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NULL PSEUDO-ISOTROPIC LAGRANGIAN SURFACES

ALFONSO CARRIAZO, VERONICA MARTIN-MOLINA,
AND LUC VRANCKEN

ABSTRACT. In this paper we will show that a Lagrangian, Lorentzian
surface M? in a complex pseudo space form MZ(4c) is pseudo-
isotropic if and only if M is minimal. Next we will obtain a com-
plete classification of all Lagrangian, Lorentzian surfaces which are
lightlike pseudo-isotropic but not pseudo-isotropic.

Key words: Lagrangian submanifold, complex projective space,
1sotropic submanifold, Lorentzian submanifold.
Subject class: 53B25, 53B20.

1. INTRODUCTION

The notion of isotropic submanifold was first introduced in [7] by
O’Neill for immersions of Riemannian manifolds and recently extended
by Cabrerizo, Ferndandez and Gémez in [2] to the pseudo-Riemannian
case. A submanifold is called pseudo-isotropic if, for any point p and
any tangent vector v at a point p, we have that

(11) <h(v7 U)? h(U, U» = X(p) <U, U>2 )

where h denotes the second fundamental form of the immersion and A
is a smooth function on the submanifold.

Note that since the induced metric is pseudo-Riemannian it is natural
to distinguish between timelike, spacelike and lightlike (or null) vectors.
This leads in a natural way to the notions of

(i) Timelike pseudo-isotropic if, for any point p and any timelike tan-
gent vector v at a point p, equation (1.1) is satisfied,
(ii) Spacelike pseudo-isotropic if, for any point p and any spacelike
tangent vector v at a point p, equation (1.1) is satisfied,
(iii) Lightlike isotropic if, for every lightlike vector v at the point p, we
have that h(v,v) is again a lightlike vector.

The first two authors are partially supported by the MINECO-FEDER, grant
MTM2014-52197-P. They also belong to the PAIDI groups FQM-327 and FQM-
226 (Junta de Andalucia, Spain), respectively.
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It was shown in [2] that the notions of pseudo-isotropic, timelike
pseudo-isotropic and spacelike pseudo-isotropic are equivalent. In the
same paper they also included an example of an immersion which is
lightlike pseudo-isotropic but not pseudo-isotropic.

Here we are particularly interested in Lagrangian immersions of com-
plex space forms. In the positive definite case, isotropic Lagrangian
immersions have been studied in [3], [4], [5], [6] and [9]. In this pa-
per we will consider pseudo-isotropic and lightlike pseudo-isotropic
Lagrangian, Lorentzian surfaces M? in a complex pseudo space form
M3 (4c). We will assume that the space form is not definite and hence
has real signature 2. By changing the sign of the metric if necessary, it
is sufficient to deal with the cases ¢ =0 or ¢ = 1.

We will first show in Section 3 that

Theorem 1.1. Let M be a Lagrangian, Lorentzian surface in a complex
space form. Then M is pseudo-isotropic if and only if M is minimal.

Next we will obtain a complete classification of all Lagrangian,
Lorentzian surfaces which are lightlike pseudo-isotropic but not pseudo-
isotropic. To do so, we will first show in Section 4 that such a surface
can be seen as the union of two surfaces that we will call of Type I and
of Type II. These will be classified, case by case, in Sections 5 and 6,
respectively.

2. PRELIMINARIES

Throughout this paper we will assume that M is a Lagrangian,
Lorentzian submanifold M of a complex space form M. We use the
standard formulas of Gauss and Weingarten for a submanifold, intro-
ducing the second fundamental form h and the shape operators A by

VyY = VY + h(X,Y),

Vx€ = —AX + V¢,
where X and Y are tangent vector fields and ¢ is normal. Here, as
usual, V denotes the Levi-Civita connection on the ambient space and,
if no confusion is possible, we will always identify M with its image in
M.

