independent of the time
delays. In the same spirit, in [§] the global asymptotic behavior of some quasimonotone
reaction—diffusion system with delays is analyzed. A trichotomy of the global dynamics is
established via linearization.

For further uses, in the case of Neumann conditions (« = 1,a’ = 0), we fix a positive
real parameter ¢ (that may depend on f), otherwise we set ¢ = 0. Now we assume that
the nonlinearity f : IR? — IR satisfies the following assumption: there exist a non-negative
constant ag (that may depend on ¢) and two polynomials P; and P, (of one real variable)
of degree n; and ns in the form

P(X) =) i X7,
=1

with non negative real numbers «; ; such that

\f(x1,91) — f(22,42) + (21 — 22)| < aglwy — 22| + Pr(|zo] + |y1| + |22] + [12]) |21 — 22
+Ps(|z1| + [ya] + 22| + |y2]) |1 — val, Y(@1, 1), (22, y2) € IR?. (4.4)

In particular this assumption means that f is only locally Lipschitz.
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Under this assumption, let us now show that problem (AI])-(Z3)) enters in the frame-
work of section Bl Indeed in such a situation, we take H = L?(Q) and define A as follows:

D(A) :={u € H'(Q) : Au € L*(Q) and satisfying Bu =0 on '},

and
Au=Au—cu, Yuée D(A).

Note that by Lemmas 1.5.3.7 and 1.5.3.9 of [11], for any v € {u € HY(Q) : Au € L*(Q)},
Bu has a meaning (as element of H=2(I) if & > 0). It is not difficult to show that —A is a
positive selfadjoint operator in H since it is the Friedrichs extension of the triple (H, V), a)
where V = H}(Q) in case of Dirichlet boundary conditions otherwise V = H'({), and the
sesquilinear form a is defined by

a(u,v):/Q(VU~V17+€U-E)dx—l—/ro/uﬁda(:c),

that is symmetric, continuous and strongly coercive on V. Before going on, let us notice
that in the case of Neumann boundary conditions, the smallest eigenvalue A\; of —A is
g, otherwise it does not depend on e and corresponds to the smallest eigenvalue of the
Dirichlet problem or to the Robin eigenvalue problem.

By introducing the function

Fl(xvy) = f(:c,y) + e,

we see that problem ([LI)—(43) can be written as ([L2) with [ = 1, U(t) = u(-,t) and
Uo(t) = ug(-, t). Consequently the next local existence result follows from Proposition Bl

Proposition 4.1 Assume that ([L4) holds and that d satisfies

d§2(1+i) and d<2(1+i). (4.5)

nq 2
Then there exists § € (0,3) such that for any initial datum
uo € C([0,7];¥) N C*([0, 7], D((—A))),

with & = min{j3, 5 — B}, there exist a time Ts, € (0,400] and a unique solution u €

C([0,Ts), V)N CYH(0,Tx), H) of problem (&) — [E3).

Proof. It suffices to check that F; defined above satisfies (8.2]). For that purpose, we see
that (£4]) implies that (for shortness we write F' instead of F})

|F(z1,91) — F(22,y2)| < aolwr — o] + Pr(|zo] + (3] + [22] + [y2])[21 — 22|
+P5(|z1| + ya] + 22| + |y2]) |1 — val, V(@1 1), (22, y2) € IR?.

and consequently for any u;, v; € V,

| F(u1,v1) = Fug, v2)|ln < aollur — wallz 4 || Pr(lua| + Jv1] + Jue| + |va|)[ur — ua|||%
H| Po(|ur] + [v1] + [ua| + |va|)[v1 — va||%.
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Hence by the form of P; and Holder’s inequality, we arrive at
[F (u1,v1) = Fug,v2) [l < aollur — ualln

ni
+ CZ [(fual + oa| + Jua| 4 [va] Y || Lo oy l[ur — ||| 2o 0

=1
no -
+ CY Nl + [or] + [zl + [2]) [l zox @ o1 = 2]l o2,
=1
for some C' > 0 and p;, ¢; > 2 chosen below and such that
1 1 1 .
Sy =2 =12
pi ¢ 2
Now as D((—A)3) — HY(Q) [l and D((—A)%) = L2(Q), by interpolation we get that

1

D((=A)") = H*(Q), ¥ Be[0,5].

