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SURFACES IN A PSEUDO-SPHERE WITH HARMONIC OR 1-TYPE
PSEUDO-SPHERICAL GAUSS MAP

BURCU BEKTAS, JOERI VAN DER VEKEN, AND LUC VRANCKEN

ABSTRACT. We give a complete classification of Riemannian and Lorentzian surfaces of arbi-
trary codimension in a pseudo-sphere whose pseudo-spherical Gauss maps are of 1-type or, in
particular, harmonic. In some cases a concrete global classification is obtained, while in other
cases the solutions are described by an explicit system of partial differential equations.

1. INTRODUCTION

In the late 1970’s, B.-Y. Chen introduced the concept of finite type submanifolds in Euclidean
space. Since then, finite type theory became an active research field of which the first results and
fundamental notions were collected in the book [2]. Later, the definition of finite type submanifolds
was extended to differentiable maps on Riemannian manifolds, in particular to Gauss maps of
Euclidean submanifolds, which are useful tools in their study, see [9]. The generalization to more
general maps attracted the interest of people working in analysis to finite type theory and it is
now considered an important field with several open conjectures. For a current state of the art,
see the report [4] and the very recent second edition of Chen’s above mentioned book [6].

A smooth map ¢ : M — E™ from a Riemannian manifold M into a Euclidean space E™ is
said to be of finite type if it has a finite spectral decomposition, i.e., if it can be written as

p=01+d2+ ...+ o,

where each ¢; satisfies A¢p; = \;¢; for a constant \; € R, where A is the Laplacian of M acting
on each component of ¢;. If A\1, Ao, ..., Ay are all distinct, ¢ is said to be of k-type.

Let x : M — E™ be an isometric immersion of an oriented n-dimensional Riemannian manifold
M into a Euclidean space E™. Let G(n,m) denote the Grassmannian manifold consisting of all
oriented n-planes through the origin of E™. The classical Gauss map v : M — G(n,m) is a
smooth map which carries each point p € M to the oriented n-plane in E™ obtained by parallel
translation of the tangent space to x(M) at x(p) in E™ to the origin. Note that since G(n,m) is
canonically embedded into a Euclidean space EV, where N = (ZZ), the notion of finite type map
can be defined for the classical Gauss map. The classical Gauss map associated with a pseudo-
Riemannian submanifold of a pseudo-Euclidean space was given in a similar way in [14].

Chen and Piccinni gave a characterization theorem for submanifolds of E™ with 1-type Gauss
map in [9], a result which is closely related to the well-known characterization of parallel mean
curvature submanfolds of E™ by the harmonicity of their Gauss map v : M — G(n,m) by Ruh
and Vilms given in [18].

An isometric immersion of an n-dimensional Riemannian manifold M into a sphere S™ can
also be seen as an isometric immersion into a Euclidean space E™*!, and therefore the Gauss
map associated with such an immersion can be determined in the classical sense as above. On
the other hand, Obata modified the definition of the Gauss map to better capture the properties
of the immersion into the sphere, rather than into the Euclidean space, in [17] as follows. Let
x : M —s M be an isometric immersion from an n-dimensional Riemannian manifold M into an
m-~dimensional real space form M. The generalized Gauss map in Obata’s sense is a map which
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assigns to each p € M the totally geodesic n-dimensional submanifold of M tangent to x(M) at
x(p). In the case M= S™, Obata’s map carries p € M to a totally geodesic n-sphere of S™ and this
is of course uniquely determined by a linear (n + 1)-dimensional subspace of E™*1 by intersecting
this subspace with S™. Hence, this map can be seen as a map from M to G(n + 1, m + 1), called
the spherical Gauss map.

For Riemannian submanifolds of a sphere with 1-type or harmonic spherical Gauss map, Chen
and Lue gave a characterization theorem in [7].