Since M is Lagrangian, we have that the complex structure J in-
terchanges the tangent and the normal spaces. Using the formulas of
Gauss and Codazzi this implies that

VyJY = JVyY,
AjxY = —Jh(X,)Y) = A X.
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The latter formula implies that the cubic form < A(X,Y),JZ > is
totally symmetric in all components.

We denote the curvature tensors of V and V+ by R and R*, respec-
tively. The first covariant derivative of h is defined by

(2.1)  (VR)(X,Y,Z) =Vxh(Y,Z) - h(VxY,Z) — h(VxZY),

where X, Y, Z and W are tangent vector fields.
The equations of Gauss, Codazzi and Ricci for a Lagrangian sub-
manifold of M"(4c) are given by

(2.3) (VR)(X,Y, Z) = (Vh)(Y, X, Z),
(2.4) (RY(X,Y)JZ,JW) = ([Az, Asw]X,Y)
where X, Y Z and W are tangent vector fields. Note that for a La-
grangian submanifold the equations of Gauss and Ricci are mutually
equivalent.

We refer to [1] for the construction of the standard models of indef-
inite complex space forms CP?(4c) when ¢ > 0, CH”(4c) when ¢ < 0

and C?. For our purposes, it is sufficient to know that there exist
pseudo-Riemannian submersions, called Hopf fibrations, given by

IT: S27*(c) — CP™(4c) : 2+ 2 - C*
if ¢ > 0, and by
IT: H'H (¢) = CH!(4c) : 2 +5 2z - C,
if ¢ < 0, where
Szl (e) = {2 € C" byt (2,2) = £},
Hfﬁrl(c) = {z € C"Mbss141(2,2) = %}
and by 4 is the standard Hermitian form with index s on C? For our
convenience, we will assume that we have chosen an orthonormal basis
such that the first s odd terms appear with a minus sign.
In [1] it is shown that locally any indefinite complex space form is
holomorphically isometric to either C?, CP!*(4c), or CH?(4c). Remark
that, by replacing the metric < .,. > by — < .,. >, we have that

CH?(4c) is holomorphically anti-isometric to CP?_ (—4c). For that

purpose, as in our case n = 2 and s = 1, we only need to consider C?
and CP?(4).
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In order to study or explicitly obtain examples of Lagrangian sub-
manifolds, it is usually more convenient to work with horizontal sub-
manifolds. In that aspect, we first recall some basic facts from 8]
which relate Lagrangian submanifolds of CP(4c) to horizontal im-
mersions in S57(c). Here, a horizontal immersion f: M™ — S37(c)
is an immersion which satisfies i f(p) L f.(T, M) for all p € M7, where
i=+/—1
Theorem 2.1 ([8]). Let IT: S37t*(1) — CP™(4) be the Hopf fibration.
If f: M — S3""(c) is a horizontal immersion, then F = Il o f :
M — CPS”(ZLC) is a Lagrangian immersion.

Conwversely, let M be a simply connected manifold and let F' : M} —
CPI(4) be a Lagrangian immersion. Then there exists a 1-parameter
family of horizontal lifts f : MT — S371(1) such that F =lo f. Any

two such lifts f1 and fy are related by f1 = € f,, where 0 is a constant.

Remark that both immersions have the same induced metric and
that the second fundamental forms of both immersions are also closely
related. For more details, see [8].

3. MINIMALITY AND PSEUDO-ISOTROPY

In this section we will prove Theorem 1.1. Let us suppose that M?
is a Lagrangian, Lorentzian surface of a complex space form M. We
will assume that either M = C% or CP?(4).

Let p € M. We say that {e;,e2} is a null frame at a point p if it
satisfies

< €5, €5 >= (1 — (5@'), 1,J € {172}

In terms of a null frame, it is then clear that a Lagrangian immersion

is minimal if and only if

h(el, 62) = 0.

