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Robust Set-Invariance Based Fuzzy Output Tracking
Control for Vehicle Autonomous Driving under
Uncertain Lateral Forces and Steering Constraints

Anh-Tu Nguyen*, Member, IEEE, Jagat Rath, Thierry-Marie Guerra, Reinaldo Palhares, Member, IEEE, Hui
Zhang, Senior Member, IEEE

Abstract—This paper is concerned with a new control method
for path tracking of autonomous ground vehicles. We exploit
the fuzzy model-based control framework to deal with the time-
varying feature of the vehicle speed and the highly uncertain
behaviors of the tire-road forces involved in the nonlinear vehicle
dynamics. To avoid using costly vehicle sensors for feedback
control while favoring the simplest control structure for real-time
implementation, a new fuzzy static output feedback (SOF) scheme
is proposed. In particular, though the robust set-invariance prop-
erty and Lyapunov-based arguments, the physical constraints
on the steering input saturation and the vehicle state can be
taken into account in the control design to improve the driving
safety and comfort. The theoretical development relies on the
use of fuzzy Lyapunov functions and the non-parallel distributed
compensation control concept to reduce the design conservatism.
Exploiting some specific convexification techniques, the control
design is reformulated as an optimization problem under linear
matrix inequalities with a single line search, which are efficiently
solved via semidefinite programming techniques. The proposed
fuzzy path tracking controller is evaluated through various dy-
namic driving tests conducted with high-fidelity CarSim/Matlab
co-simulations. Moreover, to emphasize the advantages of the
new fuzzy SOF controller, a performance comparison with the
CarSim driver model is also performed.

Index Terms—Autonomous driving, path tracking, vehicle
dynamics, output feedback control, Takagi-Sugeno fuzzy systems,
robust set invariance.

I. INTRODUCTION

OWADAYS, autonomous vehicles have become a reality
N thanks to significant recent advances in computation and
communication technologies. It has been demonstrated that
autonomous ground vehicles can improve not only the safety,
accessibility and comfort of passengers but also the energy-
saving efficiency [1]. For these reasons, driverless vehicle tech-
nology has attracted a great deal of attention from academic
researchers, industrial companies and local governments [2].
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As one of the most important parts of vehicle autonomous
navigation, path tracking control of autonomous vehicles has
been a significant research topic [2]-[7].

Path tracking control is concerned with designing a steering
control law to guide the vehicle to follow a desired trajectory,
generated by a vehicle path planner [8], [9]. The key control
goal is to achieve path following performance with accept-
ably small tracking errors and smooth steering actions under
various driving conditions [2]. Remarkable contributions on
path tracking of autonomous vehicles have been reported in
the literature. Generally speaking, the path tracking control
strategies can be classified into three main categories [10]:
model-free control, vehicle geometric-kinematic-based control
and dynamic model-based feedback control. First, model-free
controllers, such as PID control [11] or fuzzy logic control
[12], [13], [13]-[16], generate the steering actions exclusively
based on the tracking errors. Without requiring the vehicle
information, these control methods generally require a labor-
intensive tuning task to achieve an acceptable path tracking
performance [17]. Second, the geometric-kinematic-based path
tracking controllers are designed using a vehicle kinematics
model [7] and/or geometric relations [3]. Despite their sim-
plicity, these control approaches are only suitable for driving
situations, in which the vehicle dynamics can be neglected.
Third, the dynamic model-based control design is based on
the information of vehicle parameters and dynamics. Here, we
focus on these model-based feedback control approaches since
they can be used to overcome the above-mentioned drawbacks
as indicated in recent comparative studies [2], [17], [18].

Numerous works on path tracking feedback control of
autonomous vehicles are available in the open literature, which
are mostly based on conventional control theory [3], [17],
[19]. Sliding mode control technique was applied to vehicle
control in [20], [21]. Despite its robustness with respect to
parametric uncertainties and external disturbances, dealing
with the chattering issue still leads to both theoretical and
practical difficulties [17]. A Lyapunov-based hybrid fault-
tolerant controller was proposed in [22] with experimental val-
idations on path tracking of a prototype vehicle. However, the
stability and robustness aspects of this control design should be
further investigated. An active disturbance rejection controller
(ADRC) was developed in [23] for vehicle steering control in
the presence of uncertainties and external disturbance. Note
that the ADRC requires a fine tuning of several design parame-
ters to ensure a good real-time control performance. Thanks to
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its intuitive principle and its advantages in dealing with system
constraints, model predictive control (MPC) technique has
been largely applied to the motion planning [8], [24], [25], path
tracking [26] and obstacle avoidance [27], [28] of autonomous
vehicles. However, MPC technique requires solving an online
optimization problem at each control step, which leads too
expensive computational burden for real-time implementation,
especially for nonlinear MPC schemes. To avoid this major
practical issue while taking into account the forward prediction
ability, the preview tracking control has been proposed [10].
However, handling the model uncertainties and the system
constraints is still open for this control technique. Takagi-
Sugeno (T-S) fuzzy approaches [29] have been proposed to
deal with the vehicle tracking control issues [6], [30], [31]. In
contrast to model-free fuzzy control [12], [32], [33], rigorous
stability analysis and performance proofs can be achieved with
T-S fuzzy control approaches [34]. However, fuzzy model-
based output feedback control for uncertain systems remains
challenging [6], [35].

