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CHARACTERIZATION OF THE GENERALIZED CALABI
COMPOSITION OF AFFINE HYPERSPHERES

MIROSLAVA ANTIC, ZEJUN HU, CECE LI, AND LUC VRANCKEN

ABSTRACT. In this paper, continuing with Hu-Li-Vrancken [8] and the recent
work of Anti¢-Dillen-Schoels-Vrancken [1], we obtain a decomposition theorem
which settled the problem of how to determine whether a given locally strongly
convex affine hypersurface can be decomposed as a generalized Calabi com-
position of two affine hyperspheres, based on the properties of its difference
tensor K and its affine shape operator S.

1. INTRODUCTION

In affine differential geometry, E. Calabi [3] initiated the study of compositions
of affine hyperspheres. In particular, he introduced a construction, nowadays called
the Calabi composition, which shows how to associate with one (or two) hyperbolic
affine hypersphere(s) a new hyperbolic affine hypersphere. Such Calabi composition
was later generalized by Dillen and Vrancken [6] systematically to obtain a large
class of examples of equiaffine homogeneous affine hypersurfaces, some of which
have appeared in the list of the partial classification of equiaffine homogeneous
affine hypersurfaces [4, 5, 10]. Most recently and importantly, Hu-Li-Vrancken [§]
considered the inverse construction and obtained characterizations of the Calabi
composition of hyperbolic hyperspheres, applying these characterizations they can
successfully complete the classification of locally strongly convex affine hypersur-
faces with parallel cubic form [9], and little later also that of the Lorentzian case
[7].

Recently, Antié¢-Dillen-Schoels-Vrancken [1] made further contribution by con-
structing several generalized Calabi compositions of two affine hyperspheres, and,
importantly, they characterized these compositions of an affine hypersphere and a
point using properties of the difference tensor K and the affine shape operator S.

Theorem 1.1 ([1]). Let M™*! (n > 2) be a locally strongly convex affine hyper-
surface of the (n+2)-dimensional affine space R" 2 such that its tangent bundle is
an orthogonal sum, with respect to the affine metric h, of two distributions, a one-
dimensional distribution D1 spanned by a unit vector field T and an n-dimensional
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distribution Dy (n > 2), such that

K(T,T) = MT, K(T,X)= XX
ST:/,LlT, SX:MQX, V X € Ds.

Then either M™t! is an affine hypersphere such that K1 = 0 or is affine congruent
to one of the following tmmersions

(1) F(t,z1,.. 20) = (n(t),v2()g2(z1, .. 20)), for y1,72 such that v2 # 0,
Yiv2 — Y174 # 0, and moreover,

sgn(v172) = sgn(v1y2 — 7172) = sgn(vi7s — V12);
(2) F(t,z1,...,2n) =11 ()C (21, ..., 2n) + Y2(t)ent1, for 1,72 such that

!’ 1" 17
Y18 = Vb ) )
7 3

—sgny; = sgn(

(3) F(t, 1, xn) = C(@1,. ., 2n) + V2(t)ent1 + y1(t)enta, for 1,72 such
that sgn(v1vy — ¥173) = sgnyy;
where go : R® — R s a proper affine hypersphere centered at the origin, and

C : R"t — R"2 s an improper affine hypersphere, given by
Clz1,...,xn) = (21, ..., Tn, f(T1,. ., T0), 1),
with the affine normal e,41.

Remark 1.1. The proof in [1] shows that the case that A\; = 2Ay exactly occurs
when M"*+! is an affine hypersphere with K7 = 0. From the classification of such
3-dimensional affine hypersphere in [11, 12] we see that they are not related to
generalized Calabi compositions. Therefore in order to exclude such examples we
will assume that Ay # 2.

Note that as Riemannian manifold the Calabi composition is, up to a constant
factor, a Riemannian product, whereas the above mentioned generalized Calabi
composition is usually a warped product. The following natural problem in [2] for
a composition theorem, related to the Calabi composition and its generalizations,
gives another motivation for studying the characterization of the generalized Calabi
composition.

Problem. Let M be a non-degenerate affine hypersurface in R"*™+2. Under what
conditions do there exist affine hyperspheres M3 in R"*1 and M3" in R™*1, such
that M = I x ,, M3' X, M3", where I C R and the functions pa and ps depend only
on I (i.e. M admits a warped product structure)? How can the original immersion
be recovered starting from the immersion of the affine hyperspheres?

In this paper, by extending Theorem 1.1 we will consider a further problem on
the reverse construction of generalized Calabi composition with more factors. Our
main result can be stated as follows:

Main Theorem. Let M" ™™+ (n > 2.m > 2) be a locally strongly conver affine
hypersurface of the affine space R"T™+2 such that its tangent bundle is an orthogo-
nal sum, with respect to the affine metric h, of three distributions, a 1-dimensional
distribution Dy spanned by a unit vector field T', an n-dimensional distribution Do
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and an m-dimensional distribution D3 such that

KrT =MT, KrX =XX, KrY =XY, KxY =0,
(1.1) ST =T, SX =puX, SY = usY,

A1 #£2Xo, A1 #£2X3, A3 £0, VX €Dy, YV €Ds.

Then M+ admits a warped product structure, and is affine congruent to one
of the following immersions

(1) the generalized Calabi composition of two proper affine hyperspheres ¢1 and
¢2, defined by F(t,p1,p2) = (71(t)p1(p1),v2(t)p2(p2)), where ¢1 @ R™ —
R and ¢y : R™ — R™F1 are both proper affine hypersphere centered at
the origin, for 1, Y2 such that y2 # 0,v1v2 — 1174 # 0, and moreover,

sgn (7172) = sgn (1172 — 1172) = s8n (V17s — V1 72);

(2) the generalized Calabi composition of two improper affine hyperspheres nor-
malized by two functions Fy(x1,...,x,) and Fa(y1,...,Ym), constructed by

F(taxla-“,mnayla-'wym) :(1’13'"7xn7F1(xla"'7xn) +71(t)7
yl?"'aymaFQ(ylv"'aym) +72(t))7

! 0 "

for y1, 2 such that sgn (V{4 — v v%) = sgnv;;

(3) the generalized Calabi composition of a proper and an improper affine hy-
perspheres, denoted the former by ¢ and the latter by a normalized function
Fi(x1,...,2,), constructed by

F(t,x1,. o, p) =(@1, - 20, Fi(z1, 0 2n) +71(8),72(0)8(p)),

Jor y1, 2 such that sgn (vivy —172) = sgn ;s
(4) the semi projective composition of two improper affine hyperspheres nor-
malized by two functions Fy(z1,...,x,) and Fa(y1,...,ym), constructed by

F(t,z1,. .. Zn, Y1, Ym) = (m@Oz1, .11 (Ozn, 1Oy, -1 (O Yms 11 (1),
’yl(t)Fl(.’El, Ce ,l’n) + ’Yl(t)FQ(yl, e ,ym) + ’Yg(t))

’Yl’y//__yl/’yl
12 =N 2) = —sgn~y;.

for y1, 2 such that sgn (
Remark 1.2. The assumptions that A\; # 2X3, A1 # 2A3 in Main Theorem are
necessary. In fact, non-composition examples indeed appear in [9], i.e. the stan-
dard immersions of SL(m,R)/SO(m), SL(m,C)/SU(m), SU*(2m)/Sp(m) and
E¢(—26)/F4, satisfy the above properties for K and S with Ay = 2Ay or A; = 2)s.

