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This paper proposes a new l∞ observer design for fuzzy descriptor systems with unknown inputs. The descriptor form is treated using a singular redundancy system representation. To keep the consistency of the resulting fuzzy observer structure, we make use of a virtual variable playing the role of the one-step ahead state estimate. As a result, the observer gain can be constructed with free-structure decision variables to reduce the design conservatism. Using a membership-function-dependent Lyapunov function, the observer design is reformulated as a convex optimization problem with a single line search parameter. In particular, the error bounds of both the state and the unknown input estimations can be minimized through the guaranteed l∞ performance level. The effectiveness of our result is demonstrated with a challenging real-world application on robot manipulators.

I. INTRODUCTION

T AKAGI-Sugeno (T-S) fuzzy model-based approach has become an effective tool to deal with nonlinear systems [START_REF] Nguyen | Fuzzy control systems: Past, present and future[END_REF]. Over the last decades, researchers have paid a great deal of attention to the analysis and synthesis issues of T-S fuzzy systems [START_REF] Tanaka | Fuzzy Control Systems Design and Analysis: a Linear Matrix Inequality Approach[END_REF]- [START_REF] Nguyen | Static output feedback design for a class of constrained Takagi-Sugeno fuzzy systems[END_REF]. Since T-S fuzzy systems are constructed from local linear models blending with nonlinear membership functions (MFs), design conditions for fuzzy controllers/observers can be derived using Lyapunov method and linear matrix inequality (LMI) formulations, see [START_REF] Nguyen | Fuzzy control systems: Past, present and future[END_REF], [START_REF] Tanaka | A descriptor system approach to fuzzy control system design via fuzzy Lyapunov functions[END_REF]- [START_REF] Su | A novel approach to output feedback control of fuzzy stochastic systems[END_REF] and related references therein.

A large class of physical systems can be naturally represented using descriptor models [START_REF] Tanaka | A descriptor system approach to fuzzy control system design via fuzzy Lyapunov functions[END_REF], [START_REF] Xu | Robust Control and Filtering of Singular Systems[END_REF]. The descriptor forms appear in various engineering applications including robotics [START_REF] Spong | Robot Modeling and Control[END_REF], healthcare devices [START_REF] Guelton | An alternative to inverse dynamics joint torques estimation in human stance based on a Takagi-Sugeno unknown-inputs observer in the descriptor form[END_REF], transportation and power systems [START_REF] Xu | Robust Control and Filtering of Singular Systems[END_REF] and so on. Fundamental results on analysis and design of descriptor systems have been extensively proposed for linear cases, see [START_REF] Xu | Robust Control and Filtering of Singular Systems[END_REF], [START_REF] Chadli | Novel bounded real lemma for discretetime descriptor systems: Application to H∞ control design[END_REF]- [START_REF] Wang | H -/H∞ fault detection observer in finite frequency domain for linear parameter-varying descriptor systems[END_REF] and related references. Various extensions to nonlinear/fuzzy descriptor systems have been also reported [START_REF] Li | Fuzzy-model-based D-stability and nonfragile control for discrete-time descriptor systems with multiple delays[END_REF], [START_REF] Hassan | H∞ observers design for a class of nonlinear time-delay systems in descriptor form[END_REF]- [START_REF] Guerra | Observer design for Takagi-Sugeno descriptor models: An LMI approach[END_REF]. Note that for fuzzy-model-based approaches, exploiting the descriptor forms allows reducing both the number of fuzzy rules and that of LMI-based design conditions [START_REF] Tanaka | Fuzzy Control Systems Design and Analysis: a Linear Matrix Inequality Approach[END_REF]. As a result, the computational burden and the design conservatism can be significantly reduced [START_REF] Tanaka | A descriptor system approach to fuzzy control system design via fuzzy Lyapunov functions[END_REF], [START_REF] Guerra | Observer design for Takagi-Sugeno descriptor models: An LMI approach[END_REF].