Despite a significant advance on path tracking of au-
tonomous vehicles, the three following control challenges still
require a great deal of research efforts. First, the use of full
state feedback design where the effectiveness of the control
depends on data acquisition rate is a major constraint [36],
[37]. Most of works on the path tracking assume that all
the vehicle states can be measured for the real-time control
implementation [3], [4]. However, this assumption is generally
not realistic in practice. For instance, the sideslip angle and/or
the lateral speed, which is crucial for vehicle control, cannot be
reliably measured with low-cost sensors [38]-[40]. Therefore,
various methods have been proposed to design observers for
the estimation of unmeasured vehicle variables, see [36], [41]-
[43] and references therein. Then, an observer-based control
scheme can be designed for path tracking of autonomous
vehicles [6], [30], [40]. Unfortunately, the design of an effec-
tive observer-based controller for vehicle path tracking under
modeling uncertainties and system constraints still remains
open [37]. The second challenge is the reliance of the control
design on vehicle modeling. Describing precisely the vehicle
nonlinear dynamics is very hard or even impossible [17].
On the other hand, an accurate vehicle model may (unnec-
essarily) induce many difficulties in the control design. For
example, although several semi-empirical models are available
to represent accurately the tire-road friction, such as Pacejka
magic formula, LuGre model, Burckhardt model [44], these
are however hardly exploitable for control purposes due to
their strong nonlinearities. Hence, the design of a model-based
controller robust to the unmodeled vehicle dynamics, time-
varying parameters and external disturbances, is of crucial
importance [45]. The third challenge consists in considering
the system constraints, e.g., the physical limitations of the
steering actuator and the vehicle state constraints, in the
control design procedure to improve the driving safety and
comfort [22], [46]. This important issue has not been well
addressed in the existing literature on the path tracking control
[5], [37], especially with output feedback control schemes.

This paper proposes a new fuzzy static output feedback
(SOF) controller to simultaneously address the three above

challenges of vehicle path following. As in [6], fuzzy model-
based control is exploited to deal with the nonlinear uncertain
vehicle dynamics. Then, the time-varying feature of the vehicle
speed and the highly uncertain behaviors of the lateral tire-
road forces can be taken into account in the control design
to guarantee a satisfactory path tracking performance under
different driving conditions. Moreover, our proposed control
solution leads to the following new contributions.

« Exploiting the concept of robust invariant set together
with Lyapunov-based arguments, the steering input satu-
ration and the vehicle state constraints can be explicitly
considered in the control design for safety and confort
reasons. Moreover, differently from [38]-[40], here a
fuzzy Lyapunov function and a non-parallel distributed
compensation (non-PDC) scheme [47] are used to reduce
further the design conservatism.

« No additional fuzzy observers as in [6], [30], [37], [40] or
dynamic control schemes as in [38], [39] are required to
deal with the online unavailability of vehicle state. Then,
the proposed fuzzy SOF controller is of much simpler
structure than that of these dynamic output feedback
control schemes. As a result, the new controller not only
improves the reliability of the vehicle control system but
also is easier to be implemented in practice.

« The control design procedure is recast as an optimization
problem under linear matrix inequalities (LMIs) which
can be easily solved with semidefinite programming tech-
niques [48]. Note that the previous robust output feedback
control methods in [6] are reformulated as nonconvex
problems, inducing numerical difficulties.

o The effectiveness of the proposed fuzzy SOF controller
clearly is demonstrated with high-fidelity CarSim/Matlab
experiments under dynamic driving conditions.

Notation. For a vector x, x; denotes its ith entry. For a

square matrix X, X T denotes its transpose, X > 0 means
that X is positive definite, X 0] denotes its ith row and
HeX = X + XT. diag(X;, X5) denotes a block-diagonal
matrix composed of Xi, Xs. I denotes the identity matrix of
appropriate dimension. The set of nonnegative integers is de-
noted by Z .. For r € Z, we denote Z,, = {1,...,r} C Z,.
The symbol ’%’ stands for the terms deduced by symmetry
in symmetric block matrices. For convenience, arguments are
omitted when their meaning is straightforward.

II. VEHICLE MODELING AND PROBLEM FORMULATION

We present hereafter the vehicle modeling for path tracking
control, see Fig. 1. The nomenclature is given in Table I.

A. Road-Vehicle Model

A nonlinear single track vehicle model is used to study the
vehicle motions, whose dynamics is given as follows [5]:

M (0, — rvy) = Fypcosd — Fypsind + Fy,,
M(vy + 1vg) = Fppsind + Fyf cos 6 + Fy,, (1)
L7 =1p(Fypsind + Fy 5 cosd) — [ Fy,.

The front and rear longitudinal forces F); and lateral forces
Fy;, for i € {f,r}, are caused by the tire-road interaction.
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TABLE I

VEHICLE NOMENCLATURE.
Symbol  Description
Vg longitudinal speed
Vy lateral speed

sideslip angle at the center of gravity (CG)

r vehicle yaw rate
YL lateral deviation error
Y1, heading error
1) steering angle
M total mass of the vehicle
ly distance from CG to the front axle
Ly distance from CG to the rear axle
ls look-ahead distance
Nt tire length contact
I, vehicle yaw moment of inertia
Gy front cornering stiffness
%6r rear cornering stiffness

The behaviors of these forces depend on several factors,
including slip angles, tire/road characteristics, normal load and
so forth [49]. Various nonlinear tire-road friction models such
as Pacejka magic formula, Brush model, Burckhardt model,
etc., have been developed to represent the tires properties in
the extreme handling situations with high lateral acceleration
and slip angles [4], [44]. However, the strong nonlinearities
involved in these models induce major challenges in the
control design. Here, to reduce the design complexity, the
following norm-bounded uncertain tire model is used [45]:

l
Fyf = 255}004)0 = Q%f <5 - W) 5

Vg
l,r—w @

F,. =2%,a, =26, —.
Vg

where the cornering stiffness are time-varying to take into
account the road friction changes or the nonlinear tire behav-
iors [6]. These bounded parameters € € [€f min, €f max) and

G € |6y min, Grmax|> can be represented by
Cr=Cr+ACi(s (1), € =Cr+ACG(D), )
where |(;(t)| <1, i € {f,r}, are unknown parameters, and

_ %f max T Cgf min C. = %r max T (gr min
- 2 ) T 2 )
Cgf max Cgf min %r max (gr min
—— AC, = ——.
2 ’ 2

For steering control purposes, we consider the small angles
assumption and a slow vehicle speed variation. Then, the

vehicle lateral dynamics can be derived from (1) and (2) as

Cy

ACy =

. _2(%7"'!‘(5}) 2(1-6-—15C5) -1 26
Bl _ Mu, M2 B8 I vl O
| 2061 6s) —2(126,+13%y) r 2%

I, I, v, z

where v, = v,3. The vehicle positioning on the road can be
represented by the lateral error y;, from the lane centerline at
a lookahead distance [, and the heading error v; between
the tangent to the road and the vehicle orientation [46]. The
dynamics of these error variables are given as follows [4], [S]:
I = Vg lsr Vg )
vL B+ lsr +vatbr 5)

Y =1 — Vg pr,

Fw!i \
FH3T Fyz

Fig. 1. Vehicle lateral dynamics modeling.

where p, is the road curvature. Note that this amplitude-
bounded signal can be obtained from the vehicle vision system.

