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Driver-Automation Cooperative Approach for
Shared Steering Control under Multiple System

Constraints: Design and Experiments

Anh-Tu Nguyen, Chouki Sentouh, and Jean-Christophe Popieul

Abstract—This paper addresses the shared lateral con-
trol between a human driver and a lane keeping assist
system of intelligent vehicles for both lane keeping and
obstacle avoidance. This control issue is very challenging
in today’s automotive industry due to the human-machine
interaction involved in the control design. In this work, we
propose a new approach to consider such an interaction via
a fictive driver activity parameter introduced into the road-
vehicle system. Hence, the steering assistance actions can
be computed according to the driver’s real-time behaviors.
Takagi-Sugeno fuzzy control approach is proposed to deal
with the time-varying driver activity parameter and vehi-
cle speed. Especially, the concept of robust invariant set
is exploited using Lyapunov arguments to handle theo-
retically both system state and control input limitations.
Considering these system constraints in the control design
procedure aims to improve the driver’s safety and comfort.
Experimental tests with a human driver and an advanced in-
teractive dynamic driving simulator are conducted to show
the effectiveness of the proposed method.

Index Terms—Human-in-the-loop control, human-
machine shared control, linear matrix inequality (LMI),
Lyapunov-based control, steering assistance system,
Takagi-Sugeno fuzzy control.

I. INTRODUCTION

NOWADAYS, most of modern vehicles are equipped with
steering assistance systems which can assist the driver in

various driving situations [1], [2]. It has been shown that these
systems contribute to reduce significantly the driver workload
and also road accidents [3]. Therefore, the control design of
intelligent vehicle systems has attracted increasing attention
from both academic and industrial researchers [3]–[6].

The introduction of a steering assistance system into the
vehicle implies crucial impacts on the driving process [2].
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Indeed, this system can modify the driver’s activity and also
eventual risks coming from the external environment [2]. For
example, the complex interaction between a human driver and
an active front steering system has been well discussed in
[7]. Hence, in many driving situations the conflict issue (i.e.
when the driver and the automation do not have the same
driving objectives) may arise. To avoid conflict situations,
shared control considering the human-machine interaction has
recently appeared as a promising solution [8]–[10]. The goal
of such a control approach is to allow both human driver
and automation system being able to exert simultaneously and
appropriately the control actions on the steering wheel [9],
[11]. In this way, the automation does not prevent the human to
perform some specific tasks that have not been detected by the
automation or, even better, the automation should help him/her
to realize these maneuvers. Up to now, human-machine shared
control approach has been investigated for a wide range of
applications such as automotive control [11], UAV teleopera-
tion [12], robotics control [13]. Recent works [8]–[10] have
also shown that the integration of driver’s behaviors (based on
measurements and modeling) into the control loop provides a
better management of driver-automation conflict. Especially,
the automation should have an appropriate control authority
allocation to allow the driver to disagree, or fully take the
vehicle control in case of necessity.

This paper addresses the control design of a lane keeping as-
sist system (LKAS) of intelligent vehicles. Aiming to improve
the safety and comfort, this kind of assistance devices can
actively share the vehicle steering control with human drivers
[2]. Through the steering wheel, the human driver can directly
feel the actions provided by the assistance system and s/he can
immediately understand if these actions are suitable to a given
driving situation or not. As a result, there is a clear intrusion of
automation on the driver’s steering activity. Notice also that
the driver always decides on the vehicle trajectory in case
of disagreement between two driving actors. Shared lateral
control of LKAS with an effective management of driver-
automation conflict is known as a challenging issue in today’s
automotive industry [11]. In [9], based on an H2−preview
optimization problem, the authors have presented a cooperative
controller for only lane keeping task which can share the con-
trol authority with the driver. Another shared lateral controller
has been proposed in [10] to deal with both lane keeping and
obstacle avoidance. In that work, the degree of cooperation
between two driving actors is quantified by a linear quadratic
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(LQ) criterion to be minimized. Notice that in both [9] and
[10] the designed steering assistance actions cannot exploit
the real-time information on the driver’s behaviors and also
his/her driving state coming from the driver monitoring system
[5]. Moreover, it seems hard to tune the weighting matrices
in the LQ criterion in [10] to manage effectively the conflict
issue for a general driving situation. In this work, we take
a step further to design a new controller for vehicle shared
lateral control problem which can overcome these drawbacks.
To do that, a time-varying parameter representing the real-time
activity of the driver will be judiciously introduced into the
road-vehicle system. Considering directly this information in
the control design can provide an effective solution to manage
the driver-automation conflict issue.

Over the last decade, Takagi-Sugeno (T-S) fuzzy model-
based methods [14] have been received a great deal of attention
in both control theory and applications [15]–[20]. This is due
to the fact that T-S fuzzy control can provide a systematic de-
sign framework for nonlinear and/or linear parameter-varying
(LPV) systems [14], [21]. In this work, T-S fuzzy control
approach will be proved as a powerful tool to deal with the
time-varying driver activity variable and vehicle speed. Notice
that although considering the variation of vehicle speed in the
control design allows to improve the control performance and
the driver-automation coordination in various driving circum-
stances [10], this is however neglected in most of existing
works. In particular, motivated by our real-world application,
both system state and control input constraints are theoretically
handled using Lyapunov arguments to improve the driver’s
safety and comfort [4]. Note also that in many specific driving
maneuvers, for instance lane change or obstacle avoidance, the
assistance torque may tend to be saturated to compensate an
important torque received from the driver. Therefore, the input
saturation should be explicitly considered to prevent the loss
of stability, especially when disturbances are involved in the
system dynamics [22]. The main contributions of this paper
are summarized as follows.

