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Abstract This paper presents a nonlinear tracking con-

trol approach for a two degrees of freedom (2-DoF) se-

rial manipulator. The design goal is to achieve a guar-

anteed H∞ tracking performance while keeping the de-

signed controller as simple as possible for real-time im-

plementation. To this end, the descriptor Takagi-Sugeno

fuzzy modeling is used to describe the nonlinear dynam-

ics of the robot. Then, based on Lyapunov stability the-

ory, we propose conditions to design fuzzy controllers

for trajectory tracking purposes. The control design

procedure is reformulated as an optimization problem

under linear matrix inequality constraints which can be

effectively solved with semidefinite programming tech-

nique. Numerical experiments carried out with the Sim-

scape MultibodyTM library of Matlab R© clearly demon-

strate the effectiveness of the proposed approach in

terms of tracking control and numerical simplicity.

Keywords Fuzzy control · Descriptor fuzzy systems ·
Serial robots · Robot manipulators · Tracking control ·
Linear matrix inequality (LMI).

1 Introduction

Nowadays, robot manipulators are widely used in all

areas of industry for process automation like materi-

als handling, welding, painting, cutting, grinding, etc.

These industrial robots have several advantages such

as high speed, compactness, accuracy and reliability.

For path following applications such as arc welding,

Van-Anh Nguyen · Anh-Tu Nguyen · Antoine Dequidt · Lau-
rent Vermeiren · Michel Dambrine.
Univ. Polytechnique Hauts-de-France, CNRS, UMR 8201-
LAMIH, F-59313 Valenciennes, France.
∗Corresponding author: Anh-Tu Nguyen.
E-mail: nguyen.trananhtu@gmail.com.

laser cutting or machining, one of the most important

tasks is to obtain a high-performance tracking of some

predefined reference trajectories [1–3]. Tracking control

problems are generally considered as more difficult than

stabilization or regulation control problems since, in ad-

dition to guaranteeing stability of the closed-loop sys-

tem, specifications on the tracking performance have to

be respected for different types of reference trajectories

which may be not standard as step or ramps.

Up to now, designing robust tracking controllers for

robotics systems is known as a challenging control task

[2–6]. This may be explained by several factors. First,

robot manipulators have a real nonlinear behaviour.

Second, these robots are always subject to uncertain

dynamics including unknown friction torques, uncertain

inertia, or external disturbances, etc. The latter may

limit the practical use of feedback linearization control

approach, see for instance [7]. Therefore, a robust con-

trol methodology is essential for the tracking control of

manipulators. Among the proposed control approaches

available in the literature, it can be notably mentioned

the sliding mode control theory in [4,8,9], the backstep-

ping control method together with metaheuristic tools

in [5], or adaptive control schemes [10–12].

Another approach, more systematic, is the model-

based fuzzy control methodology [13–15]. It relies on

the use of Takagi-Sugeno (T-S) fuzzy models introduced

in [16], which has since then attracted a great atten-

tion from academic researchers and engineers, see for

instance the following monographs [17–20]. T-S models

can be represented by a set of IF-THEN fuzzy rules with

consequent parts being local linear representations. They

can also be defined in state-space form as convex sums

of several local linear submodels with weights called

membership functions. They have been proved to con-

stitute a class of universal approximators [21]. In par-
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ticular, for sufficiently smooth nonlinear systems, an

equivalent representation in T-S fuzzy form can be ob-

tained semiglobally [17].

With the choice of a particular control structure

called parallel distributed compensation (PDC) [17] al-

lowing to preserve the convex structure of T-S fuzzy

systems, Lyapunov’s direct method can be readily ap-

plied to derive stability conditions expressed in the form

of linear matrix inequalities (LMIs) which can be effi-

ciently solved with available numerical solvers [22]. This

approach has been successfully applied to control prob-

lems in different fields, including biology [23], trans-

port [22,24], mechatronics [25] and so on. However, one

point usually underestimated in most of existing works

consists in the complexity inherent to this control ap-

proach. Indeed, using the sector nonlinearity approach,

the obtained T-S fuzzy model has a number of fuzzy

rules which increases exponentially with the number of

nonlinearities existing in the original nonlinear system

[17]. This has several implications that restrict the use

of T-S fuzzy control approach to simple manipulators

with few degrees of freedom. The first ones is concerned

with the control design. Indeed, according to the limi-

tations of actual LMI solvers, no feasible solution can

be found to design the feedback control gains, or the

computational burden may be too costly that it is im-

possible to tune correctly the additional control param-

eters. Another point is that this complexity is echoed in

the structure of the control law which reproduces the

system one. Hence, more real-time computations are

needed for the control, requiring more powerful (and

also more costly) processors.

To solve the above control issues, we propose a sys-
tematic control framework based on simplified models

described as uncertain descriptor T-S fuzzy models. De-

scriptor T-S fuzzy models were introduced in [17, 26].

For a large class of nonlinear systems including robot

manipulators, using the sector nonlinearity approach,

the obtained descriptor T-S fuzzy model is much sim-

pler in terms of structure and/or of number of rules

than the standard T-S fuzzy model, see for instance

[15] for an robotics application. In order to simplify the

model complexity, some premise variables can be in-

terpreted as “modeling uncertainties”. For this class of

uncertain descriptor T-S fuzzy models, we propose a

new tracking control structure based on the PDC con-

cept in which integral and feedforward actions are inte-

grated to improve the tracking performance. Both feed-

back and feedforward controller gains can be obtained

solving an LMI-based optimization problem to guar-

antee a predefined level of performance in disturbance

attenuation (with a maximal L2-gain) and in transient

response (with a minimal exponential rate).

