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Radiative Heating of a Glass Plate: the
semi-discrete problem (second revision)
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Absract. In a preceding paper (MSIA, 2012), we have studied the radiative
heating of a glass plate. We have proved existence and uniqueness of the solu-
tion. Here, we want to study the semi-discrete problem and to prove a priori
error estimates. Previously, in that purpose, we have to study the regularity
of the solution to the exact problem and of its time derivative. A very impor-
tant property, Proposition 13, is remarked concerning our elliptic projection, the
milestone in deriving the a priori error estimates. A numerical test coroborating
our theoretical a priori bounds is given.
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Keywords. Planck function, radiative heat flux in a glass plate, nonlinear
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1 Statement of the problem and summary of our
results

The setting is the same as in our previous paper [11], but the problem we
study here is the related semi-discrete problem, our purpose being to prove
some a priori error estimate on the semi-discrete solution. Let us remind only
the equations of the exact problem to which we have been led in [11] and some
results that we will need in the proof of the a priori error estimates. We consider
an infinite plane horizontal glass plate of thickness [, laid down on its lower face
xg = 0, on a black sheet-metal maintained at absolute ambient temperature
T =T,. The z-axis is directed upward orthogonally to the glass plate so that the
upper (resp. lower) face of the glass-plate has © = [ (resp. « = 0) for equation.
An infinite plane horizontal black sheet metal S, at absolute temperature u(t) at
time ¢, placed above the glass plate, emits thermal radiation in every direction,
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whose spectral radiative intensity [18], [17], [10], [13] at wavelength A in the
(dry) air gap between S and the glass plate is given by the famous Planck
function:

20,
)\5(6% -1)
where C; = hed = 0.595531 10716 W.m? /sr and Cy = h—C; = 1.438786 102 m.°K
([5], p-98) (in [11], the temperature of the source of thermal radiation S at time
t was denoted Ts(t), but here we prefer to denote it u(¢) like in [12]). After
refraction at the interface {x =} between air and glass, some part of the ra-
diative energy emitted by the black source S, will be absorbed i.e. converted
into heat in the glass producing in such a way an increase of the temperature
T(z,t) in the glass plate. Assuming the dependent quantities, independent of
the cartesian coordinates y and z, and denoting by ¢; the final time of the heat-
ing process, based on physical considerations, we have shown in [11], that the
radiative heating of the glass plate, can be modelized by the following nonlinear
initial boundary value problem in the unknown (absolute) temperature distrib-
ution in the glass plate T'(x,t) along the thickness of the glass plate 0 < x <
for time 0 <t <ty:

B(T,)\) = with T = u(t), (1)

VL (,) + (T (1)) + hru(z, 1),
O<z<l, 0<t<ty,
—knGE(1t) = he(T(1,t) — Ta) + (O(T(1, ) — O(u(t))), 2)
0<t<ty, (B.C.atxz=1),
7(0,t) = Ta, 0<t<ty, (B.C.at z =0),
T(z,0) =Ty(z), Yz € [0,1], (I.C. at t =0),

where ¢, mg, kp, are assumed to be positive constants named respectively heat
capacity, mass density and thermal conductivity of the glass [18], [17]. The
quantities appearing in the right-hand side of the above nonlinear parabolic
integro-differential equation and in the boundary condition (B.C.) at = [, are
defined by the following functions:

cpmg%%(x, t) =

k=M
Z47kak , hru(z,t) Z 27mkhTu x,t)
k=1
+o0 (3)
and O(T) := ﬂ'/e)\B(T, A)dA,

Ao

where (the meaning of M and Bf(T') are explained below):

l
B (1) /Gk (T, 1)) de’ + BY(T,) Ba(rya)
+By(Ta) @2 (ki ( %f x)) + By (u(t)[Bz (ki (l — @) — a(hr(l - 2))]  (4)
ki [ ®1(kp(2l —z —x ))Bg(T(m',t)) dx’
0



Let us explain the meaning of these different quantities. In (4), V(z,2') €
1

0,02 Gr(w,a!) = kB (my o — 2']), i(y) = / e py ()22, and @o(y) =

0
1

/eiﬁpg(u)du, Yy > 0. pg(p) (0 < p < 1) denotes the reflectivity coefficient
0

given by Fresnel’s relation ([10], formula (2.96) p. 47). E1(-) and Ea(-) denote
the exponential integral functions of order 1 and 2 respectively. In the definition
of ©(T) in (3), €y is a positive constant called the spectral hemispherical emit-
tance ([10], pp.62-63); like in ([16], p. 70), we have supposed that the spectral
hemispherical emittance is equal to the spectral hemispherical absorptance and
is independent of the temperature, for wavelength X of the electromagnetic wave
spectrum belonging to [Ag, +00[ (Ao & 5um for glass, [16], p.70), wavelengths
for which glass is opaque. On the other hand, the region of wavelengths in the
electromagnetic spectrum where glass is semi-tranparent has been decomposed
into M disjoint bands [Ag, Ag+1][ (k= 1,..., M) [15],[3],[8] and the constants ky,
appearing in the above formulas are the linear spectral absorption coefficients

Ak41

[18], [17], [7], [10], [13] in their respective band. B*(T) := / B(T, ) d\ and

Ak

Bg (T) := ngBk(T) [11], [15], where n, denotes the refractory index of the glass
(ng &~ 1.46). Let us also mention that ¢(T(z,t)) + hr(x,t) = —%(w,t) where
q(z,t) denotes the total radiative heat flux at time ¢ through the horizontal
plane at level 0 < = <1 ([10], p. 276) in the positive z-direction. In the bound-
ary condition at = I (see (2)), h. > 0 denotes the convective heat transfer
coefficient, the term h.(T'(I,t) — Ty,) representing the conducto-convective flux
density at the infinite surface {x =} of the glass plate according to Newton’s
law ([18], p.16), ([17], p.13-16). We assume that the initial condition Tp(-) (see
(2)) is a continuous positive function on the closed interval [0,!], as an absolute
temperature is always positive in classical physics and Ty(+) is a datum. In order
to obtain regularity on the solution T'(.,.) of the nonlinear initial boundary value
problem (2), we will suppose moreover in the present paper, at least that the ini-
tial condition Ty(+) € H*(]0,1[) and that the compatibility condition Ty(0) = T,
between the initial condition 7T and the inhomogeneous Dirichlet boundary
condition T'(0,.) = T, (see (2)) on the lower face {x = 0} of the glass plate, is
verified. We suppose given two different positive constants 7j,,, and Ty, such
that 0 < Tjow < To(z) < Thyp, Vo € [0,1] (this implies that 0 < Tjoy < Ty < Toyp
due to Tp(0) = T,,) and that Tje, < u(t) < Typ, VE € [0, t4].

We have proved in [11] that for

u € Uug = {v € H*(]0,t4]); Tiow < v(t) < Tup, Yt €]0,t4[}, (5)



that the initial boundary value problem (2) possesses a unique bounded weak
solution

T, € {T € L*(0,t5; H'(10,1); T € L*(0, 455 [HL(0.1])] )} (6)

which is also continuous on @ := [0,1] x [0,¢f], @ denoting the “cylinder”
10,1[x]0,t¢[. In (6), H}(]0,1[) denotes the closed subspace of H'(]0,1[) formed
by those functions of H'(]0,[) which vanish at the left extremity x = 0 of the
interval ]0,[. By a weak solution T,, of the initial boundary value problem (2),
we mean that T;, belongs to

{T € L0, H'(10,10); T € L2(0,t4: [HL(0,1D] )}
and satisfies V't €]0,¢[:
!
e (G (2 2) by oy oy Goup +kh/ - ()¢ (w)do
l

l
- / BT, ) p()dee — / i, w2, () de

—10(u(t) — Tl )] - o) — [he (To — Tu(l. )] 0(l) = 0, Vo € HE(0,1]),
T,(0,¢) = Ta, V't €]0,¢],

t
Tu(2,0) = To(z), V'z €]0,1].

(7)
We have written T, to underline the dependence of the weak solution of (2)
with respect to u. Using Stampacchia’s truncation method [1], we have also
proved in [11], that the weak solution of the initial boundary value problem (2)
T, = T(u) satisfies:

Tiow < Tu(z,t) < Tup, Y(2,t) € Q. (8)

Let us mention, that though an absolute temperature is always positive in classi-
cal physics, that for mathematical purposes only, we have extended the definition
of the Planck’s function (1) to negative real numbers T by setting B(T,\) = 0,
if T < 0; in that way for fixed A > 0, the function T — B(T /\) is defined on
the whole real line and is lipschitzian of Lipschitz constant C )\4 (cf. Lemma
3.6 of [11]).

Now these things having been recalled, let us explain what are the results in the
present paper. Firstly, we study the regularity of the exact solution T3, i.e. of the
weak solution of our nonlinear initial boundary value problem (2). Under certain
regularity hypotheses on the initial condition Ty and compatibility conditions,
we prove that T, € H>(Q) (see Proposition 3), and that I € H?(Q) (see
Corollary 8), regularity properties that we will need for our a priori error esti-
mates (68), (72) and (77) to be valid. We introduce the semi-discrete problem
(47), its matrix differential form being given by (44) from which the existence
and unicity of its solution T, is nearly immediate (see Proposition 10). We




introduce the elliptic projection T p (., t) of Ty (., t) by formula (49). If we would
have a Dirichlet boundary condition at the point = = [, then the technique is
well known ([19], p.7). But in our case, we have the nonlinear Robin boundary
condition (2)(;;) at the point = I. The key property (see Proposition 13) of
our elliptic projection Ty, 4(.,t) of T,(.,t) (49) relative to our setting (2), which
allows us to derive our a priori error estimates, is that Tu,h(l, t) =Tu(l,t). Af-
ter having written the error equation (48) and splitted the error e := T, , — T},
on T, ine =6+ p where 0 =T, — Tu,h and p = Tu,h — T,, we are on
the road which will lead us to the proofs of our a priori error estimates in h2
for ||To.n(1,.) —Zl’u(l,.)||L2(]07th (Corollary 24), for ||T,,n —Tu\|c([07tf];L2(]0_’lD)
(Theorem 25) and in h for ||V, (Ty,n — Tu)HLZ(O,t‘f;LZ(]O,l[)Z) (Proposition 27). A
numerical test is given coroborating our theoretical bounds and we take also this
opportunity to show the influence on the solution of our problem of the sum of
terms ¢(T'(z,t)) + hr(x,t), modelizing the participating medium character of
the glass into the integro-differential equation (2);).