1) A new shared control approach for LKAS devices with
an adaptive control authority allocation between the driver
and the automation is proposed. This approach includes
the driver’s real-time driving activity into the control design
and offers an effective solution for the shared control issue.

2) Based on the concept of robust invariant set [23], a new
control method for T-S systems subject to both state
and control input limitations is derived. In particular, the
closed-loop T-S fuzzy system is equivalently rewritten in an
augmented form for the derivation of LMI (linear matrix in-
equality [24]) based design conditions. This allows the use
of a special parameter-dependent Lyapunov function with
slack decision variables to reduce the design conservatism.
The proposed T-S control method can be also applied to a
large class of constrained nonlinear/LPV systems.

3) The proposed theoretical results and the new shared control
approach have been successfully validated with a human
driver and an advanced dynamic driving simulator.

The paper is organized as follows. Section II presents the
driver-vehicle system. In Section III, the proposed shared

control strategy is described. A new Lyapunov-based control
method for constrained T-S systems is developed in Section
IV. Section V highlights the application of the proposed
method to the shared lateral control issue. Experimental results
are reported in Section VI and Section VII concludes the paper.

II. MODELING FOR SHARED LATERAL CONTROL

This section reviews the driver-vehicle modeling for lateral
control purposes. The vehicle parameters are given in Table I.

A. Road-Vehicle Model with Steering Assistance System
In this work, since we focus on the shared lateral control,

the well-known bicycle model [3] is used to represent the
vehicle lateral dynamics, see Fig. 1. Then, the vehicle system
integrating the electric power steering model can be described
as follows [3], [4], [9]:

ẋv = Axv +B (Tc + Td) +Bww, (1)

where

A =


a11 a12 0 0 b1 0
a21 a22 0 0 b2 0
0 1 0 0 0 0
1 ls vx 0 0 0
0 0 0 0 0 1
Ts1 Ts2 0 0 Ts3 Ts4

 , B =


0
0
0
0
0
λ

 , Bw =


e1
e2
0
0
0
0

 ,
and

a11 =
−2 (Cr + Cf )

Mvx
, a12 = −vx +

2 (lrCr − lfCf )

Mvx
, e1 =

1

M
,

a21 =
2 (lrCr − lfCf )

Izvx
, a22 =

−2
(
l2rCr + l2fCf

)
Izvx

, e2 =
lw
Iz
,

Ts1 =
2Cfηt
IsR2

svx
, Ts2 =

2Cf lfηt
IsR2

svx
, Ts3 =

−2Cfηt
IsR2

s

, λ =
1

IsRs
,

Ts4 =
−Bs
Is

, b1 =
2Cf

M
, b2 =

2lfCf

Iz
, Cr = κCr0, Cf = κCf0.

The state x>v =
[
vy r ψL yL δ δ̇

]
of (1) is composed

by the lateral velocity vy , the yaw rate r, the heading error ψL,
the lateral offset yL from the road centerline at a look-ahead
distance ls, the steering angle δ and its time derivative δ̇. The
lateral wind force w = fw is a system disturbance. For system
(1), the driver torque Td is measured whereas the assistance
torque Tc has to be designed such that the studied LKAS can
effectively share the vehicle control with human drivers.

Fig. 1. Lateral vehicle behavior modeling.
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TABLE I
VEHICLE MODEL PARAMETERS

Symbol Description Value
M total mass of the vehicle 2025 kg
lf distance from gravity center to front axle 1.3 m
lr distance from GC to rear axle 1.6 m
lw distance from GC to wind impact center 0.4 m
ls look-ahead distance 5 m
ηt tire length contact 0.13 m
Iz vehicle yaw moment of inertia 2800 kgm2

Is steering system moment of inertia 0.05 kgm2

Rs steering gear ratio 16
Bs steering system damping 5.73
κ adhesion coefficient 1
Cf0 front cornering stiffness 57000 N/rad
Cr0 rear cornering stiffness 59000 N/rad

B. Driver-in-the-Loop Vehicle Model

To improve the mutual understanding between the driver
and the automation, the driver modeling should be integrated
into the road-vehicle system for control purposes [9], [10].

It has been shown that for driving tasks, the driver is guided
on the road by looking at two specific points called near point
and far point [25]. These points can be characterized by two
visual angles θnear and θfar which represent respectively the
drivers’ compensatory and anticipatory behaviors [8], [25]. For
the compensatory control, based on the visual information in
front of the vehicle (i.e. θnear) the driver adjusts his/her torque
applied on the wheel to obtain a desired lateral deviation with
respect to the lane centerline. This behavior can be modeled
by Gc = Kd1θnear, where Kd1 represents the driver’s
proportional action in accordance with θnear. Concerning the
anticipatory control, the driver uses the vision system to get
the characteristics of the road ahead, in particular the change
of its curvature. On this basis, s/he predicts the future vehicle
trajectory and provides anticipative steering actions via the
wheel before entering into the turn. The driver’s anticipatory
behavior is represented by Ga = Kd2θfar, which generates a
torque proportional to the far visual angle θfar. As a result,
the driver torque can be modeled as follows:

Td = Gc + Ga = Kd1θnear +Kd2θfar. (2)

Depending on the values of Kd1 and Kd2, the corresponding
driver gives more importance to compensatory and/or antici-
patory controls. Here, these two gains representing the driver’s
style are identified with the data collected in our vehicle
simulator. The two visual angles can be expressed by [8]:

θnear =
yL
vxTp

+ ψL, θfar = θ1vy + θ2r + θ3δd, (3)

θ1 = τ2aa21, θ2 = τa + τ2aa22, θ3 = τ2ab2, δd = δRs,

where Tp is the preview time and τa represents the anticipatory
time. From (2)-(3), the driver torque can be rewritten as

Td = Td1vy + Td2r +Kd1ψL + Td3yL + Td4δ,

Td1 = Kd2τ
2
aa21, Td2 = Kd2

(
τa + τ2aa22

)
,

Td3 = Kd1/ (vxTp) , Td4 = Kd2τ
2
ab2Rs.