To illustrate this methodology, we apply it to the

tracking control of a 2-DoF serial manipulator. The rest

of the paper is organized as follows. The 2-DoF serial

manipulator is presented in Section 2 together with a

simulation model taking into account the elasticity and

the friction of the robot joints. In Section 3, the con-

trol model is given and transformed in a descriptor T-S

representation. An LMI-based robust control design for

fuzzy T-S descriptor system is presented in Section 4.

Section 5 presents the control design for the simplified

T-S model. Section 6 deals with the application to the

tracking control of the 2-DoF serial manipulator. Some

numerical experiments are given showing the interests

of the proposed approach. Concluding remarks are re-

ported in Section 7.

Notation.Ωr denotes the number set {1, 2, . . . , r}. For

a square matrix X, X> denotes its transpose, X > 0

means that X is positive definite, X(i) denotes its ith

row and HeX = X+X>. diag(X1, X2) denotes a block-

diagonal matrix composed of X1, X2. I is the iden-

tity matrix of appropriate dimension. The symbol “?”

stands for the terms deduced by symmetry. The scalar

functions η1, . . . , ηN satisfy the convex sum property if

ηi ≥ 0 for all i ∈ Ωr and
∑N

i=1 ηi = 1. For brevity, we

denote Xh =
∑r

i=1 hiXi, Yhv =
∑N

i=1

∑Ne

k=1 hivkYik
and Zhhv =

∑N
i=1

∑N
j=1

∑Ne

k=1 hihjvkZijk where Xi,

Yik and Zijk are matrices of appropriate dimension and

the scalar functions hi and vk, i ∈ Ωr, k ∈ ΩNe
, of any

argument satisfy the convex sum property.

2 System Modeling

This section provides a brief description on the studied

serial manipulator, see Fig. 1. For brevity, the system

nomenclature used in this work is given in Table 1.

Fig. 1 Description of a 2-DoF robot.
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The first arm is of length L1 and mass m1 and ro-

tates about the z−axis. The second arm, of length L2

and mass m2, is attached to the first arm by a revolute

joint at point O2. The rotational angle of first arm, mea-

sured clockwise, is denoted qb1, that of second arm qb2,

and qb12 = qb1+qb2. The notations qa1 and qa2 represent

the rotational angles of the first and second actuators.

The motor torques are respectively denoted by Γ1 and

Γ2. To provide more realistic simulations in Section 6,

the dynamics induced by the elastic joints [27] between

the actuators and the linkages is taken into account in

the simulation model, as well as dry friction appearing

on revolute joints using Stribeck friction model [28].

The dynamics of the actuator is represented as

Γ = Maq̈a +Naq̇a + Γt − Γf , (1)

with qa =
[
qa1 qa2

]>
is the state, Γf =

[
Γf1 Γf2

]>
is

the vector of dry friction torques, Ma = diag(Ia1, Ia2) is

the inertia matrix, and Na = diag(fv1, fv2) the matrix

of viscous friction. The elastic joints are modeled as

Γt = Kt(qa − qb) +Bt(q̇a − q̇b), (2)

where Kt = diag(kt1, kt2), Bt = diag(bt1, bt2) with kti
and bti are respectively the stiffness and the damping

of the ith joint. The friction torques are described by

the Stribeck friction model as follows:

Γfi =

{
Λai if |q̇ai| > 0 (slip),

Λbi if q̇ai = 0 (stick),

where

Λai = −
[
Γfci + (Γfsi − Γfci)e

−( q̇ai
vs

)
2
]

sign(q̇ai),

Λbi = −min(|Γi − Γti| , Γfsi)sign(Γi − Γti).

Finally, the linkage dynamics are given by

Γt = Mb(qb)q̈b +Nb(qb, q̇b)q̇b + Pb(qb)qb, (3)

where

Mb =

[
c1 + 2c2 cos qb2 c3 + c2 cos qb2
c3 + c2 cos qb2 c3

]
,

Nb =

[
2c2q̇b2 sin qb2 c2q̇b2 sin qb2
−c2q̇b1 sin qb2 0

]
,

Pb =

[
−c4 sin qb1

qb1
− c5 sin qb12

qb12
−c5 sin qb12

qb12

−c5 sin qb12
qb12

−c5 sin qb12
qb12

]
,

with c1 = m1r
2
1 + I1 +m2L

2
1 +m2r

2
2 + I2, c2 = m2L1r2,

c3 = m2r
2
2 + I2, c4 = m1gr1 + m2gL1, c5 = m2gr2.

It should be noted that the above serial manipulator

model has 4-DoF, i.e., two from the actuators and two

others for the robot arms. The system modeling in-

cludes the transmission deformation between an actua-

tor and its corresponding arm [29]. This additional and

weakly damped dynamics introduces vibrations due to

the excitation of the mechanical resonances resulting

from the deformations. However, for control purposes,

we assume that the actuator positions qa1 and qa2 co-

incide with the arm positions qb1 and qb2. As a conse-

quence, the nonlinear dynamics can be computed from

(1), (2) and (3) with q = qa = qb in the following form:

Γ = M(q)q̈ +N(q, q̇)q̇ + P (q)q − Γf , (4)

with M = Ma +Mb, N = Na +Nb, P = Pb. In the fol-

lowing section, an equivalent representation in a fuzzy

descriptor form of model (4) is presented.