2 Regularity results

At the present time, we know only that T, € {T" € L(0,ts; H*(]0,1[));T €
L2(0,t; [H}()0,1])] “)}. But we need more on the exact solution T},.
Proposition 1 The right hand-side (x,t) — (T, (x,t)) + hr, o(z,t) of equa-
tion (2)(;) belongs to L*(Q).

Proof. As T, € L*(Q), ¥ o T, € L*(Q) by Corollary 3.3 p.10 of [11]. By the
same result hr, ,, belongs also to L*(Q). m

Proposition 2 The right-hand side t — h.(Ty(1,t) — T,) + (0(Ty(l,t)) —
O(u(t))) in the boundary condition at x = I of equation (2)ys; belongs to
L2(10, ).

Proof. As T, € L*(0,t;; H'(]0,1[)) and H*(]0,1[)) — C([0,!]), the mapping
t — T,(l,t) belongs to L?(0,ts). Using Corollary 3.4 p.12 of [11], it follows
that the function ¢t — ©(T,(l,t)) belongs also to L2(0,tf). By the same result
©owu € L*(0,ts). This proves the result. m

Proposition 3 T, € H>'(Q) := L*(]0,t¢[; H2(]0,1[)) N H'(J0,t¢[; L*(]0,1]))-
([9] p-6)

Proof. From the two previous propositions, it follows that T, may be seen as
the solution of:

2
W(xvt) = ag;;(zat) +f($,t),
O<e<l, 0<t<ty,

==([,t

ox

T(0,t) =T, 0<t<t;, (B.C.atz=0),
T(z,0) = Ty(x), Vo € [0,1], (LC. at ¢ = 0).



where a € R%, f € L*(Q), g € L*(]0,¢[) and Ty € H'(]0,1]) (see the Introduc-
tion). A fortiori f € [H'/2+2e1/4+¢(Q))" and g € H~=(]0,;[), for £ €]0,1/4].
Using the result at the bottom of page 78 of [9] with s = —1/4 — &, we obtain
that T, € H3/?7253/4=¢(Q) (multyplying T, by a cutoff function depending
only on the variable x, we reduce us respectively to the case of the Neumann
boundary condition on the whole boundary {0,{} or respectively to the case of
the Dirichlet boundary conditions on the whole boundary {0,7} and apply the
cited result of [9] in these two cases). Using the “First Trace Theorem” p.9 of
[9], we deduce that T,,(I,.) € H'/275(]0,¢[) and thus a fortiori to H'/*(]0,%[).
©(.) being a Lipschitz continuous function ([11], (3.13) p.17), it follows that

//|@ u(1.1) ~ O(T. (L s))|d®dt<//lT (.0 = Tull ) ooy < 1o
|3/2 ’

| 8‘3/2

which implies that ©(T,(l,.)) € H'/*(]0,t;[). We have already seen in the
proof of the previous proposition that © o u € L?(0,¢7). On the other hand

+oo
w e HY(0,t5]), so that XM (1) = @' (u(t))u'(t). ©'(T) = / ex2B(T, \)dA
Ao
and [22(T,\) | % ([11], p.14) imply that ©'(-) is a bounded function. Thus
Oou 6 Hl( ) and a fortiori in H'/4(]0,¢;[). In conclusion, we know now in

(9) that f € LQ(Q) and that g € HY/4(]0,%¢[). Applying now Theorem 6.2 p.37
of [9] with r = 0, we obtain that T,, € H*!(Q). What was to be proved. m

Lemma 4 Let us consider the mapping
f:Q—-R:(z,t) — p(Tu(x,t)) + hr, u(z,t). (10)

Then % € L*(Q).

Proof. Firstly (T, 22471';%31C x,t)). Thus mwa;fu)(a:,t) =

—Z47mk T+ (Tu(z t)) »(z,t). But, as we have proved in [11] page 14,

k=
dfT () is bounded. By the previous proposition, we know that % € L*(Q).

Thus (‘pOT ) ¢ 2 (Q) Secondly, what can we say about th“ u In view of for-
. Ohl,
mula hy, o (z,t) Z 2mkhk. | (2,t) (see (3)), it suffices to prove that —Jwx



€ L?(Q). But

1
ahgi"“ (z,t) := /Gk(x,x’) dﬁ (Tu(m’,t))%(x’,t) dx’
0
+ 2B ()l (1) [Ba (ki (1 — 7)) — Ba(i(l — 2))] (11)

l

, k
Jrnk/fI)l(/ik(Ql —Tr—x ))dzf (Tu(x’,t))agt“ (z',t) dz'.
0

k

From that formula, % (-) bounded, 2L« € L?(Q), Corollary 3.19, Corollary

k
3.20 of [11] page 23 and «' € L2(]0,ts), follows that % € L*(Q), Vk =
1,..., M. Thus also é)h# € L?*(Q). The proof is complete. m

Lemma 5 Let us suppose that Ty € H?*(]0,1[). Then, the following initial
boundary value problem
2
Cpmg%(l‘,t) = khng(xvt) + %(xat)y
O<z<l, 0<t<ty,
t
—kh%(l,t) = hev(l,t) + @’(/v(l, s)ds + To(1))v(l,t) — O (u(t))u'(t),
0
O<t<ty, (B.C atzx=1),
v(0,t) =0, 0<t<ty, (B.C.atx=0),
v(x,0) = —2—(f(x,0) + kx Ty (z)), Yz €]0,1], (I.C. att=0),

cpmg

(12)
possesses at least one weak solution. In (12), f denotes the function defined by
formula (10).

Proof. Let us firstly precise what we mean by a weak solution of the initial
boundary value problem (12). By a weak solution, we mean an element v €
{ve L*0,ts; HL(10,1]));0 € L*(0, ty; [Hi(]o,l[)]*)} such that V't €]0,t[, Vo €
H(]0,1[) -

l

cpmg g (W), 90) 1 o=, at Qo = *kh/%(%t}@'(x)dw

0
l t

+/<’L{(x, o (@)dz — hov(l, )p(l) — 9’(/v(l, §)ds + To())o(l, )pl)

’ Lo (u(t))ilt) (1),
v(z,0) = 1 (f(x,0) + kT (z)), Y'x €]0,1].

CpMyg

13)

The homogeneous Dirichlet boundary condition at x = 0, is expressed by the
fact that v € L?(0,t¢; H}(]0,1[)) and the initial condition at time ¢ = 0 has



sense due to the fact that
fo € L2(0, 1 HA00,10)); 6 € L0, 55 [HE(0,1D] )} — C((0, £4]; L2(0,1]).
l
We know also by the previous lemma that % € L*(Q) so that %(w, t)p(z)de

exists for V't €]0,t¢[. Also by Proposition 1 and Lemma 4, f and belong
to the space L2(0,ts; L?(]0,1[)) which implies that f(-,0) € LQ(}O l[) Thus the
right-hand side in the initial condition of problem (13) belongs to L?(]0,1[). Let
us apply Faedo-Galerkin’s method. Let us consider (wj)j>1 an orthonormal
basis in L2(]0,[) also orthogonal basis in H} (]0,1[). In particular, these basis
functions are continuous functions on the closed interval [0, ] and thus bounded.

Let us consider the vectorial subspace generated by wq, ..., w,,. Let us try to
m

find vy, (t) = Z(vm(tﬂ wj)r2qopw; solution of the following Cauchy problem

j=1
for the nonlinear system of (integro-) differential equations Vj = 1,...,m

g (0m () w;) 20,y + k(v (W) i1 goap = (55 0)wy) L2 qoap — he
U (8) (Dw; (1) — @'(/vm(s)(l)ds + To (1)) vm (8) (Dw; (1) + O (u(t))u(t)w; (1),

0
(Vm (5 0)wi) 2o, = oo (F(0) + EnTY () ws) 2 o,-

(14)
As is usual, to prove existence and uniqueness of a solution to a system of
differential equations, we tranform this system of differential equations in a
system of nonlinear integral equations:

t

cpg(Vm (t)|ws) 120, + kh/( m(8)|w;) 1 goands = (f (5 8)|wj)r2qo.

t
—(f(-,0)|w;) 2o, — he /vm

+%mmwo+m%o A1) + Oud)uw &Ow]>
+Cpmg(vm(0)|wJ)L2 0 l[ Vj=

(15)
Let us note that
cpMig(Vm (0)|wy) 2oy = (f(0) + kn Ty () |lwi) L2 qoap, Vi =1, (16)
m
As vy (s) = (Vm(s)] wk)LQ(]OJ[)wk,
k=1

ke (vim (s |wg)H;(]oz[)—khZ O (8)|w) L2 o, (Wk w;) 51 o,
k=1

= k(0 () ;) 20 031130 o -



t t

t particular b | (v (5151 gods = o 3y gy [ om(6) )iy
0 0

Let us set U(J)(t) = (U (t)|wj) 2oy, V4 = 1,...,m. The above nonlinear in-

tegral equation may be rewritten:

wr||% vg) s)ds
N ||”%@m!1 (5)
cpMyg = —kyp
vfnm) t £
g ”wmnHl ]01)/Um
0
(f(t)w1)L2qo,p) (f(0 )|w1)L2(oz[
+ : -
(f ()|wm)L2 (10,1[) (f(0 )|wm)(Ll;(]O,l[
Z/ (k) s)ds - wi (1) :
k=175 wp (1)
w1 (1)
0 Z/ $)ds - wi(l) + To(l) | @)+
k=15 wpm (1)
w1 (1) (f(,0) + kn T3 () |w1) L2 o,
O (u(t)) — © (u(0))) : + :
win (1) (f(-,0) + En T8 () |wm) L2 0,11