Then we notice that the Sobolev embedding theorem guarantees that H'(Q) — LP1 ()
and H?(Q) — LP2(Q) as soon as

1—g>—iand2ﬁ—gl>—i
2 21 2 D2

Since § can be taken as close to % as we want, we get equivalently
>——and 1l —=->——. (4.6)

In a second step we now need to estimate terms like
(] + [vr| + 2] + [v2])? || os 0y
for all 1 < j < n,. But clearly we have
I CFaa ] + o]+ fuz] + o)) [l o) < Colllwnllsa, gy + 10111 s0s 0y + N2l 500 gy + V21500 )

for some Cy > 0 (that depends on j). Therefore our last assumptions are

d d
l—=—>—— V1<j5<n,,
2 Jai

or equivalently (since p; and ¢; are conjugates)

d dl 1
l—=>=(——= 1< <n,;. 4.

hy X < Y, we mean that X is continuously embedded into YV
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This condition and (6] guarantee that

ny
1F (w1, 01) = Fuz, o)l < aollus = usllae +C Y (llwall, + llonll + lluall}) lus = sl v
j=1

na
+ O (lwall}y + lloalls + w2l s = vall oy
j=1

for some C' > 0 and some § € (0,3), which yields B2) where Cy = ag and h; are
polynomials with positive coefficients.

Finally it is an easy exercise to check that conditions (5] are equivalent to the
existence of p; > 2 and py > 2 satisfying (L.0) and ([AL.7). =

Concerning global existence and exponential decay, owing to Theorem B2 we can

state the next result.
Theorem 4.2 Assume that conditions ([A4), [L3) as well as
f(0,y) =0, VyelR, (4.8)
are satisfied. With aqg from the assumption ([L4]), we assume that
ap < g, (4.9)
in the case of Neumann boundary conditions, and
ap < Ap, (4.10)

otherwise. Then there exist Ko > 0 small enough and vy < 1 (depending on Ky) such that
for all K € (0, Ko| and ug € C([0,7]; V) satisfying

[uo(t)[v < kK, Vte[-7,0] (4.11)
problem [@T)) — ([A3) has a global solution u that satisfies the exponential decay estimate
|u(t)||n < Me™®" ¥ t>0, (4.12)

for a positive constant M depending on ug and a suitable positive constant @.

Proof. It suffices to check that (810 and (B.I1]) hold. The first condition directly follows
from Cauchy-Schwarz’s inequality and the assumptions (48) and (£4]) where C} = «p.
Then the second condition (B.IT]) simply becomes either (£9) in the Neumann case or
(AI0) in the two other cases. m

Our general setting covers a very large number of concrete examples. Let us mention
the following cases:
1. Diffusive logistic equations with delay. In that case, f is given by

f(z,y) =axr — ba? + cxy,
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with a, b, ¢ € L*(Q2). This example covers the Hutchinson equation by taking a = o € IR,
¢ = —a and b = 0. In such a case, the condition (£4]) holds with ay = supq |a + €],
and n; = ny = 1. Hence local existence (i.e. Theorem [T]) holds for any d < 3, while
exponentiel decay for sufficiently small initial data (i.e. Theorem [.2]) holds under the
additional assumption that
supa < 0, (4.13)
Q

in the case of Neumann boundary conditions (by chosing £ > 0 large enough), and
sup |a| < Ay, (4.14)
Q

in the other cases.
2. The modified Hutchinson equation. In that case, f is given by (see [I8] [9])

flz,y) = ax(l+ By +vy* + 6y,

with «, 3,7,6 € IR. In such a case, the condition (£.4]) holds with oy = | + €|, and n; =
ny = 3. Hence local existence (i.e. Theorem []]) holds for any d < 2, while exponentiel
decay for sufficiently small initial data (i.e. Theorem [£2)) holds under the additional
assumption « < 0 in the case of Neumann boundary conditions, and —A\; < a < Ay in
the other cases.
2. A cubic nonlinearity. The case where f is given by

flz,y) = —a?y

considered in [13] [16], 9] is also covered by our setting in the case of Dirichlet or Robin
boundary conditions, since (£4]) holds with ay = 0 and ny = ny = 2. Therefore local
existence and exponentiel decay for sufficiently small initial data hold for any d < 2.