Remark 1.3. Straightforward computation shows that the immersions constructed
in Main Theorem satisfy conditions (1.1). Moreover, they all satisfy ?TT = 0. For
instance, let M; and M, be proper affine hyperspheres in A”+! and A™*! respec-
tively given by the vector valued functions f; and fo and v plane curve parametrised
such that |yvy'| = 1, i.e. 7” = k7. Then, we can write their composition as
g(t,,y) = (M1f1,72f2). Straightforwardly, g1t = K9, g, [|gz; and gey; || gy;. More-
over, the affine normal is given by £ = ¢g+ gy, where ¢" T3 = |y s ™ Ky AL
and o = —¢'/k. Then, gy = kg = /P — ag) = k/P(€ + ¢’ /kg:) and, further
@' /gy is the tangential part of gy. If we denote by T the unit vector field parallel to

gi = Ot, it follows that the right hand side of the equality %tat = ¢ /pOt— K (0t, Ot)
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is parallel to T, and therefore, so is the left hand side. However, this is possible
only if VT = 0.

Also we finally remark that the condition AoA3 # 0 is necessary. This is illus-
trated by the following two examples.

Ezample 1.1. Let M be a hypersurface of RS given by
F(t,zo, 1,90,41) = ere® o/ (1+ e¥2/9) V4 (V2(g(8) + 222 (45 +i))en
+ 25 (yoes + yres) + V2es) + w165 + (20 + 23 /2)es,

where {e1,...,eg} is the standard basis of R®, o > 0 and g(t) = 2%/° [e=2 /(1 +
e8126/5)1/2dt and ¢, = 2'%/?5. A straightforward computation shows that M is an
improper affine hypersphere with affine normal being es. Moreover, if we denote
by A3 = 2119/50(6—4/5 + 26/564/5)1,81/2 and k — 259/508%(1)/2(1 + 26/56875)—1/4 the
vector fields

1/2 — — —
T=Xsd, Xo=2V 00?0 X, =27/P 2 yy=k 0 Vi =kl

’ 9dyo”’ Oy1

form an orthonormal basis with respect to the second fundamental form and the
nonzero components of the difference tensor K in this basis are

KT = -2)\3T, K7Y; = \3Y;, 1 =0,1.
However, VT = —2’39/50x51/2
two affine hyperspheres.

Xo # 0, and therefore M is not a composition of

Ezample 1.2. Let, now, M be a hypersurface of R given by
f(t,zo, 1, 22,41, y0) = %(1662 — c1Vi(des +2(y1 + ya)ea + (U7 + 29192 — v3)es))

+ 520 4308 4 af + 3ua(o} — wiw +03) + VI + 3} — v + 9D))es

+ g(( 22020 — x3)eg + 2(x1 + x2)er),
where {ey,...,e7} is the standard basis of the space R”, p = m with

c1 = 2*371/% and ¢y constant such that p > 0 and 9, y2,t > 0. If we denote by
A3 = ﬁ, v =+/2x9p and 0 = 2%\/@p the vector fields

— 10 — 190 - 19 - 19 - 19 - 19
Tﬁpat’ Xoipazo’X17u6z17X271/8r2’Y170'8y1’Y’270 :

form an orthonormal basis with respect to the second fundamental form. Taking
T= g—;t’g/ 2, a straightforward computation shows that
_ T(T—16>\?) o 2 o
ST_—<1+T§J)T, SXZ_—<1+1g—/\§)X“ i=0,1,2

and

2
S}/;:—(l—k%)}ﬁ, i=1,2.

Also, the nonzero components of the difference tensor K in this basis are KT =
—2X3T, K7Y; = A3Y;,1 = 1,2. However, VT = X # 0, and therefore M is not a
composition of two affine hyperspheres.

This paper is organized as follows. In Section 2, we introduce the theory of local
affine hypersurfaces. In Section 3, we study the basic properties of the difference
tensor and the affine shape operator. The proof of Main Theorem are given in
Section 4 for case @TT =0 and in Section 5 for case ﬁTT = 0, respectively.
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2. PRELIMINARIES

We briefly recall the theory of local equiaffine hypersurfaces in [13, 15]. Let
R+ be the standard (n + 1)-dimensional real affine space, i.e. R"*! endowed
with the standard flat connection D and its parallel volume form w, given by the
determinant. Let F : M < R"*! be an oriented hypersurface, and ¢ be any
transversal vector field on M, i.e. T,R"™ = T, M® span{¢,}, V p € M. For any
tangent vector fields X,Y, X1,..., X,,, we write

(2.1) DxF.(Y) = F.(VxY) + h(X, Y)¢,
(2.2) 0(X1,..., X)) =wF(Xq),..., F(X,),8),

thus defining a torsion-free affine connection V, a symmetric bilinear form h, and
a volume element # on M. M is said to be non-degenerate if h is non-degenerate
(this condition is independent of the choice of the transversal vector field). If M is
non-degenerate, up to sign there exists a unique choice of transversal vector field
such that VO = 0 and 8 = wy, where wy, is the metric volume element induced
by h. This special transversal vector field &, called the affine normal, induces the
affine connection V and a pseudo-Riemannian metric h on M. We call h the affine
metric, or Berwald-Blaschke metric and C := Vh the cubic form.

The condition V& = 0 shows that Dx¢ is tangent to M for all X. Hence we can
define a (1, 1)-type tensor S on M, called affine shape operator, by

(2.3) Dx§ = —F.(5X),

and the affine mean curvature by H = %tr S. Here S has the property of self-adjoint
relative to h. The hypersurface M is called an affine hypersphere if S = H id, then
one easily proves that H = const if n > 2. M is called a proper affine hypersphere if
H # 0 and an improper affine hypersphere if H = 0. For a proper affine hypersphere
the affine normal satisfies ¢ = —H (F —c), where c is a fixed point in R"*!, called the
center of F(M), for simplicity, we choose ¢ as the origin of R"*!. For an improper
affine hypersphere the affine normal ¢ is constant.

The classical Pick-Berwald theorem states that the affine connection coincides
with the Levi-Civita connection V of affine metric A if and only if the hypersurface
is a hyperquadric. For that reason, the difference tensor K(X,Y) := VxY — §XY,
related to the cubic form by

C(X,Y,Z) = —2h(K(X,Y), Z),

plays a fundamental role in affine differential geometry. Recall that the curvature
tensor R of the affine metric, affine shape operator S and the difference tensor K
are related by the Gauss and Codazzi equations:

RX,Y)Z = L[h(Y,2)SX — h(X,Z)SY + h(SY,Z)X — h(SX, Z)Y]

(2.4)
—[Kx,Ky]Z,

(VxE)Y,Z) — (VyK)(X,Z) = L[n(Y,2)SX — h(X, Z)SY

(2.5)
~h(SY,Z)X + h(SX, Z)Y],

~

(2.6) (VxS)Y — (VyS)X = K(SX,Y) — K(SY, X).
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From the Gauss equation (2.4) we obtain

(2.7) x=H+J,

where J = #_Uh(K, K) is the Pick invariant and x is the normalized scalar

curvature of h. Moreover, h and C satisfy the apolarity condition
(2.8) trp(X,Y) — C(Z,X,Y) =0,

or equivalently tr Kz = 0 for all Z.