Now, to prove that this system of m nonlinear scalar integral equations in the m
unknowns v,(n)( ), 7 =1,...,m possesses one and only one solution, we proceed
as in the proof of Cauchy S theorem. Firstly, let us introduce the Banach space
E = C([0,ts];R™) endowed with the sup norm. Let us define the mapping T :
E — E: (vﬁ), . ,U%n)) — T(v,(i), . 7v,(,?;n)), where T(u,(i), cey w(nm)) denotes
the tranposed of the right-hand side of equation (17). Now, we are going to prove
that some power of the mapping T for the composition law is a contraction.
Inequality (3.6) page 13 of [11] about Planck function, implies that © : R — R
is a Lipschitz function. Thus there exists a positive constant C' such that:

TW, .oy () = TED, ... 5 ( <c /Wo> — 59 (s)| ds.
(W0, o) (6~ TS, | Z (5)] ds

(18)



Applying Cauchy-Schwarz inequality in R™, we obtain:

T, o) () - TER, 350 (), <

RrRMm

C’\/ﬁ/ [Um (8) = O (8)|gm ds < Cy/m t ||vp, — Ol 5 -
0

(19)
This inequality implies that:

|70l = @D, 5| < vt llon =l (20)

Iterating, we obtain VI € N* that

1
: Cv/mt
R G IO (| NP AL W
E
S (ovity)
Now eCvVmts = Zli,f and as the general term of a convergent series
I=1

tends to zero, @ tends to zero as [ — +oo. Thus for [ sufficiently large
T°':E > FEisa contractlon and possesses thus one and only one fixed point
(vﬁ,lb), . vﬁfln)) € E = C([0,tf];R™) which is also the unique fixed point of
T :FE — E. Thus, we know now that the Cauchy problem for the system of m
nonlinear differential equations (14) possesses one and only one solution in the
time interval [0,¢;]. Now, we have to pass to the limit as m — 4o0. In that
purpose, we are going to prove some energy estimate. As v,,(t) is for a fixed ¢ a
linear combination of the functions wj, j = 1,...,m, it follows from (14) that:

pMg (Om (8) |V () L2 0,11 + K HUm(t)H?Q(]O,z[) = (ZL(,t)|vm () 2o
t
—hevm (t)(1)* = @’(/vm(S)(l)dS + To()vm () (1)* + O (u(t))i(t)vm (8) (1)
0
As ©'(+) > 0, it follows from the previous equality, the inequality: Ve > 0 :

w5 lom 720, + (n = UL+ 5)2) [om @l gon

2 (21)
< &%t Ll©ow) @) .
= 0 1 (CERR ]

Choosing in the previous inequality & > 0 sufficiently small for {(1 + %)52 to be

kn

smaller than =& we have in particular

of
ot

cpmg d 2 1 T
5 @ lom () 20,0p) <3 = t) t3 [(©ow) (1)

L2(10,1])

10



Integrating both sides from 0 to ¢, we obtain: V¢ €]0,¢[:

cpMmyg 1 f
3 U (1) HL%OI[ST/ gT L2 Ol[ /|@Ou | dt
0
Sl VA )+k‘hT6'()||L2 (10,1[)
2
<%l iy T 10712 1l 0,11 + ey 1G5 0) + BnTE (720, -

This inequality shows that [|vm || (o.¢,5;22j0.p) 3 bounded. Going back to the
inequality (21) and integrating both sides from 0 to ty, we obtain:

ty
(ki — 11+ £)e2) / Fom ()28 oty 4t + 2 [om (E) 2 g0

ty
2
<z %‘Lz(@ﬂ%ﬂ(@ou )] dt + =52 o (0)]|7 go.1p -
0
As
[vm (0) | 20,1 < 7||f( 0) + En T4 | L2 g0.1p)

and thus bounded independently of m, it follows from the previous inequality
that ||Um||L2(O,tf';Hi(]0,l[)) is also bounded independently of m. Now, we want
to show that (9y,),,~, is bounded in L2(0,ts; H}(]0,1])*). Let w € H}(]0,1])
such that Hw”Hi (]0’16 < 1. Let us decompose w orthogonally into a part w; €
span(wsy, ..., wy,) and another part Wy belonging to the orthogonal of the finite
dimensional vector subspace span(wi,...,wy,) in H}(]0,[). This implies that
[@1 g1 o,y < 1. Now:

(0m (t), w >Hi(]0l[)* HL(ol) — = (Om(t)|w)r2qo.1p)
= (0m (t)|101) L2 j0,1) + (O (B)W2) L2 j0,11) -

+o0
But @9 = ) Z (Mm)}p 10,0[ ”’wk‘lq:l)ifol[)’ this series being convergent
=m-+1
in H}(]0,I[) and thus a fortiori in L?(]0,1[) as H}(]0,1[) — L?*(]0,1[). This
implies that for j € {1,...,m}:

+oo
N wy, (wjlwr) L2 jo.1))
(wj|w2) L2 o,y = (w] ) (o, — =0.
100 = 2 O o 00 T g
As ¥y, (t) is a linear combination of wy, . . . , Wy, it follows that (0., (t)[w2) 20,1 =

0. Thus @m(t)’w>Hi(]0,l[)*,Hi(}0,l[) = (Um(t)|W1)r2(0,p)- By the first equation

11



of (14),

cpmg (Om (8), W) g1 o= 1 (o = CpMg (Vm (H)|01) L2011
= _kh(vm( )1 )Hl ]0 i+ (g{( 1) 20,1 — hevm (1) (D@1 (1)

o/ / O (8) D) ds + To(1)vn (£) (D)1 (1) + O (ult) i (t) 1 (1)

0
<C(

0
5(,0)

£2(10,1)) Flom Ol ey go,p + [2()]),

for some constant C' independent of m. Replacing w by —w, we obtain:

. of
Cpimyg <Um(t)>w>Hi(}0,l[)*,Hi(]0,l[)’ < C(H 00t

Hlom Ol g go.pH DD,
. HE (0.1)

for every w € H}(]0,1[) such that ”wHHi(]o,l[) < 1. Thus

et m )] g < O 50 o ®l goup + D).

LQ(]OJD

Integrating both sides from 0 to t¢, we obtain:

/”Um ||H1(]Ol[) dtJr/‘u | dt).

Thus (9s,),,, is bounded in L?(0,ts; H} (]0,1[)*) independently of m as
||Um||L2(o,tf;I;i (o.p) is bounded independently of m. Thus, there exists a sub-

/ om0 g0y a0 < 0| 2

sequence (U’”i)i>1 of the sequence (Um)le which converges weakly to some
element v in L2(0,tz; HE(]0,1[)), weakly star in L>(0,ts; L*(]0,1[)) and such

that their derivatives (7, [>y converge weakly to © in L2(0,t; Hi (]0,1)%).

Let & be an arbitrary function belonging to the space L?(]0,¢s[). Vj € N* :

ty ty

/Cpmg(@mi(t)|wj)L2(]o,z[)€(t)dt - /Cpmg (08, wi) gz go,apy=, 12 o E(B)E

0 0

as | — +oc as the mapping

L2(0,t5; HL(10,1)*) = R : x = /Cpmg X(8)sw) g1 o, 1 goap € (Bt

is a continuous linear form on L?(0,ts; H} (]0,1])*).
/kh Um; (0)|w5) 1 qoapé()dt — /kh t)|w;) 1 gopé(t)dt

12



as the sequence (vp,; )[ converges weakly to v in L2(0,t; H}(]0,1[)) and the
mapping

L20,t HL(0.1D) — R XH/kh Ol 006 ()

is a continuous linear form on L*(0,¢5; H} (]0,1[)). As the sequence (vp,, )Z

converges weakly to v in L?(0,t; H}(]0,1])), and the mapping
LQ(Ovtf; H%/(]O’ 1) — LQ(]Oatf[) rw = w(., )

is linear and continuous, it follows that the sequence of functions vy, (-)(l) con-
verge weakly to v(-)(1) in L?(]0,#¢[) as I — +oco. This implies that

- / O (8) (Dw; (DE(E)dt — — / hev(t) (Dw; (DE(L)dt

as | — +o00. Let us show that:

ty t

- / o'( / Ouny () (1)l + To (1) Yo, () D)ooy (DE(E)dE —
0 0
- / o'( / o(3)()ds + To(D))o(6) Dy (DE(E)dt
0 0

as | — +oo. As for every t €]0,t;]:
01 ® Xj0, € Hy(10,1)" @ L*(J0,2[)" = L*(0, 5 HL (10,1]))”

and as the sequence (Um; )Z converges weakly to v in L2(0,tp; HE(]0,1])), it

follows that /Umz lds — / l)ds as | — oo, YVt €]0,ts[. Thus
t t
/Umz l)ds + Ty(l)) — ©'( /v Dds + Ty(1))
0 0

13



as | — +o00, Vt €]0,t7[. The sequence of functions Umn; (+)(1) converging weakly
to v(-)(1) in L2(]0,ts[) as | — 400 is bounded in L2(]0,#s[). Thus:

[ om (9015 + Ta®)n 00w 0 011~
0 0

ty t

/ o'( / o(3)(D)ds + To(1))om, (8) (D (DE(L)dt

0 0
< |w](l)| (?up vai(')(l)HL%]O,tf[))
- 2

€)1 dt] /2,

- (22)
— 0 as | — 400 by Lebesgue bounded convergence theorem. As ©'(:) is
bounded, the function

t

¢
/vml (l)ds + To(1) /v (D)ds + To(1))
0

0

10,/ Rt @’(/v(s)(l)ds +To(0))

is bounded and thus the function

10,tf)[=R:t— @’(/v(s)(l)ds + To(1)&(t)
0

belongs to L*(]0,¢y[). As the sequence of functions vy, (-)(I) converges weakly
to v(-)(1) in L2(]0,ts[) as | — +o0o, we have also that