B. Vehicle Control-Based Model

From the vehicle model (4), the dynamics for path tracking
(5), the road-vehicle model can be represented as follows:

x(t) = Ay (H)x(t) + Bu(1)d(1) + E,()w(t),  (6)
where X = [6 r o L yL} T is the vehicle state, w = p,. is
the system disturbance. The steering control input 6(t) of the

vehicle system (6) is subject to the actuator saturation as
0(t) = sat(u(t)) = sign(u(t)) min (Ju(t)|, dmax) ,

where u is the steering control action to be designed and 6y,ax
is the physical limitation of the steering angle. The state-space
matrices of the control-based model (6) are given by flv (t) =
Ay(t) + AA,(t), By(t) = By(t) + AB,(t) with

a1 a2 0 O b1 0
a1 a2 0 O b |0
A’U - 0 1 O 0 I B’U - 0 I E’U —VUy bl
vy ls vy O 0 0
and

a Q(Cr + Cf) a Q(ZTCT - lfo) 1

1nN=————"7F"" 12=—""37"""—
Muv, Muv2 ’

2(1,C, — 14Cy) —2(I2C, + l?Cf)

@ = ———7— » 02= To )

z zVYx
by = —— by = ——~.
1 M’Uw? 2 IZ

Moreover, the matrices AA, and AB, represent the system
norm-bounded uncertainties caused by the uncertain stiffness.
From the expressions of ¢y and %, in (3), these uncertain
matrices can be represented as

AAv(t) = HUA(t)Lm ABv(t) = HUA(t)Nv;

with
2AC, 2ACy 1 -17"
Muv, Mu,
_2AC. L. 2ACyls 1 Iy
HU = OIZ 16 , Lv — 16 6JI ,
0 0 0 0

Alt) = diag(G (0),¢ (1), Ny=[0 1
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To facilitate the real-time implementation, the path following
control design is performed in the discrete-time domain. Then,

applying the Euler’s discretization
(t) ~ x(k + 172 —X(li)7

we can transform system (6) into its discrete-time counterpart

x(k 4 1) = A(vy)x(r) + B(vg)sat(u(k)) + E(vy)w (k) (7)

VK € Z+’

where z(x) denotes the value of the signal z at the x—instant,
and X(v,) indicates that matrix ¥ explicitly depends on the
time-varying speed v,. The state-space matrices of (7) are
given by

Alvy) = T+ T Ay (vy), B(vy) = T.B,(vy),
E(vy) = TeEy(vz), T. =0.01,

where T, is the sampling time in second.

Commercial vehicles are usually equipped with an inertial
navigation system to measure the yaw rate r and an odometer
to measure the vehicle speed v,.. The look-ahead lateral devia-
tion yz, and the heading error 17, can be measured by a video
camera. The sideslip angle 5 can be measured by dual antenna
GPS systems or Correvit optical sensors. Unfortunately, due to
their excessive costs!, the measurements of 3 is unavailable
for real-time implementation in practice [38], [39]. Then, the
output equation of the vehicle system (7) is given by

01 0 O
y=10 0 1 0|x=0Cx.
0 001

The controlled output vector z is defined such that it can
represent both the path following performance and the driving
comfort. (i) The heading error 17, represents both the tracking
performance and the future vehicle position error. (ii) The
lateral deviation ¥y, informs about the path following. (iii) The
lateral acceleration a, ~ v,r indicates the driving comfort.
Then, the controlled output is defined as follows:

Uy, 0 0 1 0
z=|yr| =10 0 0 1|x=D(vy)x )
Qy 0 v, 0 O

C. Path Following Control Objectives

This paper provides a systematic method to design path
following controllers for autonomous vehicles which satisfies
the following requirements.

o The control implementation can be done with only
low-cost sensors of commercial vehicles. Moreover, the
proposed path following controllers must be of simple
control structure for real-time application perspective.

o A satisfactory control performance should be achieved
under uncertain lateral tire forces and physical constraints
on both the vehicle states and the steering input.

o The closed-loop steering control performance is the-
oretically guaranteed with Lyapunov-based arguments.

IFor instance, the cost of a Correvit optical sensor used to measure the
sideslip angle is about 15k€.

Furthermore, the control gains can be easily computed
with available numerical toolboxes.

To achieve these challenging control objectives, we propose in
the following a new method to design fuzzy SOF controllers
in presence of modeling uncertainties and system constraints.

III. CONSTRAINED OUTPUT FEEDBACK CONTROL DESIGN
FOR TAKAGI-SUGENO Fuzzy SYSTEMS

This section formulates the SOF control problem of fuzzy
systems subject to modeling uncertainties and system con-
straints. Then, the proposed LMI-based control solution is
applied to the path following of autonomous ground vehicles.

A. System Description

A class of T-S fuzzy systems subject to modeling uncer-
tainties and actuator saturation with r inference rules can be
described as follows [29]:

RULE R; : IF & (k) is M and...and &,(k) is M},. THEN

x(k + 1) = A;(k)x(k) 4+ Bi(r)sat(u(k)) + E;w(k),
z(k) = Dix(x), y(k) = Cix(k),

where x(x) € R™ is the state vector, u(x) € R™ the control

input, w(x) € R"™ the system disturbance, z(k) € R"= the
controlled output, and y(x) € R™ the measured output, and

(€))

Aij(k) = A; + AAy(K), Bi(rk) = B; + AB;(k).