In [1], the first author, Canfes and Dursun introduced the notion of pseudo-spherical Gauss map
associated with an immersion of a (pseudo-)Riemannian manifold into a pseudo-sphere and also
obtained some characterization and classification theorems. Note however that, in [13], Ishihara
studied the Gauss map in a generalized sense for (pseudo-)Riemannian submanifolds of (pseudo-)
Riemannian manifolds, also extending the Gauss map in Obata’s sense to the pseudo-Riemannian
setting. Some of the classification results in [1] deal with Lorentzian surfaces in S} and Sj with
harmonic pseudo-spherical Gauss map and with Riemannian and Lorentzian surfaces in S§ with
1-type pseudo-spherical Gauss map. In this paper we unify and extend these results to arbitrary
codimension and index, i.e., we completely classify all Riemannian and Lorentzian surfaces in
ST with 1-type Gauss map and in particular with harmonic Gauss map. The main theorems are
Theorem 3, 4, 5 and 6.

2. PRELIMINARIES

2.1. Pseudo-Riemannian real space forms. Let E7* denote the pseudo-Euclidean space of

dimension m and index s, i.e., R™ = {(z1,...,2m) | z1,...,Zm € R} equipped with the metric
m—s m

(1) ds* = Z da? — Z da:?.
i=1 j=m—s+1

Then E™ has constant sectional curvature ¢ = 0. If (-,-) is the inner product associated with ds?,
we define for any real number ¢ # 0

S'(e) = {z € EI"™ | (z,2) = ¢} if ¢ >0,

H?(c) = {z e E’H' | (z,2) = ¢!} ifc <O,
When equipped with the induced metric from ds?, these manifolds have constant sectional cur-
vature ¢ and are called pseudo-sphere, respectively pseudo-hyperbolic space, of dimension m and
index s. A vector v tangent to one of these spaces is called spacelike if (v,v) > 0 or v = 0, timelike
if (v,v) < 0, and lightlike (or null) if (v,v) = 0 and v # 0. This terminology is inspired by general
relativity, where EJ*, S™"*(c) and HT""!(c) are known as the Minkowski, de Sitter, and anti-de
Sitter spaces, respectively.

2.2. Basics of submanifold theory. Let M be an n-dimensional (pseudo-)Riemannian subman-
ifold of a (pseudo-)Riemannian manifold M. We denote the Levi-Civita connections of M and M
by V and V respectively. Then the Gauss and Weingarten formulas are given respectively by

VxY = VxY +h(X,Y),
Vx€&=—A¢X 4+ Dx&

for any vector fields X and Y tangent to M and any vector field £ normal to M. Here, h is the
second fundamental form, a symmetric tensor field taking values in the normal bundle, A¢ stands
for the shape operator with respect to the normal direction £ and D is a connection in the normal
bundle. The shape operators and the second fundamental form are related by

(2) (A X,Y) = (h(X,Y),§)
for any X and Y tangent to M and any £ normal to M, where {-,-) denotes the metric both on

M and on M. The mean curvature vector field is defined as

1
H=—trh.
n
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If the ambient manifold M has constant sectional curvature ¢, the equations of Gauss, Codazzi
and Ricci are given respectively by
3) (R(X,Y)Z,W) = c((X, W)Y, Z) = (X, Z)(Y, W)+ (h(X, W), h(Y, Z)) = (h(Y, W), h(X, Z)),
(4) (Vh)(X.Y,Z) = (VA)(Y, X, 2),
(5) (RP(X,Y)E,m) = ([Ae, A))X.Y)
for any X, Y, Z and W tangent to M and any £ and 7 normal to M. Here, R is the curvature

tensor of M, RP is the curvature tensor associated with D and the covariant derivative Vh is
defined by

(6) (VR)(X,Y,Z) = DxM(Y,Z) = h(VxY,Z) = h(Y,Vx Z)

for any X, Y and Z tangent to M. If {e1,...,e,} is a local frame on M satisfying (e;, e;) = €;0;;,
with g; € {—1,1} for all ¢ and j, the scalar curvature of M is given by

S = Z €i€j<R(€i,€j)€j,€i>.

i,j=1
In particular, if n = 2, the scalar curvature equals twice the Gaussian curvature K of the surface M.
It follows from the equation of Gauss (3) that
(7) S=cn(n—1)+n*(H H)— S,
where .
Sh=>_ cigj(hles e;), hleie;)).
i,5=1

2.3. Finite type maps. Following [3], we define finite type maps from a pseudo-Riemannian
manifold to a pseudo-sphere or a pseudo-hyperbolic space as follows.