Up to now, existing results on T-S fuzzy systems are mostly concerned with known inputs [START_REF] Chadli | Robust observer design for unknown inputs Takagi-Sugeno models[END_REF], especially in cases of fuzzy descriptor forms [START_REF] Tanaka | A descriptor system approach to fuzzy control system design via fuzzy Lyapunov functions[END_REF], [START_REF] Li | Fuzzy-model-based D-stability and nonfragile control for discrete-time descriptor systems with multiple delays[END_REF], [START_REF] Guerra | Observer design for Takagi-Sugeno descriptor models: An LMI approach[END_REF]. However, in many practical situations, all input signals cannot be known [START_REF] Marx | Design of observers for T-S descriptor systems with unknown inputs and application to fault diagnosis[END_REF]. Moreover, unmodeled dynamics, uncertain disturbances and faults in engineering systems can be all considered as unknown inputs (UIs) [START_REF] Zhang | Reduced-order observer design for switched descriptor systems with unknown inputs[END_REF]. Therefore, designing UI observers is of crucial importance from both theoretical and practical viewpoints, especially in the areas of fault diagnosis [START_REF] Wang | H -/H∞ fault detection observer in finite frequency domain for linear parameter-varying descriptor systems[END_REF], [START_REF] Marx | Design of observers for T-S descriptor systems with unknown inputs and application to fault diagnosis[END_REF], [START_REF] Zhang | Reduced-order observer design for switched descriptor systems with unknown inputs[END_REF], [START_REF] Jia | Fault reconstruction and faulttolerant control via learning observers in Takagi-Sugeno fuzzy descriptor systems with time delays[END_REF], and fault-tolerant control [START_REF] Jia | Fault reconstruction and faulttolerant control via learning observers in Takagi-Sugeno fuzzy descriptor systems with time delays[END_REF]- [START_REF] Yin | Sliding mode observer-based FTC for Markovian jump systems with actuator and sensor faults[END_REF]. Unfortunately, due to the technical difficulties in dealing with the descriptor form, the design of UI observers for fuzzy descriptor systems still remains challenging [START_REF] Jia | Fault reconstruction and faulttolerant control via learning observers in Takagi-Sugeno fuzzy descriptor systems with time delays[END_REF]. For instance, some matrix-rank conditions are required for the UI decoupling in [START_REF] Marx | Design of observers for T-S descriptor systems with unknown inputs and application to fault diagnosis[END_REF], [START_REF] Jia | Fault reconstruction and faulttolerant control via learning observers in Takagi-Sugeno fuzzy descriptor systems with time delays[END_REF], which can be restrictive for fuzzy descriptor observer design. The singular redundancy representation approach in [START_REF] Guelton | An alternative to inverse dynamics joint torques estimation in human stance based on a Takagi-Sugeno unknown-inputs observer in the descriptor form[END_REF] requires a special Luenberger-like observer structure, leading to a conservative design. This paper aims to avoid these technical difficulties. Our main contributions are summarized as follows.

1) A singular redundancy approach is exploited to deal with the descriptor form for observer design in presence of UIs. We introduce a virtual variable, playing the role of the one-step ahead state estimate, to guarantee the consistency of the resulting observers. Hence, together with specific convexification techniques, the proposed observer gains can be of free structures to reduce the conservatism. Moreover, our fuzzy observer design does not require any specific rank condition for UI decoupling. 2) Using Lyapunov-based arguments, the observer design procedure is recast as a convex optimization problem with a single line search parameter, which can be effectively solved with semidefinite programming [START_REF] Boyd | Linear Matrix Inequalities in System and Control Theory[END_REF]. In particular, the estimation errors of both the state and the UI can be minimized through a guaranteed l ∞ performance level.

Notation: N is the set of non-negative integers, and I p = {1, 2, ..., p} ⊂ N. For a matrix X, X denotes its transpose, X 0 means that X is positive definite, HeX = X +X , and X denotes its maximum singular value. For a vector x ∈ R n , we denote its 2-norm as x = √ x x. For a sequence of vectors {x k } k∈N (respectively matrices {X k } k∈N ), we denote

x l∞ = sup k≥0 x k (respectively X ∞ = sup k≥0 X k ). Then, {x k } k∈N ∈ l ∞ if x l∞ < ∞ and {X k } k∈N ∈ L ∞ if X ∞ < ∞. diag(X 1 , X 2 ) denotes a block-diagonal matrix composed of X 1 , X 2 .
I is the identity matrix of appropriate dimension. " " stands for the terms deduced by symmetry.