The vector of premise variables is defined as &(k) =

[€1(k) -+ &(K)]T € RP. The ith local state-space matrices

with appropriate dimensions (4;, B;, C;, D;, E;) are constant.
For the fuzzy system (9), R; denotes the ¢th fuzzy inference

rule. M, with i € Z, and j € Z,,, is the fuzzy set. The fuzzy

membership functions (MFs) are given by

. H§:1 /Lé' (&)
it ?:1 M;(ij
where ué (&;) represents the grade of membership of &; in

the respective fuzzy set M; Note that the MFs satisfy the
following convex sum property:

hl(f) iEIT,

dohi(€) =1, 0<h(§ <1, VieZ. (10
i=1

Let © be the set of membership functions satisfying (10),

ie, h = (h1(§),h2(§),...,hr(§)) € . Using the center-of-

gravity method for defuzzification, the fuzzy system (9) can

be represented in the following compact form [29]:

x(k 4+ 1) = A(h)x(r) + B(h)sat(u(k)) + E(h)w(x),

z(k) = D(h)x(k), y(k)=C(h)x(k), (11

where the uncertain state-space matrices verify the following

norm-bounded structures:

A(h) = A(h) + AA(h),
B(h) = B(h) + AB(h),

AA(R) = H(R)A(r)L(h)

" (12
AB(h) (12)

H(h)A(K)N(h),
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with
H(h) = th(g)nm IT € {A7B,C,D,E,H,L7N}. (13)
1=1

Note that the constant matrices with appropriate dimensions
H;, L;, N;, for Vi € Z,, defined in (12)-(13), are known, and
the time-varying uncertain matrix satisfies A(k) T A(k) < 1.
The input saturation function is defined as

sat(uw;(k)) = sign(u; (k) min(|w (k)| @), &€ Zy,

where the control bounds @, > 0, for VI € 7, , are given.

The system disturbance w in (11) is bounded in amplitude
and belongs to the following class of function:

WCC;O = {W : RY — R™, W(H)TW(H) <o, K€ Z“"}’

with a positive scalar ¢ > 0.

In many practical situations, the disturbance signal w can be
measured, e.g., the road curvature p, in (6) can be measured
by the cameras [10]. Then, incorporating the real-time distur-
bance information for feedforward control may improve the
control performance during the transient phases [3]. Hence,

we consider the following non-PDC control law [47]:
u(k) = F(h)G(h) "'y (k) + K(h)w(x), (14)

where the MF-dependent matrices
[F(h) G(h) K(h)| = Zhi(f) [Fi Gi K,
i=1

are to be determined.

Remark 1. If the disturbance w is not available online, the
classical non-PDC control scheme can be directly recovered
by setting K; = 0, Vi € Z.. Moreover, as can be seen in
Theorem 1, the matrix K (h) appears linearly in the design
conditions. Hence, the incorporation of K (h) into the SOF
controller (14) does not induce any additional difficulty when
deriving LMI-based design conditions.

Define the dead-zone nonlinearity ¢(-) : R™* — R™» as

B(u(k)) = u(x) - sat(u(x)).

From (11) and (14), the closed-loop fuzzy system can be
expressed as follows:

x(k+ 1) = A (h)x(k) + Ea(h)w(x) — B(h)b(u(r)),
2(k) = D(h)x(x),  y(x) = C(H)x(r), (1)

with . .
Aa(h) = A(h) + B(h)F(h)G(R) ™ C(h),

E.(h) = E(h) + B(h)K (h).

For the control design, we consider the following MF-
dependent Lyapunov candidate function:

V(x,h) =x" (Z hi(f)QZ) x 2 x"Q(h) x,

with Q; > 0, for Vi € Z,.. The level set associated with V(x, h)
is defined as

LA ={xeR"™: V(x,h) <1, for YVhe Q}. (16)

The following concept of robustly invariant set [50] is crucial
to characterize the local stability of the fuzzy system (15).

Definition 1. The set .%3, defined in (16) is said to be robustly
invariant with respect to the closed-loop system (15) if there
exist two positive scalars a and 7 such that

AV + a(V(x(r), h(x)) — 1) + 7(6 — wlr) Tw(k)) < 17)
with
AV =V(x(k +1),h(k + 1)) = V(x(k), h(k)), Yk € Z,,

for Vx(r) € A \{0}, Vw(r) € W, and Vh € Q. Note that
condition (17) guarantees that any closed-loop trajectory of
(15) initialized in %}, will remain within this set for Vw (k) €
W;O and Vk € Z,. Moreover, if the disturbances vanish, i.e.,
w(x) = 0, then for ¥x(0) € .2, the corresponding trajectory
converges to the origin with a predefined decay rate «.

This paper proposes an LMI-based solution for the follow-
ing control problem.

Problem 1. Determine the MF-dependent matrices F'(h),
G(h) and K(h) of the non-PDC output feedback controller
(14) such that system (15) satisfies the following properties.
i) Property 1: The set £, defined in (16) is robustly
invariant with respect to the fuzzy system (15). Moreover,
the controlled output of (15) is £, —norm bounded, i.e.,
z'z <, for vy > 0.
ii) Property 2: For any x(0) € %4, the corresponding
trajectory of (15) remains inside the polyhedral set of
the state space described by

Sy ={xeR™: Xupx<l1, kelI,}, (18)

where the given matrix X € R?*"= characterizes the
state constraint domain of system (15).
Remark in Property 1 that minimizing the £.,—norm upper
bound ~ leads to a better control performance.

The following technical lemma is useful to deal with the
dead-zone nonlinearity (-).

Lemma 1. [50], [51] Let us consider a MF-dependent matrix
M(h) = Zf\il hi(§)M; € R™*"=_and the following set:

Fu={xeR™ : |M(h)Q(h)'x| 2 u}.
If x € .¥, C R"=, then
¢(u) " S(h) ™! [u—1p(a) + M(h)Q(h)'x] >0, (19)

for S(h) = Zf\;l h;(€)S;, and S; € R™*™u_for Vi € Z,., are
any diagonal positive definite matrices.

B. LMI-Based Non-PDC Output Feedback Control Design

The following theorem provides sufficient conditions to
design a SOF controller (14) that can solve Problem 1.