(4)

Integrating (4) into (1), the driver-vehicle model is obtained

ẋv = Avxv +BTc +Bww, (5)

where

Av =


a11 a12 0 0 b1 0
a21 a22 0 0 b2 0
0 1 0 0 0 0
1 ls vx 0 0 0
0 0 0 0 0 1

T̂s1 T̂s2 λKd1 λTd3 T̂s3 Ts4

 ,
and

T̂s1 = Ts1 + λTd1, T̂s2 = Ts2 + λTd2, T̂s3 = Ts3 + λTd4.

In this work, the state of system (5) can be measured for
control design and real-time implementation.

III. COOPERATIVE CONTROL APPROACH FOR STEERING
ASSISTANCE SYSTEM

This paper aims to propose a new control approach for a
LKAS such that it can effectively share the control authority
with a human driver to perform a driving task. For that, this
shared control approach is based on two following studies.

1) The human-machine interaction guidelines in [11] show
that the driver should: (i) always remain in the control
loop; (ii) receive continuous feedback from the automa-
tion and continuously interact with it; (iii) take advantage
of increased performance and reduced workload thanks
to the LKAS.

2) The study on the need for assistance according to the
driver’s workload and performance in [26] indicates that
the levels of assistance of the LKAS should be designed
to relieve the driver in underload and overload conditions,
see Fig. 2.
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Fig. 2. U-shape function representing the need for assistance according
to the driver’s load and performance [26].

In order to meet the above design guidelines, we propose to
modulate the assistance torque Tc in accordance with the real-
time driving activity of the driver as follows:

Tc = µ (θd)u, (6)
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Fig. 3. Weighting function according to the driver activity variable with
ω1 = 0.32, ω2 = 0.5 and µmin = 0.2.

where the variable θd ∈ [0, 1] represents the driver’s driv-
ing activity, and the fictive torque u will be designed. The
weighting function µ (θd) should allow the LKAS providing
a continuous assistance to the driver according to his/her real-
time driving activity. In this work, this time-varying term is
of the following form:

µ (θd) = ω1 (θd − ω2)
2

+ µmin, (7)

where the parameters ω1 = 3.2, ω2 = 0.5 and µmin = 0.2 are
parameterized such that µ (θd) represents the U-shape function
characterizing the need for assistance of the driver shown in
Fig. 2. Observe from Fig. 3 and the expression (6) that Tc = u
when the maximal assistance level is reached, i.e. µ (θd) =
µmax = 1. In addition, the minimal assistance level µmin is
chosen such that the assistance torque Tc can benefit from a
large variation range of µ (θd), i.e. the real-time information on
the driver’s activity can be effectively exploited by the shared
control strategy. However, unnecessarily small value of µmin

could introduce some conservatism to the control problem.
In this work, the variable θd depends on two factors: (1)

the driver torque, and (2) the real-time information on the
driver state provided by the driver monitoring system [5]. This
latter is used to verify if the driver is able to take the control
of the vehicle for some specific maneuvers, or to make sure
that the driver is not drowsy and s/he is aware of the driving
situation. The information from the driver monitoring system
is represented by a continuous variable 0 ≤ DS ≤ 1 (DS = 0
when the driver is completely out of his/her driving capacity
and DS = 1 when s/he is fully aware of the driving situation).
Notice that the driver activity variable θd is nonlinear by its
nature since the driver’s distraction increases exponentially
with time when the driver looks away from the road scene (i.e.
when s/he is distracted), but increases nearly instantaneously
when s/he refocuses on the driving activity [5], [27]. Here,
this driver’s driving behavior is modeled as follows:

θd = 1− e−(σ1TdN )σ2DSσ3 . (8)

The normalized driver torque is given by TdN =
∣∣∣ Td
Tdmax

∣∣∣,
where Tdmax is the maximal driver torque. The parameter
σ1 = 2 is used together with TdN to represent the driver’s
involvement level in his/her driving tasks whereas the param-
eters σ2 = σ3 = 3 represent the degree of influence of the
driver torque and the driver state on θd. These parameters are
suitably chosen so that the driver can be appropriately assisted
by the LKAS according to her/his real-time driving activity.
Indeed, as can be observed in Fig. 4, when the driver torque
and/or the driver state remain(s) small (which means that the
driver’s activity is not significant), the corresponding value of
θd is small, thus a high level of assistance is required. When
the driver is highly involved in the driving process, i.e. θd
tends to 1 (for example when the driver need to realize a
difficult maneuver), an important assistance from the LKAS
is also required to help him/her. With a constant driver torque
(respectively driver state), θd increases according to the driver
state (respectively driver torque).

Remark 1. From the above discussions, notice that by (6),
the proposed control approach allows to design the assistance
torque Tc in accordance with the driver’s need for assistance
represented by the weighting function µ (θd) in (7). This latter
is, in turn, obtained in function of the driver’s real-time activity
defined by θd in (8). Therefore, the aforementioned guidelines
on human-automation interaction can be directly considered
in the control design with the new shared control approach.