Table 1 System Nomenclature.

Symbol Description Value
L1, L2 Lengths of robot arms (m) 0.5, 0.5
m1, m2 Masses of robot arms (kg) 15, 9
I1, I2 Inertia of robot arms (kgm2) 0.31, 0.19
r1, r2 Distances between joint axis 0.25, 0.25

and mass center (m)
fv1, fv2 Coefficients of viscous 0.14, 0.14

friction (Nms/rd)
g Gravity acceleration (m/s2) 9.81
Ia1, Ia2 Actuator inertia (kgm2) 2.71, 0.50
kt1, kt2 Stiffness constant ×104(N/m) 6.4, 1.2
bt1, bt2 Damping constant (Ns/m) 20.4, 3.8
Γfs1, Γfs2 Static friction torque (Nm) 6, 3
Γfc1, Γfc2 Coulomb friction torque (Nm) 4, 2
vs Sliding speed coefficient (m/s) 0.1

3 System Description and Reference Model

This section provides a new representation of the con-

sidered serial manipulator and define the reference model

corresponding to the desired dynamical behaviour of

the system. To this end, let us define the state vec-

tor as xp = [q1 q2 q̇1 q̇2]> ∈ Rnx , the input vector

u = [Γ1 Γ2]> ∈ Rnu , the controlled output vector

y = [q1 q2]>, and the disturbance vector d = Γf ∈ Rnd .

The dynamics of the manipulator (4) can be repre-

sented in the following regular descriptor form:

Ep(z)ẋp(t) = Ap(z)xp(t) +Bp u(t) +Bd d(t),

y(t) = Cpxp(t),
(5)
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where

Ep(z) =


1 0 0 0

0 1 0 0

0 0 Îa1 + 2c2z1 c3 + c2z1
0 0 c3 + c2z1 Îa2

 , Cp =


1 0

0 1

0 0

0 0


>

,

Ap(z) =


0 0 1 0

0 0 0 1

z2 z3 2z4 − fv1 z4
z3 z3 z5 −fv2

 , Bp = Bd =


0 0

0 0

1 0

0 1

 ,
with Îa1 = Ia1 + c1, Îa2 = Ia2 + c3 and

z1 = cos q2, z2 = −c4sincq1 − c5sincq12, (6)

z3 = −c5sincq12, z4 = c2q̇2 sin q2, z5 = −c2q̇1 sin q2.

By applying the sector nonlinear approach [17,26], the

following T-S fuzzy representation can be derived:

Epvẋp(t) = Aphxp(t) +Bphu(t) +Bd d(t), (7)

y(t) = Cpx(t),

where

Epv =

Ne∑
k=1

vk(z)(Epk), [Aph Bph] =

N∑
i=1

hi(z)[Api Bpi].

Note that the T-S fuzzy descriptor system (7) is an

equivalent form of (5) in a given bounded subset of

the state space. The construction of this model is given

in more details in Section 6.1. It can be shown that

the matrix Epv is non-singular for all z. To guarantee a

desired tracking performance, we consider the following

reference model:

ẋr(t) = Arxr(t) +Brr(t), (8)

where xr(t) ∈ Rnx is the reference state to be followed

by the robot state xp(t) and r(t) ∈ Rnr is the bounded

reference input. The matrices Ar and Br are designed

according to the desired closed-loop dynamics of the

serial manipulator. The tracking error is defined by

e(t) = xp(t)− xr(t).

From (7) and (8), the following tracking error dynamics

can be obtained:

Epv ė(t) = Aphe(t) + (Aph − EpvAr)xr(t) (9)

+Bphu(t)− EpvBrr(t) +Bdd(t).

Defining the augmented state vector x(t) = [e(t)> xr(t)>]>

and the exogenous input vector w(t) = [d(t)> r(t)>]>,

the two dynamics (8) and (9) can be now gathered in

the following regular descriptor representation:

Evẋ(t) = Ahvx(t) +Bhu(t) +Dvw(t), (10)

where

Ev =

[
Epv 0

0 I

]
, Dv =

[
Bd −EpvBr

0 Br

]
, (11)

Bh =

[
Bph

0

]
, Ahv =

[
Aph Aph − EpvAr

0 Ar

]
.

Next, the descriptor system (10) will be used to design

a tracking controller for the studied manipulator robot.

4 Tracking Control for Descriptor Fuzzy

Systems

4.1 Design Specifications

We consider the class of controllers given by

u(t) =

N∑
i=1

Ne∑
k=1

hi(z)vk(z) (Kike(t) + Likr(t))

= [Khv 0]x(t) + [0 Lhv]w(t). (12)

Our control goal is to determine the gain matrices Kik

and Lik of controller (12) such that system (10) verifies

the following closed-loop performance specifications.

– (Asymptotic stability). For w(t) = 0, the zero solu-

tion of the closed-loop system (7) under the control

effect of (12) is asymptotically stable.

– (Decay rate performance). Given a positive scalar α

and for w(t) = 0, the tracking error e(t) converges

exponentially towards the origin with a decay rate

less than α.

– (H∞ tracking performance). Given a positive defi-

nite matrix Q and a positive scalar γ, the inequality∫ tf

0

e(t)>Qe(t)dt ≤ γ2
∫ tf

0

w(t)>w(t)dt (13)

holds for any tf > 0, and zero initial conditions.