Theorem 1. Consider the fuzzy system (11) with w € Wg°,
and a state constraint domain .%, defined in (18). If there exist
a positive definite MF-dependent matrix Q(h) € R™=*"=,
a diagonal positive definite MF-dependent matrix S(h) €
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R™«*mu - MF-dependent matrices M (h) € R™*"= F(h) €
R™«*™w  G(h) € Rw*™, K(h) € R*™*™ and positive
scalars €, v, o, T, p such that

a—T1¢ >0, (20)
MQ(%)(U u*?} =0, VIeT,,, 1)
_X(%(&h) ﬂ =0, Vkel, 22)
QM) x
b 1) =° @y
T * *
pH((W) T —pI % ] <0, (24)
L(h) 0 —pl
for all h(&(k)), h(&(k + 1)) € Q, where
[(a—1)Q(h) * * x  * ]
To1 —25(h)  * * *
T = 0 0 -7l % * |,
Ta T42 Ty3 Tyg *
L T51 EF(h)T 0 T54 T55
[L(WQR) 0 0 0 0
L(h) = |©1(h)C(h) ©2(h) N(h)K(h) 0 0 ] ;
0 0 0 0 O1(h)
00 0 HHT o]
H(h)=10 0 0 H(h)T o0f , (25)
0 0 0 eH(R)" ©
and
Tor = F(WC() + M(h), ©1(h) = N(h)F(h),
Tu1 = A(R)Q(h) + B(h)F(h)C(h), Yiz =—B(h)S(h),
Tu3 = E(h) + B(h)K(h), ©2(h)=—N(h)S(h),

=
o
~

I

|
o
>
L

I

- Zi:l hi(§(k +1))Qi,
Ts1 = C(W)Q(R) — G(W)C(h), Tsi=eF(h) B(h)T,
Ys5 = —¢ (G(h) +G(h)T).

Then, the non-PDC output feedback controller (14) guarantees

the two closed-loop properties defined in Problem 1 for the
fuzzy system (15).

Proof. Note that inequality (24) implies G(h) + G(h)T = 0.
This guarantees that the matrix G(h) is nonsingular, thus the
validity of the control expression (14).
Applying Schur complement lemma [48], we can prove that
(24) is equivalent to
Y+ pH(h)H(R) "+ p~ L(h)TL(R) <0.  (26)

Denote A(k) = diag(A(k), A(k), A(k)). Since ATA < 1T,
using the following matrix fact:

XTY4+Y'X<pX "X+ p7'YTY,
with X = H(h)" and Y = AL(h), it follows from (26) that

T+ H(W)ALK) +LMR)TATH(R)T <0. (27)

From the definitions of Y, (k) and L£(h) in (25), inequality
(27) can be exactly rewritten in the form

(a —1)Q(h) * * * *
Tgl —QS(h) * * *
0 0 -7l % * | <0, (28)
Ta Tyo Tys Tus *
T51 EF(h)T 0 T54 T55

where
Ti1 = AW)Q(H) + B F(WC(h), Tar=~BH)S(h),
Ty = E(h) + B(h)K(h), Ysi=eF(h)"B(h)".
Multiplying inequality (28) by

I 0 0 0 0
01 00 Fh)GHh)™
0 0 I O 0 ’

0 0 0 I B(hFMh)GHh)!
on the left and its transpose on the right leads to

(a—1)Q(h) * * *

Wilh)  —25(h) %
0 0 —r1 o« |Z0 @
Wy (h) T2 Yis Taa

with
Wi(h) = F(R)G(h)™*C(h)Q(h) + M(h),
Ws(h) = A(h)Q(h) + B(h)F(h)G(h) ' C(h)Q(h).

Pre- and postmultiplying (29) by diag(Q(h)~1,S(h)~%,1,1)
leads to

(o —1)Q(h)~! * * *
o -1
ng(h) QSéh) _*TI <0, (30)
Aq(h) —B(h) T4 Tu

with W3 (h) = S(h)~! (F(h)G(h)_lC(h) + M(h)Q(h)™h).
Applying Schur complement lemma, we can easily prove that
(30) is equivalent to

1-a)Qm)™ =
—Wjs 2S(h)71 *
0 0 v

WTQhy) W — <0,

€Y

with # = [A,(h) —B(h) E.(h)]. Multiplying inequal-
ity 31) by [x" ¢(u)" wT'] on the left and its transpose
on the right, and using the control expression (14) and the
closed-loop expression (15), we can obtain

AV +2¢(u) " S(h) 7! [u—p(u) + M(h)Q(h) ™ x]

+aV(x) —tw'w < 0. (32)
By Lemma 1, it follows from (32) that
AV +aV(x) —tw'w <0, Vxc A\{0}. (33)

Note that inequality (17) follows directly from (20) and (33).
Moreover, pre- and postmultiplying (23) by diag(Q(h)~*, 1),
then applying Schur complement lemma [48], we obtain

D(h)"D(h) 2 vQ(h)™". (34)
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It follows directly from (34) that

z'z=x"D(h)"Dh)x <vx'Q(h)'x <, Vx € A,
which means that the £.,—norm of the controlled output z is
bounded by ~. As a result, Property 1 is proved.

Pre- and postmultiplying (21) by diag(Q(h)~!,I) yields

Q(h)~! *
M(h)pQ(h)~™'  uf =0, leZ,,.

By Schur complement lemma, it is shown that inequality (35)
is equivalent to

(35)

1 ,
'x > 5x'UUx, vxeR™,
u
l

x'Q(h)~ vl € 7,,,(36)
with U = M(h);)Q(h)~*. Since V(x,h) < 1, for Vh € Q,
it follows from (36) that A, C .¥,. Hence, if x € .4, then
inequality (19) holds. Following the similar arguments, we can
show that (22) guarantees that .25, C .#,. Hence, Property 2
is also proved, thus the proof can be concluded. O

Theorem 1 cannot be directly used for the control design
due to the presence of h({(k)), h(£(k+1)) € £ in the matrix
inequalities (21)-(24). We derive in the following theorem a
numerically tractable solution for Problem 1.

