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Abstract This paper presents a nonlinear tracking con-
trol approach for a two degrees of freedom (2-DoF) se-
rial manipulator. The design goal is to achieve a guar-
anteed Ho tracking performance while keeping the de-
signed controller as simple as possible for real-time im-
plementation. To this end, the descriptor Takagi-Sugeno
fuzzy modeling is used to describe the nonlinear dynam-
ics of the robot. Then, based on Lyapunov stability the-
ory, we propose conditions to design fuzzy controllers
for trajectory tracking purposes. The control design
procedure is reformulated as an optimization problem
under linear matrix inequality constraints which can be
effectively solved with semidefinite programming tech-
nique. Numerical experiments carried out with the Sim-
scape Multibody™ library of Matlab® clearly demon-
strate the effectiveness of the proposed approach in
terms of tracking control and numerical simplicity.

Keywords Fuzzy control - Descriptor fuzzy systems -
Serial robots - Robot manipulators - Tracking control -
Linear matrix inequality (LMI).

1 Introduction

Nowadays, robot manipulators are widely used in all
areas of industry for process automation like materi-
als handling, welding, painting, cutting, grinding, etc.
These industrial robots have several advantages such
as high speed, compactness, accuracy and reliability.
For path following applications such as arc welding,
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laser cutting or machining, one of the most important
tasks is to obtain a high-performance tracking of some
predefined reference trajectories [1-3]. Tracking control
problems are generally considered as more difficult than
stabilization or regulation control problems since, in ad-
dition to guaranteeing stability of the closed-loop sys-
tem, specifications on the tracking performance have to
be respected for different types of reference trajectories
which may be not standard as step or ramps.

Up to now, designing robust tracking controllers for
robotics systems is known as a challenging control task
[2-6]. This may be explained by several factors. First,
robot manipulators have a real nonlinear behaviour.
Second, these robots are always subject to uncertain
dynamics including unknown friction torques, uncertain
inertia, or external disturbances, etc. The latter may
limit the practical use of feedback linearization control
approach, see for instance [7]. Therefore, a robust con-
trol methodology is essential for the tracking control of
manipulators. Among the proposed control approaches
available in the literature, it can be notably mentioned
the sliding mode control theory in [4,8,9], the backstep-
ping control method together with metaheuristic tools
in [5], or adaptive control schemes [10-12].

Another approach, more systematic, is the model-
based fuzzy control methodology [13-15]. It relies on
the use of Takagi-Sugeno (T-S) fuzzy models introduced
in [16], which has since then attracted a great atten-
tion from academic researchers and engineers, see for
instance the following monographs [17-20]. T-S models
can be represented by a set of IF-THEN fuzzy rules with
consequent parts being local linear representations. They
can also be defined in state-space form as convex sums
of several local linear submodels with weights called
membership functions. They have been proved to con-
stitute a class of universal approximators [21]. In par-
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ticular, for sufficiently smooth nonlinear systems, an
equivalent representation in T-S fuzzy form can be ob-
tained semiglobally [17].

With the choice of a particular control structure
called parallel distributed compensation (PDC) [17] al-
lowing to preserve the convex structure of T-S fuzzy
systems, Lyapunov’s direct method can be readily ap-
plied to derive stability conditions expressed in the form
of linear matrix inequalities (LMIs) which can be effi-
ciently solved with available numerical solvers [22]. This
approach has been successfully applied to control prob-
lems in different fields, including biology [23], trans-
port [22,24], mechatronics [25] and so on. However, one
point usually underestimated in most of existing works
consists in the complexity inherent to this control ap-
proach. Indeed, using the sector nonlinearity approach,
the obtained T-S fuzzy model has a number of fuzzy
rules which increases exponentially with the number of
nonlinearities existing in the original nonlinear system
[17]. This has several implications that restrict the use
of T-S fuzzy control approach to simple manipulators
with few degrees of freedom. The first ones is concerned
with the control design. Indeed, according to the limi-
tations of actual LMI solvers, no feasible solution can
be found to design the feedback control gains, or the
computational burden may be too costly that it is im-
possible to tune correctly the additional control param-
eters. Another point is that this complexity is echoed in
the structure of the control law which reproduces the
system one. Hence, more real-time computations are
needed for the control, requiring more powerful (and
also more costly) processors.