/@/ (1) T (1)) (£ () (1))t — /@/ (1) ds+To(0)E()(E) (1) dt

- (23)
as | — 4o00. In conclusion, from (22) and (23) follows that:

/e /vm (1)ds + To(1))vu (1) (Dw; (DE (D)t

- fer / o(s) O)ds + To()o(O) D w; (DED)L,
0

as | — +oo. We are now in a position to pass to the limit as ! — 400 in the
first equation of (14) and we obtain:

14



ty ty
/Cpmg (0)wi) iy qo.ap- mry qoap €14 + /kh(v(t)‘wj)Hi(]O,l[)f(t)dt

0 0
- / (L, 1)) o €(E)dt — / hev(t) (Dyw; (DE(E)dt
t t 0 0 t
- / o'( / o(s)()ds + To())o(t) Lyw; (DE(E)dt + / O (u(t) yi(t)w; (D€ (t)dt,
0 0 0

(24)
Vj € N* and V¢ € L?(]0,¢s[). As the sequence (vml.) converges weakly to v
in L2(0,t5; H7(10,1])), and their derivatives (0m;);.
L2(0,t5; H7 (10,1[)*), the sequence (v, (-,0));,, converges weakly to v(-,0) in

L2(]0,1[). From, the second equation of (14) follows that v(.,0) = —L—(f(-,0)+

pyg

>1
weakly to v in

knTY). This fact and (24) prove the existence of at least one weak solution to
the initial boundary value problem (12). m

Lemma 6 The initial boundary value problem (12) possesses one and only one
weak solution.

Proof. The existence of a solution has been proved in the preceding lemma.
Thus it remains to prove uniqueness. Let us consider two weak solutions v and
0 of the initial boundary value problem (12). Thus v and ¢ satisfies (13). In
particular v(zx,0) = 9(z,0), V'z €]0,1[. We must prove that v = ¢. Considering
v — 0, we have:

l
cpmg gy V(5 8) = 00, 1),0) 1 o=, a2 Qo) = fkh/“*g;” (z, )¢’ (z)dx
0
_hc (’U(la t) - {)(la t)) Sp(l)
t t

— @’(/v(l,s)ds + To(D)v(l,t) — @’(/ﬁ(l,s)ds + ToD)o(l,t) | e(l).

0 0

15



Taking ¢ = v(-,t) — 0(-,t) for some fixed t €]0,t;[ in the previous equation, we
obtain:

l

l
comy %/ 2, 0)2d + kh/(M(x, )2dz + he ({1, £) — 0(1, £))?
0

/v (1, s)ds + To (1)) (v(L,t) — B(1,1))?
o(l, s)ds + To(1))0(L, t) (v(l,t) — 6(1, 1))

+O/( [ 0(1, 8)ds + To(1))o(l, ) (v(i, t) — (1, ).

o\wo\“

(25)
This equality can be rewritten:

l

1
CP’Q”H%/ z,t) — O(z t))2dx+kh/ (v— ”) (z,1))2dx + he (v(1, ) — 6(1,1))?
0 0

@’(/v(l, s)ds + To(1)) (v(l,t) — (1, 1))
0

e'(/@(z, $)ds + Ty(1)) — @’(/v(l, 5)ds + TO(Z))] (0 1) (w(i, 1) — 0(L, 1)) .

0 0

Now, it is easy to see that ©’ is a Lipschitz function as ©” is bounded. Denoting
by C the Lipschitz constant of ©’, we have:

t t

/ (1, 8)ds + Ty(1)) — ©'( /v (s ds+T0(l))] o0, 1) (w(L, ) — 0(1, )

0 0

t

<c / (8(0,5) — oty $))ds| (L, 1) [o(1,£) — 01, 1)].

0

t

/(f)(hs) —v(l,s))ds

0

Setting C" = Co(1,¢)|, a = |v(l,t) — (1, t)], b = and

applying Young’s inequality:

!
ab < e a?+ ¢

2
- 2C Qth ’
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we have that:

c 6(1, )| [o(l,t) — 0(1, )| = C'ab

/(f/(l,s) —(l,s))ds
0

Thus:

Sefto d [ (y(z,t) — Oz, t))2dr + kh/( (3 D) (2,1))2dz + he (v(1,t) — 9(1,t))?

/’U (I,8)ds + Tp(1)) (v(l,t) — ﬁ(lvt))z

0
( [ 6.5 = o5 ) / ) (i, 5))ds.
0

0
t

Let us set ¢(t) = /(ﬁ(l, s) —v(l,s))%ds. We have thus a fortiori the inequality:
0

< (C/)2

2h

!
cpmyg d C*t

5 a/(u(az,t) —i(z,t))*dr + %w’(t) < thﬁ(l,t)%(t).
0

Let us integrate both sides of this inequality from 0 to £ for an arbitrary ¢ €]0, ¢ £l

‘We obtain:
I o 7
A 2
2hc/tv(l,t) W(t)dt.
0

/(v(az, B — i(x, 1) 2dz + %zp(f) <

0

Cpilg
2

t
Setting 77 / t)dt, we obtain:
0

A fortiori:




Thus: o
o () < St (7)ot

Setting g(f) := %56(1,5)2, we obtain i’ (¢) < g(¢)n (), Vt €]0,ts[. We have also
1 (0) = 0. Thus by Gronwall’s inequality ([6], (11) p.624): n (t) = 0, V& €]0,ty]

/ t)dt = 0. But ¢(t) = /(f)(l,s) —v(l,8))?ds. Thus:

0 0
2/ —v(l,s))%ds =0, YVt €]0,;]. (26)
0

By symmetry, we have also that:

t

v(l,t)Q/(ﬁ(l, s) —v(l,8))%ds = 0, V't €]0,t;]. (27)

0

We want to prove that this implies
0(l,8) = v(l,s),V's € [0,t5]. (28)

Let us consider:
t
t :=sup{t € [0,]; / (1,5) —v(l,s))*ds = 0}.
0

By continuity, we have of course that:

/(@(l, s) —v(l, s))%ds = 0.
0

V's € [0,t], we have thus o(l,s) = v(l,s). If t = ¢y, then (28) is proved. If

t<tp, Vet el [ (6(1,8)—v(l,s))%ds > 0. By (26), (27): 9(1,t) = 0 =v(L,t),

o

—

V't €]t,tg[. Thus
that V't €]0,¢4]:

28) is also proved in that case. From (28) and (25) follows

l l

cp;ng %/('v(x,t) —0(2,t))%dx + kh/(w(fﬂ t))*dz = 0.

0 0

18



The second term in the left-hand side of the previous equation is of course
l

positive, so that: t/ z,t) —0(z,t))%dz < 0, V't €]0,ts[. Thus the absolutely

0
continuous function:

0,tf] =Ry :t— /(v(x,t) —i(z,t))*dx

is decreasing and null at ¢ = 0. Being positive, this function is null V¢ € [0, ;]
so that v(-,t) = (-, ¢) in L*(]0,1[), Vt € [0,¢f]. Thus uniqueness is also proved.
]

Proposition 7 Under the regularity condition on the initial condition Ty that
To € H%(]0,1[), the compatibility condition Ty(0) = T, at x = 0, and the compat-
ibility condition between the initial condition and the boundary condition (29)
atx =1:

—knT5(1) = he (To(l) — Ta) + O(To(1)) — O(u(0)),

the unique weak solution T, of the initial boundary value problem (2) i.e.

cpmg%(x,t) kh 8952 (SL',ﬁ) + ¢(T($7t)) + hT,u(wvt)7
O<e<l, 0<t <ty
_kh o (l t) hc(T(lat) - Ta) + (@(T(l,t)) - @(u(t))), (29)
O<t<ty, (B.C. atz=1),
T0,t)=T,, 0<t<ty, (B.C. atx=0),
T(x,0) = To(z), Yz € [0,1], (I.C. att=0),

satisfies the regularity property: “Ie € L2(]0,ts[; H'(]0,1)).

Proof. Let us consider the weak solution v € {w € L%(0,t; H}(]0,1]));w €
L2(0,tg; [H}()0,1])] ")} of the initial boundary value problem (12); thus by (13)
Ve € Hy(]0,1]) :

l l

cpmg gy (W(,),9) mr1 o+, a1 Qo) = _kh/%(x t)¢'(z)dx + /i{(x’t)w(m)dl“

0 0
t

—hev(l; t)e(l) — 9’(/1)(17 s)ds +To(1))v(l, ) (D) + O (u(t))i(t) (D)

and v(z, 0) O: 1% (f(x,0) + kpTY (x)), V'x €0,1],

Cp

(30)
where f denotes the function f : Q@ — R : (x,t) — Y(Tu(z,t)) + hr, u(z,t)
(10). We know by the two preceding lemmas, that this initial boundary value
problem possesses one and only one weak solution. Let us set:

t

T(x,t) := /'U(cc, s)ds + Ty (z).

0
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This implies that v(z,t) = %—f(w, t). Let us integrate both sides of (30) from 0
to t; we obtain:

l

l l
Cpmg/aat (z,t)p(2)dr — /f(a;,o)<p(a:)dx + /khTé(x)QO/(x)dx — kT (De(l)
0

0 0
l l

=~ [ $E (@) @)do + [ T/ @)+ [ (o Op(a)do

0 0 0
l

—/}@ﬂmex—MT@wwn+m%uwm
—O(T(L)ell) + O(To(D)(l) + Ou(t))a(l) — O(u(0))p(l).

Using the compatibility condition:

~

—knTo(1) = he (To(l) — Ta) + O(To(1)) — ©(u(0)),
and f(z,t) = Y(Ty(z,t))+hr, u(x,t), we obtain after simplifications V¢ €]0,¢/]:

l l l

cumy [ (@, p(a)do + b [ 4, 0) (oo — [0(Tula)pla)ds

0 0 0

l
/wuuwwmm—@wm—e@wmwm

*[ o(Ta = T(L, 1) (1) =0, Yo € H(]0,1])
T00,t) =T, 0<t <tf,(B.C.atx:0),
T(x,0) = To(z), Yz € [0,1], (I.C. at t =0).