From (5) and (6), the driver-in-the-loop vehicle model can
be rewritten in the following form:

ẋv = Avxv +Buu+Bww, (9)

where B>u =
[
0 0 0 0 0 λµ (θd)

]
. Notice that since

µ (θd) > 0, for θd ∈ [0, 1], the controllability of (9) is
always guaranteed. Note also that the dynamics of (9) depends
on two time-varying parameters vx and µ (θd). Moreover, as
mentioned above, state and control input constraints should
be explicitly considered in the control design to improve
the driver’s safety and comfort. The T-S fuzzy model-based
control method developed in next section provides an effective
framework to handle these control issues.

IV. TAKAGI-SUGENO FUZZY MODEL-BASED CONTROL
DESIGN FOR CONSTRAINED SYSTEMS

This section details the control design for T-S fuzzy systems
subject to both state and control input limitations.

Notation: In the sequel, the following notations are
adopted for brevity. Ωr denotes the number set {1, 2, . . . , r}.
I is the identity matrix of appropriate dimension. For a matrix
X , HeX = X + X> and X > 0 means that X is positive
definite. The ith element of a vector u is denoted by u(i)
and X(i) indicates the ith row of matrix X . For a matrix
P > 0, denote E (P ) =

{
x : x>Px ≤ 1

}
. The functions

ηi, i ∈ Ωr, satisfy the convex sum property if ηi ≥ 0 and∑r
i=1 ηi = 1. For such functions with any argument θ, denote

Yθ =
∑r
i=1 ηi (θ)Yi, Zθθ =

∑r
i=1

∑r
j=1 ηi (θ) ηj (θ)Zij

where Yi and Zij are matrices of appropriate dimensions.
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Fig. 4. Driver activity function θd with σ1 = 2, σ2 = σ3 = 3.

A. Control Problem Formulation

Consider the following Takagi-Sugeno fuzzy system:

ẋ =
r∑
i=1

ηi (θ) (Aix+Bui sat (u) +Bwi w)

z =
r∑
i=1

ηi (θ)Cix
(10)

where x ∈ Rnx is the state, u ∈ Rnu is the input, w ∈ Rnw is
the disturbance, z ∈ Rnz is the performance output, θ ∈ Rk is
the vector of measured premise variables. The saturation func-
tion is defined as sat

(
u(l)
)

= sign
(
u(l)
)

min
(∣∣u(l)∣∣ , umax(l)

)
where umax(l), l ∈ Ωnu , denotes the amplitude bound relative
to the lth control input. The matrices of appropriate dimensions
Ai, Bui , Bwi , Ci, i ∈ Ωr, represent the set of r local
linear systems and the membership functions ηi (θ) satisfy
the convex sum property. For system (10), assume that the
disturbance w is bounded in amplitude, i.e. it belongs to the set
of functions Wρ =

{
w : R+ 7→ Rnw , w>w ≤ ρ, ρ > 0

}
.

Let us consider the parameter-dependent control law

u =

r∑
i=1

ηi(θ)Kix. (11)

The control goal is to design the feedback gains Ki, i ∈ Ωr,
such that (10) satisfies the following closed-loop properties.

i) Property 1: For w = 0, there exist a Lyapunov function
V(x) = x>Px, P > 0, and a positive scalar τ1 > 0 such
that V̇(x) < −τ1V(x) along the solution of (10) for any
x(0) ∈ E(P ).

ii) Property 2: For any x(0) ∈ E(P ), the corresponding
trajectory of (10) remains inside the polyhedral set of the
state space described by

Px =
{
x ∈ Rnx : h>k x ≤ 1, k ∈ Ωq

}
, (12)

where the vectors hk ∈ Rnx are given.
iii) Property 3: For ∀w ∈ Wρ, ρ > 0, the closed-loop

trajectories initialized in E(P ) are required to stay in this
set. Moreover, the L∞−norm of the performance output
is bounded, this is z>z ≤ γ for some scalar γ > 0.

The following lemmas will be useful for the control design.

Lemma 1. [28] Given matrices Ki, Gi ∈ Rnu×nx , i ∈ Ωr,
let us define the following set:

Pu =

{
x ∈ Rnx :

∣∣∣∣∣
r∑
i=1

ηi
(
Ki(l) −Gi(l)

)
x

∣∣∣∣∣ ≤ umax(l)

}
for l ∈ Ωnu , and the dead-zone control input nonlinearity

ψ = u− sat (u) . (13)

If x ∈ Pu, then the following inequality holds

ψ>

(
r∑
i=1

ηiSi

)−1 [
ψ −

r∑
i=1

ηiGix

]
≤ 0,

for any diagonal positive definite matrices Si ∈ Rnu×nu and
scalar functions ηi, i ∈ Ωr, satisfying the convex sum property.

Remark 2. Lemma 1 presents an extension version of the
generalized sector condition to deal with the control input
nonlinearity proposed in [28]. This extension allows all in-
volved matrices being parameter-dependent which contributes
to reduce the design conservatism.

Lemma 2. [29] Let Ψij and ηi, i, j ∈ Ωr be respectively
symmetric matrices of appropriate dimensions and a family
of scalar functions satisfying the convex sum property. The
condition

∑r
i=1

∑r
j=1 ηiηjΨij < 0 holds ifΨii < 0, i ∈ Ωr,

2

r − 1
Ψii + Ψij + Ψji < 0, i, j ∈ Ωr and i > j.

(14)

B. LMI Design Conditions for Constrained T-S Systems
The following theorem allows for the design of a controller

(11) that satisfies the above-mentioned closed-loop properties.