To solve the above control issues, we propose a sys-
tematic control framework based on simplified models
described as uncertain descriptor T-S fuzzy models. De-
scriptor T-S fuzzy models were introduced in [17, 26].
For a large class of nonlinear systems including robot
manipulators, using the sector nonlinearity approach,
the obtained descriptor T-S fuzzy model is much sim-
pler in terms of structure and/or of number of rules
than the standard T-S fuzzy model, see for instance
[15] for an robotics application. In order to simplify the
model complexity, some premise variables can be in-
terpreted as “modeling uncertainties”. For this class of
uncertain descriptor T-S fuzzy models, we propose a
new tracking control structure based on the PDC con-
cept in which integral and feedforward actions are inte-
grated to improve the tracking performance. Both feed-
back and feedforward controller gains can be obtained
solving an LMI-based optimization problem to guar-
antee a predefined level of performance in disturbance
attenuation (with a maximal L-gain) and in transient
response (with a minimal exponential rate).

To illustrate this methodology, we apply it to the
tracking control of a 2-DoF serial manipulator. The rest
of the paper is organized as follows. The 2-DoF serial
manipulator is presented in Section 2 together with a
simulation model taking into account the elasticity and
the friction of the robot joints. In Section 3, the con-
trol model is given and transformed in a descriptor T-S
representation. An LMI-based robust control design for
fuzzy T-S descriptor system is presented in Section 4.
Section 5 presents the control design for the simplified
T-S model. Section 6 deals with the application to the
tracking control of the 2-DoF serial manipulator. Some
numerical experiments are given showing the interests
of the proposed approach. Concluding remarks are re-
ported in Section 7.

Notation.f2, denotes the number set {1,2,...,7}. For
a square matrix X, X | denotes its transpose, X > 0
means that X is positive definite, X(;) denotes its ith
row and HeX = X + X . diag(X;, X5) denotes a block-
diagonal matrix composed of X7, X5. I is the iden-
tity matrix of appropriate dimension. The symbol “x”
stands for the terms deduced by symmetry. The scalar
functions 1y, ..., nn satisfy the convex sum property if
n; > 0 for all 7 € 2, and Zf\;l n; = 1. For brevity, we
denote Xj, = YI_  hiX;, Yy, = vazl EkN; hivyYik
and Znny = Yiq Yoy Soney hihjurZije where X;,
Yi, and Z;;;, are matrices of appropriate dimension and
the scalar functions h; and v, i € £2,, k € 2y, of any
argument satisfy the convex sum property.

2 System Modeling
This section provides a brief description on the studied

serial manipulator, see Fig. 1. For brevity, the system
nomenclature used in this work is given in Table 1.

'/f \:Nh
Tr
ry my, Iy
kyy fv d
—fvigs
b1 J ‘

Qa1

mlg —fvzqz

2
mq, I,

Qp1z = Qo1 + Qb2

myg

Fig. 1 Description of a 2-DoF robot.
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The first arm is of length L; and mass m; and ro-
tates about the z—axis. The second arm, of length Lo
and mass me, is attached to the first arm by a revolute
joint at point Os. The rotational angle of first arm, mea-
sured clockwise, is denoted ¢p1, that of second arm g0,
and gp12 = qp1+qp2- The notations ¢, and q,2 represent
the rotational angles of the first and second actuators.
The motor torques are respectively denoted by Iy and
I5. To provide more realistic simulations in Section 6,
the dynamics induced by the elastic joints [27] between
the actuators and the linkages is taken into account in
the simulation model, as well as dry friction appearing
on revolute joints using Stribeck friction model [28].

The dynamics of the actuator is represented as

F:MaQa+NaQa+Ft_Ffv (1)

. T. T.
with ¢, = [qal qag] is the state, I'y = [Ffl ng] is
the vector of dry friction torques, M, = diag(l,1, la2) is

the inertia matrix, and N, = diag(f,1, fu2) the matrix
of viscous friction. The elastic joints are modeled as

Iy = Kt(qll - Qb) + Bt(Qa - Qb)7 (2)

where Kt = diag(kﬂ,ktg), Bt = diag(btl,btg) with kti
and by; are respectively the stiffness and the damping
of the ith joint. The friction torques are described by
the Stribeck friction model as follows:

Ty — Am'
e Aps

where

if |Gqi| > 0 (slip),
if Gq; = 0 (stick),

dai 2
Aai - - |:ch1 + (Ffsz - chi)e_(?) Sign((jai)a
Abi = — mln(|Fz — th| ,Ffsi)sign(l“i — Ft'i)-