(31)
By (7) and (31), we have Vt €]0,t¢[:

l

Cpmg% <Tu(at) _T('at)a<p>H1 (Jo,1)*, H1 (J0,1) +kh\/%(l’7ﬂ(ﬂ/($)d$
+ [B(Tu, 1)) — O(T (L, 1))] o)

+ [he(Tu(l,t) = T(1,1))] (1) = 0, Y € H(]0,1])

(T, —T)(0,¢t) = 00<t<tf (B.C. at z = 0),

(Tu —T) (2,0) = 0, V'z € [0,], (LC. at ¢ = 0).

(32)
Considering ¢ = T, (-,t) — T'(-,t) € H}(]0,l[) for some fixed ¢ €]0,t¢[ in (32),
we obtain:

l
%/ (T, t) — T, ) d < 0, V't €]0,¢].
0
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Thus, the absolutely continuous function

l

t— / (Tu(z,t) — T(x,1))? da

0

is a positive decreasing function with respect to the variable t. As this function
takes the value 0 for ¢ = 0, this function is zero. Thus T,, = T which implies
W = 4T — o € L2(]0, t¢[; H'(]0,1[)). What was to be proved. m

Corollary 8 If we suppose moreover that Ty € H3(]0,1[), then I € H>1(Q).

Proof. We keep the same notations as in the proof of the preceding proposition.
By using formulas (10), (3) and (4) with ¢ = 0, deriving with respect to x, using
the fact that Bf(Tp) € H'(]0,1[) and decomposing that function as the sum
of an affine function defined on the interval ]0,![ and a function in H(]0,1[),
function that we extend by 0 as a function on the whole real line and using
properties of the convolution operator, one can prove that % € L2(]0,1]).
Consequently —-—(f(.,0) + k,Ty) € H*(]0,1]). As % € L*(Q), by Lemma 4,

CpMyg

t — heo(l,t) + @’(/v(l, s)ds + To(1))v(l,t) — O (u(t))u'(¢)
0

belongs to L?(]0,¢¢[). Thus, the initial boundary value problem (12) is of the
form (9) with T, replaced by 0 in the boundary condition at z = 0. Thus by
Proposition 3, 4= = v solution of (30), i.e. weak solution of the initial boundary

) Tt
value problem (12), belongs to H>1(Q). m

3 The semi-discrete problem

In this section, we will suppose that the hypotheses of Corollary 8 are satisfied
i.e. that Ty € H3(]0,1[), that Tp(0) = T, and that

—knT5(1) = he (To(1) — Ta) + ©(To(1)) — ©(u(0)).

This implies that T, and 4 belong to H*'(Q). In particular T, and “x
belong to L2(]0,¢¢[; H2(]0,1[)) implying that T,, € C([0,t¢]; H*(]0,1])). Let us
now define what is the semi-discrete problem corresponding to the exact problem
(2). Given Nj, € N*, let us define the mesh g = 0 < 21 < 29 < --- < z; <
-+ < zp, = [ on the interval [0,{]. By ¢; (i = 0,...,Ny), let us denote the
continuous function on the interval [0,!], affine on each subinterval [z;_1,z;]
(j = 1,...,Np,) which takes the value 1 at the node x; and 0 at all the other
nodes xj, j # ¢. Thus:

(33)

wo(z) = { o if @ € [wo, 24,

0if z €lz1,zy, |,
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0if z € [0,z;1],
ZTTiz1 if g € [Ti1, x|
Ti—Ti_1 s il
pil) =4 i | 34
Z( ) ﬁ ifxe [jS,gji+1]’ ( )
0ifz E]x“_l’x]\]h]’

fori=1,...,N,—1, and

0if z € [xo, 2N, 1],
@Nh(x) = { _TTEINp—1 lf.'L' (= [xNh717:I:Nhr:|. (35)

TNy —TNp—1

Every function ¢; (i = 0,..., Nj) belongs to the space H'(]0,1[). Let us denote
by X the finite dimensional vector subspace of H1(]0,l[) generated by the
functions ¢; (i =0,..., Ny). The semi-discrete problem is the following: find

Tu7h(-73j7 ) S Cl([O, tf];R), j=1..., Ny,
satisfying the initial conditions
Tu,h(mj,O)ZTo(l‘j), Vj::l,...,Nh (36)

such that the function

Ny
Tt [0,t7) = X it = Tun(t) = Tupo + > _Tunlzj,t)e;  (37)
j=1

satisfies on the time interval [0, ¢;] the system of differential equations:

N l l
gy T (03,1) [ o5(@hon(o)ds + Tubn [ (o) (@)
Jj=1 0 0

l

Np, l
> Tunes O [ @) @do — [o(Tupoo +ZTM%
j=1 0

0 (38)

! l
/ o3 (2)pn(@)de / o (2, t)pu(2)da
0 0

Ta@O"l‘ZTu,h(wjvt)‘/’j?u
7j=1
+[O(T, ,h( t)) — O(u(t))]ok, N,
e (Tun(Lt) = To) Spn, =0, Ve =1,..., Ny.

A more “functional analytic” equivalent definition traced on the definition of
what is a weak solution (7) of the exact problem (2) is given below by formula
(47). Let us set

ol (t) = (Tun(z1,t), ..., Tun(zn,,t)). (39)

Let us define the square matrix of order Nj,, M" = (m?,k)léj,kSNh by mzk =
!

/ij(:v)gok(x)dx, Vj,k =1,...,Nj, and the related matrix A" = ¢,m,M". We
0
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will need also in the following, the square matrix B" = (b?,k)lﬁj,kSNh of order
l

Ny, by b?;k = kh/ga;- (x)¢h(z)dx, Vj, k =1,..., Nj. These three square matrices

0
of order N}, are tridiagonal, symmetric, positive definite and thus invertible. In
the particular case of the equidistributed grid x; = jh, j = 0,1,..., Nj, on the
interval [0,]] with h = Nih, an easy computation shows that

2h h h
mfl = 5 mﬁiﬂ = m?HyZ- = 5’ Vi=1,...,Np — Lm?\fh,Nh, = 3
and
2k —k k
b7},7’,l: L bll+1 bz+17,:Th7 Vizla"'aNh_lab?\/h,N;L :%

Now, let us introduce the nonlinear function

]?h ‘RYE L RVR ol = (a1,...,an,) — fh(ah) = (flh(ah),...,ﬁ\?h(ah))

defined as follows:

!
ﬁ?(ah) =/ Tapo(x ZO‘J‘PJ (z)dx
0
/]
+ZQ7TI{k*// «(z,2")BE (Topo(a +Z%% ))dz' oy (z)dr+

k*=1
l l Np,
S m. Jif@itoe 2= - o) By (Tpao )+ D o)
k*=1 0 0
-0 (Oho)(Sk,Nh — hean, ok N, Yk = 1,...,Nh.
(40)

Lemma 9 The nonlinear mapping
fh (RNe 5 RNe o = (a1,...,an,) — fh(ah)
18 lipschitzian.
Proof. By ([11], p.14), the first order derivative of the Planck function with

respect to the absolute temperature T satisfies the bounds: 0 < 2B(T,\) <

T
C%C)\i. This inequality implies that the first order derivatives (Bk ) and @’ are

bounded which in turn implies that the first order partial derivatives 2 B(x (] =

1,...,Np) are also bounded. From this last fact follows that fh is lipschitzian.
]
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We also define the nonlinear function g" : R — R : o s gh(u) =
(g1 (u),...,gn, (u)) as follows:

l

M
o) = k;zmk* / [Balie- (1 - 2)) = Baliin- (1 = 2))ulo)ds BY () ()
O—I-@ (u) 6k,Nm Vk = 1,..., Ny,

and the vector C" = (c!')1<k<n, of RV* by

! o !
ch = —khTa/gpf)(x))go;(x)dx + Z 27mk*B§*(Ta)/Eg(mk*x)cpk(x)dw
0 k=1 0
M ! (42)
+ Z 277/-@;@*35* (Ta)/ég(fik* (2l — z))pp(z)dx+
k=1

0
+h.T, 6k,Nh’ Vk=1,..., Np.

It is easy to see that the nonlinear function g"* : R — RN is Lipschitz-
continuous. Let us still introduce the initial condition, the vector

Ty = (To(z;)1<j<n, (43)

of RV». Having introduced these notations, in particular (39) and (43), we may
rewrite the semi-discrete problem (38) in the following matrix differential form:

[ A0 B = O) £ OO+ O DLy

Proposition 10 The nonlinear Cauchy problem (44) possesses one and only
one solution.
Proof. Let us set

F[0,t7] x RN = RN (8,y) o (A") 7 =By + fM(y) + 3" (ult)) + C"].

F' is a continuous function, which by Lemma 9 is moreover lipschitzian with
respect to the y variable uniformly in ¢. Applying the Cauchy-Lipschitz Theorem
([4], p. 65), the result follows. m

As an immediate corollary, we have:

Corollary 11 The semi-discrete problem defined by the conditions (36),(37)
and (38) possesses one and only one solution.

Let us set:
Shp =span < Y1,...,0N, > . (45)
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It is a vectorial subspace of dimension N, of H} (]0,1[). Formula (37) may be
rewritten:

uh T +Z u,h xja _Ta)(pjy (46)

which shows us that V¢ € [0, ¢/], TWL( ) € T, + S,. The semi-discrete problem
defined by the conditions (36),(37) and (38) may be rewritten in the following
form: find T, , € C1([0,ts]; To + Sp) such that V¢ € [0,¢¢]:

l l

cumy [ Z () d + by / Pt (0, ) (a)do

0
l

_/1/;( Ton (o, £)) () das — /hT 2. O)x()dz
L O(Tun(t.D) — O] x(D) + he (Tun(1,1) — Ta)] x(1) = 0, Vx € S,
Tu7h(0,t) =T,, Vte [O,tf],
Tun(.,0) = I (To).