Theorem 2. Consider the fuzzy system (11) with w € Wg°,
and a state constraint domain .¥,. defined in (18). If there exist
positive definite matrices @); € R™*"=  diagonal positive
definite matrices S; € R™ X"« matrices M; € R?«X"=,
F, ¢ R G; € RWw>*™, K, € Rw>" for ¢ € Z,,
and positive scalars ¢, v, a, 7, p such that the optimization
(37) is achievable. Then, the non-PDC static output feedback
controller (14) guarantees the closed-loop properties defined in

Problem 1 for the fuzzy system (15). Moreover, the £, —norm
of the controlled output is minimized.
voiez, | 37)
s.t. (20), (38), (39), (40) and (41)
where v; = (¢,7, a,T, p,Qi, Si, M, Fi, Gy, K;) and
[ Qi *:| .
o =0, Vlel,, Yiel, 38
(Miy uf] = ’ oo
[ Qi *:| .
=0, Vkel, Viel,, 39
W@ 1] — 4 (39)
Qj * :| . .
=0, Viel., VjeT, 40
DiQ; ~I] — J “40)

Viikg <0, Wijrg + Yiing <0, Vi,j,k,q €L, 1 <j. (41)
The quantity U;;z, in (41) is defined as
Tijk‘q * *

pH  —pl x|,
Eijq 0 7[)]

Wiikg =

with

0 0 0o H o]

H,=|0 0 0 H 0| ,
0 0 0 eH 0
[ LiQ, 0 0 0 0

Lijg= |N:F;C, —N,S; NK; 0 0 |,
0 0 0 0 NF
[T11 * * * *
Iy =25 * * *

Tijkq: 0 0 -7l * * s
'y —B;S; Ty —Qk *
_F51 EF]-T 0 GFJ-TBZ-T T's5

and
M= (a—-1)Q;,
'y = AiQj + B FCy,
I's1 = C,Q; — G,Cy,
Proof. Multiplying (38) by h;(£§) > 0 and summing up for

Vi € Z,, we obtain (21). Similarly, we can prove that (39)
implies (22). Moreover, since h(§) = h({(k)) € Q and

Iy = Fqu + Mj,
I'ys = E; + Bi K},
F55 = —€(Gj + G;r)

h(&L) = h(&(k + 1)) € Q, it follows from (41) that
ZZZ’% )2 (€4 g (€) Wiikg
i=1 k= 1q 1
E TS S € (b€ €) (Wit + W)
i=1 z<] k= 1q 1
= Z Z Z Z hi(€)h; (€)ha(E4)hg (€)Wijug < 0. (42)

i=1 j=1k=1q=1

Note that (42) is exactly (24). Hence, inequality (41) implies
(24). Similarly, it is shown that (40) implies (23). Then, by
the results of Theorem 1, the proof can be concluded. O

Remark 2. The control design procedure in Theorem 2 is
expressed as an optimization problem under a set of LMI
constraints with a line search over the parameter €. The control
feedback gains F;, G; and K;, for Vi € Z,, can be easily
computed using Matlab software with Yalmip toolbox.

C. Application to Fuzzy-Model-Based Path Tracking Control

1) Vehicle Fuzzy Modeling: Note that the vehicle lateral
dynamics (7) and the controlled output z in (8) depend on the
speed terms v, 7 and -, which are measured and bounded

Umin = 5 [H]/S], Umax = 30 [m/S]

Umin S Vg S Umax;

If v, T and 1)2 are independently considered as premise
variables, then thé sector nonlinearity approach [29, Chapter 2]
leads to a T-S fuzzy representation with 23 = 8 fuzzy rules?.

This fuzzy representation would be complex and conservative

ZNote that the vehicle fuzzy model (13) in [6] is not appropriately
represented with four fuzzy rules. Indeed, there are three premise variables
therein, i.e., vz, — and i, thus the sector nonlinearity approach should
yield an eight-rule Vehicle fuzzy model.
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for the real-time vehicle control design due to the strong inter-

dependency of these three terms. To overcome this drawback,

the following change of premise variable is performed [46]:
1 1

1
=—+ 757
Vg Vo U1

(43)

where the new time-varying parameter 6 is used to describe
the variation of v, between its lower bound v,,;, and upper

bound Umax>» with gmin < 6 < Smax’ gmin = —1, gmax =1
Then, using the Taylor’s approximation, it follows that

v 1 1 v
ux~vo(1—v‘1’§), 02~1]2<1+2U°g>, (44)
T 0 1

2Uminvmax
vp=—————, U1 = .
VUmin + Vmax Umin — Umax

Substituting (43) and (44) into (7), we can obtain the following
vehicle dynamics:

x(r +1) = A(€)x(x) + B(¢)sat(u(r)) + E(E)w(x),
z(k) = D(§)x(k), y(r) = Cx(r),

which depends linearly on the new parameter £. Using the
sector nonlinearity approach [29], the vehicle model (45) can
be exactly represented in the following T-S fuzzy form:

where

2'Uminvmax

(45)

x(+1) = 3 hi()(Ax(r) + Bisat(u(n)) + Eow(x)),

z(k) = Z hi(€)Dix(k), y(x) = Cx(k), (46)

where the scalar membership functions are defined as
fmax - g
hi(§) = —a ha(§) =1 — hy(§).
The corresponding state-space matrices are given by
Hl = H(é-min)a H2 = H(&max)a
with TI € {A,B, C,D,E}.

Remark 3. Using the variable change (43) and the Taylor’s
approximation (44) allows to reduce the number of fuzzy rules
from eight to two. This significantly decreases not only the
design conservatism but also the numerical complexity for
real-time control implementation.

2) Vehicle Design Constraints: First, the steering input
must be limited to guarantee not only the driving comfort
but also the vehicle closed-loop stability during some specific
maneuvers [5]. For the studied autonomous vehicle, the control
input limitation 6y, = 10 [deg] is the maximal steering
angle. Second, the trust driving region should be also taken
into account in the control design to improve the safety and
comfort [27], [46]. Here, this region can be characterized by
the vehicle state constraints as follows.

o The front wheels can be guaranteed to remain inside the
road lane with the condition
(2d — a)

5 Syt -y <

(2d — a)

5 47

where a = 1.5 [m] is the vehicle width, and d = 1.5 [m]
the lane width.
« The following state bounds represent the normal operat-
ing conditions of the vehicle:
|8l <0.05 [rad], |r| < 0.55 [rad/s],
lr| <0.1 [rad], |yz| <1 [m].
The state constraints (47) and (48) can be reformulated in the
form (18) for the control design.