Finally, the linkage dynamics are given by

Iy = My(qb)dy + No(av, Gv)dv + Po(qn)qn, (3)
where
M — €1 + 2¢9 coS qpa €3 + €3 COS Q2
b | c3 + c2cos g2 c3 ’
N, = 2caqp2 SIN @r2 C2Gp2 SIN G2
| —C2Gp1 Sin g2 0 ’
[ singy1 singp12 . singpiz
P — 4 qb1 ) 5 qv12 5 .ab12
b sin qp12 _ ,._singpi2 |
L qb12 db12

with Cc1 = mlr% +I1 +m2Lf +m2'r§ +IQ, Cy = mQLlT'Q,
cg = mor3 + I, cx = migri + mogLi, ¢s = magrs.
It should be noted that the above serial manipulator
model has 4-DoF, i.e., two from the actuators and two

others for the robot arms. The system modeling in-
cludes the transmission deformation between an actua-
tor and its corresponding arm [29]. This additional and
weakly damped dynamics introduces vibrations due to
the excitation of the mechanical resonances resulting
from the deformations. However, for control purposes,
we assume that the actuator positions q,1 and g3 co-
incide with the arm positions ¢;; and ¢2. As a conse-
quence, the nonlinear dynamics can be computed from
(1), (2) and (3) with ¢ = g, = ¢ in the following form:

I'=M(q)j+ N(q,4)q + P(q)qg — Iy, (4)

with M = M, + My, N = N, + Ny, P = Py. In the fol-
lowing section, an equivalent representation in a fuzzy
descriptor form of model (4) is presented.

Table 1 System Nomenclature.

Symbol Description Value

L1, Lo Lengths of robot arms (m) 0.5, 0.5

mi, ma Masses of robot arms (kg) 15, 9

I, I> Inertia of robot arms (kgm?) 0.31, 0.19

1, T2 Distances between joint axis 0.25, 0.25
and mass center (m)

fo1, fo2 Coefficients of viscous 0.14, 0.14

friction (Nms/rd)
g Gravity acceleration (m/s?) 9.81

Ia1, Ia2 Actuator inertia (kgm?) 2.71, 0.50
ki1, ko Stiffness constant x104(N/m) 6.4, 1.2
b1, bia Damping constant (Ns/m) 20.4, 3.8
I'fs1, I'rs2  Static friction torque (Nm) 6, 3
I'fc1, I'fe2 Coulomb friction torque (Nm) 4, 2

Vs Sliding speed coefficient (m/s) 0.1

3 System Description and Reference Model

This section provides a new representation of the con-
sidered serial manipulator and define the reference model
corresponding to the desired dynamical behaviour of
the system. To this end, let us define the state vec-
tor as z, = [¢1 q2 ¢1 o]’ € R", the input vector
u = [Ih I3]" € R" the controlled output vector
y = [q1 ¢2]", and the disturbance vector d = I'y € R"4.
The dynamics of the manipulator (4) can be repre-
sented in the following regular descriptor form:

Ep(2)ip(t) = Ap(2) 2p(t) + Bpu(t) + Bad(t),

y(t) = Gy 1), ©®
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where
10 0 0 107"
01 0 0 01
Ep(z) = 00 Iy + 2co2 c3 + oz P 1oo|
100 c3+c221 I, 00
[0 0 1 0 00
00 0 1 00
Ap(z) o Z9 Z3 224 — fv1 zZ4 Bp - Bd o 10 ’
%3 23 zZ5 7fv2 01

with I,1 = I, 4+ ¢1, Igo = 140 + c3 and
Z1 = COS (g, z3 = —¢48incq; — cssincqyo, (6)
z3 = —C5SINCq12, 24 = C2q28inga, 25 = —C2q1 Singa.

By applying the sector nonlinear approach [17,26], the
following T-S fuzzy representation can be derived:

Epp@p(t) = Aphxp(t) + Bpru(t) + Bad(t), (7)
where
Ne N
Eyy = ka(z)(Epk)a [Aph Bph] = Zhi(z)[Api Bpi]'
k=1 i=1

Note that the T-S fuzzy descriptor system (7) is an
equivalent form of (5) in a given bounded subset of
the state space. The construction of this model is given
in more details in Section 6.1. It can be shown that
the matrix E,, is non-singular for all z. To guarantee a
desired tracking performance, we consider the following
reference model:

& (t) = Arxr(t) + Bpr(t), (8)

where 2,(t) € R™ is the reference state to be followed
by the robot state x,(t) and r(¢) € R™ is the bounded
reference input. The matrices A, and B, are designed
according to the desired closed-loop dynamics of the
serial manipulator. The tracking error is defined by

e(t) = xp(t) — 2, (2).

From (7) and (8), the following tracking error dynamics
can be obtained:

Epé(t) = Appe(t) + (Apn — Epp Ay )z, (t) (9)
+ Bpru(t) — EpyByr(t) + Bad(t).

Defining the augmented state vector z(t) = [e(t) " x,.(t)T]"

and the exogenous input vector w(t) = [d(t)T r(t)T]T,
the two dynamics (8) and (9) can be now gathered in
the following regular descriptor representation:

Eyi(t) = Apoz(t) + Bru(t) + Dyw(?), (10)

where
| Ep O _ |Ba —Epu By
K I il )
_ | Bpn _ Aph Aph *EpuAr
Bh|:0:|a A}w[o A .