In view of the symmetries of the second fundamental form, this implies
that there exist numbers A and p such that

h(er,e1) = Ae,
h(ea, ex) = pJe;.
If we now write v = vieq + vq9e9, it follows that
h(v,v) = pviJe; + AviJes,
< h(v,v), h(v,v) > =2 vy = Ihp < v 0 >3,

which shows that a minimal surface is indeed pseudo-isotropic.
In order to show the converse, we will use the following lemma of [2]:
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Lemma 3.1. Let F : M — M be an isometric pseudo-Riemannian
immersion. Then the immersion is (pseudo)-isotropic if and only if
for any tangent vectors x,y, z,w € T,M, we have that

< ha,y), bz w) > + < h(y, 2), hz,w) > + < h(z,2), h(y,w) >=
:X(p){< T,y ><z,w>+ <y z><z,w>+ < z,x >y, w >}

Note that in [2] the above lemma was formulated only for immersions
into pseudo-Euclidean spaces. However, it is clear that it remains valid
for arbitrary immersions in pseudo-Riemannian spaces.

Let us assume now that M is a pseudo-isotropic surface. Then it
follows from the previous lemma that

(i) h(ey,eq) is a lightlike vector, by taking x =y = z = w = ey,
(ii) h(eg, e2) is a lightlike vector, by taking x =y = z = w = eq,
(iii) h(eq,eq) is orthogonal to h(ey,eq), by taking z = y = z = e; and

w = €9,
(iv) h(ey,ez) is orthogonal to h(es, e3), by taking © =y = z = ey and
w = eq.

We now write
h(el, 62) = ’U1J€1 + 'U2J€2.
The fact that the immersion is Lagrangian then implies that
h(el, 61) = ’UQJ61 + UgJGQ,
h(es, ex) = vyJe + vy Jes.
Let us now assume that M is not minimal. Then, by interchanging e;
and ey if necessary, we may assume that vy # 0. As h(eq, e1) is lightlike

by (i), this implies that v3 = 0. It then follows from (iii) that vy, = 0
which is a contradiction. This completes the proof of Theorem 1.

4. LIGHTLIKE ISOTROPIC LAGRANGIAN, LORENTZIAN SURFACES

In this section we will assume that M? is a Lagrangian, Lorentzian
lightlike pseudo-isotropic surface of a complex space form M. We will
assume that either M = C? or CP?(4). We will also assume that M
is not pseudo-isotropic, i.e. in view of the previous section we will
assume that the immersion is not minimal. We call a surface which
is lightlike pseudo-isotropic without minimal points a proper lightlike
pseudo-isotropic surface.

We again take a null frame at a point p, i.e. a frame {ej, es} such
that

< €5, €5 >= (1 — (5@'), 1,J € {172}
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Note that if both (e, e1) = h(ea, e3) = 0, then it follows from the fact
that M is Lagrangian that also h(e;,es) = 0 and therefore that M is
pseudo-isotropic.

We say that M is proper lightlike pseudo-isotropic of Type 1 at the
point p if there exists a lightlike vector v such that h(v,v) and Jv are
independent. This means, after changing e; and es if necessary, that
we may assume that

h(el,el) = J€2,
h(ea, ex) = puJey + AJes.

Since M is Lagrangian, we deduce from this that
h(el, 62) = )\J@l.

Since M is proper, we have that A # 0. Hence, since h(eg,es) is
lightlike, we deduce that = 0 and so h(es, e5) = AJes.

We say that M is proper lightlike pseudo-isotropic of Type 2 if, for
every lightlike vector v, h(v,v) and Jv are dependent. This means,
after changing e; and es if necessary, that we may assume that

h(el,el) = Jel,
h(eg, 62) == )\J@Q.

As M is Lagrangian, we deduce from this that
h(el, 62) = )\Jel + J€2.

We see that M is indeed not minimal and the immersion is therefore
proper lightlike pseudo-isotropic.

Note that a point which belongs to the closure of Type 2 points
needs to be a minimal point automatically. Therefore, it follows from
the fact that M is proper that M can be seen as the union of a Type 1
lightlike proper pseudo-isotropic surface and a Type 2 lightlike proper
pseudo-isotropic surface. In both cases, it is immediately clear that the
null frame can be extended to a neighborhood of the point p.