(48)

IV. ILLUSTRATIVE RESULTS AND DISCUSSIONS

This section presents the validation of the proposed fuzzy
SOF controller with the high-fidelity CarSim vehicle simulator.
To show the practical control performance, we consider dy-
namic driving scenarios such as race track with variable road
curvatures and double lane change (DLC) along with highly
variable road friction and speed conditions. The parameters
of the CarSim vehicle model considered are M = 1653 [kg],
Cy = 95000 [N/rad], C) = 85500 [N/rad], Iy = 1.4 [m],
I, = 1.646 [m], and I, = 2765 [kgm?]. The steer ratio
between the driver wheel and the front road steer angle is
R, = 17.5. The look-ahead distance to compute the tracking
errors is [y = 5 [m]. Note that in CarSim vehicle simulator,
based on the sensor information of the driver preview points,
the look-ahead distance and lateral error y; can be easily
obtained. To consider the variable friction in the control
design, we assume that the parametric uncertainties in the front
and rear tire stiffness coefficients are of 15 %, which represents
a highly nonlinear behavior of the lateral tire forces.

Solving the LMI-based conditions in Theorem 2 with a de-
cay rate o = 0.01, the following control solution is obtained:

Fy =[0.4219 —0.1664 —0.6867],
Fr = [-2.8799 —0.1978 —0.8417],

[18.1239 —0.5172 —2.5855]
Gy = |—0.0957 0.2480  0.6858 |,
| —0.8100  0.6855  2.5230 |
[22.8436 —0.5761 —2.7658]
Gy = | 0.1206 0.2427  0.5523 |,
—0.3020 0.6578  2.0223 |

K; =-0.0829, Ky = —1.5143.

The corresponding Lyapunov matrices are given by

[0.3506  0.2718 —0.0827 —0.3231]
| 02718 31.3393 —0.7307 —3.7276
@u=1_00827 —0.7307 02553 0.7211 |
|-0.3231 —3.7276  0.7211  2.6953 |
[0.3301  0.3164 —0.0857 —0.3319]
| 03164 265060 —0.6205 —3.2835
@ =|_00857 —0.6205 02543 0.7116 |
| -0.3319 —3.2835 0.7116  2.6574 |

and the minimum £, —gain performance is Yy, = 0.2050.
Remark that the control gains and the Lyapunov matrices
obtained for two linear subsystems of the vehicle fuzzy model
(46) are clearly different. This represents the advantage of
using the proposed nonquadratic Lyapunov function and non-
PDC control scheme to handle a large speed variation.
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The performance of the proposed fuzzy SOF controller is
now evaluated for two dynamic driving scenarios: race course
track, and DLC at high speeds. Note that these scenarios are
much challenging compared to those considered in [6].

A. Dynamic Driving: Course Track with Variable Curvatures

For the integrated CarSim/Matlab co-simulations, the path
tracking on a race course track has been conducted with road
curvatures varying in the range p,. € [—0.02, 0.04] and the road
friction of p1 = 0.75, i.e., Fyyy = 2uCray and Fy, = 2uC,q;.
The vehicle traverses the track at dynamic longitudinal speeds
in the range v, € [30,60] [km/h]. For regulating the lon-
gitudinal speed, the inbuilt PI controller from CarSim has
been used. The speed tracking and the path following for the
considered driving scenario are shown in Fig. 2. Observe in

@
100 -
/

Start

End

-200 -100 0 0 200 300

101
X (m)
(b) 60 .

‘—Target = = Tracked

0 20 40 60 80
Time(s)

Fig. 2. Tracking performance. (a) Path tracking with the designed fuzzy SOF
controller, (b) speed tracking using PI controller from the CarSim simulator.

Fig. 2(a) that even without requiring the online measurement
of the sideslip angle, the proposed fuzzy non-PDC controller
can guarantee an efficient path following under the presence
of nonlinear tire forces and uncertainties. Furthermore, the
low speed tracking error as depicted in Fig. 2(b) ensures
that safe speed limits across a curve are maintained. The
lane deviation errors, i.e., lateral error and heading error, are
shown in Fig. 3. Remark that the controlled lane errors are
within the constraint limits defined in (48). For comparison
analysis, the lane tracking errors with the inbuilt look-ahead
preview controller (PC-CSIM) of the CarSim simulator is also
illustrated in Fig. 3. Compared to the proposed fuzzy static
output feedback (TS-SOF) controller, the lane tracking errors
are much larger and cross the lane boundaries, especially at
tight curves. Hence, for the considered road friction conditions,
the proposed fuzzy SOF controller is able to keep the vehicle
on lane which is not the case when using the preview PC-
CSIM controller. Subsequently, the illustrations for the vehicle
states (3, r, the designed steering control input § and the lateral
acceleration are shown in Fig. 4 for both PC-CSIM and fuzzy
SOF controllers. It can be seen that the designed control is
always within the required constraint of 10 [deg] for both
approaches. Further, the sideslip angle does not exceed 0.05

= PC-CSIM = = TS-SOF|

Time (s)

Fig. 3. Path tracking errors. (a) Lateral error yr,, (b) heading error ..

[rad], which ensures that the tire forces are not saturated.
With the maximum yaw rate limited by 0.55 [rad/s], the
vehicle maintains a stable control performance. In comparison
to the PC-CSIM controller, the proposed non-PDC design
provide a smooth steering actions, leading to less oscillatory
behaviors and a more stable performance in maintaining the
state constraints even when the lateral acceleration is high
under the considered friction level.

‘—PC-CSIM ~ —TSSOF
(a) (b)
05 .55
= g
05 -55
(¢) 10 (d)
— 5 \ NA
2 \ 2 v
s 0 Eo ‘
= 5 o 2
-10 -4
0 20 40 60 80 0 20 40 60 80
Time (s) Time (s)

Fig. 4. Vehicle closed-loop behaviors. (a) Sideslip angle 3, (b) yaw rate r,
(c) designed steering control §, (d) lateral acceleration a..