Next, the descriptor system (10) will be used to design
a tracking controller for the studied manipulator robot.

4 Tracking Control for Descriptor Fuzzy
Systems

4.1 Design Specifications

We consider the class of controllers given by

hi(2)vg(2) (Kige(t) + Ligr(t))

= [Kny 0] z(t) + [0 Lpy| w(t). (12)
Our control goal is to determine the gain matrices Ky
and L;j, of controller (12) such that system (10) verifies
the following closed-loop performance specifications.

— (Asymptotic stability). For w(t) = 0, the zero solu-
tion of the closed-loop system (7) under the control
effect of (12) is asymptotically stable.

— (Decay rate performance). Given a positive scalar «
and for w(t) = 0, the tracking error e(t) converges
exponentially towards the origin with a decay rate
less than .

— (Hoo tracking performance). Given a positive defi-
nite matrix ) and a positive scalar 7, the inequality

/ Y )T Qet)t <+ / Y ot Tw(t)dt (13)
0 0

holds for any t; > 0, and zero initial conditions.

Remark 1 Inequality (13) implies that if w(¢) is a energy-
bounded signal (w(t) € L£2) then, the same holds for the
tracking error, i.e., e(t) € Lo. The coefficient ~ is called
a bound for the £5—gain of the system. The smaller - is,
the more accurate is the following of the reference tra-
jectory. Note that matrix @, usually taken as an identity
matrix [30], allows additional degree-of-freedom in the
control design.

Remark 2 An integral action can be easily introduced
in the control law to achieve a zero error in steady state
for a constant exogenous input w(t) by considering an
additional state vector z(t) equals to the integral of
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the output tracking error, i.e., ©;(t) = Cpe(t). Denoting

z(t)=le" ] z}]T, the control law becomes

u(t) = Kppe(t) + Hppxr(t) + Lpyr(t)
= [Kpp 0)Z(t) + [0 Lpy] w(?),

where K, = [Kp, Hp,), while, in the system descrip-
tion (10) and (11), matrix E,, should be replaced by
diag(E,y, I), matrix A, by

Aprh 0 Ay, — Epy By

C, 0 0 ,
00 A,
and so on.

4.2 LMI-Based Control Design Conditions

LMI-based constraints allowing the computation of the
control gain matrices K;; and L;j are given in the fol-
lowing theorem.

Theorem 1 If there exist n, X n,-matrices Pj; > 0,
Pyy >0, Quiij, Q2ij, Q2145, Q2245, X1145, X1245, Xo14j,
Xo2ij, matrices Mj, € R™ "= Ly € R™*"  and a
positive scalar v such that

S <0, Hyr 4+ e <0, (14)
where Vi, j € (2,1 < j and k € 2,. The block matriz
Zijk 1s defined as

_511 *x kK
Sa1 Sag x K
S31 S32 S33 *
Sa1 Sa2 S43 Sua
0 0 Bg 0 —
0 0 Sgs BTT
1Pi1 0O 0 O

* ok X

[;]

Xk X X

7
1

o o=
|
o =2

Q % o * * * *

and

S11 = He(Q1145 + aPr11), S21 = Q2145 + QlTZijv
Ss1 = Api P11 + BpiMj — EpeQusj + X115,
Sy = —Qa1ij + XlTQij, S2o = He(Qa2i5 + aPaz),
Ss2 = (Api — EppAr)Pa2 — EprQi2i5 + X;“j’
Si2 = Ay Pag — Q25 + X2T2ij’

Suz = —Xo14j — Xioi; By Saa = —He(Xaaij),

S33 = —He(Epk X1145), Ses = (BpiLji)" — (EpxBr)".

Then, the control law (12) with K, = Mikall and Ly,
is such that the specifications given in Section 4.1 are
satisfied.

Proof Using the extended state vector z* = [z #7]T,

the closed-loop system can be represented in a singular
descriptor form:

E*i* = A2h1)x* + B:vaa (16)
where
L [ol . o 17 .. [o
2= [g0] - #ine = [ay, ) B =[]
Apny = Apo + Bp[Kpy 0], By = Dy + By[0 Li,).