5. PROPER LIGHTLIKE ISOTROPIC LAGRANGIAN, LORENTZIAN
SURFACES OF TYPE 1

We take a null frame in a neighborhood of the point p as constructed
in the previous section. So we have a frame {E}, Es} such that

< Ei, B >= (1 —6y), i,j € {1,2},



NULL PSEUDO-ISOTROPIC LAGRANGIAN SURFACES 7

and
h(Ey, Ey) = JEs,
h(Es, Ey) = AJ Es,
h(Ey, Ey) = A Ey,
where )\ is a nowhere vanishing function. We write
Vg B = aky, Vg Ey = —akb,,
Vg, By = —BE, Vi, Ey = BEs,
where « and 3 are functions.

Lemma 5.1. We have that 5 = 0 and X satisfies the following system
of differential equations:

Ei(\) = —a),
Ey(\) = 0.
Proof. We have that
(Vh)(Es, By, Ey) = Vi, JEy — 20(V g, B, Ey)
= [BJEy + 20JFEy = 33JEs.
On the other hand, we have that
(Vh)(E1, Ea, Ey) = VA Ey — W(V g, By, E1) — h(Es, Vi, Ey)
= (Ey(\) + aN\)JE| + ah(Ey, Ey) — ah(Esy, EY)
= (E1(\) + aN)JE;.

From the Codazzi equation, we therefore obtain that § = 0 and
Ey(\) = —aA. Similarly from the Codazzi equation (Vh)(Ey, Ey, Ey) =
(Vh)(Es, Ey, Es), we now deduce that Ea(A) = 0. O
Lemma 5.2. We have that ¢ =0 and « satisfies

EQ(O{) =0.

Proof. We compute [Ey, Fs|()) in two different ways. We have that
[E1, Eo](A) = Ev(E2()) — E2(Er(X))
= EQ(O.//\)
= EQ(O&))\
and
[E1, Eo](A) = (Vi B2 — Vi, E1)(X))
= —O./EQ()\) = 0.
Since A # 0, we deduce that Ey(a) = 0.
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A direct computation then yields that
R(Ey, Ey)Ey = —VE,VE By — Vy, 5, B
= —sz (aEl) —+ OéVE2E1
= —Eg(()!)El = 0.
So from the Gauss equation we obtain that
0 = cE1 + Ane, m)e1 — Ane,m) B2
= CE1 + )\AJElEl — AJE2E2
= CEl.

Hence the ambient space must be flat. 0
The previous lemma immediately implies:

Theorem 5.3. There does not exist a proper lightlike isotropic La-
grangian, Lorentzian surface of Type 1 in CPE(4).

Moreover, we can also show that

Theorem 5.4. Let M be a proper lightlike isotropic Lagrangian,
Lorentzian surface of Type 1 in C3. Then M is locally congruent with

where o/ (z)6(z) — a(x)p'(z) # 0.
Proof. We introduce vector fields AF; and %Eg. We have that

[AEy, %Eﬂ = —EIT(A)EE + [E1, B
= OéEQ - OéEQ = 0.

Therefore, there exist coordinates u and v such that du = AE; and
v = %Eg. If we denote the immersion by f, it follows that

Joo = 1fuv,

fuo = 1fu

fuuw = AEY(N)Ey + NV, By + Nh(Ey, Ey)
= —Na+ Na+ NiFE,
= Nify,

where A is a function depending only on u. Integrating the first two
equations it follows that

flu,v) = Aj(u)e™ + Ay,
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where A; is a vector valued function and A, is a constant. Of course,
we may assume that A, vanishes by applying a translation of C2. The
third equation then tells us that

AL = —NA,.

Note that this is precisely the expression of a curve lying in the plane
spanned by A;(0) and A’ (0) parametrised in such a way that |A; A]| is
constant. Given that M is a Lagrangian surface we must have that A;
and A} are linearly independent (over C) and that the plane spanned
by A; and iA] is real. Therefore, the constant is non-vanishing. Since
fu = AE; and f, = %Eg, by choosing the initial conditions we may
assume that A;(0) = \%(—i, —i) and A} (0) = \/Li(l, —1).