Finally, for later use we recall some notions of distributions. Let (M, h) be a
Riemannian manifold and V its Levi-Civita connection, then a subbundle £ C TM
is called autoparallel if v xY € FE holds for all X, Y € E, whereas a subbundle F is
called totally umbilical if there exists a vector field H € E- such that h(@ xY,Z) =
h(X,Y)h(H,Z) for all X, Y € E and Z € E+, here we call H the mean curvature
vector of E. If, moreover, h(@XH, Z) = 0 holds, we say that F is spherical. We
recall the following decomposition theorem of Riemannian manifold.

Theorem 2.1 (cf. Theorem 4 of [14]). Let M be a Riemannian manifold, and let
TM = @f:o E; be an orthogonal decomposition into nontrivial vector subbundles
such that E; is spherical and Ei- is autoparallel fori=1,--- k. Then

(a) For every point p € M there is an isometry ¢ of a warped product My X ,,
My x -+ x,, My onto a neighbourhood of p in M such that

(2.9) p1(Po) = -+ = pr(Po) = 1,

where po is the component of »~=(p) in My, and such that

(2.10) Y({po} x -+ x {pic1} X My x {piz1} x -+ x {px}) is an integral
’ manifold of E; fori=0,--- k and all pg € My, --- ,px € M.

(b) If M is simply connected and complete, then for every point p € M there
exists an isometry ¥ of a warped product Mo X, My X - -+ X, My, onto all
of M with the properties (2.9) and (2.10).

3. BASIC RELATIONS

From now on we assume that F : M — R*™™+2 (n > 2:m > 2) is a locally
strongly convex (n + m + 1)-dimensional affine hypersurface such that its tangent
bundle is an orthogonal sum of three distributions with respect to the affine metric
h,ie. TM = D18®Dy&D3, where D, is spanned by a unit vector field T, dimDy = n
and dimD3 = m such that for arbitrary X € Dy, Y € D3,

KT =MT, KrX = XX, KrY =AY, KxY =0,
{ ST =T, SX=pX, SY =pusY.
The apolarity condition tr K7 = 0 shows that
(3.1) A1+ nAe +mA3 =0.
There exists at least a pair of unit vector fields Xg € Ds, Yy € D3 such that
VT = aXy + bYp.
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We assume that Do (resp. Dj3) is spanned by orthonormal vector fields { X, X1, ...,
(resp. {Yo,Y1,...,Y—1}). The apolarity condition shows that

ZK X;, X)) ZK 7 Y;) — K(T,T).

Together with K(X,Y) =0 and
h(D K(Xi, X;),T) =nhs, ZK 5 Y5),T) = mhs,

we see that
(3.2) S OK(Xi, Xi) =nXT, Y K(Y;,Y;) =msT.

In the following, we also assume X € D and Y € D3 are unit vector fields.

Using (2.6) on vector fields T' and X, we have
T(p2)X + 2V X + poKr X — S(VX)
= X ()T + mVxT + mKr X — S(VxT).
Then, since h(KrX,T) = 0, multiplying (3.3) with T w.r.t. h yields
(3.4) X (1) = a(pr — p2)h(Xo, X).
Similarly, multiplying (3.3) with Y and arbitrary X’ € D, respectively, we obtain
(2 — p3)h(VX,Y) = (1 — pa)h(VxT,Y),
(T(n2) + Aoz — 1)) (X, X") = (1 — p2) (VX T, X').
Using (2.6) for Y and X we have

Y (12) X + p2(Vy X) — S(Vy X) = X (n3)Y + pi3(VxY) — S(VxY).
Then, multiplying it with arbitrary X’ € Dy yields
Y (12)h(X, X') = (ps — p2)h(Vx Y, X').

If we now put X = X’ = X; and we sum the previous equation, as well as the
second equation in (3.5), we deduce that

Y (ug) = M3;N2 Zz h(ﬁXiY, X,),
T(p2) + Aa(pz — 1) = 2242 5 (Vi T, X;).

Exchanging the role of X and Y, for arbitrary Y’ € D3 we can repeat the previous
computations in order to get that

Y (1) = b(p1 — p3)h(Yo,Y),
(13 — p2)h(VrY, X) = (11 — p2) (Vy T, X),
X (pg) = H2208 55 h(Vy, X, Y)),
Tps) + As(ps — ) = B2 57 W(Vy, T, Y5).
Remark 3.1. For n > 2, X; and X, (i # j) in (2.6), we have
Xi(p2)X; + p2(V, X5) = S(Vx, Xj) = X;(u2) Xi + u2(Vx, Xi) = S(Vx, Xo).

Multiplying this with X; yields X;(u2) = 0, and thus X (ue) = 0. Similarly, for
m > 2 we have Y (u3) = 0.

(3.3)

(3.5)

(3.6)

(3.7)

Xn—l}
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Taking Y = Z =T in (2.5) we have
~ ~ 1
(VxK)(T,T) = (VrE)(X,T) = 51z — )X,

and calculating the left hand side gives

%(/},2 — /.Ll)X = X(Al)T + AlﬁxT — T(/\Q)X — AQ@TX

(3.8) _ -
2K (VxT,T) + K(VrX,T) + aK (X, X).

Multiplying (3.8) with 7', Y and arbitrary X’ € Dy respectively, we see that

X (M) = a(M = 2X2)h(Xo, X),
(A = 2X3)h(VXT,Y) + (A3 — A)h(VrX,Y) =0,
(A — 20)W(VxT, X') + ah(K (X, X,), X')

= (T()\2) + %(lm — Ml))h(Xv X').

(3.9)

Similarly, by (2.5) we have
(VxE)(T.Y) ~ (VrE)(X,Y) =0,
and calculating the left hand side gives

X(\)Y + MVxY + K(VrX,Y) + K(X,VrY)

(3.10) _ A
= K(VxT,Y) + K(T,VxY),

and multiplying (3.10) with arbitrary X’ € Dy and Y’ € D3 respectively, we get

WK (X, X"), V1Y) = (A2 — A)h(VxY, X),

(3.11) _ _
X(A)W(Y,Y") = WK (Y,Y"),VxT — V1 X).

Summing this and the last formula in (3.9) for X = X' = X;, Y =Y’ =Y,
respectively, we see that

bAh(Y),Y) = 2222 S (T Y, X),
(3.12) X(A3) = adsh(Xo, X),
T(h) + (2 — i) = 2522 55, (V. T, X;).
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As before, exchanging the role of X and Y, we can repeat the computations of
(3.9), (3.11) and (3.12) in order to get that

Y(A1) = b(A1 — 2A3)h(Y0,Y),
(A1 = 22)h(Vy T, X) 4+ (A2 — A3)R(V7Y, X) = 0,
(M = 20)R(Vy T, Y") + bh(K (Y, Y0),Y")
= (T(X3) + 5(uz — 1)) WY, Y7),
(3.13) (A3 — A)h(Vy X,Y') = h(K(Y,Y"), V1 X),
Y (A)h(X, X') = h(K(X,X"),VyT - VrY),
aXsh (X ) DY h(Vy Yj),
Y (Az2) = bA2h(Y0, Y)v
T(As) + §(ps — pa) = 2522 5 w(Vy, T,Y;).
By (2.5) we calculate both the left hand sides of
M(VxEK)(Y,T), X) - h((Vy K)(X,T),X) = 0,
W(Vx K)(X,T), X) - h(Vx K)(X', T), X") = 0,
where X, X’ € Dy are unitary and orthogonal, we obtain respectively that
(A3 — A)h(VxY, X) + h(K(X,X),VyT) =Y (\y),
MEK(X', X'),VxT) — h(K(X,X"),VxT) = X(\a).