Definition 1. A smooth map ¢ : M — S™(c) C EP*L (resp. ¢ : M — H™(c) C EI'L), from
a (pseudo-)Riemannian manifold into a pseudo-sphere (resp. a pseudo-hyperbolic space) is called
of finite type in S7*(c) (resp. in HT*(c)) if it has a finite spectral decomposition

(8) d=0¢1+d2+ -+ oi,

where each ¢; satisfies Ap; = N\io; for some constant \; € R, where A is the Laplacian of M
acting on each of the m + 1 component functions of ¢;. If the spectral decomposition (8) contains
exactly k terms with different values for \;, then the map ¢ is called of k-type.

Remark 1. In particular, ¢ : M — S™(c) C EP*! (resp. ¢ : M — H™(c) C E'1') is of 1-type
in ST"(c) (resp. in H?(¢)) if and only if A¢ = A¢ for some A € R. As is well-known, if A = 0, the
map ¢ is a harmonic map. More about harmonic maps can be found in Remark 2 below.

2.4. The pseudo-spherical Gauss map. Let us first recall some basics about Grassmannian
manifolds. If G(n + 1,m + 1) is the set of all oriented non-degenerate (n + 1)-dimensional linear
subspaces of E™! we can construct a natural inclusion of G(n + 1,m + 1) into A" E™+1 by
identifying L € G(n + 1,m + 1) with ey A ... A e,, where {eg,...,e,} is a positively oriented
orthonormal basis for L. Furthermore, we can identify /\n+1 E™*! with a pseudo-Euclidean space
IE{IV for some non-negative integer ¢ and N = (m'H). Here, the pseudo-Euclidean metric is defined

n+1
as follows: if {f1, fo,-.., fm+1} and {g1,92,...,gm+1} are orthonormal bases of E™*1  the inner
product of f;;, A...Af;, ., and g;; A...Agj,., in /\"+1 E™*! is given by
(9) <<fi1 ARERWA fin+1’gj1 ARERNA gjn+1>> = det(<fievgjk>)'

In this way, G(n + 1,m + 1) can be seen as a submanifold of E}.

Now, let x : M]* — S™(1) C E™*! be an isometric immersion from an oriented n-dimensional
(pseudo-)Riemannian manifold of index ¢ into a pseudo-sphere. As usual, we will locally identify
M} with x(M]"). The pseudo-spherical Gauss map v in the sense of Obata [17], assigns to each
point p € M]* the great pseudo-subsphere S?(1) of S7*(1) tangent to M;* at p. Since S}(1) is
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uniquely determined as the intersection of S7*(1) with an (n+ 1)-plane through the center of S™*(1)
in E™*1 one can look at v as a map from M]* to G(n + 1,m + 1). In particular, if {e1,...,e,} is
a positively oriented orthonormal basis of T,,M*, then

V(p):x(p)/\el/\.../\en6G(n—|—1,m+1)CIEéV.

From (9) we see ((v,v)) = (—1), and hence v is a map from M* to S)'~'(1) if ¢ is even and a
map from M to Hév_jl (—1) if ¢ is odd. It is therefore natural to investigate for which submanifolds
M; of ST*(1) the pseudo-spherical Gauss map is of finite type in the sense of Definition 1. The
following results were obtained in [1].

Lemma 1. [1] Let M{* be an n-dimensional oriented (pseudo-)Riemannian submanifold of index t
of ST*(1). Then the Laplacian of the pseudo-spherical Gauss map v : M{* — G(n+1,m+1) C EY
is given by

n
AV:Shl/+nH/\el/\~~~/\en—an/\el/\~~/\DekH/\--~/\en
k=1 ™

k—th
(10) nom
+ ErEsRL L XANEeT A N e N+ N es A Aey,
J#k r<s ' j—th k—th
where {e1,...,en} is a local positively oriented orthonormal tangent frame to MJ*, {ent1,..-,€m}

is a local orthonormal normal frame to M in ST (1), satisfying {(e,, es) = €05, with e, € {—1,1},

and Ry = (RP(ej,ex)er, es).