Theorem 1. Given T-S fuzzy system (10), positive scalars ρ
and τ1. If there exist positive definite matrix X ∈ Rnx×nx ,
diagonal positive definite matrices Si ∈ Rnu×nu , matrices
Xi

21 ∈ Rnz×nx , Xi
22 ∈ Rnz×nz , Xi

23 ∈ Rnz×nu , Xi
31 ∈

Rnu×nx , Xi
32 ∈ Rnu×nz , Xi

33 ∈ Rnu×nu , Vi ∈ Rnu×nx ,
Wi ∈ Rnu×nx , i ∈ Ωr, and positive scalars τ2, γ satisfying
(14) and[

X V >i(l) −W
>
i(l)

Vi(l) −Wi(l) u2max(l)

]
> 0, i ∈ Ωr, l ∈ Ωnu (15)[

X Xhk
h>k X 1

]
> 0, k ∈ Ωp (16)

τ1 − τ2ρ > 0 (17)[
X XC>i
CiX γI

]
≥ 0, i ∈ Ωr (18)

where the quantity Ψij is defined as follows:

Ψij = He


Ψij(1,1)

Ψij(2,1)

Ψij(3,1)

Wi

0

Bui X
j
32

−Xj
22

−Xj
32

0
0

Bui X
j
33

−Xj
23

−Xj
33

0
0

−Bui Sj
0
0
−Sj

0

Bwi
0
0
−Sj
−τ2I/2

 (19)
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with Ψij(1,1) = AiX + Bui X
j
31 + τ1X/2, Ψij(2,1) = CiX −

Xj
21, Ψij(3,1) = Vi − Xj

31. Then, the parameter-dependent
controller (11) with the feedback gains given by

Ki = ViX
−1, i ∈ Ωr, (20)

solves the control problem stated in Section IV-A.

Proof. Define the augmented vector x̃> =
[
x> z> u>

]
.

Using the notations given at the beginning of Section IV and
the expressions in (10) and (11), the closed-loop T-S system
can be equivalently rewritten in the following augmented form:

E ˙̃x = Aθx̃+ Bwθ w − Bψθ ψ, (21)

where ψ is defined in (13) and

E =

I 0 0
0 0 0
0 0 0

 , Ai =

Ai 0 Bui
Ci −I 0
Ki 0 −I

 ,
Bwi =

[
Bw>i 0 0

]>
, Bψi =

[
Bu>i 0 0

]>
.

Let us introduce the following parameter-dependent matrix:

Xθ =

r∑
j=1

ηj(θ)

 X 0 0

Xj
21 Xj

22 Xj
23

Xj
31 Xj

32 Xj
33

 . (22)

Since X > 0, it follows that

X>θ E> = EXθ =

X 0 0
0 0 0
0 0 0

 ≥ 0. (23)

By virtue of Lemma 2, the condition (14) implies clearly that

Ψθθ =

r∑
i=1

r∑
j=1

ηi (θ) ηj (θ) Ψij < 0. (24)

The inequality (24) implies that all diagonal sub-matrix blocks
of Ψθθ are negative definite. Consequently, it follows that[
Xθ

22 Xθ
23

Xθ
32 Xθ

33

]
is nonsingular, and so is Xθ in (22) since X > 0.

Denote P(θ) = X−1θ . Pre- and post- multiplying (23) with
P(θ)> and its transpose yields

E>P (θ) = P(θ)>E ≥ 0. (25)

Consider a candidate Lyapunov function of the following form:

V (x̃) = x̃>E>P(θ)x̃. (26)

From the definitions of the augmented vector x̃, the matrix E,
and the relation (25), it follows that

V (x̃) ≡ V(x) = x>Px, (27)

where P = X−1. Notice that under the control law expres-
sion (11), the forms of Lyapunov functions (26) and (27),
respectively closed-loop systems (10) and (21) are strictly
equivalent. However, the use of (26) associated with (21)
allows introducing the parameter-dependent matrices Xθ

21,
Xθ

22, Xθ
23, Xθ

31, Xθ
32, Xθ

33 (see (22)) into the design procedure.
This aims to reduce the conservatism of the results [30].

Let Gi = WiX
−1. Notice that (15) (respectively (16))

implies the inclusion E(P ) ⊂ Pu (respectively E(P ) ⊂ Px).
Pre- and post- multiplying (24) with diag

(
X>θ , Sθ, I

)
and

its transpose, it can be proved that (24), with Ψij given in
(19), is equivalent to the following condition:

He

P(θ)>Aθ + P ∗ −P(θ)>Bψθ P(θ)>Bwθ
G∗θθ −S−1θ 0

0 0 −τ2I/2

 < 0 (28)

with P ∗ =

τ1P/2 0 0
0 0 0
0 0 0

 and G∗θθ =

S−1θ Gθ
0
0

. Pre- and

post- multiplying (28) by
[
x̃> ψ> w>

]
and its transpose,

the following condition is obtained after some manipulations:

V̇ (x) + τ1x
>Px− τ2w>w − 2ψ>S−1θ [ψ −Gθx] < 0 (29)

Since E (P ) ⊂ Pu, by Lemma 1, (29) implies clearly that

V̇(x) + τ1x
>Px− τ2w>w < 0, ∀x ∈ E(P ). (30)

From now, two following cases can be distinguished.
i) Case 1: w = 0. It follows from (30) that for ∀x ∈ E(P ),
V̇(x) < −τ1x>Px, which proves Property 1. This means that
all trajectories of (10) initialized in E(P ) converge asymptot-
ically to the origin with a decay rate smaller than τ1/2.
ii) Case 2: w 6= 0, w ∈ Wρ. It follows from (17) and (30)
that

V̇(x) + τ1
(
x>Px− 1

)
+ τ2

(
ρ− w>w

)
< 0. (31)

The condition (31) guarantees that the ellipsoid E (P ) is a
robustly positively invariant set [23] with respect to the closed-
loop system (10). Furthermore, (18) implies that[

X C>θ
Cθ γI

]
≥ 0. (32)

By Schur complement lemma [24], it follows from (32) that

z>z = x>C>θ Cθx ≤ γx>Px ≤ γ, ∀x ∈ E(P ),

which means that the L∞−norm of z is bounded ‖z‖2∞ ≤ γ.
These prove Properties 2, 3 and complete the proof.