Remark 1 Inequality (13) implies that if w(t) is a energy-

bounded signal (w(t) ∈ L2) then, the same holds for the

tracking error, i.e., e(t) ∈ L2. The coefficient γ is called

a bound for the L2−gain of the system. The smaller γ is,

the more accurate is the following of the reference tra-

jectory. Note that matrixQ, usually taken as an identity

matrix [30], allows additional degree-of-freedom in the

control design.

Remark 2 An integral action can be easily introduced

in the control law to achieve a zero error in steady state

for a constant exogenous input w(t) by considering an

additional state vector xI(t) equals to the integral of
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the output tracking error, i.e., ẋI(t) = Cpe(t). Denoting

x̄(t) = [e> x>I x>r ]>, the control law becomes

u(t) = Khve(t) +HhvxI(t) + Lhvr(t)

= [K̄hv 0] x̄(t) + [0 Lhv]w(t),

where K̄hv = [Khv Hhv], while, in the system descrip-

tion (10) and (11), matrix Epv should be replaced by

diag(Epv, I), matrix Aph byAph 0 Aph − EpvBr

Cp 0 0

0 0 Ar

 ,
and so on.

4.2 LMI-Based Control Design Conditions

LMI-based constraints allowing the computation of the

control gain matrices Kik and Lik are given in the fol-

lowing theorem.

Theorem 1 If there exist nx × nx-matrices P11 > 0,

P22 > 0, Q11ij, Q12ij, Q21ij, Q22ij, X11ij, X12ij, X21ij,

X22ij, matrices Mjk ∈ Rnu×nx , Ljk ∈ Rnu×nr , and a

positive scalar γ such that

Ξiik < 0, Ξijk +Ξjik < 0, (14)

where ∀i, j ∈ Ωr, i < j and k ∈ ΩNe . The block matrix

Ξijk is defined as

Ξijk =



S11 ? ? ? ? ? ?

S21 S22 ? ? ? ? ?

S31 S32 S33 ? ? ? ?

S41 S42 S43 S44 ? ? ?

0 0 BT
d 0 −γ2I ? ?

0 0 S63 B
T
r 0 −γ2I ?

P11 0 0 0 0 0 −Q−1


, (15)

and

S11 = He(Q11ij + αP11), S21 = Q21ij +Q>12ij ,

S31 = ApiP11 +BpiMjk − EpkQ11ij +X>11ij ,

S41 = −Q21ij +X>12ij , S22 = He(Q22ij + αP22),

S32 = (Api − EpkAr)P22 − EpkQ12ij +X>21ij ,

S42 = ArP22 −Q22ij +X>22ij ,

S43 = −X21ij −X>12ijE>pk, S44 = −He(X22ij),

S33 = −He(EpkX11ij), S63 = (BpiLjk)T − (EpkBr)T .

Then, the control law (12) with Kik = MikP
−1
11 and Lik

is such that the specifications given in Section 4.1 are

satisfied.

Proof Using the extended state vector x∗ = [x> ẋ>]>,

the closed-loop system can be represented in a singular

descriptor form:

E∗ẋ∗ = A∗hhvx∗ + B∗hvw, (16)

where

E∗ =

[
I 0

0 0

]
, A∗hhv =

[
0 I

Ahhv −Ev

]
, B∗hv =

[
0

Bhv

]
,

Ahhv = Ahv +Bh[Khv 0], Bhv = Dv +Bh[0 Lhv].

Let us define

P∗hh =

[
P 0

Qhh Xhh

]
, P =

[
P11 0

0 P22

]
, (17)

where Qhh =

[
Q11hh Q12hh

Q21hh Q22hh

]
, Xhh =

[
X11hh X12hh

X21hh X22hh

]
.

From the definition of Ξijk in (15), some simple com-

putations lead to

Ξhhv =

 Ξ11 ? ?

B∗>hv −γ2I 0

C∗zP∗hh 0 −Q−1

 , (18)

where C∗z = [I 0 0 0] and Ξ11 = He(P∗>hhA∗>hv +αP∗>hhE∗).
Since the membership functions satisfy the convex sum

property, it follows from conditions (14) that

Ξhhv < 0. (19)

Note that Ξ11 can be represented in the form

Ξ11 =

[
He(Qhh + αP) ?

AhvP− EvQhh + X>hh −He(EvXhh)

]
.

Inequality (19) leads to He(EvXhh) > 0. As a conse-

quence, Xhh and P∗hh are non-singular matrices since

Ev is non-singular. Consider the following Lyapunov

function candidate:

V (x∗) = x∗>E∗P∗−1hh x∗.

The derivative of the function V along the trajectories

of (16) is given by

V̇ (x∗) = ẋ∗>E∗P∗−1hh x∗ + x∗>P∗−>hh E∗ẋ∗. (20)

Note that due to the special structure of P∗hh in (17),

one has E∗T Ṗ∗−1

hh = 0. This means that there are no

time-derivatives of the membership functions in the ex-

pression of V̇ . It should be noted that dealing with un-

known time-derivatives of the membership functions in

the T-S fuzzy control framework still remains an open

research issue, see [31–33].

From (16) and (20), we can obtain the equality

V̇ (x∗) + e>Qe− γ2w>w + 2αV (x∗) = ξ>Ωhhvξ,
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where

ξ =

[
P∗−1hh x∗

w

]
, Ωhhv =

[
Ξ11 + P∗>hhC∗>z QC∗zP∗hh ?