S

The following results are direct consequences of Remark 1, Lemma 1 and formula (7).

Theorem 1. [1] A (pseudo-)Riemannian submanifold M of ST (1) has I-type pseudo-spherical
Gauss map if and only if M has zero mean curvature vector field and flat normal connection in
S™(1), and constant scalar curvature.

Theorem 2. [1] An n-dimensional (pseudo-)Riemannian submanifold M of ST(1) has harmonic
pseudo-spherical Gauss map if and only if M has zero mean curvature vector field and flat normal
connection in ST'(1), and constant scalar curvature S = n(n —1).

Remark 2. In Theorem 2, harmonicity of v is interpreted as the vanishing of Av as computed
in (10). This means that v is harmonic as a map between the (pseudo-)Riemannian manifolds M
and Eév . However, it is also natural to study when v is harmonic as a map from M to G(n+1,m+1)
(with the induced metric from E}'). This happens if and only if the terms tangent to G(n+1, m+1)
in (10) vanish, i.e., if and only if M has zero mean curvature vector in S7*(1).

3. CLASSIFICATION RESULTS FOR RIEMANNIAN SURFACES

Consider a spacelike (i.e. Riemannian) surface with arbitrary codimension in a pseudo-sphere
S7(1). For the Riemannian case s = 0, we refer to [7]. The next two results give a classification of
those surfaces with 1-type pseudo-spherical Gauss map, first for the non-harmonic case, then for
the harmonic case.

Theorem 3. A spacelike surface M in ST (1) has non-harmonic 1-type pseudo-spherical Gauss
map if and only if it is an open part of the Clifford torus lying fully in a totally geodesic 3-sphere
S3(1) C S™(1).

Proof. Assume that x : M — S7*(1) is an immersion of a spacelike surface with 1-type pseudo-
spherical Gauss map. It follows from Theorem 1 that M has zero mean curvature vector, flat
normal connection in S7*(1) and constant scalar curvature. The equation of Ricci (5) implies that
[A¢, Ay] = 0 for any normal vector fields £ and 7. Since M has a positive definite metric, A¢ and
A,, are simultaneously diagonalizable. Let us choose {e1,es} to be a local orthonormal tangent
frame such that h(ey,e2) =0 and {es, ..., em, em+1 = X} to be a local orthonormal normal frame
along M in E™*. The connection form wis on M is defined as usual by Vxe; = wia(X)es for
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any X tangent to M. Since the mean curvature vector field is zero, we have h(e1,e1) = —h(ez, €2).
Putting & = h(e1, e1), it follows from the Gauss equation (3) that the constant Gaussian curvature
of M is K =1— (£,&). Hence, (£,€) is constant and there are three possibilities according to the
casual character of &.

Case (i). £ # 0 is spacelike. We can choose a unit spacelike vector field £ such that £ = A" # 0.
Since K = 1 — A\? is constant, )\ is a nonzero constant. For X = e; and ¥ = Z = ey, the
Codazzi equation (4) gives D, & = —2wia(e)E’. Similarly, for X = Z = e; and Y = ey we
have D.,&" = 2wia(e1)€’. On the other hand, since ||¢'|| = 1, (D.,&,¢&’) = 0 for ¢ = 1,2. Thus,
wiz2(e1) = wia(ez) = 0, which implies that K = 0 and the first normal space Imh = Span{¢’}
is parallel in the normal bundle. From the reduction theorem by Erbacher-Magid [10, 16], M is
contained in a totally geodesic S?(1) in S™(1). It follow for example from [15] that a non-totally
geodesic maximal surface of S?(1) with constant Gaussian curvature is an open part of the Clifford
torus.

Case (ii). & is timelike. Now choose a unit timelike vector £’ with € = \¢’ # 0, then K = 1+ )2
On the other hand, by a similar calculation as in Case (i), it can be shown that K = 0. This is a
contradiction.

Case (ii1). £ = 0 or £ is lightlike. Now K = 1, that is S = 2. From Theorem 2, the pseudo-
spherical Gauss map is harmonic, which is a contradiction.