Remark 3. The LMI conditions in Theorem 1 can be easily
solved with available numerical solvers [24]. In this work, the
feedback gains Ki, i ∈ Ωr, in (20) are computed with SeDuMi
solver and YALMIP toolbox [31].

Remark 4. The decay rate τ1 in Property 1 is related to
the closed-loop time performance [14]. A large value of this
tuning parameter leads to a fast convergence time; however the
corresponding controller could induce aggressive behaviors.
In particular, this situation could get worst if the disturbance
signal is involved in the system dynamics as the case of (9).

V. APPLICATION TO SHARED LATERAL CONTROL

Hereafter, the application of Theorem 1 to the vehicle shared
control problem is highlighted.
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A. T-S Representation of Driver-Vehicle System
For control purposes, the performance output z of (9) is

defined such that it can represent the control performance in
terms of both lane keeping and driving comfort:

z =
[
ay θnear θfar δ̇

]>
. (33)

Notice that the lane keeping performance is represented by
near and far visual angles which allow to consider respectively
the compensatory and anticipatory behaviors of the driver,
see (3). The driving comfort is represented by the lateral
acceleration ay ∼= vxr. The steering rate δ̇ is introduced in
(33) to guarantee a desired comfort for steering correction
and to improve the vehicle damping response. Note that all
components of z can be expressed by those of xv in (9) as

z =


0 vx 0 0 0 0
0 0 1 1

vxTp
0 0

θ1 θ2 0 0 θ3 0
0 0 0 0 0 1

x. (34)

Remark that the system matrices of (9) and the performance
matrix in (34) depend nonlinearly on the vehicle speed, i.e.
vx and 1/vx, and also on µ (θd) which are measured and
bounded 0.2 ≤ µ (θd) ≤ 1, vmin ≤ vx ≤ vmax where
vmin = 9 and vmax = 25. Moreover, using the first order
Taylor’s approximation, one has that

1

vx
=

1

v0
+

1

v1
∆x, vx ∼= v0

(
1− v0

v1
∆x

)
, (35)

where ∆x ∈ [−1, 1] describes the variation of vx be-
tween its lower and upper bounds. The constants in (35) are
given by v0 = 2vminvmax

vmin+vmax
and v1 = 2vminvmax

vmin−vmax
. Replacing

(35) into (9), the premise vector of (9) can be defined as
θ =

[
∆x µ (θd)

]> ∈ R2. Using the sector nonlinearity
approach [14], one can easily obtain 22 = 4 linear models
(Ai, B

u
i , B

w
i , Ci) and the corresponding membership func-

tions ηi(θ), i ∈ Ω4, of the T-S model (10) of the driver-vehicle
system (9). The details of these submodels and membership
functions are not given here for brevity.

Remark 5. A natural choice of premise variables for (9) may
be θ =

[
vx 1/vx µ (θd)

]> ∈ R3. However, this leads to
a T-S fuzzy model (10) with 23 = 8 linear submodels when
using the sector nonlinearity approach. In this paper, by (35)
only ∆x is used to represent the variation of both vx and 1/vx.
Therefore, the numerical complexity of the obtained T-S model
is significantly reduced for control design and implementation.

Remark 6. In this paper, since the vehicle runs on a clean
and dry road surface, the coefficient of adhesion is thus at its
highest κ = 1, see Table I. However, the proposed T-S control
method can be used to deal with the time-varying adhesion
coefficient, i.e. κ ∈ [κmin, 1] where κmin > 0. Note also that
the dynamics matrix A in (1) already depends linearly on κ.

B. System Design Constraints
To improve the driver’s safety and comfort, two categories

of system constraints of (9) should be considered in the control
design, i.e. state constraints and input limitations. For safety

reasons, we take into account the ”normal driving” zone which
can be characterized by two following features [4].
1) The positions of the vehicle front wheels should be si-

multaneously located inside a strip ±d (d = 1.5 m) along
the lane centerline during a normal lane keeping maneuver.
This condition can be mathematically expressed as follows:

− (2d− a)

2
≤ yL + (lf − ls)ψL ≤

(2d− a)

2
, (36)

where a = 1.5 m is the vehicle width.
2) The vehicle states should remain in a bounded state-space

region given by

|vy| ≤ vymax, |r| ≤ rmax, |ψL| ≤ ψLmax,

|yL| ≤ yLmax, |δ| ≤ δmax,
∣∣∣δ̇∣∣∣ ≤ δ̇max.

(37)

Following the guidelines in [4] and through our own experi-
mental investigation, the following data are considered:

vymax = 1.5 m/s, rmax = 0.55 rad/s, ψLmax = 0.1 rad,

yLmax = 1 m, δmax = 0.18 rad, δ̇max = 0.11 rad/s.

Notice that the limitations on the steering rate δ̇ and the lateral
acceleration ay also improve the driver’s comfort. Since one
can be approximated that ay ∼= vxr, the variation range of ay
is bounded by limiting the yaw rate r as in (37). Note also
that the state constraints (36) and (37) can be straightforwardly
reformulated in the form (12) for control purposes.