For further performance analysis, the computed root mean
square (RMS) values of the lane tracking error yr,,,,, [m] and
the yaw rate rss [rad/s], the maximum values of the sideslip
angle |B|max [rad], the lateral acceleration |Gy |max [m/s2],
and the designed steering input |§|max [deg], are presented in
Table II. Note that the proposed TS-SOF controller provides
much better path tracking performance for all considered
evaluation indexes as shown in Table II. We remark that
although the PC-CSIM controller can ensure that the design
constraints on the states are maintained, yet the lane errors are
quite large indicating a poor tracking performance. However,
employing the proposed TS-SOF controller, the vehicle states
are constrained and the tracking errors are also small. It
should be noted that the maximum value of the controlled
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sideslip angle is less than 3 degrees even at a peak lateral
acceleration of 4.18 [m/s?], which indicates that the tire forces
are not saturated. Hence, the proposed fuzzy SOF controller
can satisfy the path following objectives in the presence of
modeling uncertainties with dynamic driving maneuvers.

TABLE 11
PATH TRACKING PERFORMANCE COMPARISON FOR p = 0.75.

Controller YLpp TRMS |/B|max |ay |max |6|max
PC-CSIM 1.125 0.150 0.041 5.17 7.69
TS-SOF 0.155 0.142 0.039 4.18 6.32

B. Extreme Maneuver: DLC at High Speed and Low Friction

To further evaluate the control performance, a dynamic DLC
maneuver at high speed of 100 [km/h] has been considered.
This maneuver was executed for a road surface with variable
friction levels, ie., p = 1, p = 0.75 and u = 0.5. The
corresponding vehicle responses during this maneuver are
presented in Fig. 5. We can observe from the responses of the

—— =05 = = ;1 =075 memapr = 1

[CY

A

6 (deg)

DLC at high speeds, the lateral acceleration of the vehicle is
very high, i.e., greater than 5 [m/s?]. However, even for such
lateral acceleration levels, the proposed fuzzy SOF design still
ensures that all the constraints on the steering input and the
vehicle states are satisfied with a satisfactory tracking perfor-
mance. Such control performance behaviors can be exhibited
by the proposed design for other extreme driving conditions
such as sudden lane change, driving around extreme curve at
high speeds, etc. For illustrations, the results of the controlled
driving along a 8-shaped track is depicted in Fig. 6 at a speed
of 60 [km/h] with a high surface friction of 1 = 1. This track
consists of sharp curves and can be visualized as combinations
of the S-shaped real-world driving scenario. Note that although
the controlled steering and the sideslip angles are constrained
within limits, yet a steady-state error on the path tracking is
observed. This steady-state error arises as the vehicle navigates
a sharp curve at high speed. However, the vehicle remains
inside the road lane. In general, such a curve transition with
high speeds can introduce oscillations in the designed steering
input, which may lead to subsequent saturation. However,
using the proposed fuzzy SOF control design, the steering
input is smooth without any saturation phenomena. Despite
a slight increase of the lane tracking error, the smoothness of
the steering control in this case is crucial for comfort reasons.

TABLE III
DLC FOR VARIABLE FRICTION CONDITIONS AT DIFFERENT SPEEDS.

©) 06

. 3 (rad)

Time (s)

Time (s)

Fig. 5. The designed control for a vehicle executing a DLC under various
road friction conditions at 100 km/h. (a) Steering control input, (b) lateral
acceleration, (c) sideslip angle, (d) lateral tire force.

steering input and the sideslip angle that with a decrease in
friction conditions, the oscillations in the controlled responses
increase. For all friction conditions, the maximum steering
input does not violate the imposed design constraint. However,
when the friction condition decreases too low, the sideslip
angle increases and crosses the constraint of 0.05 [rad]. Note
that this friction condition with ¢ = 0.5 is out of the
uncertainty range that can be covered by the proposed fuzzy
SOF controller. As can be seen from Fig. 5(b), such surface
conditions lead to high lateral accelerations greater than 6
[m/s?], which indicates a very critical operating condition of
the vehicle. With the violation of the sideslip constraint, the
tire forces approach the saturation region, which may lead to
a loss of vehicle stability. To ascertain the performance of
the proposed fuzzy SOF controller with low-friction roads,
the results obtained for variable speeds in [km/h] are further
presented in Table III with erars = YL as + (U — 1)UL pnrs
[m]. We remark that for all the considered speeds and the
friction conditions, the vehicle remains within the lane based
on computed values of erprs. Moreover, due to the extreme

Friction Vg ERMS TRMS ‘/BImaX ‘ay Imax |6‘mdx
p=1 100 0.962 0.132 0.048 7.21 3.81
n=0.85 90 0.866 0.124 0.039 6.48 3.67
pn=0.75 80 0.765 0.116 0.032 5.68 3.58
n=0.5 75 0.728 0.114 0.042 5.05 3.86

20 30 40
Time (s)

Fig. 6. Path tracking performance obtained with a 8-shaped track with high
vehicle speed and surface friction. (a) Sideslip angle and steering input, (b)
Path tracking performance.

V. CONCLUDING REMARKS

A new LMlI-based control solution for path tracking of
autonomous vehicles has been proposed. Using a fuzzy model-
based control framework, the vehicle speed variation and
the uncertain behaviors of lateral tire forces are effectively
handled. In addition, the physical contraints on the steering
input and the vehicle state are considered in the control design
though the robust set-invariance property and Lyapunov stabil-
ity arguments. To reduce the design conservatism, fuzzy Lya-
punov functions and a non-PDC control scheme are exploited
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for theoretical developments. The practical performance of
the new SOF path following controller is demonstrated with
CarSim/Matlab co-simulations under dynamic driving maneu-
vers. For future works, we extend the proposed fuzzy SOF
scheme to deal with coupled longitudinal-lateral control issues.
Experimental validations with real autonomous vehicles under
extensive driving conditions will also be considered.
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