Conversely, suppose that M is an open part the Clifford torus in S3(1) € S™(1). Then it
is easy to show that the pseudo-spherical Gauss map satisfies Av = 2v. Thus, M has 1-type
pseudo-spherical Gauss map and is not harmonic. O

Theorem 4. Let x : (M,g) — S™(1) C E™*! be a non-totally geodesic isometric immersion
of a spacelike surface M in the pseudo-sphere ST*(1). The pseudo-spherical Gauss map of the
immersion is harmonic if and only if there exists a local isothermal coordinate system {u,v} on
M such that g = p*(du® + dv?) and x is a solution of the system

Xuu = @Xu - &XU - /J'QX +c,
! u
(11) Xuv = &Xu + Mlxva
u u
Xoy = _&Xu + &XU - M2X -G

where p satisfies the equation (In 1)y, + (In 1)y, = —p? and c is a fized lightlike vector in E™T1.

Remark 3. The equation for p in the theorem can be rewritten as A(Inp) = —1, where A is the
Laplacian of the surface (M,g) or as Ag(Inu) = —u?, where Aq is the Euclidean Laplacian in
dimension 2. This equation is known as Liouville’s equation and characterizes the conformal factor
of a surface of constant Gaussian curvature 1.

Proof. Assume that x : M — S™(1) C E™*! is a non-totally geodesic isometric immersion of a
spacelike surface M in S7*(1) with a harmonic pseudo-spherical Gauss map. Theorem 2 implies
that M has a zero mean curvature vector and flat normal connection in S7*(1) and that K = 1.
As in the proof of Theorem 3 we can choose a local orthonormal frame {ej,e2} on M such
that h(ei,e2) = 0 and h(ey,e1) = —h(ez,e2) = £ for a lightlike vector £. Define the functions
a = wiz(er) and B = —wia(ez). Then, the Levi-Civita connection of M is determined by

v(—:lel = ez, v(—:162 = —aeq, vegel = _6627 vezeQ = 661'

Computing K from these we obtain

(12) e1(B) +ezx(a) —a® = 5% = 1.
For X =7 =e; and Y = eg, respectively X = e; and Y = Z = eq, the Codazzi equation (4) gives
(13) D., ¢ = 2a¢, D, & =2p¢.

Using (13), the fact that RP = 0 is equivalent to e; (o) = ea(), which is precisely the integrability
condition for the system

(14) er(lnp) =-0, ea(lnp) = —a.
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If 1 is a solution to this system, one can easily check that [uer, pes] = 0, i.e., there exist local
coordinates {u,v} on M with d,, = pe; and 9, = pes. In these coordinates the metric reduces to
g = pu?(du® + dv?) and equation (12) is equivalent to (In pt)ye, + (In )y = —p2.

Denoting by &, the Euclidean derivative of the vector field £ in the direction of 9, the formula
of Gauss for the immersion S”(1) — E™*! and the formula of Weingarten for the immersion
M — SP(1) give §, = —Ag0y + Dp, & — (04, £)x. Using equation (2) and the expressions for h, we
get A¢e; = 0 and hence also A¢0, = 0. Since also (0,,&) = 0, we find from (13) that &, = 25ué.
Analogously, one can prove that &, = 2apué. Hence, £ is a solution to the system

gu = 25/”57 f?) = 20[,“’5'

Using the fact that 9, (Inp) = —fp and 9, (In u) = —ap from (14), we obtain & = 7 where cis a
constant null vector.

With respect to the coordinate vector fields, the Levi-Civita connection and the second funda-
mental form of M in S7*(1) are then given by

1 1
(15) Vo, O0u = ; (MO — 100y 5 Vo, 0u = ; (p0Ou + Oy 5
(16) Vava = i (/u'vav - ,uuau) 5 h(aua au) = *h(ava 81)) =, h(auyav) =0.

From the Gauss formula, both for the immersion S7(1) — E™*! and the immersion M — S™(1),
we get the system (11).
By a straightforward calculation, the converse is obtained. O

4. CLASSIFICATION RESULTS FOR LORENTZIAN SURFACES

In this section, we classify the Lorentzian surfaces in S7*(1) whose pseudo-spherical Gauss map
is of 1-type, first in the non-harmonic case, then in the harmonic case. We will need the following
classification of flat Lorentzian surfaces with zero mean curvature vector in S$(1) and S3(1).