(47)
In formula (47), I, denotes the Lagrange interpolation operator at the N, +
1 points =g = 0, z1, x2,..., N, = ! by continuous functions, which are
polynomials of degree at most 1 in each interval |z;,z;41[, Vj =0,..., N, — 1.

Our purpose is now to establish, an a priori error estimate. In that purpose, let
us firstly write the error equation that is the equation for the error e := T, ,—T,:

Proposition 12 The error e := T, , — T\, on T, satisfies for V' t €]0,t¢[:

!
cpmyg g (e, 1), X) H (oan=,H (o T k’h/%(%t)xl(x)dx

0

(z,t) + e(x,t)) — (Tu(x,t)] x(z)dx

l
e
l

/ () +e(.,t), u(z,t) — hTu(.,t),u(xvt)] x(z)dx

+[O(T; u(l,t)0+ e(l,t)) — O(Tu(l, )] x(1) + hee(l,t)x(l) = 0, Vx € S,
(O t) =0, Vte [Oatf];
6(.,0) = Ih(TQ) - T().

(48)

Proof. Equation (48)(;) follows by taking the difference between equation
(47);y and equation (7);) which are both valid for every x € Sj. We have
proved in [11], that T, € C(Q) which implies that T,(0,.) € C([0,%s]). Thus
T.(0,t) = Tg for all ¢ € [0,tf]. Taking the difference between equation (47);;)
and equation (7)(;;), we obtain e(0,t) = 0, Vt € [0,t;] (not only for almost
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every t € [0,tf]). Finally, taking the difference between equation (47) ;) and
equation (7)), we obtain e(.,0) = I,(Tp) — Tp (this equality being true at
every point z € [0,!], not only almost everywhere, as both sides are continuous
functions). m

For an arbitrary ¢ fixed in the interval [0,%f], let us introduce the elliptic
projection Tu,h(.,t) of T, (., t) defined by: Tuvh(.,t) € T, + Sy, and satisfies:

T l
/aTqu, (a:,t)x’(x)dw — /%(x,t)xl(aj)dft, VX S Sh. (49)
0 0

ox ox

In particular Tmh(O,t) = T,. Also T,(0,t) = T,. Thus T,(.,t) — T, and
Tun(.,t) — T, both belong to H}(]0,1[). Equation (49) may be rewritten in
the equivalent form:

Lo (Tup — Ta ! -
/(;x)(z,t)x'(x)dx = /W(I,t)xl(z)d:@ Yy € Sp. (50)
0 0

Equation (50), shows us that Tu,h(.,t) — T, is the orthogonal projection of
Tu(.,t) =T, onto S, C H}(]0,1]) for the scalar product of Hi (]0,1[). As already
said in the introduction, if we would have a Dirichlet boundary condition at the
point x = [, then the technique of elliptic projection is well known ([19], p.7).
But in our case, we have the nonlinear Robin boundary condition (2);; at the
point = [. The key property of our elliptic projection (49), which will allow
us to prove optimal a priori error estimates is that

Tun(l,t) = Tu(l,t),
a property that we now establish:

Proposition 13 Equation (49) is equivalent to T, 1, (1,t) = Ty(l,t) and

. l
0Ty 1 , _[0T, , o
/ e (z,t)x (z)dz = / o (z, ) (z)dz,Vx € S,
0 0

where Sy, == {x € Sp; x(l) = 0}.
Proof. Let us consider the function
X0l [=R:z— %
This function x € S, and x(I) = 1. Also x'(z) = 1, V& €]0,![. Equation (49)
with that function x gives us:

%(Tu,h(l’t) - Ta) = %(Tu(l’t) - Ta)
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and thus T, 5 (I,t) = T,(I,t). The equivalence with equation (49) follows from
the fact that the finite dimensional vectorial subspace S}, defined by formula (45)
is also equal to span (¢1,...,¢nN,—1,%) and also that span (p1,..., 0N, —1) =
gh- ]

Remark 14 The above definition and properties of the elliptic projection of
T.(.,t) extends to an arbitrary function T € H*(]0,1[) by replacing T, by T(0).
In particular, we will speak in the next corollary of the elliptic projection of
dc%(.,t) for almost every t € [0,ty]; in that case dg;“ (,£)(0) = 0 and T, must
be replaced by 0.

Now, we split the error e := T, — T, on Ty p, into two terms:
e=0+p (51)

where:

9:Tuh*Tuh
s o1 2
{ p:T‘u,h*T‘u- (5 )

0 verifies the following equations:

Proposition 15 For almost every t € [0,tf], we have Yx € Sp:

l l

cpmg <0t(', ) >H1 (]0 l[)* Hl (]0 l[) + kh/ 0( / u h Z, t
0 0

l
(T () () — / .

0
Bt oty @ DX(@) T + [O(Tu a1, 8)) = O(To (10)] (1) + heb(1,)x(0)

l
= —CpMy <pt('at)7X>H1 qo,i)*,HL (10,1[) +/ Tun(z,t))
0

(Tl )@do+ [ [hg,, .00 = (0] x(@)da,

o _

0(0,t) =0, Vt € [0, /],
0(.,0) = Ty n(-,0) = Ty n(+, 0).

(53)
Proof. The first equation follows by splitting the terms in the error equation

(48) using the decomposition e = 6 + p of the error e, from equation (49)
1

which implies that / L(x,t)x (x)dx = 0, ¥x € Sp and Typn(l,t) = Tu(l,t).

0
The second one follows from the fact that T, — T, € C([0,tr]; Si) and also
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Ty,n — T, due to the fact that T, € C([0,t;]; H'(]0,1[)) and equation (50). Thus
0(0,t) = Tyu.n(0,t) — Ty 1(0,%) is null for every ¢t € [0,ty]. The third equation
has sense due to the continuity of Ty 5 and T}, and is trivial. m

Corollary 16 For almost every t €]0,t¢[, 0(.,t) verifies the following inequal-
ity:

e |00, )17 oy + Fn V20C D720z + Peb,1)? < cpmy
: Hpt( )HL2 qoap 109G O 2o + (Ln + L) oG, N 220,00 16 Dl L2 0.
+Ln (10,1 HL2(OI[)
(54)
where Ly and Ly denote the Lipschitz constants of 1 and of the mapping
L2(]0,1[) — L2(J0,1]) : T+ hr .

—~—

Proof. Flrstly, let us observe that by equatlon (50), GTun(t) = (ﬁ;u (.,t))
t dt Lo (1) onto Sy, the mapping
4T, n(.,t) belongs to L*(]0,ts[;Sp). Also, t — 2T, ,(.,t) belongs to
L2(10,t¢[;Sp). Thus ¢t — 26(_¢) belongs to L2(]0,t; S’h) Also t— ‘Cil—f( t)
belongs to L%(]0,t¢[; H(]0,1[)). Putting x = 6(-,t) in equality (53), we obtain:

t —

l

cp;”g d ||9( )||L2 (0.0 + kh/@g: (l‘ t)Qd.Z‘ + h 0(1 t)
0

l

~ [ [9(une.0) = (Tl 0)] 6o O+ [O(Tn(l.6) - OFun(l)

0

l
l t S / Tu,n(5t),u .’L' t) hTu,h(-yt)KU‘(x’t)} e(gj,t)dx
0

+ / (B 10 (58) = By, 8)] O,
0
Fepmg [lpe (5 ) 2 go,p 10C, O 2o
I

+ / V(T (@,1) = 0Tz, )] 0(, t)da
° (55)
Now, (T Z47‘kak ) and thus the mapping T — —(T) is an
increasing function of T. Thus
[V @@, 1) = o(Tun@,0)] 0w, 6) = | (<9) (T, ) = (<) (Tune, 1)
(Tun(a,t) = Tup(a,1))
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“+o00
is always positive. In the same way, as ©(T) := 7 / exB(T, \)dA, it is also an

Ao
increasing function of 7', which implies the positivity of the term

(O(Tn(1,1) = OTun(1,1)] 00,1) = [O(Tun(1,1) = O(Tun(1,1))
. (Tu7h(l,t) — Tu7h(l,ﬁ)).

We are thus allowed to drop the last two terms in the left hand side of inequality
(55). Now by Corollary 3.7 page 14 and Lemma 3.18 page 22 of [11] and formula
(4), it follows that the mapping L2(]0,1[) — L*(]0,1[) : T+ hr,, is lipschitzian.
Calling its Lipschitz constant Ly, it follows that:

1
/ T (0T ) = h:f“u,h(.,t)m(xvt)} O(z,t)dz| <
0

0068 =B )L 1D 20
< D || T o) = Tun 0| o 10C Dl = En 0G0 -
(56)
Proceeding analogously, we also have the bound:
1
/ {hfu,h(.,t),u(m7 t) - hTu(,,t)7u(x7 t):| 9(357 t)dflj (57)
0

< LullpC Ol 2 go.ap 10C Ol L2 oy -

By Lemma 3.6 page 13 of [11] and formula (3), it follows that the mapping
R — R : T +— #(T) is Lipschitzian. Calling its Lipschitz constant L, it
follows that:

1
/ [0 (Tun(@,6) = U(Tua, )] 0@, dz| < Ly o€, o 10C- ) 2gouy -
0

(58)
From (55) and inequalities (56) to (58), follows inequality (54). What was to
be proved. =
We can not a priori absorb the term Lj ||0(-,t)||332(]0’l[) in the right-hand
side of inequality (54) of our previous corollary, by a fraction of a term in the
left-hand side. To remedy to that, we multiply both sides of inequality (54), by
exp(2At) for A = —-E2— Let us set:

('pm.g

0(-,t) == exp(At)0(-,t) and p(-,t) := exp(Af)p(-, t). (59)
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Proposition 17 The following bound holds:

2
+kh/Hv )
L2 10,1])

2

t

ds + he /é(z s)2ds

o(-
My H (-t L2(]o 12

0 (epmyC
S cpmg Ha(, 0)‘ (EpmgLPO) g PO / Hpt ||L2(]O l ) dS (60)

LQ(]OJ[)

LyC
+2(bk750)/||ﬂ(-,8)||L2<10,lD ds,
0

where Ly := 2Ly, + Ly,.