Summing the first formula for X = X; and the second for X’ = X; (i > 1) and
X = X, respectively, we see that

Y (hy) = dade Z MV, Y, X)),

(3.14)
Zh (X0, X,), Vx,T) + (n — 1) Xo(A2) = 0.

Similarly, we have
X(\3) = 22222 57 h(Vy, X, V),
>, WK (Yo, Y;), Vy, T) + (m = 1)Y(Xs) = 0.

Now we can prove the following lemma:

(3.15)

Lemma 3.1. For arbitrary X € D, it holds that

(1) X(M\1) = a(Ad1 — 2X2)h(Xo, X), X(A3) = aX3h(Xo, X),
()\2) = "+2a)\ h(Xo,X),

(2) gm; = ( — p2)h(Xo, X), (A3 — A2) X (p3) = a(pz — p2)Ash(Xo, X),
X(p2) =

() (u —p2)T (/\2) + (222 = M)T(p2) = 5(p1 — p12)® + (222 = A1) Ao (1 — pa),
ar2(A1 = 2X2) (1 — p2) = 0, a(pn — p2) 32, 5 h(K (X, X;), X;)% = 0;

(4) a[— =D 30 (0 — 2X0) + 3, (K (Xo, Xi), X;)?] = 0.
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Proof. The first two conclusions in (1) follow immediately from the first equation
of (3.9) and the second of (3.12). From (3.1) we deduce that

So using (3.1) oncemore shows X (A2) = “E2aX;h (X, X).

The conclusions in (2) separately follow from (3.4), the third equation of (3.7)
combined with the sixth equation of (3.13), and Remark 3.1.

The first conclusion in (3) follows from the second equation of (3.6) and the
third of (3.12). In order to obtain the remaining conclusions, we introduce

Vx i= (A = 200)VxT + aK (Xo, X) — T(\2) X — %(ug — ) X.
By the third equation of (3.9) we have h(Vx,X') = 0, for arbitrary X’ € Ds.
Moreover, we see that
h(Vx,T) = adoh(Xo, X), h(Vx,Y) = (A1 — 2X)h(VxT,Y).
Hence we can write Vy = atah(Xo, X)T'+ (A1 —2X2) 3, h(@XT, Y;)Y;. Multiply-

ing this with K (X, X) yields h(Vx, K(Xo, X)) = aA3h(Xo, X)?. Summing this
equation for X = X; we obtain that

(A1 — 2X) Z h(Vx, T, Kx,Xi) +ay h(Kx,Xi, Kx,X;) = aX3.

Substituting Kx,X; = A2h(Xo, X;)T+3; h(Kx,X;, X;)X; into the previous equa-
tion, we get

(316) (A —2x) Y h(Vx,T, K(Xo, X; +aZh (Xo, X4), X;)* = 0.

%
It follows from the second equation of (3.14) and the conclusion (1) that
(3.17) a[ — 2O N (0~ 220) + Y R(K (X, Xi), X;)?] = 0.
(2]
On the other hand, we write Kx,X; := Ej ang + Aah(Xo, X;)T. We also re-

mark that ¥ x, T is orthogonal to T'. Therefore substituting the Dy component of
K(Xo, X;) for X’ in the second equation of (3.5) corresponds with replacing X’ in
that equation with K (X, X;). Doing so, we find that

(1 — 12) Sy h(Vx, T, K (X0, X3)) = (1 — p2) X, &l h(Vx, T, X;)
= (T(u2) + Aoz — 1)) 325 07 (X5, X;)
= (T(p2) + X2(p2 — 1)) 3o h(Xo, K (X, X))
=0.
It follows from (3.16) that
alpy — p2) Zh (X0, X;), X;)? = 0.
Combining this with (3.17) we get ara(A1 — 2X2)(p1 — p2) = 0. The last two

conclusions in (3) now follow.
Finally, the conclusion (4) follows from (3.17). O

Similar to Lemma 3.1, we have the following
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Lemma 3.2. For arbitrary Y € Ds, there hold
(1) Y (M) = b\ — 2X3)h(Y0,Y), Y(A2) = bA2h(Y,Y),
)

Y (As) = 2E20X30(Y0,Y);
(2) Y(p1) = b(py — pu3)h(Y0,Y), (A2 = A3)Y (2) = b2 — p3)A2h (Yo, Y),
Y(NB) =0;

(3) (11— 1a)T(N3) + (2A3 = A)T(p3) = 5 (11 — p3)” + (223 — i) As (1 — pe3),
bAz(A1 = 2X3) (1 — p3) = 0, b(pn — pz) 325, R(K (Y0, Y5), Ye)* = 0;
(4) b=t (A — 24s) + 35, 5 (K (Y, Yi), ¥;)?] = 0.
By the first equation of (3.5), the second equations of (3.9), (3.7) and (3.13),
respectively, we easily obtain the following
Lemma 3.3. For arbitrary vector fields X € Dy and Y € D3, we have
(2 = p3)h(Vr X, Y) = (1 = ps)M(VxT,Y) = (1 — p2) (Vy T, X),
(A2 = A)h(Vr X, Y) = (A — 2X3)A(VxT,Y) = (A1 — 2X)h(Vy T, X).

From now on, we assume that A; # 2X; and A1 # 2\3, and we will further always
denote by

_ TQa)+3(a—p) T(As)+3 (us—m)

= o1 ; Bi= s — N1
Then, both the last equations in (3.12) and (3.13) can be written respectively as
(3.18) S h(Vx,T. X)) = —na, Y W(Vy,T.Y;) = —m§.
i J

Hence we obtain that
Lemma 3.4. We have that
a3 — BAe = 5(u3 — pa2).
Proof. By (2.5) we have
Wy, K) (X, X0) — (T, KV, X0),Y5) = 5 (s — i),
which could reduce to

~ -~ 1
h(Vy, K(Xi, Xi) + K(Y), VX, %), Y)) = 5 (ps — p2).
Summarizing above over orthonormal basis of Dy and D3 we obtain

nm ~ ~
5 (13 = p2) = nAs > h(Vy,T.Y;) —mAs Y h(Vx,T,X;)
J i

= —mnfAs + mnals,
where we used (3.2) and (3.18). Our conclusion follows. O

Note that, if Ao = A3 = 0, the apolarity condition gives A\; = 0, a contradiction
to A1 # 2A2. On the other hand, if Ay = A\3 # 0, by Lemma 3.4 we obtain

2 — B)Ag = Uezotse — gy,
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Moreover, if s # us, then we get A\; = 3\g, by apolarity condition we get Ay =
A3 = 0, a contradiction. Hence, in this case we have ps = p3, which reduces to the
case of Theorem 1.1.