II. PROBLEM FORMULATION

This section formulates the l ∞ observer design of fuzzy descriptor systems using a singular redundancy approach.

A. Description of Fuzzy Descriptor Systems

T-S fuzzy systems are expressed by fuzzy IF-THEN rules, which locally represent linear input-output relations of nonlinear systems. A class of T-S fuzzy descriptor systems with r inference rules can be described as follows [START_REF] Tanaka | Fuzzy Control Systems Design and Analysis: a Linear Matrix Inequality Approach[END_REF]:

RULE R i : IF ξ 1k is M i 1 and . . . and ξ pk is M i p THEN E i x k+1 = A i x k + B i u k + D i d k y k = C i x k (1) 
where , i ∈ I r , where µ i j (ξ j ) represents the membership grade of ξ j in the respective fuzzy set M i j . Note that the MFs satisfy the following property:

x k ∈ R nx is the state vector, u k ∈ R nu the known input, d k ∈ R n d the unknown input, and y k ∈ R ny the measured output. ξ k = [ξ 1k • • • ξ pk ] ∈ R p is
r i=1 h i (ξ) = 1, 0 ≤ h i (ξ) ≤ 1, ∀i ∈ I r . (2) 
Let Ω be the set of MFs satisfying [START_REF] Tanaka | Fuzzy Control Systems Design and Analysis: a Linear Matrix Inequality Approach[END_REF]. Using the center-ofgravity method for defuzzification, the fuzzy descriptor system (1) can be represented in the following compact form [START_REF] Tanaka | Fuzzy Control Systems Design and Analysis: a Linear Matrix Inequality Approach[END_REF]:

E(h)x k+1 = A(h)x k + B(h)u k + D(h)d k y k = C(h)x k (3) 
where

Π(h) = r i=1 h i (ξ)Π i , Π ∈ {A, B, C, D, E}
and h = (h 1 (ξ), h 2 (ξ), . . . , h r (ξ)) ∈ Ω. We assume that E(h) is a nonsingular matrix for ∀h ∈ Ω. Note that various nonlinear systems in mechatronics and robotics engineering can be modeled as in [START_REF] Mozelli | A systematic approach to improve multiple Lyapunov function stability and stabilization conditions for fuzzy systems[END_REF], where E(h) includes the inertia matrix [START_REF] Spong | Robot Modeling and Control[END_REF], and is thus invertible [START_REF] Tanaka | Fuzzy Control Systems Design and Analysis: a Linear Matrix Inequality Approach[END_REF], [START_REF] Guelton | An alternative to inverse dynamics joint torques estimation in human stance based on a Takagi-Sugeno unknown-inputs observer in the descriptor form[END_REF]. Assume also that D(h) is of full-column rank for ∀h ∈ Ω, and {d k } k∈N ∈ l ∞ .

Remark 1. For a given nonlinear descriptor system, the sector nonlinearity approach [START_REF] Tanaka | Fuzzy Control Systems Design and Analysis: a Linear Matrix Inequality Approach[END_REF] can be used to derive an exact fuzzy model (3) of this system on a compact set of the state space.

Let us define xk = x k x k+1 . To deal with the descriptor matrix E(h) on the left-hand side, we rewrite system (3) in the following equivalent form:

Ē xk+1 = Ā(h)x k + B(h)u k + D(h)d k y k = C(h)x k (4) 
with

Ē = I 0 0 0 , Ā(h) = 0 I A(h) -E(h) , B(h) = 0 B(h) , D(h) = 0 D(h) , C(h) = C(h) 0 .
Remark 2. The singular redundancy form (4) has been exploited for continuous-time fuzzy descriptor systems [START_REF] Tanaka | A descriptor system approach to fuzzy control system design via fuzzy Lyapunov functions[END_REF], [START_REF] Guelton | An alternative to inverse dynamics joint torques estimation in human stance based on a Takagi-Sugeno unknown-inputs observer in the descriptor form[END_REF]. However, control and observer designs based on this form have not been yet reported for the discrete-time counterparts. Note that the discrete-time case requires a significantly different treatment compared to the continuous-time results [START_REF] Xu | Robust Control and Filtering of Singular Systems[END_REF].