Let us define

« P 0 P 0
= , P= , 17
bl [th Xhh:| [ 0 Pzz] (17)

Q1i1nn Q12hh:| |:X11hh X12hh:|

where = , Xpp = .
Qo |:Q21hh Q221n ol Xo1nn Xoonn

From the definition of =j;; in (15), some simple com-

putations lead to

511 * *
o= | Bjy 1 0 |, (18)
CiPp, 0 —Q7!

where C7 = [I 00 0] and Z1; = He(P;) A;] +aP;  E*).
Since the membership functions satisfy the convex sum
property, it follows from conditions (14) that

e < 0. (19)
Note that =71, can be represented in the form

_ He(Qppn + aP) *
T ARP — BQui + X)L, —He(E,Xpn)]

Inequality (19) leads to He(F,Xpz) > 0. As a conse-
quence, Xy, and P}, are non-singular matrices since
E, is non-singular. Consider the following Lyapunov
function candidate:

Viz*) = :c*TIE*IP’;;;lx*.

The derivative of the function V along the trajectories
of (16) is given by

V(e*) =& TEP 4 2t P TR (20)

Note that due to the special structure of P}, in (17),
one has E*TP;," = 0. This means that there are no
time-derivatives of the membership functions in the ex-
pression of V. It should be noted that dealing with un-
known time-derivatives of the membership functions in
the T-S fuzzy control framework still remains an open
research issue, see [31-33].
From (16) and (20), we can obtain the equality

V(") + e Qe — 7w w+ 2aV (z*) = £ o,
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where where Vi, j € £2,, 1 < j and k € 2x,. The block matriz
‘e Hlx* o S+ PZZC;TQC:P% . Ui,k is defined as

w |’ Y B! —2I|"

By Schur complement lemma, we can show that (19) is
equivalent to 2,5, < 0. This means that

V(z*) +e' Qe —~v*w w4+ 2aV (z*) < 0. (21)

By standard arguments, the properties of the closed-
loop system can then be easily established.

5 Complexity Reduction for Real-Time Control
5.1 Reduction of Fuzzy Rules

This section presents a way to reduce the number of
rules for the generalized form T-S fuzzy systems. The
rule reduction is related to the computational effort
for controller design utilizing LMIs. To deal with this
problem, some nonlinearities appearing in the initial
model (5) are considered as parameter uncertainties.
Applying again the sector nonlinear approach, an un-
certain descriptor T-S representation can be derived:

Byt (t) = Apnap(t) + Byu(t) + Bad(t), (22)
y(t) = Cra(t),
where
A NC
Epy = ka(z)(Epk + AEp),
k=1
o N
[Apn Byn] =Y hi(2)[Api + AAy; Bys + ABy).

The system uncertainties can be represented in the form
AEpk = HeTAeWeplm AApz = HO/TA(I/W@pi7
ABy; = H AyWoypi, k€ 2., i € 2y,

where A] Ay(t) < I with £ € {e,a,b}.

5.2 LMI-Based Robust Control Design Conditions

The following theorem provides LMI conditions to de-
sign a robust PDC controller (12) for the uncertain de-
scriptor system (22).

Theorem 2 If there exist n, X ng-matrices P;; > 0,
Py >0, Quisj, Q12i5, Q2145, Q2245, X145, X12i5, Xo1i5,
Xo2ij, matrices My, € R™*"= L € R™*"™  qand
positive scalars vy, %, Tibjk, ik such that

Ui < 0, Yy + Py <0, (23)

with
[S11 * * * % * * ]
521 522 *x X% * * *
531 532 S;kg * * * *
Wik = | Sa1 Sa2 Sa3 Sas * * x|,
0 0 B 0 —% x  «*
0 0 563 B;r 0 —’}/21 *
1P 0 0 O 0 0 —Qil_
[Ty T2 0 00 00
Yoijb = |T21 0 0 0 0T 0],
| T31 T32 T33 T34 0136 0

Wsiji = diag(—70 0, =701, =755, 1),

where

SékS :S33 + T%kHJHa + Tibijl;er + TieijeTHEa
Ty =Weapi P11, To1 = WipiMjp,,

T3 = — WepkQu1ij, Ti2 = WapiPao,
T3o = — Wepk (Ar Pog — Q12i5), Ta3 = —Wepr X145,
T3y = — Wepk X125, To6 = WipiLjk, Ts6 = —Wepr Br-

Then, the control law (12) with K, = M,-kall and L;,
is such that the specifications given in Section 4.1 are
satisfied for the uncertain case.