Lemma 2. A flat Lorentzian surface with zero mean curvature vector in S3(1) C E2 is congruent
to an open part of the image of

1
(1) x(u,v) = —2(005 u, sinu, cosh v, sinhv) if s = 1;
(i1) x(u,v) = (coshu coswv, cosh usin v, sinh v cos v, sinhusinv) if s = 2.

Remark 4. The first surface in Lemma 2 is a Lorentzian version of the Clifford torus. The second
one is the tensor product of the unit circles ¢;(u) = (coshu,sinhu) in the Minkowski plane E?
and co(v) = (coswv,sinv) in the Euclidean plane E2. It appears for example in the classification
of flat tensor products of plane curves in [11]. After a standard identification of E3 with C2, it
can also be seen as the complex curve ¢(z) = (cos z,sinz). A direct calculation shows that the
pseudo-spherical Gauss map v of any of the two immersions satisfies Av = 2v, i.e., that it is of
1-type.

Proof. For s =1, the proof can be found in [12].

Now suppose that x : M; — S3(1) is an isometric immersion of a flat Lorentzian surface
with zero mean curvature vector. Choose pseudo-Euclidean coordinates {u,v} on M; such that
(Ou, Ou) = (Oy,0y) = 0 and (9, 0,) = —1. Since H = —h(d,, 0, ), we obtain h(d,,d,) = 0. Also,
using the Gauss equation (3), flatness implies that (h(9y,dy), h(0y,dy)) = 1. Thus, there exist
a unit timelike vector field ¢ and a function @ on M; with a # 0 such that h(9,,0,) = a& and
h(0y, 0y) = —%f . By changing the orientation of £ if necessary, we may assume that a > 0. For
X=0,Y=Z=0,and X =9,,Y = Z =9, in the Codazzi equation (4), we find a,, = a,, =0,
which means that a is a positive constant.

From the Gauss formula, both for the immersions M; — S3(1) and S3(1) — E3, we obtain
the following system of differential equations:

1

(17) Xuu = a§, Xuv = X, Xy = _af
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Also, by using the Gauss formula for S3(1) — E3 and the Weingarten formula for M; — S3(1),
we get §{, = —ax, and &, = %xu. Using these, one can determine the solution of system (17)
straightforwardly to be

v v . v
x(u,v) = et 2a (cos (au - —) ¢1 + sin (au - —) 02)

200 2c
v v v
+ e~ (outs%) (COS (au — —) c3 + sin (au — —) 04)
2c 2a
for @ = y/a/2 and some constant vectors cy, 2, c3, ¢4 € E3. The conditions (x,x) = —(x,,%,) =1

and (Xy,X,) = (Xy,X,) = 0 reduce to

(c3,¢3) = (ca,cq) =0,

(c2,c3) = (c3,c4) =0,

1

5

After an isometry of S3(1), i.e., an isometry of Ej leaving S3(1) globally invariant, we may assume

(c1,¢1) = (c2,02) =

<61762> = <Cl7 C4>

<017C3> = (CQ,C4> =

1 1 1 1
1 = 5(1707 1a0)) Cy = 5(07 1a07 1)7 c3 = 5(1a05 _170)a Cq = 5(0717()’ _1)

The reparametrization au + 5= +— u, au — 5=~ = v now gives the result. O

Theorem 5. A Lorentzian surface in ST (1) has non-harmonic 1-type pseudo-spherical Gauss
map if and only if it is congruent to an open part of the image of

1
x(u,v) = —=(cos u, sin u, cosh v, sinh v)

V2
in a totally geodesic S3(1) C S™(1), or of
x(u,v) = (coshu cos v, cosh u sin v, sinh u cos v, sinh u sin v)
in a totally geodesic S3(1) C S™(1).