B∗>hv −γ2I

]
.

By Schur complement lemma, we can show that (19) is

equivalent to Ωhhv < 0. This means that

V̇ (x∗) + e>Qe− γ2w>w + 2αV (x∗) < 0. (21)

By standard arguments, the properties of the closed-

loop system can then be easily established.

5 Complexity Reduction for Real-Time Control

5.1 Reduction of Fuzzy Rules

This section presents a way to reduce the number of

rules for the generalized form T-S fuzzy systems. The

rule reduction is related to the computational effort

for controller design utilizing LMIs. To deal with this

problem, some nonlinearities appearing in the initial

model (5) are considered as parameter uncertainties.

Applying again the sector nonlinear approach, an un-

certain descriptor T-S representation can be derived:

Êpvẋp(t) = Âphxp(t) + B̂phu(t) +Bd d(t), (22)

y(t) = Chx(t),

where

Êpv =

Ne∑
k=1

vk(z)(Epk +∆Epk),

[Âph B̂ph] =

N∑
i=1

hi(z)[Api +∆Api Bpi +∆Bpi].

The system uncertainties can be represented in the form

∆Epk = H>e ∆eWepk, ∆Api = H>a ∆aWapi,

∆Bpi = H>b ∆bWbpi, k ∈ ΩNe
, i ∈ Ωr,

where ∆>` ∆`(t) ≤ I with ` ∈ {e, a, b}.

5.2 LMI-Based Robust Control Design Conditions

The following theorem provides LMI conditions to de-

sign a robust PDC controller (12) for the uncertain de-

scriptor system (22).

Theorem 2 If there exist nx × nx-matrices P11 > 0,

P22 > 0, Q11ij, Q12ij, Q21ij, Q22ij, X11ij, X12ij, X21ij,

X22ij, matrices Mjk ∈ Rnu×nx , Ljk ∈ Rnu×nr , and

positive scalars γ, τaijk, τ bijk, τeijk such that

Ψiik < 0, Ψijk + Ψjik < 0, (23)

where ∀i, j ∈ Ωr, i < j and k ∈ ΩNe
. The block matrix

Ψijk is defined as

Ψijk =

[
Ψ1ijk ?

Ψ2ijk Ψ3ijk

]
,

with

Ψ1ijk =



S11 ? ? ? ? ? ?

S21 S22 ? ? ? ? ?

S31 S32 S
∗
33 ? ? ? ?

S41 S42 S43 S44 ? ? ?

0 0 B>d 0 −γ2I ? ?

0 0 S63 B
>
r 0 −γ2I ?

P11 0 0 0 0 0 −Q−1


,

Ψ2ijk =

T11 T12 0 0 0 0 0

T21 0 0 0 0 T26 0

T31 T32 T33 T34 0 T36 0

 ,
Ψ3ijk = diag(−τaijkI,−τ bijkI,−τeijkI),

where

S∗33 =S33 + τaijkH
>
a Ha + τ bijkH

>
b Hb + τeijkH

>
e He,

T11 =WapiP11, T21 = WbpiMjk,

T31 =−WepkQ11ij , T12 = WapiP22,

T32 =−Wepk(ArP22 −Q12ij), T33 = −WepkX11ij ,

T34 =−WepkX12ij , T26 = WbpiLjk, T36 = −WepkBr.

Then, the control law (12) with Kik = MikP
−1
11 and Lik

is such that the specifications given in Section 4.1 are

satisfied for the uncertain case.

Proof Following the same line as in the proof of Theo-

rem 1, we can prove that (21) is satisfied if

Ξ̂hhv = Ξhhv +∆Ξhhv < 0,

whereΞhhv is defined in (18). The uncertain term∆Ξhhv

is defined as follows:

∆Ξhhv = H̄>∆(t)Ψ2hhv + Ψ>2hhv∆(t)>H̄,

where

∆(t) = diag(∆a(t), ∆b(t), ∆e(t)),

H̄ =

0 0 Ha 0 0 0 0

0 0 Hb 0 0 0 0

0 0 He 0 0 0 0

 .
Let Shhv = −Ψ3hhv > 0. By completion of squares, it

follows easily that

Ξhhv +∆Ξhhv ≤ Ξhhv + H̄>ShhvH̄

+ Ψ>2hhv∆(t)>S−1hhv∆(t)Ψ2hhv

≤ Ξhhv + H̄>ShhvH̄ + Ψ>2hhvS
−1
hhvΨ2hhv.

By Schur complement lemma, it can be easily shown

that Ξhhv + ∆Ξhhv < 0 if Ψhhv < 0. This latter is

ensured by inequalities (23), which completes the proof.
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Remark 3 A large value of the guaranteed decay rate

α or a small value of the H∞ gain γ may lead to unac-

ceptable control gain. This problem can be easily dealt

with in the feedback design by introducing additional

LMI constraints in the optimization problem. The de-

cision variable Mik is linked with the control gains by

the expression Mik = KikP11. To prevent excessively

high feedback gains, it can be imposed that

MikM
>
ik ≤ ε2Inu

, i ∈ ΩN , k ∈ ΩNe
, (24)

for some positive scalar ε. Condition (24) is equivalent

to the following LMIs:[
ε2Inu

Mik

M>ik Inx

]
≥ 0, i ∈ ΩN , k ∈ ΩNe

.