Therefore, from now on, regardless on the case, we may assume that Ay # Ag.

We now look at the three systems of equations in Lemma 3.3 more carefully.
If there exist some X € Do, Y € D3 such that, for instance, h(VxT,Y) # 0 at
some point, and therefore in some neighborhood, then Lemma 3.3 implies

(11— p3) (A2 — A3) — (u3 — p2)(2A3 — A1) = 0,
(1 — p3)(2A2 — A1) — (g1 — p2)(2A3 — A1) =0,

and it follows that (u1 — p3)(A2 — A3) = 0, so we have 1 = ps. It then follows from
the first equation of (3.19) that pe = us, and the hypersurface is in fact an affine
hypersphere.

Similar conclusion follows from h(@TX, Y)#0or h(@yT, X) # 0.

We conclude that two situations can occur, i.e. either we are dealing with an
affine hypersphere, or for all X € Dy, Y € D3 we have

(3.19)

(3.20) (V1 X,Y)=h(VxT,Y) = h(VyT,X) =0.

4. AFFINE HYPERSURFACES WITH V7T =0

In this section we assume that @TT =0, i.e. @ =0b = 0. Recall that Ay # A3
and A2A3 # 0. By Lemma 3.1 (1) and Lemma 3.2 (1), we have X(\;) =Y (\;) =
0, X(u;) =Y (u;) =0,i=1,2,3.

Lemma 4.1. For X, X' € Dy and for Y,Y' € D3, we have that
(4.1) MVxX',Y)=0, h(VyY' X)=0.

Proof. Assume first that M is not an affine hypersphere. So we do not have that
pu1 = po = pg. Therefore for all X € Dy, Y € D3 we have h(@TX, Y) =0 and
the first equation of (3.11) together with the fourth equation of (3.13) implies that
(4.1) holds.

Therefore we may assume that M is an affine hypersphere, i.e. u; = us = us.

For any fixed X, X’ € Dy we can put K(X,X') = A\h(X,X)T + X where
X € D,. Then the fifth equation of (3.13) yields h(X, VyT—V 1Y) = 0. Along with
Lemma 3.3, we obtain a system for h(X,VyT) and h(X, V1Y) with determinant
A1 — Ao — As.

If &1 — A2 — A3 # 0, we get h(K(X, X'),@TY) = 0, and putting this into the
first equation of (3.11), we get (4.1).

So we are left with the case that A\; — Ay — A3 = 0. From the apolarity condition
it follows now that Ay = —%/\3, A= %/\3. The second equation of Lemma,
3.3 implies that

WYXxT,Y)=h(VsX,Y)=h(VyX,T).
Further, Lemma 3.4 gives T'(A\3) = 0 and so A3 is a nonzero constant. Moreover
the third equations of both (3.9) and (3.13) are simplified to be h(@XT, X =
h(VyT,Y') = 0. The Gauss equation gives R(X,T)T = (1 — AiAz + A2)X, and
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on the other hand

VxVrT =0, VeVxT =Y T(h(VxT,Y)Y;+ > h(VxT,Y;)VrY;,
J J

VxT = VX == h(VeX, X)Xi, VixrT=-Y h(VrX,X)Vx,T.
[X.T]

Then,

(11 — Ado + )\2)h(X X')=R(X,T,T,X")
= *Zh (VxT,Y)h(VrY;, X') + Y h(VeX, Xi)h(Vx, T, X')

= Z WY xT, Y)h(Vx/T,Y;) = h(VxT,Vx:/T).
J

Therefore, [VxT|? = p? = 1 + ’T’;Ll A2 =const is the same for all unit X. Since for
p =0 we have §XT =0, thus h(VXT7 Y)= h(ﬁTX,Y) = 0, similar to the case of
non affine hypersphere, the lemma holds, we assume p # 0. Note that v xT € Ds.
For an orthonormal basis X; of Dy we get that the vector fields Y; = v x;T/p € D3
are mutually orthogonal and have unit length. So n < m. Similarly changing the
role of both distributions we have @yiT = —pX, so it follows m = n and therefore,
we deduce that \; = 0, A\g = —A3 and p? = u1 + A3.

We now take corresponding basis for both distributions, i.e. for an orthonormal
basis X; of Dy we take Y; = @XT/T/p € Ds. It then follows that %yiT = —pX;. We
then get that

0=R(X:,T,T, Yl)
= —Zh Vx T Y)Y 1Y, Y) + > (Ve Xy, X,)ph(Yi, Y;)

= p[h(VTXk, X1) = h(VrYe, Y1),
and from the fourth equation of (3.13), we have

Wy, Xi, Vi) = 5~ h(K (Y;,Y2),Ys),  h(Vx, Vi, Xi) = 20— h(K(X;, Xp), X;).

2)\3 2>\3

From above we see that
0=R(X,,Y;, T, X;)
= h(Vx,(—pX;), X1) = h(Vy, (pYi), X1) — h(Vx, v, T, X1)
= —p(h(Vx,X;, X)) + h(Vy,Y;, X)) +ph(§x Y; - Vy, Xi, Y1)
= p(=h(Vx, Xj, X0) = h(Vy, Y5, X0) + h(Vx, Y, V) = h(Vy, X;, V7))
= p(h(Vx,Y;, Y1) — h(Vx,X;, X)),

and by exchanging X and Y we get h(@VXj,Xl) = h(@ij, Y;), for any V.
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We can resume the previous results by

VrT =0, Vx,T=pY;, VyT=-pXi,

VrXi =Y, h(VrXi, X;)X; + pY,

Vi, Xi = 3 WV, Xi, X0) X — 52 35 h(K (X, X;), Xi) Ve,

(42) ¢ Vv, X; = poyT + 33 h(Vy, Xi, Xp) Xi + 5 3 h(K (Y, Y5), Vi)Y,
VrYi = —pX; + > WV 1Y, Y;)Y;,

Vx, Vi = =p0ii T+ 5= 57, hK (X, Xi), X)X+ 04 (VX Vi, Yi) Vi,
Uy, Yi = = ok ¥ h(K (Y5, Y3), Vi) Xk + 50 (Y, Vi, i) i

Straightforwardly, by Gauss equations we obtain

R(X,T)T = p*X, R(Y,T)T = p?Y,

R(X,Y,)Y; = pX6;;, R(X;,Y)X; = —p2Yy;,
(4.3) R(X;,T)X; = R(Y;, T)Y; = —8;;p°T,

R(X;, X;)T = R(X,T)Y = R(Y,T)X =0

R(X:, X;)Y = R(Y;,Y;)X = R(X;,Y;)T = 0.