Proof. Assume that M; is a Lorentzian surface in S7*(1) with non-harmonic 1-type pseudo-
spherical Gauss map. Choose {e1, e2} to be a local tangent frame satisfying (eq,e1) = {e2,e€2) =0
and (e1, ea) = —1. Then, there exists functions « and 8 on M; such that

(18) Ve er =ae, Ve ey =—aey, Ve =Pe;, Ve =—Fes.

From Theorem 1, M; has zero mean curvature vector and flat normal connection in S7(1), and
constant scalar curvature. Since H = —h(ey, e3), we find h(ej,ez) = 0. Also, from the Gauss
equation (3) the constant Gaussian curvature of M is given by K = 1 — (h(ey, e1), h(ez, e2)). This
implies that (h(e1,e1), h(ea,e2)) = ¢ is constant and since the pseudo-spherical Gauss map is not
harmonic, we know from Theorem 2 that ¢ # 0. Put h(e1,e1) = & and h(ea,es) = &. Since M,
has flat normal connection, from the Ricci equation (5) we get that

(19) (&1, (&5 ) = (&1, m) (&2, )
for all normal vector fields £ and 7, which implies that & is parallel to . To see this, let
{e3,...,em} be an orthonormal basis of the normal space of My in SI*(1) with (e;, e;) = €;0;5,

g; € {1,—1}. We can express &; and & in this basis as
&= Z€i<51,€i>€u & = Z€i<§2,6i>€i~
i=3 i=3

For { = e; and p = e; in (19), we have (£1,e;)(€2,e;) = (€1,€5)(&2,€;) for all 4,5 = 3,...,m.
Thus, the rank of matrix with in its columns the coefficients of £&; and & is less than equal to 1,
that is, & and &y are proportional to each other. Also, for £ = & and n = & in (19) we get
(€1,61)(€2,&) = ¢ > 0, which implies that & and & are either both spacelike or both timelike.
Hence, there exist a unit normal vector field £ and a function a on M7, with a > 0, such that

(20) G=af, L=<t
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where e = (¢/,¢') € {—1,1}. For X =e; and Y = Z = e, respectively X = ey and Y = Z = ¢4,
in the Codazzi equation (4), we obtain

(21) D€1£2 = —20[627 Dezgl = 2,851
On the other hand, we find from (20)

cer(a c
(22) Dezfl = 62(0“)5, + aD€2€/7 D61§2 = _6%6/ + 65D61§/-

Since ¢’ is a unit normal vector field, D, ¢’ and D,, " are perpendicular to ¢'. Thus, by comparing
(21) and (22) and using (20), we find D, §’ = D.,&' = 0 and

(23) e1(lna) = 2q, ea(lna) = 26.

We conclude that Imh = Span{¢’} is parallel in the normal bundle and from the reduction
theorem by Erbarcher-Magid [10, 16], M; is contained in a totally geodesic S3(1) or S3(1) of
S™(1) depending on whether e = 1 or € = —1. The compatibility condition for system (23) reads
e1(B) — ea(a) + 2a8 = 0, which, by (18), is equivalent to K = 0. Lemma 2 now gives the result.
The converse can be straightforwardly verified. O

Theorem 6. A non-totally geodesic Lorentzian surface My in ST (1) has harmonic pseudo spherical-
Gauss map if and only if the immersion x : My — S™(1) C E™T is given by

“w) )

(24) x(u,v) = m 5

where z is a spacelike curve with constant speed 2 in the light cone {v € ET | (v,v) = 0},
satisfying (z",2")y =0 and 2" # 0.

Proof. By Theorem 2, the surface M; is a minimal surface of constant Gaussian curvature 1 with
flat normal connection in S7*(1). Minimal Lorentzian surfaces with constant Gaussian curvature 1
were classified by Chen in Theorem 5.1 of [5]. The ones which are not totally geodesic but have
flat normal connection are exactly those described in the theorem. O

Ezample 1. We consider a spacelike curve
z(u) = (cos(v/2u), sin(v/2u), sinh(v/2u), cosh(v/2u))

lying the light cone of E}. Then, it can be shown that (2/,2') =4, (2”,2") = 0 and 2" # 0. Thus,
from Theorem 6 the Lorentzian surface M; in S$(1) given by the position vector x has harmonic
pseudo-spherical Gauss map.
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