Conversely, if we define a surface by

fla,v) = (a(x) 75(—i, =) + B(x) 75(1, —1))e”,

where o/ (z)5(z) — a(x)p'(x) # 0, we see that just as for the Euclidean
arc length of a planar curve, it is possible to construct a parameter u
for the curve («, ) such that o/ (u)5(u) — a(u) 5’ (u) = 1. A straightfor-
ward computation then shows that the surface f(u,v) has the desired
properties. O

6. PROPER LIGHTLIKE ISOTROPIC LAGRANGIAN, LORENTZIAN
SURFACES OF TYPE 2

We take a null frame in a neighborhood of the point p as constructed
in the previous section. Then we have a frame {F}, F2} such that

< B, Ej>=(1-46), i,j€{l,2},
and

h(Ey, Ey) = JEy,
h(El,EQ) = )\JEl + JEQ,
h(Es, Es) = AJ Es,

where )\ is a function on M. We write

VE1E1 =ak, VElEz = —aky,
Vg, = —pE), Vi, FEy = fEs,

where « and 3 are functions.
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Lemma 6.1. We have that o = 0 and X satisfies the following system
of differential equations:

oo
==
I
> @
Q\n

Proof. We have that
(Vh)(Es, By, Ey) = Vi, JE, — 2h(V g, B, Ey)
On the other hand, we have that
(Vh)(E1, Ea, Ev) = Vi, (AJE1 + JE3) — h(V g, Es, Ey) — h(Es, Vi, By
= (El()\) + Oé)\)JEl — OéJEz + Oéh(EQ, El) — OZh(EQ, El)
= (El(/\) + Oé)\)JEl - OCJEQ.

From the Codazzi equation, we therefore obtain that a« = 0 and
Ey(X\) = B. Similarly from the Codazzi equation (Vh)(Ey, Es, Ey) =
(Vh)(Es, Ey, E), we now deduce that Fy(A) = A\S. O

Lemma 6.2. We have that (8 satisfies
El (ﬁ) = —C— )\7
Es(B) = A(—c = A).
Proof. A direct computation yields that
R(Ey, E»)Ey = Vi Vi, B+ Ve, 5 B
= —Vg, (BE1) — BVE E)
— _El (5)E1

So from the Gauss equation we obtain that
—E(B) By = cBy + Aney,m) By — Aney, e B2
= CE1 -+ >\AJE‘1E1 + AJE2E1 — AJE1E2
= CE1 + )\El,

which reduces to E1(5) = —(c+A). In order to obtain the E» derivative
of 5, we compute [Fy, F](A) in two different ways. We have that

[El, Ez]o\) - EI(E2()‘)) - EZ(EI()‘>>
= E1(AB) — Ex(B)
= B2+ AM—c—\) — Ey(B)
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and
[E1, Eo](A) = (Ve B2 — Vi, E1)(X))
= BEL(\) = 5%,
which clearly concludes the proof. O

It follows by a direct computation that
Corollary 6.3. There exists a constant r such that
A+ 452 =12

Lemma 6.4. There exist local coordinates uw and v such that

8-,

2 =B, — \Ey.
Proof. We define vector fields

U = E,

V = Ey — A\Ey,

and compute
[U, V] - [El, E2 - /\El]
= [E1, Bb] — E1(N) By
= BBy — Ey(A\)Ey =0,
which proves the result. 0
It then follows immediately from the previous systems of differen-

tial equations that 8 and A do not depend on the variable v and are
determined by

»_p,
g—u:—(c—i—)\).

Therefore, note that, after a translation of the u coordinate if necessary,
we may suppose that

A= —c+rsinu,

B = rcosu.
In the above equations, the constant r is allowed to be zero. In that
case, we get the special solution f =0 and A\ = —c.