As in the continuous-time case, the representation (4) would naturally lead to the following fuzzy observer form [START_REF] Guelton | An alternative to inverse dynamics joint torques estimation in human stance based on a Takagi-Sugeno unknown-inputs observer in the descriptor form[END_REF]:

I 0 0 0 xk+1 xk+2 = 0 I A(h) -E(h) xk xk+1 + 0 B(h) u k + M 1 (h) M 2 (h) C(h) 0 x k -xk x k+1 -xk+1 (5) 
where

M (h) = M 1 (h) M 2 (h)
is the membershipfunction-dependent observer gain, and xk is the estimate of the state x k . However, it follows from the first row of ( 5) that

xk+1 ≡ xk+1 + M 1 (h)C(h)(x k -xk ). (6) 
To guarantee the consistency of equation ( 6) for ∀k ∈ N, and for any initial condition of the system state x 0 ∈ R nx , one should impose M 1 (h) = 0. This may lead to a conservative observer design [START_REF] Guerra | Observer design for Takagi-Sugeno descriptor models: An LMI approach[END_REF]. To avoid any structure imposition on the observer gain, we consider the following fuzzy observer form:

Ē xk+1 = Ā(h) xk + B(h)u k + G(h) -1 L(h) (y k -ŷk ) ŷk = C(h) xk (7) 
with xk = x k ψ k . The membership-function-dependent observer gains to be determined

G(h) = r i=1 h i (ξ k )G i , L(h) = r i=1 h i (ξ k )L i
are of appropriate dimensions. The existence of G(h) -1 is further discussed in Theorem 1.

Remark 3. The key idea of the observer form ( 7) is to exploit the new virtual variable ψ k as an estimate of x k+1 to guarantee the consistency of this form without requiring any special structure of the observer gains G(h) and L(h).

Let us define the state estimation errors as

e k = x k -xk , ēk = xk -xk = e k x k+1 -ψ k .
From ( 4) and ( 7), the error dynamics is given by

Ēē k+1 = A(h)ē k + D(h)d k (8) 
where

A(h) = Ā(h) -G(h) -1 L(h) C(h).
We are now in the position to formulate the observer design problem.

Problem 1. Given a fuzzy descriptor system (3). Determine the observer gains G(h) and L(h) such that the error dynamics (8) verifies the following properties. (P1) If d k = 0, ∀k ∈ N, the error dynamics ( 8) is globally exponentially stable with respect to the origin. (P2) If d k = 0, ∀k ∈ N, the estimation error e k is uniformly bounded for any initial condition e 0 and any input sequence {d k } k∈N ∈ l ∞ . In addition, we have the property

lim k→∞ sup e k < γ d l∞ , γ > 0 (9)
where the l ∞ -gain γ is specified in Theorem 1. Moreover, for e 0 = 0, it follows that e k < γ d l∞ , ∀k ∈ N.

The error dynamics (8) verifying the properties (P1)-(P2) is said to be globally uniformly l ∞ -stable with a performance level γ. A similar concept of l ∞ -stablity can be found in [START_REF] Chakrabarty | State and unknown input observers for nonlinear systems with bounded exogenous inputs[END_REF].

III. LMI-BASED SYNTHESIS OF FUZZY DESCRIPTOR OBSERVERS WITH l ∞ PERFORMANCE GUARANTEE
This section provides a numerically tractable solution to design an l ∞ observer for the descriptor fuzzy system (3). We begin with the following theorem providing sufficient conditions to guarantee the global uniform l ∞ -stability of the error dynamics [START_REF] Su | A novel approach to output feedback control of fuzzy stochastic systems[END_REF].

Theorem 1. Consider the error dynamics [START_REF] Su | A novel approach to output feedback control of fuzzy stochastic systems[END_REF]. Given a scalar α ∈ (0, 1), if there exist membership-function-dependent symmetric matrices

P (h) ∈ R nx×nx , R(h) ∈ R nx×nx , matrices Q(h) ∈ R nx×nx , G 1 (h) ∈ R nx×nx , G 2 (h) ∈ R nx×nx , G 3 (h) ∈ R nx×nx , G 4 (h) ∈ R nx×nx , L 1 (h) ∈ R nx×ny , L 2 (h) ∈ R nx×ny ,
and positive scalars τ , γ such that