Proof Following the same line as in the proof of Theo-
rem 1, we can prove that (21) is satisfied if

Ehho = Ehho + AZhne <0,

where S}y, is defined in (18). The uncertain term A=},
is defined as follows:

AZ e = HTA(t>!p2hhv + W;thA(t)TEr,

where
A(t) = diag(Aa(t), As(t), Ae(?)),
B 00H,0000
H=|00H,0000
00H.0000
Let Spho = —¥spne > 0. By completion of squares, it

follows easily that
Ehho + AZhho < Epne + H' SpnoH
+ W A) " Sy A P2ni
< Epno + H SpnoH + W Sit Wonne.-

By Schur complement lemma, it can be easily shown
that ZEppe + AZwne < 0 if Y, < 0. This latter is
ensured by inequalities (23), which completes the proof.
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Remark 3 A large value of the guaranteed decay rate
« or a small value of the H, gain v may lead to unac-
ceptable control gain. This problem can be easily dealt
with in the feedback design by introducing additional
LMI constraints in the optimization problem. The de-
cision variable M;; is linked with the control gains by
the expression M;; = K P11. To prevent excessively
high feedback gains, it can be imposed that

MMy, < é1,,, i€ 2y, ke 2y, (24)
for some positive scalar e. Condition (24) is equivalent
to the following LMIs:

2
{eﬂjﬁ ]X’“] >0, i€y, ke y,.
Remark 4 The computational complexity of the LMI-
based optimizations can be evaluated by the number of
scalar decision variables NVyq, and the number of rows
of all considered LMI conditions N..,. These numbers
corresponding to Theorem 1 are given by

Nyar = 6 + 1, (1 4+ 3N% + N.N? + ny),
Niow = 6nz(1 + NN) + naN(8ng N + Neny,).

Therefore, we can reduce the computational complexity
by reducing the number of rules N and N,.

6 Application to Robot Fuzzy Tracking Control

The T-S fuzzy descriptor control approach is applied in
the following for the trajectory tracking of the 2-DoF
robot. Numerical results obtained with the simulation
robot model presented in Section 2 are then provided to
demonstrate the practical performance of the proposed
tracking controllers.

6.1 Fuzzy Descriptor Modeling for Tracking Control

The following joint limitations are considered for the
studied 2-DoF manipulator:

lg1| < 7 rad,
|g1] < 15 rad/s,

< 7 rad,
|?2| < (25)
|g2| < 15 rad/s.
The above limits are defined such that the serial robot
can operate in a large workspace while taking into ac-
count its physical characteristics.

6.1.1 Exact Fuzzy Descriptor Representation

The premise variables z; defined in (6) are bounded
on the subset defined by (25). Let 2; min and z; max be
respectively the lower and upper bounds of the premise
z; on that subset. Using the parameter values given in
Table 1, it can be obtain the following bounds:

Zlmax = —Z1min = 17 Z2 max = Z3max — 479,

Z2 min — —103.01, Z3 min — —22.07,

Z4max — Z5max — —R4min — —Z5min — 16.87.

Using the sector nonlinearity approach [17], an ezact T-
S fuzzy descriptor representation for the control-based
robot model (5) can be easily obtained. The derivation
of this 2° = 32 rules T-S fuzzy representation is stan-
dard and omitted here due to the space limitation.

6.1.2 Fuzzy Modeling with Reduced Complezity

Theoretically, the control approach proposed in Sec-
tion 4 can be used to deal with T-S descriptor systems
with any number of rules. However, a large number of
rules may cause costly computational burden for real-
time control implementation. Therefore, it is worth sim-
plifying the T-S fuzzy model to cope with the hardware
limitations. To achieve this goal, some system nonlin-
earities will be considered as modeling uncertainties in
order to reduce the number of premise variables, and
thus the number of submodels. Then, these uncertain-
ties can be dealt with using the robust control scheme
proposed in Theorem 2. We present here an example
leading to a T-S fuzzy system with 8 rules from system
(22). To this end, we consider

Z4(t) = Z4maxfl (t)a ZB(t) = 2Z5 mafo(t)7
with |f;(¢)] < 1,4 =1,2. Let us define

_ Zi — Zimin
w1 = )
Zimax — %imin

wio =1 —wy1, 1€ (2.

The membership functions of the above T-S fuzzy de-
scriptor system are expressed as follows:

ha(z) = waawst,

ha(2z) = waawsa.

hi(z) = warwss,

h3(z) = waiwsa,

v1(2) = w11,
v2(2) = wia,

Then, the model (5) can be represented in the form (22)
with the nominal matrices given by

Epl = Ep(zl min)a Ep2 = Ep(zl max)u
Apl = Ap(z2 min; 23 min)a

Ap3 = Ap(z2 min, 23 max);
BPi = Bp, xS .(24,

Ap2 = Ap(ZQ max» #3 Inin)7

A;D4 = Ap(ZQ max s %3 max)7
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and

AEPU =0, ABPh =0, Apa = diag(fl (t)v f2(t))’

_ 0010 _ 002Z4max 24 max
Ho = [0001]’ Wapn = [00 Zsmax 0

Observe that the obtained nonlinear uncertain descrip-
tor system has now only 3 premise variables 21 (t), z2(t)
and z3(t), and so 22 = 8 rules. Similarly, we can obtain a
4-rules (respectively 2-rules) T-S fuzzy model by consid-
ering za(t), z4(t), z5(t) (respectively z1(t), z2(t), z4(t),
z5(t)) as system uncertainties. It is clear that a lin-
ear uncertain descriptor system can be easily obtained
following the same line while considering all premise
variables as model uncertainties. The details of these
uncertain T-S fuzzy descriptor systems are not given
here for brevity.