Remark 4.3 If f is globally Lipschitz, i.e., P, = 0 and P, is a positive constant, we can
alternatively use the theory from section 2l and obtain exponential decay for small delays.

4.2 Predator-prey or two species competition systems with de-
lays

Here we consider the semilinear diffusion system with time delays
¢z, t) = dyAug(z,t) + ug (2, t) <a1 + ajuq(z, t)
+ Z ayjuj(x,t — 7)) in Q x (0, 400), (4.15)

Uz (w,t) = doAug(w,t) + uz(az + axnus(v,t)

+ Z agjui(x,t — 7)) in Q x (0, 400), (4.16)
Byuy(z,t) = Bgu2(a: t) =0 onT x(0,+00), (4.17)
(ur(z,t), us(x,t)) = (uo1(z,t), up2(z,t)) in Q x [—7,0], (4.18)

20



where the constants 7;; > 0 are the time delays, 7 = max7;; and the initial datum
(10,1, u02)" belongs to C([0, 7]; L*(Q)?). The operator B; are in the form

Biu = 0;0,u; + By,

with either a; = 0 and ; = 1 corresponding to the case of Dirichlet boundary conditions
or ; = 1 and ; > 0 (with ; € L*(0Q)) corresponding to the case of Neumann-
Robin boundary conditions. Here d; are positive constants, while a;, a;; and af; are simply
functions in L>°(2).

Systems for competitive species are studied in [23] under some monotonicity proper-
ties on the nonlinear functions. Conditions for stability or instability of solutions are given
independently of the time delays. Two species prey—predator models and competition sys-
tem with delays are also analyzed in [27]. By using the infinite-dimensional dissipative
system theory and comparison arguments, persistence criteria and also global extinction
criteria are established.

System (Z.15)-([@I8) enters in the framework of section 3l Indeed in such a situation,
we take H = L*(Q)? and define A as follows:

D(A) == {u = (u,us)" € H'(Q)? : Au; € L*(Q) and satisfying Byu; =0 on I',i = 1,2},
and
Au = (dlAul — &1Uq, dgAUg — €2U2)T, Vue D(A),

where ; > 0 if Neumann condition is imposed on u; (fixed later on), and €; = 0 otherwise.
As before, —A is a positive selfadjoint operator in H with

V = D((=A)7) = Hy(2)*,
if Dirichlet boundary conditions are imposed on u; and wus,
V= D((—A)?) = Hy(€) x H'(9)
if Dirichlet boundary condition is imposed on u; and Neumann or Robin type on us,
V= D((-A)?) = H'(Q) x H}()

if Dirichlet boundary condition is imposed on u, and Neumann or Robin type on uy, and
finally
V= D((-A)?) = H'(Q)",

otherwise.

We now distinguish four different cases:
Case 1: when Neumann boundary conditions are imposed on both u; and us, then we
take £; = 9 = ¢ and the smallest eigenvalue \; of —A is €.
Case 2: when Neumann boundary condition is imposed on uy and Dirichlet or Robin
type on wuy, then the smallest eigenvalue A\; of —A is equal to min{py,e2}, where p; > 0
corresponds to the smallest eigenvalue of —d; A with Dirichlet or Robin boundary condi-
tions.
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Case 3: when Neumann boundary condition is imposed u; and Dirichlet or Robin type
on usg, then the smallest eigenvalue A\; of —A is equal to min{us, 1}, where ps > 0 corre-
sponds to the smallest eigenvalue of —dyA with Dirichlet or Robin boundary conditions.
Case 4: when Dirichlet or Robin boundary conditions are imposed on both u; and us,
then the smallest eigenvalue \; of —A is equal to min{uy, ps}.