Σ + Φ + Φ ≺ 0 (10) P (h) Q(h) R(h) 0 (11) 
P (h) I γI 0 (12) 
for any h, h + ∈ Ω, where

Σ =       (α -1)P (h) 0 0 0 0 P (h + ) 0 0 Q(h + ) R(h + ) 0 0 0 0 -αγI       Φ =       Γ Υ -G 1 (h) -G 2 (h) G 2 (h)D(h) Ξ Φ -G 3 (h) -G 4 (h) G 4 (h)D(h) τ Γ τ Υ -τ G 1 (h) -τ G 2 (h) τ G 2 (h)D(h) τ Ξ τ Φ -τ G 3 (h) -τ G 4 (h) τ G 4 (h)D(h) 0 0 0 0 0       Γ = G 2 (h)A(h) -L 1 (h)C(h), Υ = G 1 (h) -G 2 (h)E(h) Ξ = G 4 (h)A(h) -L 2 (h)C(h), Φ = G 3 (h) -G 4 (h)E(h) h + = (h 1 (ξ k+1 ), h 2 (ξ k+1 ), . . . , h r (ξ k+1 )).
Then, the error dynamics ( 8) is globally uniformly l ∞ -stable with performance level γ. Moreover, the fuzzy observer structure corresponding to the initial system (3) is given by

E(h)x k+1 = A(h)x k + B(h)u k + E(h) I K(h) (y k -ŷk ) ŷk = C(h)x k (13) 
with

K(h) = G(h) -1 L(h) and 
G(h) = G 1 (h) G 2 (h) G 3 (h) G 4 (h) , L(h) = L 1 (h) L 2 (h) . (14) 
Proof. To begin with, let us define

P (h) = P (h) Q(h) R(h) , K(h) = K 1 (h) K 2 (h) . (15) 
It is important to note that inequality [START_REF] Spong | Robot Modeling and Control[END_REF] implies

P (h + ) -τ G(h) + G(h) ≺ 0. (16) 
Since P (h + ) 0 due to [START_REF] Guelton | An alternative to inverse dynamics joint torques estimation in human stance based on a Takagi-Sugeno unknown-inputs observer in the descriptor form[END_REF], inequality [START_REF] Marx | Design of observers for T-S descriptor systems with unknown inputs and application to fault diagnosis[END_REF] guarantees the nonsingularity of G(h), thus the existence of G(h) -1 .

For the observer design, let us consider the following membership-function-dependent Lyapunov function:

V k = ē k Ē P (h) Ēē k . ( 17 
)
Due to the special structure of Ē, it follows that Ē P (h) Ē = I 0 0 0

P (h) Q(h) R(h) I 0 0 0 = P (h) 0 0 0 .
Hence, V k can be rewritten as V k = e k P (h)e k , which is positive definite for ∀k ∈ N since P (h) 0. From the matrix partitions in ( 14)- [START_REF] Hassan | H∞ observers design for a class of nonlinear time-delay systems in descriptor form[END_REF], inequality [START_REF] Spong | Robot Modeling and Control[END_REF] can be represented as

  (α -1) Ē P (h) Ē 0 P (h + ) 0 0 -αγI   + Ψ + Ψ ≺ 0 ( 18 
)
where

Ψ = G(h) τ G(h) 0 A(h) -I D(h) .
From the dynamics equation ( 8), we note that

2Λ k A(h)ē k -Ēē k+1 + D(h)d k = 0, ∀k ∈ N (19) with Λ k = ē k G(h)+τ ē k+1
Ē G(h). Pre-and postmultiplying [START_REF] Zhang | Reduced-order observer design for switched descriptor systems with unknown inputs[END_REF] with ē k ē k+1 Ē d k and its transpose while taking into account [START_REF] Jia | Fault reconstruction and faulttolerant control via learning observers in Takagi-Sugeno fuzzy descriptor systems with time delays[END_REF], we obtain

ē k+1 Ē P (h + ) Ēē k+1 + (α -1)ē k Ē P (h) Ēē k -αγd k d k ≺ 0, ∀k ∈ N. (20)
Condition [START_REF] Gao | A survey of fault diagnosis and fault-tolerant techniques-Part I: Fault diagnosis with model-based and signal-based approaches[END_REF] can be represented in the compact form