Remark 4 The computational complexity of the LMI-

based optimizations can be evaluated by the number of

scalar decision variables Nvar and the number of rows

of all considered LMI conditions Nrow. These numbers

corresponding to Theorem 1 are given by

Nvar = 6 + nx(1 + 3N2 +NeN
2 + nd),

Nrow = 6nx(1 +NNe) + nxN(8nxN +Nenu).

Therefore, we can reduce the computational complexity

by reducing the number of rules N and Ne.

6 Application to Robot Fuzzy Tracking Control

The T-S fuzzy descriptor control approach is applied in

the following for the trajectory tracking of the 2-DoF

robot. Numerical results obtained with the simulation

robot model presented in Section 2 are then provided to

demonstrate the practical performance of the proposed

tracking controllers.

6.1 Fuzzy Descriptor Modeling for Tracking Control

The following joint limitations are considered for the

studied 2-DoF manipulator:

|q1| ≤ π rad, |q2| ≤ π rad,

|q̇1| ≤ 15 rad/s, |q̇2| ≤ 15 rad/s.
(25)

The above limits are defined such that the serial robot

can operate in a large workspace while taking into ac-

count its physical characteristics.

6.1.1 Exact Fuzzy Descriptor Representation

The premise variables zi defined in (6) are bounded

on the subset defined by (25). Let zimin and zimax be

respectively the lower and upper bounds of the premise

zi on that subset. Using the parameter values given in

Table 1, it can be obtain the following bounds:

z1max = −z1min = 1, z2max = z3max = 4.79,

z2min = −103.01, z3min = −22.07,

z4max = z5max = −z4min = −z5min = 16.87.

Using the sector nonlinearity approach [17], an exact T-

S fuzzy descriptor representation for the control-based

robot model (5) can be easily obtained. The derivation

of this 25 = 32 rules T-S fuzzy representation is stan-

dard and omitted here due to the space limitation.

6.1.2 Fuzzy Modeling with Reduced Complexity

Theoretically, the control approach proposed in Sec-

tion 4 can be used to deal with T-S descriptor systems

with any number of rules. However, a large number of

rules may cause costly computational burden for real-

time control implementation. Therefore, it is worth sim-

plifying the T-S fuzzy model to cope with the hardware

limitations. To achieve this goal, some system nonlin-

earities will be considered as modeling uncertainties in

order to reduce the number of premise variables, and

thus the number of submodels. Then, these uncertain-

ties can be dealt with using the robust control scheme

proposed in Theorem 2. We present here an example

leading to a T-S fuzzy system with 8 rules from system

(22). To this end, we consider

z4(t) = z4maxf1(t), z5(t) = z5maxf2(t),

with |fi(t)| ≤ 1, i = 1, 2. Let us define

ωi1 =
zi − zimin

zimax − zimin
, ωi2 = 1− ωi1, i ∈ Ω3.

The membership functions of the above T-S fuzzy de-

scriptor system are expressed as follows:

v1(z) = ω11, h1(z) = ω21ω31, h2(z) = ω22ω31,

v2(z) = ω12, h3(z) = ω21ω32, h4(z) = ω22ω32.

Then, the model (5) can be represented in the form (22)

with the nominal matrices given by

Ep1 = Ep(z1min), Ep2 = Ep(z1max),

Ap1 = Ap(z2min, z3min), Ap2 = Ap(z2max, z3min),

Ap3 = Ap(z2min, z3max), Ap4 = Ap(z2max, z3max),

Bpi = Bp, i ∈ Ω4,
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and

∆Epv = 0, ∆Bph = 0, ∆pa = diag(f1(t), f2(t)),

Ha =

[
0 0 1 0

0 0 0 1

]
, Waph =

[
0 0 2z4max z4max

0 0 z5max 0

]
.

Observe that the obtained nonlinear uncertain descrip-

tor system has now only 3 premise variables z1(t), z2(t)

and z3(t), and so 23 = 8 rules. Similarly, we can obtain a

4-rules (respectively 2-rules) T-S fuzzy model by consid-

ering z2(t), z4(t), z5(t) (respectively z1(t), z2(t), z4(t),

z5(t)) as system uncertainties. It is clear that a lin-

ear uncertain descriptor system can be easily obtained

following the same line while considering all premise

variables as model uncertainties. The details of these

uncertain T-S fuzzy descriptor systems are not given

here for brevity.

6.1.3 Tracking Reference Model

The coordinates of the effector position P in the xy−plane

are expressed by the forward kinematic model as fol-

lows, see Fig. 1:

xP = L1 cos(q1) + L2 cos(q1 + q2), (26)

yP = L1 sin(q1) + L2 sin(q1 + q2).

It is desired that the point P follows a circular trajec-

tory reference with a radius of R = 0.2 m and a center

defined as xP0 = 0.35 m, yP0 = 0.65 m. The corre-

sponding position of P at time t is given as

xP (t) = xP0 +R cosψ(t), yP (t) = yP0 +R sinψ(t),

where ψ(t) is defined as a quintic polynomial so that the

circular trajectory is executed in a duration of 1.5 s with

a maximum curvilinear velocity of 1.57 m/s. The de-

sired angular positions q1d(t) and q2d(t) are computed

using the inverse kinematic model derived from the for-

ward one (26). The state-space matrices of the reference

model (8) are given as follows:

Ar =


0 0 1 0

0 0 0 1

−3844 0 −124 0

0 −3844 0 −124

 ,

Br =


0 0 0 0 0 0

0 0 0 0 0 0

3844 0 124 0 1 0

0 3844 0 124 0 1

 .
This corresponds to two decoupled, second-order dy-

namics with a real double pole located at −62 rad/s to

avoid the excitation of unmodeled high-frequency dy-

namics which appears in the simulation model (1)-(3).