In view of the dimension, if necessary changing the sign of the metric
on the ambient space, we only have to consider the cases ¢ = 0 or ¢ = 1.



12 A. CARRIAZO, V. MARTIN-MOLINA, AND L. VRANCKEN

6.1. Case ¢ =0: Lightlike isotropic Lagrangian, Lorentzian
surfaces in C?. We denote the immersion by f. It follows from the
previous equations that f is determined by the system of differential
equations:

fuu = Z-fua
fuv = _re_iufu + ifv7
foo =re M fy +ir* (e — 1) fy.

It follows from the first equation that there exist vector valued functions
g1 and g, such that

fu,v) = gi(v)e™ + gs(v).
Substituting this into the second equation gives
gé(”) = rgl(”)?
and the final equation now reduces to
gl ()™ + g3 (v) = re™" (g1 (v)e™ + gy(v)) — r*(e7*" = 1)e™ g1 (v).
Looking at the different powers of e, we deduce that
9{(v) =r*gi(v),
g3 (v) = rgy(v),
0= rh(v) — 121 (v).
So the remaining equations are
9a(v) = rgi(v),
d9i(v) =g (v).
The solution of the above system depends on the value of r.

6.1.1. Case r = 0. If r = 0 we have that g,(v) is a constant vector.
Hence by applying a translation we may assume that this vector van-
ishes. Therefore, we have that

flu,v) = (VA + Ay)e™,

for some constant vectors A; and Ay. We take an initial point p = (0, 0).
Since A(0,0) = 0, it follows that

E1(0,0) = 2£(0,0) = i4,,
E5(0,0) = 8£(0,0) = A,

It then follows from the choice of E; and E5, together with the La-
grangian condition, that \%(Al —iAy), \/Li(Al —iAy), \%(Al +iAs),
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J5(A1 +i4z) can be identified with (1,0), (i,0), (0,1), (0,4). This
implies that

)

_)’

i, —¥2j).

NERIN

6.1.2. Case r # 0. In this case we have that
g1(v) = A1e"™ + Aze™™.
Therefore
go(v) = rAie™ +rAye™"",
which implies that, after applying a suitable translation, we have that
g2(v) = Are™ — Age™™.
So we find that
flu,v) = (Are™ + Ase™™)e™ + (Are” — Aye™™),

for some constant vectors A; and A;. We take again as initial point
p=(0,0). Since A(0,0) = 0, it follows that

E1(0,0) = 2£(0,0) = i(A; + Ay),

E5(0,0) = 3£(0,0) = 2r 4.
Or equivalently

AQ = —ZE1 — %EQ

It then follows from the choice of E; and Es, together with the La-
grangian condition, that we may assume that E; = (\%,\%) and
E, = (—\/Li, \/Li)’ which implies that

A= (=3 %),
_(1=2ir) (=1-2ir)
Ay = ( 2V2r 7 /22r) )-

6.1.3. Summary. Combining the previous results, we get

Theorem 6.5. Let M be a proper lightlike isotropic Lagrangian,
Lorentzian surface of Type 2 in C2. Then M is congruent with one
of the following surfaces:

(1) the surface

S

,v) = (VA + Ay)e™,
) and Ay = (—2i, ¥25),

2 o

f(
where A; = (@,

S

2
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(2) the surface
flu,v) = (A1e™ + Age™™)e™ + (A1e”” — Aye™™),

where v is a positive constant, and A; = (—j{—?, ‘4/—3) and Ay =
((172ir) (71721'7«))
2v2r 7 V22r) /7

6.2. Case c =1: Lightlike isotropic Lagrangian, Lorentzian
surfaces in CP?(4). We denote the horizontal lift of the immersion
into S5(1) by f. It follows from the previous equations that f is deter-
mined by the system of differential equations:

fuu = qua
fuv - _(l + Te_iu)fu + lfv - f7
foo = (i +re”™)(=2fy, + fo + 2fursin(u)) — 2(1 — rsin(u)) f.