We now define a homomorphism 7 : D1 & Dy @ D3 — D1 ® Dy @ D3 given by
V = VyT/p. Then from (4.2) we obtain

Vx,7(X;) = —p0y T+ 7(Vx, X)), Vx,7(Yi) =7(Vx, V).
Then

V. (Vx,7(V) = Vx,7(Vx, Vi)
v Z h(Vx, Y, X)m(X0) + > h(Vx, Yi, Yi)T(¥))
l

= ZX VX Yk,Xl))T(Xl) + Z h(%Xij, Xl)(fpdilT + T(@Xin))
l

+ 3 XV, Vi YO)T (V) + D WV, Vi, YO (Vx, V)
l
T(@Xi (6)(]. Y. + péjkT)) — ph(@xj Ys, XZ)T
T(@Xi (%Xj Yk)) — pzéiji — ph(@xj Yk, XZ)T

D _

x: (0 1T, Vi X)X+ 3 WV x, Vi, YOV )| = ph(x, Vi, Xo)T
l l
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It follows that
R(Xi, X;) Xy, = —R(Xi, X;)7(Yz)
= ph(Vx, Vi, X))T — 7(Vx, (Vx,Y2)) + 0206 Xi
— ph(Vx,Yie, X;)T + 7(Vx,(Vx,Ya)) — 900X, + Vix, x,7(Yi)
= —7(R(Xi, X;)Yi) + p* (5,1 X; — 0 X;)
=p’ Z(5jk5il — 0ik0,1) X
1

Similarly, we have E(Yi,Yj)Yk = p?>,(6;k0i — 6ikdj1)Y;. These together with

(4.3) show that this affine hypersphere is of constant sectional curvature p*. We
refer the reader to [16] where such hyperspheres have been classified and it was
shown that they are either flat (p> = 0), or the hyperquadrics (K = 0, and thus
A3 = 0). However, we have excluded both possibilities which ends the proof of
Lemma 4.1. O

Also, by the last equation in (3.9) and the third equation in (3.13) we obtain
respectively that

(4.4) hMVXxT, X') = —ah(X,X"), h(VyT,Y')=—Bh(Y,Y").
Lemma 4.2. There holds
—aff = %(M +p3) — A2z,
WX, V1Y) =hX,VyT)=h(Y,VxT) =0, VX €Dy, Y € Ds.

Proof. For arbitrary unit vectors X and Y, we have the Gauss equation

~

1
R(X,Y,Y,X) = 5(#2 +u3) —MExKyY,X)+h(KyKxY, X)

_ %(m +ps) — WK (X, X), K(Y,Y))

1
= 5(#2 + H3) — A2A3.
On the other hand, by using (4.1), (4.4) and Lemma 3.3, we obtain

VXY, X) = h(Vx (BT + Y W(VyY,Y))Y), X ) = Bh(VxT, X) = —ap,
J
MYy VY, X) = h(VxY, T)(VyT, X) + h(Vy (3 HTxY, V))Y;), X)
J

_ A3—X2)2 - 2
- _(2/\27)\31)(22;\37/\1)]1()(’ VrY)?,

hVe. y_o,xY: X) = M(VxY = Vy X, T)L(VrY, X) + M(Vs 0. x,45 0y, Y X)
= (A3 — M)A(X, V1Y) (5 + o)
where a; = h(@XY - @yX, X;), b; = h(@XY - §yX,Y}). Thus we get
=~ _ 2 ~
R(X,Y,Y, X) = —aB + 35 55508y MX, VrY)2.

However, since n > 2, we can choose X € D5 being orthogonal to the projection
of V7Y on Dy so that h(VrY, X) =0, and therefore we obtain the first assertion.
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From Lemma 3.3, the fact Ao # A3 and the first assertion we have the second
assertion. ([

Now, it follows from (4.4) and Lemma 4.2 that
(4.5) VxT = —aX, VyT =-jY.

Together with previous lemmas we see that D1, D2 and D3 are integrable, and both
D1 ® D5 and Dy @D, are autoparallel. Moreover, taking Hy = oT (resp. Hz = T),
one can show that Dy (resp. Ds) is spherical with the mean curvature vector Ha
(resp. Hj3). Therefore, by Theorem 2.1 we conclude that M is locally a warped
product R x,, Ma x,, M3, where R, M, and Ms are, respectively, the leaf of the
distributions Dy, Dy and Ds3. The warping functions ps and p3 are determined by

H2 = 7T(1Il pQ)T, H3 = 7T(1H pg)T

Now we assume that % = T and the warping functions satisfy the initial condition
p2(0) = p3(0) = 1. Therefore we get po(t) = e~ %%, p3(t) = e~ P,

From now on, if not stated otherwise, we always take the local coordinates
{t,x1, -+ ,Tn,y1,** ,Ym} on M such that % =T, span{aim,~~ ’Bz } = Dy and

span{a%17 e 81}% = Ds.

Lemma 4.3. The following relations hold
X(@)=Y()=X(p)=Y(B)=0, VX €Dy, Y € Ds,
T(p2) = (= Ag)(p2 — p1), T(us) = (B — As)(us — m),

1
T(a)=a*+ 5(,&2 + 1) =M+ A3, T(B) =pB%+ (ug + 1) — A1 + A3
Proof. Lemma 4.2 and the relation (4.1) imply that
(4.6) VxY = Zb] 5 Uy X =) aX

From (4.1) and (4.4) it follows that Vx X' — Vx,/ X = >; @i X;, which simplifies
the Gauss equation as

0=R(X,XT =Vx(—aX') = Vx (- Zalvx T

= X)X+ X' ()X,
so we have X (a) = 0. Similarly, we get Y (8) = 0.
Analogously, using (4.6), from

0=R(X,Y)T = —Vx(BY) + Vy(aX) Zb VyT+ZaZVX T

= —X(P)(Y) +Y(a)X,

we get X(8) =Y (a) =0.

Expressions for T'(uz2) and T'(us) directly follow from (3.5) and the last equation
of (3.7).

From the Gauss equation we see that h(R(X,T)T, X) = (1 + p2) — Mo + A3
for unit vector field X € D,. On the other hand, by Lemma 3.3 and (4.5) we see
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that @TX € Ds, thus
WRX, DT, X) = h(~VeVxT = Ve 5 o T, X),

= h(Vr(aX) 4+ aVxT — aVrX, X)

=T(a) — o
Then the assertion for T'(«) follows. Similarly we have the expression of T'(8). O

Now, in view of the symmetry between Dy and Dj it is sufficient to discuss the
following three subcases:

Case L(1): 3+ (o~ Ma)? £0, 1+ (8 — Xs)” £ 0
Case I-(1)-(i): p3(A2 — @) — p2(As — B) # 0
Case I-(1)-(ii): p3(A2 — @) — pa(Az — ) = 0.
Case I-(2): po =0, « = Ag, 3 =0, B = As.
Case I-(3): iy = 0,0 = Ay, 3 + (B — A3)? # 0;
Case I-(3)-(i): u3 = 0,8 # A3; Case I-(3)-(ii): u3 # 0.
Case I-(1). Let (81(t) and B2(t) be functions such that
Br=—PB2, By=1+Piu — B2

We denote 07 = 1+ puaB1 + Ba(a — Xo) and §2 = 1 + pzf1 + B2(B8 — A3). As
pe+ (o= X2)? # 0, 3 + (B — A3)? # 0 holds, straightforward computation shows
that by choosing the initial conditions for 5, and §s appropriately we may assume
that 6; = d2 = 0. Then, straight computation shows

Dx(Bi&+ BoT) =X, V X € Dy,
Dy (f1€+ BT) =Y, VY € D3,
Dr(Bi€ + BoT) =1T.