6.1.3 Tracking Reference Model

The coordinates of the effector position P in the xy—plane

are expressed by the forward kinematic model as fol-
lows, see Fig. 1:

xp = Ly cos(q1) + Lo cos(q1 + ¢2), (26)
yp = Lysin(q1) + Lo sin(q1 + ¢2).

It is desired that the point P follows a circular trajec-
tory reference with a radius of R = 0.2 m and a center
defined as zpy = 0.35 m, ypp = 0.65 m. The corre-
sponding position of P at time ¢ is given as

zp(t) =xpo+ Reosyp(t), yp(t) =ypo+ Rsint(t),

where 1 (t) is defined as a quintic polynomial so that the
circular trajectory is executed in a duration of 1.5 s with
a maximum curvilinear velocity of 1.57 m/s. The de-
sired angular positions ¢14(t) and go4(t) are computed
using the inverse kinematic model derived from the for-
ward one (26). The state-space matrices of the reference
model (8) are given as follows:

0 0 1 0
a0 00 1
—3844 0 —124 0
| 0 3844 0 —124
0 0 0 000
s _| 0 0 0 000
" 03844 0 124 0 10

| 0 3844 0 12401

This corresponds to two decoupled, second-order dy-
namics with a real double pole located at —62 rad/s to

avoid the excitation of unmodeled high-frequency dy-
namics which appears in the simulation model (1)-(3).
The reference model input is defined as

r(t) = [q1a(t) q24(t) d1a(t) doa(t) Gra(t) Gaa(t)] -

This choice allows guaranteeing a sufficiently smooth-
ness level for the reference trajectory. The detail is
omitted here since the reference design is out of the
scope of this paper.

Horizontal (y) axis (m)

0.4 0.5 0.6 0.7 0.8 0.9
\ \ \ \

0.2 -

0.3 - n

0.4 - *

Vertical (z) axis (m)

0.5 - ;

Fig. 2 End-effector trajectories for Case 1. Reference (solid
black), trajectory with 32-rules controller (dotted blue), tra-
jectory with 4-rules controller (dashed red).

6.2 Illustrative Results and Discussions

This section provides numerical results carried out with
the robot simulation model presented in Section 2 em-
bedded in Simscape Multibody™ environment of Mat-
lab/Simulink software. For tracking purposes, an inte-
gral action is incorporated in the PDC control scheme
as explained in Remark 2. All LMI problems are solved
with Matlab using the Yalmip Toolbox [34] and the
solver SDPT3 [35]. A comparative study between two
tracking controllers derived from a full T-S fuzzy rep-
resentation and a simplified one is given to emphasize
the interest of the proposed robust control scheme for
real-time applications. It should be stressed also that
when solving LMI conditions in Theorem 2, feasible so-
lutions can only be obtained with T-S fuzzy descriptor
models having at least 4 rules. This means that a trade-
off between the complexity of the model and the design
conservatism has to be found.

To demonstrate the robustness of the proposed ap-
proach, a comparison between results obtained for three
cases is provided. The first case (Case 1) is the nominal
one in which the robot is unloaded and free of contact.
The second one (Case 2) occurs during a machining pro-
cess. In this case, the external disturbance corresponds
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—200
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0 0.5 1 1.5
Time (s)

Fig. 3 External force. Vertical (dotted blue) and horizontal
(solid red) components during circular trajectory.

to an external force F,(t) tangential to the effector tra-
jectory applied on it

o(t)
le@II”

Fe(t) = —fe(t)

with o(t) = [#p yp]' and f.(t) € [138,218] N, see
Fig. 3. For the last case (Case 3), the robot manipu-
lator must carry a mass of 5 kg. This corresponds to a
variation of the effector mass ms of 55.6%. Note that,
as explained in Section 2, in all these cases, the fric-
tion and joint elasticity effects are taken into account
in the simulation, although not considered in the con-
trol model.

For illustration, we take the case of a 4-rules uncer-
tain T-S fuzzy descriptor model obtained by considering
29(t), z4(t) and z5(t) as system uncertainties. Solving
the LMI conditions in Theorem 2 for this case gives
control gains with very high values, see for instance

et
=05
s =100 [ 515, 0 6 oo |
Hyp =108 x _080113 00031 .