Proof. Multiplying both sides of inequality (54) by exp(2At), and using
exp(At)0: (-, t) = O(exp(A)0(+, 1)) — Aexp(A)0(-, 1),

as well as
exp(At)pe(-,t) = Oy (exp(At)p(:, 1)) — Aexp(At)p(-, t),

we obtain:

CpMg d
2 dt

b [V200, )] ;mmz hei(l, )2

+ (L 4 Ly + (Al epmg) [[5C, D 2 0.1
2

§(~,t)‘ ’

L2(0,1

< cpmg [|1pe( D)l p20.17) Hé( )
oo

Taking A = —-L2 we have thus L, + Acpmg = 0. The previous inequality

)
CpMyg

L2(o.)
+ (Ln+ Acymy) [0, 1)]

L2(10,1[) 2o,

becomes:

Cpmg d H ‘

u h.é(z t)2

6o,

Integrating both sides of the previous inequality from 0 to ¢, we obtain:

2
+ h/HV
L2 10,10

2

~ 2
Vzﬂ(-,t)‘ L2(]0,1])2

+ Ly [|p(- 1)

L2(]0,1[)

+ kh

L2( ]oz

< 0 .
_%mwxnmmJ\ t) ot

(61)

t

ds + hc/é(l,s)%is
0

L2(10 D3

d 62
L2(0,0) ’ (62)

0, 0)|

L2(]0,1[)

+%w/wfmmmeuﬂ
0

ds.
L2(10,1))

t
-I—Lb/ ||ﬁ('a5)||L2(]0,l[) Hé(’s)’
0
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Now, let us apply “Cauchy’s inequality with ¢”: Va € Ry, Vb € Ry, Vo € R7:

ab < da® + Z—z to bound the products in the right-hand side of the previous
inequality. Firstly, let us denote by Cpo the Poincaré constant i.e. Vo €
H}(0,1]) : el r2qoap) < CPo IVa®llp2qope (it is easy to see that Cpo = 2]).
1°) Ve > 0:

ds

<ww/wt Moy 6] 0.

< ey, /wysn;mmw /H
<5/H9 s 4 Loma)® /||pt 92
LoD L2(jo.p) @

1/2

L2(Ol[

2
n (epmyg 5
< 501230/ Hvz9(~,s)’ 20D 5+ T/ 1pe(-, s ||L2(}0,l[) ds.
0 0
Let us take ¢ = 4C2 . Thus:
%mqwm M zzgoan 065 \mom
t
< ka (cpmyCro)® 5.(. 2
’/HV 0(-,s L2 oD +$/Hpt(a5)”p(]o,z[) ds.
0
(63)
2°)VE>0:
Lb/ 16C, ) 220,00 H ‘LQ Q0.0 ds
1/2

~ 2
/wuﬂmmww /W
L? ~ 2
S‘/H L%M[s+ﬁ/wmﬁmmmm@

- 2
< 501230/ ”vze(vs ’ £2(]0,1])2 / ||p ||L2(]0 ) ds.
0

£2(]0,1])

Let us take € = . Thus:

4C’2
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L, / 156+ )= goup HH )

(64)

Multiplying both sides of inequality (62) by 2 and using inequalities (63) to

(64), we obtain:
/ Hv 0 s
L2 01[)

2

£2(10,1])
t

LyCro)® [ |15 ]
+ (bkipo)/ 1AC )12 o,up) ds-
0

L2 (10,)?

cpmy ||6(-, 1) t

t
ds+h/éls2ds
L20[

< cpmyg Hé(,O)‘

(epm Cpo
Ap'tg O ) g d
L2qoap /Hpt Mzaqoap ds

C
2%/IIp(wS)IIL?(]OJDdS'
0

What was to be proved. m

In view of the previous proposition, we must bound Hé(, 0)’

2 ! ) )
oot | 1o ds
0
and/”ﬁ(vs)”iz(]oyl[) dS. FiI’Stly:
0

16¢,0) 12010 = |
< HTu,h('a 0) - Tu('v O)HL?(}O,I[

Lemma 18 Vt € [0,t/]:

Proof. Equation (50), shows us that Tu,h(~, t) — T, is the orthogonal projection
of T,(.,t) — T, onto S, C H:(]0,1]) for the scalar product of H} (]0,[). Thus:

= [(Tu(-,t) = To) — (Tun(-,t) — T,

‘ . )HHi(]O,l[) H( u(t) ~ To) ( wn(?) a) H(0,1])

= Xlensf*h (Tl 1) = Ta) = Xl 2 goap) = e mf 1T () = Xl a1 goap
STu(5t) = InTu s Ol g1 goap S h||T GOl ez o -

Tun(0) = Tun(-,0)|
w(+0) A )LQ(]OJ)
T ( 70) - Tu,h('yo)‘

(65)

L2(ol])

Ton(8) = Tul1)|

h||Tu(-,t .
1 Qo) 1T O 2 go,ip)

Tu,h('yt) - Tu('at

[

But, in view of (65), what we need (at least for ¢ = 0) is a bound in the
L2(]0,1[)-norm of T, 4(+,0) — T,(+,0). We will thus apply a duality argument
(like in [19], p.5):
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Proposition 19 The following bound holds ¥t € [0,ty]:

Tu,h(',t) - Tu(7t)’

IoC,Olsgoap = | BT Dl oy

L2(jo, z[)

In the right hand side of the above inequality, h means max (x; —xj_1).
J=1;Np

Proof. Let us consider the two-points boundary value problem in the interval
10,1[: given ¢ € L2(]0,1[), find v € H?(]0,1[) such that

—¢"(z) = ¢(z), Vz €]0,1],
¥(0) =0,
(1) = 0.

By the closed graph theorem, there exists a constant C' > 0, such that

191 2 goap < CllellL2go.p

Using T,,.5(0,t) = T,,(0,t) = T, and Proposition 13 which tells us that T, (I, t) =
T (1, t), we have:

(Tun(-st) = Tul )l @) r2qoapy = —(Tun(t) = Tul- )9 ) (0.1])

= (Tl t) — Tull, )W (1) + (T (0,1) — Tu(0,1)) /

0

l

(o ) o = (G ,t) = o, ) (0

0

l
/ (Z () — 2 (2, ) (¢ (&) — X' (&), VX € S,
0

by equation (49). Thus using the preceding lemma:

Tun(st) = Tyl t ‘<‘Tu ) =T, tH
(e = T tldaagoap | < [t =0,
: 1nf ||¢ XHHl(]Ol[) < h|Tu(, )HH’A’(]O,Z[) Xléle:} [l — XHHl(]O,l[)

< PTG O 2o 19 = Inll g2 o
SPPNTul D) 2 goap 19 200
S P2 ITu ) g2 goap 191 220 -

Taking the supremum over all p € L?(]0,1[) such that [l p2q0,p) < 1, we obtain:

What was to be proved. m

Tu7h('at) - Tu(’t))

2
a0~ R AT Ol 2o -
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Corollary 20 Assuming that T, (-,0) € H%(]0,1[): Hé(,O ’

2
pegorp S P ITC O agoy-

Proof. By inequality (65) and the previous proposition:

Jéc-0)

L0l < Tun(50) = Tul, )l 2oy (-,0) — Tu,h(~,0))
ST (5 0) =T 0)ll o go iy + 2% [T 0) L 2o,
= |In(TW(-,0)) — “<‘70)HL2(]071[) + K2 ||Tu('70)||H2(]o,l[)
S W ITuC 0z oy -

L2(]0,1])

t

Pmmmmml/n<MBM[m<M/w NMragoy ds-
0

Proof. p(-, s) := exp(As)p(-, s) and A is negative. Thus: / a(-, 5)”%?(]071[) ds <

/||p(-,s)||iz(]07l[) ds. Thus it suffices to bound /||p(~,s)\|ig(}oyl[) ds. p(-,8) =
Tun(,8) — Tu(-,s). By the preceding proposition

(-, )||L2 (10,1]) ~ S h? [T, s )”H?(]o,l[) :

Thus:
/w |mm”w<m/M“ sy s

What was to be proved. m

It remains thus to bound / I15¢ (-, s)||iz(]0’l[) ds.

t t
. ~ 2 2 2
Proposition 22 /Hpt('78)||L2(]0,l[) ds < h4/’ ‘g“ ("S)HHZ(}O,Z[) ds+h4/ 1 Tu (s 8) 72 0,17) ds-
0 0

Proof. 9s(exp(As)p)(.,s) = exp(As) (0sp) (., 8) + Aexp(As)p(., s). Thus:

pt(+,8) = exp(As)pe(., 8) + Aexp(As)p(., s),
= eXp(AS)pt(ﬂ S) + )‘15(7 '9)7

which implies:

Hﬁt('vs)”L%]O,l[) < exp(As) ||Pt('75)||L2(]o,z[) + [AHIAC S)HL2(]O,I[)
< Noe(s ) pzqoap + IAAC ) 2o -
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as \ is negative (see (59). By Proposition 21: Vs € [0, t¢]:

/HP ||L2 qoup 48 S S h4/ 1T (- ||H2 (o,p 4s-

It suffices thus to bound / ||pt(-,s)||2LQ(}0,lD ds. p(-,8) = d:;"t’“ (y8) — d;;“ (-, 8).