It follows that, up to translation we can write the immersion

F - Mn+m+1 N Rn+m+2

as
F = P&+ BoT.
We now define a vector field by
(4.7) g1 = M((A2 — ) + p2T),

where M (t) is a nonzero solution of the equation M’ + M (o — Ag + A1) = 0.
Then direct computations give that

Drgr = (M’ + M(a— Ao + X)) (A2 — @) + u2T) =0,
Dxgr = M(—p2(A2 — &)X + p2(VxT + K(X,T))) = 0,
(4.8) Dy g = M(—ps3(A2 — @) + p2(A3 — B))Y,
Dy Dyg1 = M(—p3(A2 — a) + p2(A3 — B))
(VY + K (YY) + AY,Y)(E+ (8 +23)T)),
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where Vi,V and KL(Y,Y’) are projections of Vy/Y and K(Y,Y’) on Dy (their
projections on Dy vanish). From Lemmas 3.4 and 4.2 we have

(4.9) p2 = (A2 — a)(As + B), ps = (A2 +a)(As = B).
Then we see that
(4.10) p3(Az — ) = p2(Az — B) = (A2 — a)(Az = B)(A2 — Az + a — f).

Case I-(1)-(i). In this case we can see from (4.8) and (4.9) that
Dy Dy g1 € D3 + span(g1).
Since Y K*(Y;,Y;) is a projection of >_ K(Y;,Y;) = — Y. K(X;, X;) — K(T,T) on

7047 70 =7
D5, K satisfies apolarity condition and ¢; defines a proper affine hypersphere.

Similarly as before, the vector field
(4.11) g2 = N((Az — B)€ + usT),

where N (¢) is a nonzero function satisfies N’ = —N (8 — A3 + A1), defines a proper
affine hypersphere. From (4.7) and (4.11), we can express £ and T to obtain

F =(t)g1 + 7292,

where B4 81 (M) B4 81 (0B
+81(Aata +B1(Aat
1) = Tt ata s 2() = R H 0T a)-

We have obtained case (1) of Main Theorem.

Case I-(1)-(ii). In this case by (4.10) we have
A2 —a)( A3 —B) (A2 —As+a— ) =0.

Since A2 = « implies py = 0, it follows from p2 + (A2 — @)? # 0 that \g # .
Similarly Az # 5. So we have

)\2—)\3+C¥—ﬂ:0.
Then also Dy g1 =0, so g1 = M (A2 — &)(§+ (B8 + A3)T) is a constant vector field.
We can put & = é(F — 2T and further

F= M&f@ﬂl + (B2 = B1(B + A3)) D7 F,

and by integrating we obtain

F=m(t)gs +72(t)gr,
where g3 does not depend on ¢ and v, = m + (B2 — B1(B + A3))75. Further

X = DxF = ’yl(t)ngg, Y = DyF = ’yl(t)Dygg.

Then a%igg € D5, and since @yX € D it follows that aiyja%i gs € Dy. Similarly,

a d o 8 . _
907 9y; 93 € D3 and therefore By; 92,93 = 0. Hence,

93 = Ca(w1, -, 2n) + C3(y1, -+ Ym)-
Further,
DxCy=Dxgs = %@X,
Dx/DxCy = —4=(V X + KH(X, X') + h(X, X')((a + A\o)T +€))

_ 1 oL L / / 1
— s (VX + KX + 0K X =y )
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so Cy is an improper affine hypersphere whose affine normal is parallel to g;.
Similarly, C5 is an improper affine hypersphere whose affine normal is parallel
to g1. We have obtained case (4) of Main Theorem.

Case I-(2). Now, we have ps = u3 =0, a = Ag, 8 = A3. Let $1(t) be a nonzero
function satisfying

Bl = —2X2p1.
Since pof1 + 2X201 (v — A2) = ps B+ 2X281(8 — A3) = 0, direct computation shows

Dx (1€ + 261XT) = Dy (b1€§ + 261A2T) = Dr (1€ + 2610T) =0,
so the vector field C := B1(£ + 2X2)T is constant. Then
DT =MT + &= 3-C+ (M = 22)T.

By integration we show that the immersion F : M — R"™+2 gatisfies

(4.12) F =7(t)Co + 11 (t)Cr +72(t)C,
where Cy, Cy do not depend on t and

(4.13) 7 =M = 2%) + 5

and 7y and ~y; are independent solutions of

(4.14) Y =" (A = 2X).

We can take 79 = 1 and therefore v; # const. Then
X =DxF =DxCy+ ’Yl(t)DxCl

and, as before, 2--2-F € Dy N D; and vanishes. That implies that aiijo and

' dx; By;
%Cl depend only on y1,- - , Ym-
Similarly, 6%1_00 and 8%1_01 depend only on 1, -+ , x,. Therefore, we can write
(4.15) F:A()(xl’... ;mn)'i‘BO(yly"' 7ym)
+ 71 () (Ar(@1, @) + Bi(ys, -+ ym)) +72(8)C.
Further,

0= (A2 —a)X = DxT = Dx(v(A1 + B1) + 150) = v Dx Ay.
As 1 #const, we get Dx A; = 0 for all X € Dy. Therefore, A; and similarly By
are constant vector fields. From

Dx'DxAg = Dx/DxF = V%X + K*(X,X') + h(X,X") &,

we see that Dx/Dx Ay € Dy 4+ span{C} and A is an improper affine hypersphere
whose affine normal is parallel to C.

Similarly, By is also an improper affine hypersphere. We have obtained case (2)
of Main Theorem.

Case I-(3). Now we have g = 0, = Ag, p3 + (8 — A3)? # 0. From (4.9) we see
that
(4.16) s =2X2(Az — B),

which implies that if gz = 0 then A3 — 8 = 0. It follows that Case I-(3)-(i) can not
oceur.
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We now assume Case I-(3)-(ii). Let 8; be a nontrivial solution of the equation
(4.17) Bl = —2np).

Similarly as before we can check that the vector field C' = (£ 4+ 2X2)T satisfies
DyrC =DxC =DyC =0,V X €Ds,Y € D3, and thus is constant. Similarly F' is
given by (4.12) where 79 = 1 and 7, and e satisfy (4.14) and (4.13), respectively.
Also, for the same reasons as before the position vector field F' is of the form (4.15).
It follows from v{DxA; = DxT = (A2 — )X = 0 that A; is constant. Moreover,
combining v{(¢t)Dy By = DyT = (A3 — 8)Y with

Y = DyF = Dy By + 71 (t)Dy By,
we have

Dy By = (5,5 —711)Dy B1.

By (4.16) a direct computation shows that )\giﬁ — 1 = ¢ is a constant. Then
Dx:DxAy=Dx/DxF =V% X + K-(X', X) + (X', X)&,

so Ap is an improper affine hypersphere whose affine normal is parallel to C.
On the other hand, we have

(C + 71 (t))Dy/DyB1 = Dy Dy F

(4.18) =V Y + KXY, Y) + (Y, Y)((As + B)T +€).