The reference model input is defined as

r(t) =
[
q1d(t) q2d(t) q̇1d(t) q̇2d(t) q̈1d(t) q̈2d(t)

]
.

This choice allows guaranteeing a sufficiently smooth-

ness level for the reference trajectory. The detail is

omitted here since the reference design is out of the

scope of this paper.
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Fig. 2 End-effector trajectories for Case 1. Reference (solid
black), trajectory with 32-rules controller (dotted blue), tra-
jectory with 4-rules controller (dashed red).

6.2 Illustrative Results and Discussions

This section provides numerical results carried out with

the robot simulation model presented in Section 2 em-

bedded in Simscape MultibodyTM environment of Mat-

lab/Simulink software. For tracking purposes, an inte-

gral action is incorporated in the PDC control scheme

as explained in Remark 2. All LMI problems are solved

with Matlab using the Yalmip Toolbox [34] and the

solver SDPT3 [35]. A comparative study between two

tracking controllers derived from a full T-S fuzzy rep-

resentation and a simplified one is given to emphasize

the interest of the proposed robust control scheme for

real-time applications. It should be stressed also that

when solving LMI conditions in Theorem 2, feasible so-

lutions can only be obtained with T-S fuzzy descriptor

models having at least 4 rules. This means that a trade-

off between the complexity of the model and the design

conservatism has to be found.

To demonstrate the robustness of the proposed ap-

proach, a comparison between results obtained for three

cases is provided. The first case (Case 1) is the nominal

one in which the robot is unloaded and free of contact.

The second one (Case 2) occurs during a machining pro-

cess. In this case, the external disturbance corresponds
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Fig. 3 External force. Vertical (dotted blue) and horizontal
(solid red) components during circular trajectory.

to an external force Fe(t) tangential to the effector tra-

jectory applied on it

Fe(t) = −fe(t)
%̇(t)

||%(t)||
,

with %(t) = [ẋP ẏP ]> and fe(t) ∈ [138, 218] N, see

Fig. 3. For the last case (Case 3), the robot manipu-

lator must carry a mass of 5 kg. This corresponds to a

variation of the effector mass m2 of 55.6%. Note that,

as explained in Section 2, in all these cases, the fric-

tion and joint elasticity effects are taken into account

in the simulation, although not considered in the con-

trol model.

For illustration, we take the case of a 4-rules uncer-

tain T-S fuzzy descriptor model obtained by considering

z2(t), z4(t) and z5(t) as system uncertainties. Solving

the LMI conditions in Theorem 2 for this case gives

control gains with very high values, see for instance

K11 = 109 ×
[
3.88 0.15 0.03 0.01

0.20 7.89 0.01 0.08

]
,

H11 = 109 ×
[
−3.88 −0.15

−0.21 −7.89

]
,

K12 = 108 ×
[

8.12 −0.03 0.08 −0.01

−0.04 0.01 −0.01 0.01

]
,

H12 = 108 ×
[
−8.13 0.03

0.04 −0.01

]
.

It is clear that such control gains are impractical for

real-time implementation. Hence, we redesign the feed-

back gains by including the additional constraint (24)

with ε = 104 as explained in Remark 3. The following

control results are obtained

K11 = 104 ×
[
−6.31 1.16 −0.0978 −0.0018

0.91 −6.513 0.0044 −0.0591

]
,

H11 = 104 ×
[
0.720 0.939

0.939 4.62

]
,

K12 = 103 ×
[
−9.73 −1.74 −0.469 −0.0896

−1.89 −3.76 −0.0968 −0.162

]
,

H12 = 103 ×
[
0.312 0.159

0.152 0.0302

]
,

L11 =

[
14.7 −1.13 0.47 −0.04 0.004 −3× 10−4

−6.37 15.2 −0.21 0.49 −0.002 3.9× 10−4

]
,

L12 =

[
12.3 0.634 0.395 0.0205 0.0032 0.0002

3.82 11.8 0.123 0.380 0.0010 0.0031

]
,

with α = 20 and Q = diag(10−5, 10−5, 1, 1). For con-

ciseness, the details on the 32-rules PDC controller ob-

tained from Theorem 1 with the same values of α and

Q are omitted. From Remark 4, the computation of the

controller gains via a robust compensation scheme can

be significantly simplified, see Table 2.

Table 2 Computation Costs.

Number of rules 32-rules 16-rules 8-rules 4-rules
Nvar 5138 1298 338 98
Nrow 33816 8728 2328 664
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Fig. 4 Circularity errors in Case 1 obtained with 32-rules
controller (dotted blue), with 4-rules controller (solid red).

The reference trajectory in the x − y plane as well

as those obtained for the robot effector are depicted in

Fig. 2 for the nominal case. As shown on this figure,

the obtained performance are similar for the two con-

trollers. This can be confirmed by the circularity errors

shown in Fig. 4) for which the maximal deviation with
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Fig. 5 Circularity errors in Case 2 obtained with 32-rules
controller (dotted blue), with 4-rules controller (solid red).