The input saturation can lead to control performance degra-
dation or even makes the vehicle system unstable [22]. There-
fore, as mentioned in Section I, the control input should be
also limited to guarantee not only the driver’s comfort but also
the closed-loop stability during some specific maneuvers. In
particular, this input limitation increases the driver’s safety in
case of assistance failure (i.e. the driver is able to compensate
the assistance torque provided by the LKAS) [32]. Here, the
control input constraint umax = 6 is the maximal torque of the
steering system. After specifying all data of the vehicle T-S
fuzzy model and its constraints, the assistance steering actions
can be designed. Solving the LMI conditions in Theorem 1
leads to the following control gains of (11):

K1 =
[
−63.8 −119.9 −558.1 −10.9 14.2 − 12.7

]
,

K2 =
[
−37.9 −65.3 − 119.9 3.7 277.5 16.5

]
,

K3 =
[
−11.4 −59.7 − 679.2 −46.5 −205.1 −52.4

]
,

K4 =
[
−3.5 − 14.2 −148.2 −11.5 290.1 13.4

]
.

Observe that the feedback gains corresponding to 4 linear
submodels of the T-S fuzzy system are significantly different.
This also justifies a posteriori the interest of the T-S model-
based control method to improve the closed-loop performance.

VI. HARDWARE EXPERIMENTS

In this section, the practical performance of the proposed
shared controller is verified via a series of experiments con-
ducted with a human driver and a SHERPA driving simulator.
This interactive dynamic simulator is in the form of a Peugeot
206 vehicle fixed on a Stewart platform, see Fig. 5. This
advanced simulator is structured around a SCANeR network
connecting fifteen PC-type workstations. The whole software
of the SHERPA simulator is developed with RTMaps envi-
ronment composed by several modules which are in charge
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of different tasks: perception, planning, driver monitoring,
human-machine interface. It is also equipped with a Continen-
tal driver monitoring system which indicates the driver state.
Notice that for the control design, a preliminary validation
study of the driver-vehicle model (5) with experimental data
collected from the SHERPA simulator has been carried out.
Fig. 6 shows an overview of the control structure implemented
in the SHERPA simulator. The ”Driver activity analysis” unit
aims at providing an appropriate weighting function µ (θd) to
compute the assistance torque Tc in accordance with the real-
time behaviors of the driver, see Section III.

Fig. 5. SHERPA simulator (upper left). Steering system (upper right).
Data acquisition system (bottom left). Continental driver monitoring
system (bottom right).

Fig. 6. Control structure implemented in the SHERPA interactive dy-
namic driving simulator.

A. Disturbance Rejection

For this scenario, the vehicle is on a straight road with
vx = 15 m/s and subject to an important wind disturbance
fw = 1100 N, see Fig. 7(a). This wind force generates a yaw
moment disturbance which can be felt by the driver through
the steering system. Since the vehicle system is open-loop un-
stable, therefore without any control the vehicle has naturally

unstable behaviors in the presence of wind disturbance. To
point out the performance of the proposed T-S fuzzy control
method, three following cases are considered for this test.
• Case 1: Automatic control. The driver releases the steer-

ing wheel (i.e. Td = 0) and the LKAS solely controls the
vehicle.

• Case 2: Manual control. The vehicle is manually con-
trolled by the driver without any assistance from the
LKAS (i.e. Tc = 0).

• Case 3: Shared control. The LKAS shares the vehicle
control with the driver to perform the lane keeping task.

Fig. 7 shows the comparison of vehicle responses obtained
with three above cases. Observe in Fig. 7(b) that for all
three cases, the same steering torques are required to reject
effectively the undesirable wind effect. The corresponding
lateral accelerations and tracking errors remain small, see
respectively Figs. 7(c), (e) and (f). In Case 1, the T-S fuzzy
controller offers the best control performance with smallest
tracking errors. Notice also that compared to Case 2, better
performance can be achieved with Case 3 where the LKAS
and the driver jointly counteract the wind disturbance without
generating conflict situation, see Fig. 7(d). Moreover, the
driver only provides a part (about 50%) of the required torque
in Case 3. This test scenario confirms clearly the effectiveness
of the T-S controller and the shared control method in terms
of disturbance rejection.
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Fig. 7. Disturbance rejection performance. Case 1: automatic control,
Case 2: manual control, Case 3: shared control.

B. Driving Task with Adaptive Level of Assistance
This scenario aims to point out the performance of the

proposed shared controller according to the driver’s need for
assistance. For that, the lane keeping task is performed in
four phases with the vehicle trajectory and speed given in
Figs. 8(a) and (c). Phase 1 (from 10s to 40s) corresponds
to the lane keeping of the LKAS in the first curve (see Fig.
8(a)) without the intervention of the human driver. During this
phase, the driver releases his hands from the steering wheel
(i.e. Td = 0) and the vehicle is solely controlled by the LKAS.
As expected, Fig. 8(b) shows that in this situation µ (θd) = 1
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which means obviously that the maximal level of assistance is
required. Both controller and driver share the vehicle control
to perform the driving task in Phase 2 (from 40s to 60s). For
Phase 3 (from 60s to 70s), the driver is highly involved in
the driving process (θd tends to 1); and the steering system
provides thus an important assistance (µ (θd) tends also to 1)
to help him. This situation corresponds to the zone of driver
overload depicted in Fig. 2. In Phase 4 (from 70s to 100s), the
assistance system provides almost the same amount of torque
as the driver to help him to negotiate a difficult curve. It is also
observed in Fig. 9 that the state constraints (37) are respected
during the whole test.
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Fig. 8. Driving task with adaptive level of assistance.
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Fig. 9. Vehicle states corresponding to the results in Fig. 8.