Set k = It follows that k' + k(A3 + 8) = 0, moreover

Dx(k((A3+ B8)T +¢&)) =0= Dx B,
Dy (k((Xs + )T +€)) = 2277Y = Dy By,
Dr(k((As+ B)T +€)) =0= DB,

so up to translation we can put By = k((A3+ )T +&). Then from (4.18) it follows
that By is a proper affine hypersphere. We have obtained case (3) of the Main
Theorem. R

We have completed the proof of Main Theorem for case VT = 0. O

5. AFFINE HYPERSURFACES WITH V1T # 0

In this section we assume @TT # 0, and we will prove that this case can not
occur. Recall that Ao # A3 and AaA3 # 0. We claim that A\; # Ay + A3. Otherwise,
if Ay = A2 + A3, taking account also A1 + nAs + mA3 = 0 we obtain Ay = —%)\3.
On the other hand, by Lemma 3.1 (1) we have X¢(A3) = aA3 and X(A\2) = ”Twa)\g,
respectively, which is impossible.

From Lemma 3.1 (3) and Lemma 3.2 (3) we have

a(pr — p2) 32, ; MK (Xo, X;), X;)? =0,
b(p1 — p13) 3250 MK (Yo, Y;), Ye)? = 0.

If Zi,j h(f(()(o7 Xz)7 Xj)2 = 07 it follows that K(XO7 Xz) = AQh(Xo, XZ)T Then
from the second equation of (3.14) we get Xo(A2) =0, and from Lemma 3.1 (1) it

follows aXy = 0.
Similarly, 3, , h(K (Yo, Y;), Y¢)* = 0 implies that bAz = 0.

(5.1)
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As VT = aXy + bYy # 0, so we may, from now on take a # 0. Therefore, as
A2z # 0 and thus >, ; h(K(Xo, Xi), X;)? # 0, by (5.1) it is sufficient to consider
the following two subcases:

Case I1-(1): pq = o # p3, b=0; Case II-(2): p; = po = us.
Case II-(1). Assume p1 = po # pus and b = 0. By Lemma 3.3 and Lemma 3.4

we have

WVrX,Y)=h(VxT,Y) =h(VyT,X) =0,

B2 — ads = (1 — p3).

Also, the first equation of Lemma 3.2 (3) and the definition of 8 show

(5.2)

(5.3) T(pz) = (11 — p3)(As — B).
Then the first equation of (3.11) and fourth equation of (3.13) imply that
(5.4) h(VxY,X') =0, M(VyX,Y') = 3235 h(X, Xo)n(Y,Y").

Also, the third equation (3.9) yields
(5.5) h(@XXl,T) = —ﬁ(T(Ag)h(X, X;) —ah(K (X, X1), Xo)).

Together with (5.4) and the third equation of (3.13), for unit vector field Y € Ds
we also get

m—1
VrY =Y WVrY)Y))Y;, VyT =—pY,
=0
VyY =BT — $294-Xo + Y W(VyY,Y})Y;
Yyl = No—)3 <0 ( Y, J) Js
J

VyXo =324V + > h(Vy X, X;)X;, VxV = Zh VxY,

For unit vector field Y € D3, the Codazzi equation
WX K)Y,Y) — (T3 K)(X,Y), X)) = 5 — 1) h(X, X)
gives further
%(Nl — (X, X') = hW(VxK(Y,Y),X) + h(K(X,VyY),X")
= —h(K(Y,Y),VxX') +h(K(X,X"),VyY)
= 5255 (T2)h(X, X') — ah(K (X, Xo), X))
2 (T0) + éwg — (X, X') + 25K (X, Xo), X)

From this, we directly have

(5.6) fh(X, X") + gh(K(X,X"), Xo) =0,
where
A3T (A AT (A A — It
f=5E00 - 2T (e qytacin

A
9= oty (1 — A2 = Xg).
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Taking X = X’ = X, in (5.6) and summing over the orthonormal basis of Da, we
have nf + gh(n\yT, Xo) = 0 and therefore we get f = 0.

Since 3, ; h(K (X0, X:), X;)? # 0, we see that h(K (X, X’), Xo) is not zero for
some X, X’. We then get by (5.6) that ¢ = 0 and hence we have Az(A;—Xa—A3) = 0.
This is a contradiction. We conclude that Case II-(1) can not occur.

Case I1-(2). In this case the hypersurface is an affine hypersphere. Then the
Codazzi equation h((Vy K)(X,X"),Y’) = h((VxK)(Y,X"),Y") straightforwardly
implies that

(5.7) hMEK(X,X"),VyY') = H(K(Y,Y"),VxX").
Further,
MK (X, X"),VyY') =h(VyY' T)h(K(X,X"),T)
+ 3 (VY X)h(K(X,X'), X;).

The fourth equation of (3.13) yields
WVyY', X;) = o2 MK (Y, Y’) %X‘)
= 2o (W(Vr X, T)A(K(Y. ) + Zh Vo Xi, V) h(K(Y,Y'),Y5)),

and, along with the third equation of (3.13) we obtain

h(K (X, X"),VyY’)

= 3255 h(X XDAY, Y )T(As) + 3245 h(X, XK (Y, o), Y)
(58) = 5225 h(Y YK (X, X1), Xo)

3t 2 K (XX, XK (YY), Y)h(Vr X, Y)).

Similarly, we obtain

WK (Y,Y"), VxX')

= — 525 MY XDT(A2) + 5285, h(Y, Y h(K (X, Xo), X')
(5.9) — 22 h(X, X)h(K(Y,Y),Ys)

+ 5 Z h(E(Y,Y"), Y)h(K(X,X"), X;)h(V1Y;, X;).
i,

Putting (5.8) and (5.9) into (5.7), we get

T (A2) s T(A3)A2
h<X, X/)h(Y, Y/)(AE,Q)AS - )\Ejz)xg)

_ adsh(Y,Y ) h(K(X,X'),X0) _ bAah(X,X)h(E(Y,Y"),Yo)
= (A — A2 — )\3)< 2 a—23) (0 —2r9) : : (As—22)(A1—2X3) : )

In particular, if we take respectively, X’ 1 X and X = X’ = X, for various i we get

5.10) aXsh(Y,Y")h(K (X, X'), Xo) 5259602y = 0

(L)\gh(K(X“ Xz); Xo) = G,)\gh(K(Xj, X]>, Xo)
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Summarizing the second equation of (5.10) over an orthonormal basis we obtain
that nh(K(X,X), Xo) = 0, which along with the first equation of (5.10) implies
that h(K (X, X'), Xo) = 0 and similarly h(K(Y,Y”),Ys) = 0.

Now, a straightforward computation from the Codazzi equation

(V1 K)(Xo, Xo), Xo) — h(Vx, K)(T, Xo), Xo) =0

shows that

Th(K (Xo, X0), Xo) + h(K (X0, Xo), Vx,T) — h(K (X0, Xo), V1 Xo)
Xo(A2)h(Xo, Xo) — 2h(K (X0, Xo), V1 Xo)
= — Xo(X2) — 3h(K (X0, X0), Vo Xo)
(A2) = 3h(K (X0, X0), T)h(V 1 X, T).

0

I
—

I
|
IS

Thus Xo(A2) = 3X\2a. By Lemma 3.1 (1) we have Xo(X2) = “2)\sa. These give a
contradiction Ao = 0, and this case is impossible.

Combining the conclusions in sections 4 and 5, we complete the proof of Main

Theorem. O

(1

(7]
(8]
(9]

(10]
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