∆V k + α(V k -γd k d k ) < 0, ∀k ∈ N ( 21 
)
where V k is defined in [START_REF] Guerra | Observer design for Takagi-Sugeno descriptor models: An LMI approach[END_REF], and ∆V k = V k+1 -V k is its difference along the trajectories of the error dynamics [START_REF] Su | A novel approach to output feedback control of fuzzy stochastic systems[END_REF]. It follows from ( 21) that

V k < (1 -α)V k-1 + αγ d k-1 2 , ∀k ≥ 1. (22) 
By recursivity and since α ∈ (0, 1), we derive from ( 22) that

V k < (1 -α) k V 0 + αγ k-1 i=0 (1 -α) i d k-1-i 2 < (1 -α) k V 0 + αγ d 2 l∞ k-1 i=0 (1 -α) i < (1 -α) k V 0 + γ d 2 l∞ , ∀k ≥ 1. (23) 
It is clear that inequality [START_REF] Chakrabarty | State and unknown input observers for nonlinear systems with bounded exogenous inputs[END_REF] guarantees the property (P1) defined in Problem 1 when d k = 0, for ∀k ∈ N. By Schur complement lemma [START_REF] Boyd | Linear Matrix Inequalities in System and Control Theory[END_REF], it follows from ( 12) and ( 23) that

e k 2 < γV k < γ(1 -α) k V 0 + γ 2 d 2 l∞ , ∀k ≥ 1.
(24) Remark that inequality (24) implies [START_REF] Xu | Robust Control and Filtering of Singular Systems[END_REF]. Moreover, we have V 0 = 0, for e 0 = 0. Then, it follows from (24) that e k 2 < γ 2 d 2 l∞ , ∀k ≥ 1. As a consequence, the property (P2) is verified.

To recover the observer structure [START_REF] Wang | Observer design for discrete-time descriptor systems: an LMI approach[END_REF], let us put [START_REF] Li | Fuzzy-model-based D-stability and nonfragile control for discrete-time descriptor systems with multiple delays[END_REF] in its explicit form. Then, we can directly obtain

ψ k = xk+1 -K 1 (h)(y k -ŷk ) (25) E(h)ψ k = A(h)x k + B(h)u k + K 2 (h)(y k -ŷk ). (26)
Eliminating the virtual variable ψ k in (25) and (26), the observer structure ( 13) is straightforwardly recovered. The proof can be now concluded.

Remark 4. Note from (25) that the virtual variable ψ k plays a similar role as xk+1 in [START_REF] Nguyen | Static output feedback design for a class of constrained Takagi-Sugeno fuzzy systems[END_REF]. If d k = 0, for ∀k ∈ N, and the estimation error ēk in (8) converges to the origin, then xk → x k and ψ k → xk+1 when k → ∞.

Remark 5. The proposed observer design offers several extra degrees of freedom to enable less conservative results. First, the use of the singular redundancy form (4) of system (3) together with the virtual estimation variable ψ k in (8) allows introducing slack variables with free structures into the design problem. Second, the observer gain K(h) is constructed from G(h) and L(h) which are independent to P (h). Moreover, introducing the extra variable G(h), the Lyapunov matrix P (h) is decoupled from any product with the state-space matrices Ā(h), C(h), D(h), Ē(h). Third, all decision variables can be membership-function-dependent for the observer design. Remark 6. Consider the error dynamics [START_REF] Su | A novel approach to output feedback control of fuzzy stochastic systems[END_REF]. By minimizing the l ∞ -gain level γ, it follows directly from ( 9) that the estimation error e k can be minimized.