As, we have already observed, by equation (50): %Tuyh(.,t) = (ﬂ Lt).
Tu(.,t) onto Sy C
H7} (]0,1[) for the scalar product of H} (]0,[). Also by Proposition 13, dT“ L(l,t) =

d;l;‘, (l7 t) ReplaCing Tu( ) by dTu ('7 t) and Tu,h('7 ) by di u7h('7 t) = (%(7 t))a
in the estimate stated in Propos1t10n 19, we obtain V't € [0, t/]

In particular, ET%;L(.,t) i

d - dT, dTy,
L2(]0,1[) H2(]0,1[)
This estimate implies that:
t t
Sl zgopds = [ [Tuntoo) - St
»S)L2(j0,1) d at 3| Lo
0 0

2
< bt [ 1% ) gy 05

(66)
from which the result now follows. m
Collecting the above results, we obtain the following estimate on § =T, , —
Tu,h:
Proposition 23 The following estimate holds for 6 =T, — Tu,h:

t

t
CpMg ||‘9('at)HiZ(]o,z[) + kh/ |\Vm‘9('75)||2L2(]o,l[)2 ds + hc/9(175)2d5
0 0

t
2
BT O gy + 4 [ (1% ~Hmw”%+ﬁ/w‘ Mirzo. ds.
0
(67)

Proof. This result follows from Proposition 17, Corollary 20, Proposition 22
and Proposition 21. =

Corollary 24 For the value of the solution T, ot the semi-discrete problem
at the point x = I, we have the following a priori error estimate:
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dT,
Tt = Tult gy S <|T< Migoan + | o5

LQ(o,tf;quo,m) .
(68)

Proof. As Tu’h(l, .) =Tu(l,.) by Proposition 13, it follows that:

Tun(l,.)—Tul,.) =Ty n(l,.) = Tunl,.)=06(,.).

Thus by (67), it follows

I = Tulls oy S AT O oy + 1Tl a0z

+H dt ||L2(0’tf§H2(]07lD)' (69)
But for every ¢ € [0,¢y] :
drl,
I3 Olrgoapy S I gy + | S (10
L2(0,t5;H2(10,1)))
which implies
drT,
T : S T +|= 71
H ”L2(07tf7H2(]0l)) T )HHMO’ZD H dt L2(0,t5;H2(]0,0])) i

By inequalities (69) and (71), the result follows. m
We are now ready to state our a priori error estimate for the solution T, 5,
ot the semi-discrete problem:

Theorem 25 For the solution T, ;, of the semi-discrete problem, we have the
following a priori error estimate:

drT.
2 u
ITun = Tulle o, 1522 00p) S <||TU('7O)||H2(]O,I[) + Hdt

L2(0,tf;H2(](Ll[))> .
(72)

Proof. As we have explained at the begining of this section, T;, € C([0,t¢]; H2(]0,1[)).
As T, (-, t) =T, is the orthogonal projection of T, (-,t)—T, onto Sy, in H} (]0,1[),

Tun € C([0,t5]; H'(]0,1])). A fortiori T, € C([0,t]; L*(]0,1[)). Using the pre-
vious proposition, we obtain:

|

Tu,h - TuhH
- He((o,ts;L2(J0, lD)

S R2ITu - 0) g2 go,ap + 1Tl 20,4502 o)

+| HL?(O ty; Hz(]OlD)>
(73)
By Proposition 19:

Tu,h('at) - Tu(-,t)’

< BT,  VEe [0t (T4
£2(j0,1]) 1T (s D)l 720,01 [0,ts].  (74)
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By inequality (74) and (70) follows:
dT,

—TH T,
| o O|< oy + |G

By inequalities (75), (73), and the triangular inequality follows:

Tu,h

L2(0’tf?H2(]0JD)>
(75)

||Tu - Ty h“c( [0,t5);L2(]0,1])) ~ < h2(||T ( )||H2 10,1[) + ||TuHL2(0,tf;H2(]0,l[))

+ |G HL2(0 £ H2( ]oz[)))
(76)
Using inequality (71), the result follows. m

Now, we want also to give some a priori error estimate for the gradient
VT, n. Firstly a lemma:

~ 2 2
Lemma 26 /||P('75)||H1(]o,z[) ds S hz/HTu(vS)”Hz(]o,z[) ds.
0 0

Proof. Equation (50), shows us that Tmh(., t) — T, is the orthogonal projection
of T,,(.,t) — T, onto S, C H3(]0,1]) for the scalar product of H} (]0,1[). Thus:

o, s HHl (0, wh (5 ) 2 100]) = xeiTEErS;L 1Tu(:,8) — X”Hi(]o,l[)

< Tl 8) = IhTu( )||H1 qoap S hlITu ( $)" N z2qop S PITuC ) 2oy -

As X is negative, it follows from the previous inequality:

t

2
/Mp nmm”dxi/m@xs Moy ds = [ (229

0

w<mmo”@</w Hmmu%<h/W 212 goup 4

Proposition 27 For the gradient VT, 1, we have the following a priori error
estimate:

dT,
IWARW—RWp@mpmwaShom&ﬁmmmm+Mdt

L2(0A,tf§H2G0$lD)> .
(77)
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Proof. From inequality (67) follows that:

S P2ITu - 0) 2o, + 1Tl 20,4522 o)

dT.,
+ HW L2(0,tf;H2(]07l[))).

va (Tu,h - Tu,h) ‘

L2(0,t5;L2(]0,1[)2)

(78)
On the other hand, from Lemma 26, it follows that:
Hvx (Tu,h - Tu)‘ [ S Tl 20,312 o) - (79)

By inequalities (78), (79) and the triangle inequality follows that:

IVa(Tun = Tu)ll 20,422 q0,p2) < PUTul Ollg2go,y + 1Tull 20,232 00,00

+ H%HLQ(O,tf§H2(]Ole)>.

Using inequality (71) the result follows. m

4 Numerical Tests

Using the P; —finite element in space with a regular grid on the interval [0, [] and
the implicit Euler scheme in time, with prediction-correction on the nonlinear
terms in (40), we have computed the temperature along the tickness in the glass
plate. Moreover, to avoid the computation of double integrals with logarithmic
singularities at each time iteration step in (40) very costly in computational
time, we have turned back to the origin of these terms coming from the inte-
gration of the radiative intensities I*" (z,t, ) (k* = 1,..., M) with respect to
the cosine direction p on the interval [—1, 1] (see formula (2.18) p.9 of [11]), by
performing rather a composite midpoint numerical integration in p like in N.
Siedow’s program based on their publication [15]. M has been choosen to be 30
like in that program also. The numerical results shown in Figure 0 below, have
been obtained by decomposing the interval [0,] (the thickness [ of the plate is
taken equal to 6.1 millimeters like in [15]) into nss = 64 subintervals of equal
length and by taking as time step 7 = 0.1 second. The temperature u (denoted
Ts in [11] but w in [12]) of the infinite black radiative source placed above the
glass plate has been choosen equal to 1500 °C. The ambient air temperature
has been taken equal to 25°C and also the initial temperature Tj of the glass
plate'. The heat transfer coefficient h. at the upper face of the glass plate has
been chosen equal to 5.0 W/(m? x °K) (in [15], it is 280.5 W/(m? x °K) but
it concerns tempering?®). The heat conductivity of the glass plate k;, has been
chosen equal to 0.8 W/(m x °K) in conformity with ([17], p.449). The graph
of the temperature along the thickness of the glass plate with respect to time is
the following:

for convenience the temperatures are cited in °C; the corresponding absolute temperatures
in °K are obtained by adding 273.15 to the temperatures cited in °C.

21 take here the opportunity to thank my colleague F. Béchet from the Tempo laboratory
in our university, who has made me that remark.
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Temperature along the thickness ofthe Glass Plate, Ts=1500°C, Ta=T0=25°C, he= 5.0, ky= 08
a0

Figure 0: Temperatures in function of time

If we do not take into account the terms (7' (z,t)) + hr(z,t) modelizing the
participating medium character of the glass® into equation (2)(), instead of
T(1,100) = 386.29 °C we obtain T'(, 100) = 393.58 °C, instead of T'(3t,100) =
295.71 °C we obtain T'(3!,100) = 300.50 °C, instead of T'(%,100) = 206.38 °C
we obtain T(4,100) = 208.17 °C, and instead of T(%,100) = 116.12 °C we
obtain 7'(£,100) = 116.42 °C.

To confront our error estimate (72) with a numerical experiment, we have
computed the temperature along the tickness of the glass plate at the fixed time
t = 10 seconds choosing a small fixed time step 7 = 0.01 second. The numerical
results have been compared after one thousand of time steps for more and more
refined meshes on the space interval [0,1]: h = é, 1l—6, é, 61—4, %8, Qé—ﬁ, taking as
reference the solution computed with A =

wlﬁ (its graph is plotted in green in
Figure 1):

We observe quadratic behaviour of the relative error measured in the L2(]0, I[)

norm with respect to h = % in accordance with our a priori error esti-
mate (72) in Theorem 25 (nss denotes the number of subintervals [(¢ — 1)k, ih],
i=1,...,nss, into which the interval [0,[] has been decomposed):

3 semi-transparent medium
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Figure 1: Temperatures in °C at 5, 10, and 100 s with respect to z.

Log10 (lIsol-sol ref||2 / ||sol ref||2)

+

points

— linear regression

Log2 (nss)

Figure 2: Relative error at time t=10 s in function of nss.
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In blue in Figure 2, we have plotted the five points, results of our numerical
computations:
|[sol—sol _ref]l, )

Hsolirefﬂ2

nss Logio (

8§ =23 —3.0402
16 =24 —3.6421
32=2° —4.2443
64 = 26 —4.8470
128 = 27 —5.4515
256 = 28 —6.0637

In red, on the same figure, we have plotted the regression line fitting at best
these five points in the sense of mean-squares. The equation of that straight
line is the following:

||sol — sol _ref|y

Logio( ) = —1.2248 — 0.60424 * Logs(nss)

[sol_refll,
which implies that:

ot = sol_reflly _ 050502 x nss—200772

lsol _refl,

Remark 28 For the temperature on the upper face of the glass plate at the fixed
time t = 10 seconds, we have also observed quadratic convergence with respect
to h in accordance with our a priori error estimate in Corollary 24:

The equation of the regression line (see Fig. 3) for the relative error is:
Logyo(relative _error) = —1.34 — 0.609 * Loga(nss)

which implies that:
relative _error = 0.0457 x nss~ 202,
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