It is clear that such control gains are impractical for
real-time implementation. Hence, we redesign the feed-
back gains by including the additional constraint (24)
with € = 10* as explained in Remark 3. The following

control results are obtained

[ 38, S ]
- [0
Kz = 10° ?;S :;)?61 :00.6496698 069186926} ’
Hip =10 8?;3 096135092] ’

Lo [ 147 —113 047 —0.04 0.004 -3 x 1074
U= 1637 15.2 —0.21 0.49 —0.002 3.9 x 1074|"’

.. _ [12:30.6340.395 0.0205 0.0032 0.0002
127 13,82 11.8 0.123 0.380 0.0010 0.0031]’

with @ = 20 and Q = diag(107°,107°,1,1). For con-
ciseness, the details on the 32-rules PDC controller ob-
tained from Theorem 1 with the same values of o and
Q@ are omitted. From Remark 4, the computation of the
controller gains via a robust compensation scheme can
be significantly simplified, see Table 2.

Table 2 Computation Costs.

Number of rules  32-rules 16-rules 8-rules 4-rules
Noar 5138 1298 338 98
Nrow 33816 8728 2328 664

[ T
Al 32-rules |
= 4-rules

[\)
T
|

|
(o]

T

I

Circularity error (mm)
o
%

Time (s)

Fig. 4 Circularity errors in Case 1 obtained with 32-rules
controller (dotted blue), with 4-rules controller (solid red).

The reference trajectory in the x — y plane as well
as those obtained for the robot effector are depicted in
Fig. 2 for the nominal case. As shown on this figure,
the obtained performance are similar for the two con-
trollers. This can be confirmed by the circularity errors
shown in Fig. 4) for which the maximal deviation with
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----- 32-rules |

'S
T

= 4-rules

[\]

Circularity error (mm)

Time (s)

Fig. 5 Circularity errors in Case 2 obtained with 32-rules
controller (dotted blue), with 4-rules controller (solid red).

----- 32-rules |

~
T

g — 4-rules
£
3 2
=
3
>
=
= 0
=
Q
A=
S LI |
I I
0 0.5 1 1.5

Time (s)

Fig. 6 Circularity errors in Case 3 obtained with 32-rules
controller (dotted blue), with 4-rules controller (solid red).

respect to the radius of the reference trajectory is about
1.3 mm for the two controllers. The circularity errors
are also plotted in the two operating conditions (Cases 2
and 3) in Figs. 5 & 6. Here again the behaviour obtained
for the two controllers are similar, the worst one being
with respect to the external force applied (Case 2) for
which the trajectory radius evolutes between —2.3 and
4.4 mm. Both cases show the robustness of the tracking
performance to external disturbances (machining force)
and uncertainties (load variation). The actuator torques
are given in Fig. 7 for the 4-rules controller in the nom-
inal case. The maximal required torques are 228 Nm
for joint 1 and 47 Nm for joint 2. Joint velocities are
shown in Fig. 8, and the friction forces applied on the
two joints in Fig. 10. The tracking errors of angular po-
sitions are shown in Fig. 9 confirming the good tracking
performance obtained using the proposed approach.

7 Concluding Remarks

A robust T-S fuzzy descriptor approach was applied
to control a nonlinear 2-DoF serial manipulator. This

T T

[\V]

o

o
T

100 fz=

Motor Torques (N.m)

Time (s)

Fig. 7 Actuator torques in Case 1: actuator 1 (dotted blue),
actuator 2 (solid red).

Joint velocities (rad/s)

Time (s)

Fig. 8 Joint velocities in the nominal case: joint 1 (dotted
blue), joint 2 (solid red).

1073

Joint position errors (rad)

Time (s)

Fig. 9 Joint position errors in the nominal case: joint 1 (dot-
ted blue), joint 2 (dashed blue).

approach can not only guarantee a high H., tracking
performance but also allow the complexity reduction
of both control design and implementation of the con-
trollers. Keeping the descriptor form stemmed from the
mechanical modeling of robot manipulators while con-
sidering only essential nonlinearities for control design,
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Joint 2 |}

Friction torques (N.m)

Time (s)

Fig. 10 Friction torques: joint 1 (dotted blue), joint 2 (solid
red).

the proposed nonlinear control approach allows dealing
with more complex manipulators compared to the stan-
dard T-S control methodology. Application to a two
DoF serial manipulator have clearly proved the effec-
tiveness of the new approach despite the existence of
unmodeled phenomena such as dry frictions, external
disturbances, or parametric variations. Future works fo-
cus on the design of a robust output feedback scheme
requiring only position measurements for real-time con-
trol implementation [36].
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