It follows from the first equation that there exists vector valued func-
tions a; and aq such that

fu,v) = ai(v)e™ + az(v).
Substituting this into the second equation gives
ay(v) = —iaz(v) + raj(v).
The final equation now reduces to
a)(v) = a1 (v)r* +i(a) (v) — ag(v)r).
The solution of this differential equation depends on the value of r.

6.2.1. Case 0 < r < 1. In this case we can write r = cos(t), where
t €]0, 3]. We find that

a1 (v) = — csc?(t) (—cy sin(t) sin(v sin(t))
+ (€1 cos*(t) + ics) cos(vsin(t))
(6.1) +2icy cos(t) sin® ($vsin(t)) — ¢1 — ics)
as(v) = — csc?(t) (cos(t) (—cy sin(t) sin(vsin(t))
+ (e3 —icy) (cos(vsin(t)) — 1))
(6.2) —ca(cos(vsin(t)) — i sin(¢) sin(vsin(t))) + co cos®(t))

We take again as initial point p = (0,0). We have that A(0,0) = —1.
It follows that

f((), O) =1 + ¢,

E,(0,0) = 2£(0,0) = ic,

B5(0,0) = 2L(0,0) + A2L(0,0) = —i(c; + ¢2) + ¢3 + ¢ cost.
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So if we pick the initial conditions f(0,0) = (0,0,1), E1(0,0) =
(ﬁ,ﬂ,O) and E5(0,0) = (— % 0), we find that

75 VA
63) o= (-é-%o)
(6.4) og = (% \/5,1) ,

6.2.2. Case r = 1. We obtain as solution of the differential equation
that
1
(6.6) ay(v) = 5 (a1 (v +2) +v (25 —i(ca —c3)v)),
1
(6.7) as(v) = 3 (2¢o + v (c3v + (1 —ica) (2 — iv))).

We take again as initial point p = (0,0). We have that A(0,0) = —1.
It follows that

f(0,0) = c1 + c2,
E1(0,0) = 2£(0,0) = ic,
Eg((), O) = (1 — ?;)Cl — iCQ + cs3.
So, if we pick the initial conditions f(0,0) = (0,0,1), E;(0,0) =

(45, 25,0) and By = (—, 2.0), we find that
(6.9) o = (-Lf —%,0) ,
@ (i)

6.2.3. Case r > 1. We obtain as solution of the differential equation
that

(6.11)
c3Vr?2 — 1sinh (\/rz — 11}) + (017"2 — icor + i03) cosh (\/T2 - 11)) + icor — c1 — ic3
ai(v) = 5 ,
re—1
(6.12)
Vr2 —1(cir — ic2) sinh (\/T2 — 1’U> + (—c2 + (c3 —ic1) r) cosh (\/1"2 — lv) + 7 (car +ic1 — c3)
az(v) = .

r2 —1
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We take again as initial point p = (0,0). We have that A(0,0) = —1.
It follows that

£(0,0) = ¢1 + ¢,

E,(0,0) = 2£(0,0) = ic,

E5(0,0) = —i(c1 + ¢2) + 3 + arr

So, if we pick the initial conditions f(0,0) = (0,0,1), E;(0,0) =
(%7 \/Lﬁa0> and E2 = (_L : 0)7 we find that

2 V3
(6.13) ¢ = (—ﬂ,—%,()) :
(6.14) ey = (%%1)
(6.15) CS:(ii—i—T)’(l—i—iT)’i)'

6.2.4. Summary. Combining the previous results we get the following
theorem which finishes our classification.

Theorem 6.6. Let M be a proper lightlike isotropic Lagrangian,
Lorentzian surface in CP2(4). Then the Hopf lift of M is congru-
ent with one of the following immersions into S7(1) given by f(u,v) =
ay(v)e™ + ay(v), where either

(1) a1, aq,c1,co,c3 are as described in (6.1)—(6.5), or
(2) a1, az,c1,co,c3 are as described in (6.6)—(6.10), or
(3) a1, a9,c1,co,c3 are as described in (6.11)—(6.15).
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