0 0.5 1 1.5

−2

0

2

4

Time (s)

C
ir
cu

la
ri
ty

er
ro
r
(m

m
)

32-rules

4-rules

Fig. 6 Circularity errors in Case 3 obtained with 32-rules
controller (dotted blue), with 4-rules controller (solid red).

respect to the radius of the reference trajectory is about

1.3 mm for the two controllers. The circularity errors

are also plotted in the two operating conditions (Cases 2

and 3) in Figs. 5 & 6. Here again the behaviour obtained

for the two controllers are similar, the worst one being

with respect to the external force applied (Case 2) for

which the trajectory radius evolutes between −2.3 and

4.4 mm. Both cases show the robustness of the tracking

performance to external disturbances (machining force)

and uncertainties (load variation). The actuator torques

are given in Fig. 7 for the 4-rules controller in the nom-

inal case. The maximal required torques are 228 Nm

for joint 1 and 47 Nm for joint 2. Joint velocities are

shown in Fig. 8, and the friction forces applied on the

two joints in Fig. 10. The tracking errors of angular po-

sitions are shown in Fig. 9 confirming the good tracking

performance obtained using the proposed approach.

7 Concluding Remarks

A robust T-S fuzzy descriptor approach was applied

to control a nonlinear 2-DoF serial manipulator. This
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Fig. 7 Actuator torques in Case 1: actuator 1 (dotted blue),
actuator 2 (solid red).
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Fig. 8 Joint velocities in the nominal case: joint 1 (dotted
blue), joint 2 (solid red).
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Fig. 9 Joint position errors in the nominal case: joint 1 (dot-
ted blue), joint 2 (dashed blue).

approach can not only guarantee a high H∞ tracking

performance but also allow the complexity reduction

of both control design and implementation of the con-

trollers. Keeping the descriptor form stemmed from the

mechanical modeling of robot manipulators while con-

sidering only essential nonlinearities for control design,
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Fig. 10 Friction torques: joint 1 (dotted blue), joint 2 (solid
red).

the proposed nonlinear control approach allows dealing

with more complex manipulators compared to the stan-

dard T-S control methodology. Application to a two

DoF serial manipulator have clearly proved the effec-

tiveness of the new approach despite the existence of

unmodeled phenomena such as dry frictions, external

disturbances, or parametric variations. Future works fo-

cus on the design of a robust output feedback scheme

requiring only position measurements for real-time con-

trol implementation [36].
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7. E. Hedberg, M. Norrlöf, S. Moberg, and S. Gunnars-
son, “Comparing feedback linearization and Jacobian lin-
earization for LQ control of an industrial manipulator,”
in Proc. 12th IFAC Symp. Robot Control, 2018.

8. Y. Pi and X. Wang, “Trajectory tracking control of a 6-
DOF hydraulic parallel robot manipulator with uncertain
load disturbances,” Control Eng. Pract., vol. 19, no. 2,
pp. 185–193, 2011.

9. E. M. Jafarov, M. A. Parlakci, and Y. Istefanopu-
los, “A new variable structure PID-controller design for
robot manipulators,” IEEE Trans. Control Syst. Tech-
nol., vol. 13, no. 1, pp. 122–130, 2005.

10. S. Purwar, I. N. Kar, and A. N. Jha, “Adaptive output
feedback tracking control of robot manipulators using po-
sition measurements only,” Expert Syst. Appl., vol. 34,
no. 4, pp. 2789–2798, 2008.

11. Q. Hu, L. Xu, and A. Zhang, “Adaptive backstepping
trajectory tracking control of robot manipulator,” J.
Franklin Inst., vol. 349, no. 3, pp. 1087–1105, 2012.

12. Y. Pan and H. Yu, “Composite learning robot control
with guaranteed parameter convergence,” Automatica,
vol. 89, pp. 398–406, 2018.

13. C.-S. Tseng, B.-S. Chen, and H.-J. Uang, “Fuzzy track-
ing control design for nonlinear dynamic systems via T-S
fuzzy model,” IEEE Trans. Fuzzy Syst., vol. 9, no. 3, pp.
381–392, 2001.

14. A.-T. Nguyen, M. Dambrine, and J. Lauber, “Lyapunov-
based robust control design for a class of switching non-
linear systems subject to input saturation: application to
engine control,” IET Control Theory Appl., vol. 8, pp.
1789–1802, 2014.

15. L. Vermeiren, A. Dequidt, M. Afroun, and T.-M. Guerra,
“Motion control of planar parallel robot using the fuzzy
descriptor system approach,” ISA Trans., vol. 51, no. 5,
pp. 596–608, 2012.

16. T. Takagi and M. Sugeno, “Fuzzy identification of sys-
tems and its applications to modeling and control,” IEEE
Trans. Syst. Man, Cybern. B, Cybern., vol. SMC-15,
no. 1, pp. 116–132, 1985.

17. K. Tanaka and H. O. Wang, Fuzzy Control Systems De-
sign and Analysis: A Linear Matrix Inequality Approach.
John Wiley & Sons, 2004.

18. H. Zhang and D. Liu, Fuzzy Modeling and Fuzzy Control.
Birkhauser, 2006.

19. J. H. Lilly, Fuzzy Control and Identification. John Wiley
& Sons, Inc., 2010.

20. Z. Lendek, T. M. Guerra, R. Babuška, and B. De Schut-
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