C. Emergency Double Lane Change Maneuver
For this test, it is assumed that the driver desires to perform

an unexpected double lane change maneuver to avoid two
obstacles which are not detected by the automation. Notice that
the driver-automation conflict arises naturally in this case since
their driving goals are different, namely obstacle avoidance for
the driver and lane keeping for the automation. To evaluate

the performance of the proposed shared controller in terms of
conflict management, two following cases are examined where
two similar double lane change maneuvers are performed at
the same vehicle speed vx = 20 m/s, see Fig. 10-top.
• Case 1: Double lane change with an adaptive control

authority allocation, i.e. the weighting function µ(θd) in
(7) is variable in accordance with the driver’s real-time
activity.

• Case 2: Double lane change with a constant control
authority, e.g. the maximal level of assistance µ(θd) = 1.
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Fig. 10. Shared control with double lane change maneuver.

Fig. 10-middle (respectively -bottom) depicts the steering
torques of both driving actors and the weighting function
µ(θd) obtained with Case 1 (respectively Case 2). Observe
that in Case 1 the assistance torque Tc is computed according
to the driver’s activity so that he can easily realize the driving
objective, i.e. only a small Td is needed in this case. However,
without considering the driver’s real-time driving activity in
the computation of Tc, the driver performs the same maneuver
with difficulty in Case 2 since he must provide an important
effort to compensate the large amount of saturated assistance
torque. Moreover, the results of Case 2 also shows that in some
specific situations, the control input u (and thus Tc) may tend
easily to be saturated. Therefore, LMI-based design method for
constrained T-S systems proposed in Section IV is obviously
useful to guarantee the closed-loop stability in such situations.

To characterize the quality of the driver-automation shared
control, the following energy indicators are used:

Ed =

∫ t2

t1

T 2
d dt, Ec =

∫ t2

t1

T 2
c dt. (38)

The numerical quantities Ed and Ec in (38) represent respec-
tively the energy efforts delivered by the driver and the LKAS
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during a time interval [t1, t2]. Notice that it is desirable from
the viewpoint of acceptability (respectively security) that the
driver (respectively the LKAS) provides an effort as small as
possible to perform a given driving task [32]. Let us also define
the level of sharing between the driver and the automation as

Ishare =
Ec
Ed
. (39)

Three special cases can be noticed from (39): Ishare = 0 if
there is no assistance, Ishare = 1 if the automation provides
the same energy effort as the driver, and Ishare > 1 if the
energy effort of the automation is greater than that of the
driver. Observe in Table II that for the same double lane change
with a similar level of sharing (about 90%), the values of both
energy indicators in Case 1 are significantly lower than those
of Case 2. This means that with the adaptive control authority
allocation, the driver (and also the LKAS) provides less effort
to perform the given maneuver. Therefore, the driver’s comfort
can be improved with the proposed shared control method.

TABLE II
COMPARISON OF SHARED CONTROL QUALITY

Energy indicator Ed [N2m2s] Ec [N2m2s] Ishare [%]
Case 1 107.23 98.89 92.22
Case 2 516.07 466.65 90.42

D. Obstacle Avoidance with Full Automatic Control
Suppose now that the vehicle should solely perform a lane

change maneuver to avoid an obstacle which is detected by the
vision system. For this, the standardized chicane test (see Fig.
11) is used to verify the practical performance of the proposed
controller under highly dynamic maneuvering. Notice that for
this test scenario, one has Td = 0, θd = 0, and µ (θd) = 1.

Fig. 11. Standardized chicane test scenario.

The vehicle responses obtained with the designed T-S fuzzy
controller for chicane tests with three speeds: vx = 35 km/h,
vx = 45 km/h and vx = 60 km/h, are shown in Fig. 12.
As expected, the controller provides more important effort
to perform the same lane change maneuver when the speed
increases. However, since the variation of vehicle speed is ex-
plicitly taken into account in the control design, robust stability
of the vehicle for three chicane tests can be guaranteed with
the proposed controller. Note also that the vehicle responses
are quite similar under three different speeds. Moreover, for all

chicane tests, variables representing the lane following perfor-
mance of the vehicle remain in their predefined ranges which
means that the vehicle performs successfully the standardized
lane change maneuver in the absence of the human driver’s
action, see for example the yaw rates and the sideslip angles
corresponding to these tests in Figs. 12(c) and (d).
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Fig. 12. Vehicle responses under the chicane test scenario.

VII. CONCLUDING REMARKS

In this paper, a new driver-automation cooperative approach
has been proposed to deal with the shared lateral control of
LKAS devices. By introducing a measured weighting parame-
ter into the road-vehicle system, the assistance control actions
can be designed in accordance with the real-time driving ac-
tivity of drivers. Consequently, the conflicts between the driver
and the automation can be effectively managed. T-S fuzzy
model-based control method has been used to handle the time-
varying driver activity parameter and also the vehicle speed
variation. In particular, both state and control input limitations
are explicitly considered in the control procedure with the
proposed LMI-based design conditions. This aims to improve
the driver’s safety and comfort. The closed-loop stability and
performance of the driver-vehicle system are rigorously proved
using Lyapunov arguments. Experiments conducted with a
human driver and an advanced driving simulator under various
test scenarios have clearly demonstrated the effectiveness of
the new control method. Future works focus on intensive
human-factor experiments to further evaluate the acceptability
of the proposed method for a large panel of drivers.
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