Without loss of generality we can suppose that 7 = max{m, 72} and therefore we
set

Fl(t, u, ’U) = ((a1 + 81)U1 + CLH’UJ% + a/nulvl, O)T,

if T11 > T12, and
Fl(t> u, 'U) = ((al + El)ul + a'llu% + a,12ulv2> O)Ta

if 711 < 712. Then in the first case, we set 7 = 71, T3 = Ti2, 4 = Too and for all
_ _ 2.
u = (ul,u2),v = (’Ul,Ug) e C=:

Fg(t, u, ’U) = (0, (CLQ + 82)U2 + CLQQU% + a'zluwl)T,
Fy(t,u,v) = (ahyu1v2,0)7,
F4(t7 U, U) = (07 a/22u2v2)—r‘

The second case is similar by simply changing 73 and Fj accordingly. With these no-
tations, we see that problem ([@LIH)-(4I8) can be written as (L2) with I = 2, U(t) =
(ui (-, 1), ua(-, 1)) " and Up(t) = (ug1(+,t), upa(+,t)) . Consequently the next local existence
result follows from Proposition B.1]

Proposition 4.4 Assume that d < 3, then there exists 3 € (0, %) such that for any initial
datum (uon,uo2)" € C([0,7];V) N C*([0, 7], D((—A)P)), with = min{3, 1 — B}, there
exist a time Ty, € (0, +00] and a unique solution (uy, us)" € C([0,T), V)NCH((0, Ts), H)
of problem (AI15) — (EIS).

Proof. It is a direct consequence of Proposition [3.1]since it is easy to check that F; satifies
B2) with ny = ny =1 and Cy = max;_ 2supq |a; +¢;|. =
As before global existence and exponential decay follow from Theorem 3.2

Theorem 4.5 Assume that d < 3 and that

sup |a;| < Ap,i=1,2, (4.19)
Q
in case 1, that
sup |aq| < pa, supas < 0, 2supay — inf ay < 244, (4.20)
Q Q Q 2
in case 2, that
sup |az| < po, supa; < 0, 2supa; —inf a; < 249, (4.21)
Q Q Q Q
in case 3, and that
supa; < 0, supas <0, (4.22)
Q Q
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in case 4. Then there exist Ky > 0 small enough and vy < 1 (depending on Ky) such that
for all K € (0, Ko] and (ug1,u02)" € C([0,7]; V) satisfying

(w01, u02) " (W)]lv < %K, ¥ tel[-r,0] (4.23)

problem 1)) — [@&3) has a global solution (uy,us)" that satisfies the exponential decay
estimate ~
1Cur( 1) ua(, 1) Tl < Me™™" Yt >0, (4.24)

for a positive constant M depending on ug and a suitable positive constant @.

Proof. It suffices to check that (810 and (B.I1]) hold. The first condition directly follows
from Cauchy-Schwarz’s inequality where C; = Cy = max;_ 2 Supg, |a;+¢;|. In the first and
fourth cases, the second condition (B.I1]) simply becomes either (AI9) or ([A22]). Hence it
remains to check that in cases 2 and 3, one can find £, and 5 appropriately. By symmetry,
it suffices to look at case 2. In such a situation, (3I1) becomes

max{sgp |a1|,81(12p lag + 2|} < min{uy,es},

that is clearly equivalent to
sup [a1| <y and sup |ai| < e,
Q Q

sup |ag + €3] < p1 and sup |ag + e2| < e9.
Q Q

These conditions hold if and only if there exists 6 > 0 small enough such that

—1+o0<a; <p—dand —eg+90<a; <ey—4in
—M1+5§&2+€2§M1—5and —52—|—5§a2+52§€2—5in9.

By re-arranging those conditions, we find
—p1+90<a; <pp—9and ay < —0 in €, (4.25)

5 —
max{a; + 0, —a; + 6, T%’ —ag — 1+ 0} <eg < g —0 —agin Q. (4.26)

A necessary condition to find such a e, is that
o — a9
2
which is indeed true if § is small enough and if (£.28) holds. Therefore we fix

max{a; + d, —a; + 0,

,—ag — 1+ 0} < g — 0 — ag in Q,

g9 = inf(py — 0 — ag) = g — sup ag — 0,
Q Q

with 0 > 0 small enough so that this quantity is positive. We then easily check that (Z.20])
holds under the assumption ([4.25) and the condition

30 4+ 2supas — infay < 2p4.
Q Q
Hence this condition and (£.25) hold for ¢ small enough if and only if ([A.20) is valid. m
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Remark 4.6 Clearly, our approach can be used to study a general system of N-competing
species with delays like the system (1.3) of [24] since the nonlinear terms appearing in
this system are similar to the ones from system (ZI0)-(@I8]). We then let the details to
the reader.
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