Remark 7. The observer design in Theorem 1 is directly applied to the standard T-S fuzzy systems by setting E(h) = I. Hence, the proposed method can be considered as a generalization of the l ∞ observer design for fuzzy descriptor systems. Conditions ( 10)-( 12) are expressed in terms of membershipfunction-dependent matrix inequalities. Hence, these cannot be directly used to design l ∞ fuzzy observers. Theorem 2 aims to convert these inequalities into a finite set of numerically tractable design conditions. Theorem 2. Consider the error dynamics [START_REF] Su | A novel approach to output feedback control of fuzzy stochastic systems[END_REF]. For a given scalar α ∈ (0, 1), if there exist symmetric matrices

P i ∈ R nx×nx , R i ∈ R nx×nx , matrices Q i ∈ R nx×nx , G 1i ∈ R nx×nx , G 2i ∈ R nx×nx , G 3i ∈ R nx×nx , G 4i ∈ R nx×nx , L 1i ∈ R nx×ny , L 2i ∈ R nx×ny , i ∈ I r ,
and positive scalars τ , γ such that the following optimization problem is achievable:

minimize ζi, i∈Ir γ (27)
subject to Σ P li + He(Φ φii ) ≺ 0, i, l ∈ I r (28) Σ P li + He(Φ φij + Φ φji ) ≺ 0, i, j, l ∈ I r , i < j (29)

P i Q i R i 0, i ∈ I r ( 30 
)
P i I γI 0, i ∈ I r ( 31 
)
where

ζ i = (τ, γ, P i , R i , Q i , L 1i , L 2i , G 1i , G 2i , G 3i , G 4i
) and

Σ P il =       (α -1)P i 0 0 0 0 P l 0 0 Q l R l 0 0 0 0 -αγI       Φ φij =       Γ ij Υ ij -G 1i -G 2i G 2i D j Ξ ij Φ ij -G 3i -G 4i G 4i D j τ Γ ij τ Υ ij -τ G 1i -τ G 2i τ G 2i D j τ Ξ ij τ Φ ij -τ G 3i -τ G 4i τ G 4i D j 0 0 0 0 0       Γ ij = G 2i A j -L 1i C j , Ξ ij = G 4i A j -L 2i C j Υ ij = G 1i -G 2i E j , Φ ij = G 3i -G 4i E j .
Then, the error dynamics ( 8) is globally uniformly l ∞ -stable with performance level γ. Moreover, the fuzzy observer structure corresponding to the initial system (3) is given in [START_REF] Wang | Observer design for discrete-time descriptor systems: an LMI approach[END_REF].

Proof. Based on the convex combination form of the statespace matrices A(h), C(h), D(h), E(h), and the decision matrices

P (h), R(h), Q(h), L 1 (h), L 2 (h), G 1 (h), G 2 (h), G 3 (h), G 4 (h), inequality (10) 
can be exactly represented as

r l=1 r i=1 h l (ξ k+1 )h 2 i (ξ k )(Σ P li + Φ φii + Φ φii ) + r l=1 N i=1 N i<j h l (ξ k+1 )h i (ξ k )h j (ξ k )Θ lij ≺ 0 (32) 
where Θ lij = Σ P li + He(Φ φij + Φ φji ). Since h i (ξ) ≥ 0, ∀i ∈ I r , it is clear that (28) and (29) guarantee condition (32). Moreover, condition [START_REF] Guelton | An alternative to inverse dynamics joint torques estimation in human stance based on a Takagi-Sugeno unknown-inputs observer in the descriptor form[END_REF] can be also rewritten as

r i=1 h i (ξ) P i Q i R i 0. (33) 
We can easily see that (30) ensures (33). Similarly, condition [START_REF] Chadli | Novel bounded real lemma for discretetime descriptor systems: Application to H∞ control design[END_REF] is also verified due to (31). The rest of the proof follows the results of Theorem 1.

Remark 8. Note that the positive scalar τ is introduced in the observer design through the equality [START_REF] Jia | Fault reconstruction and faulttolerant control via learning observers in Takagi-Sugeno fuzzy descriptor systems with time delays[END_REF] to reduce the design conservatism. A similar idea has been exploited in [START_REF] Mozelli | A systematic approach to improve multiple Lyapunov function stability and stabilization conditions for fuzzy systems[END_REF] for the control design of non-descriptor fuzzy systems. The design conditions in Theorem 2 are expressed in terms of linear matrix inequalities with a line search over the scalar τ . A gridding method can be performed to search for τ . Then, the optimization problem (27) under LMI constraints (28)-(31) can be effectively solved with available numerical solvers [START_REF] Boyd | Linear Matrix Inequalities in System and Control Theory[END_REF].

IV. UNKNOWN INPUT ESTIMATION WITH GUARANTEE ON ULTIMATE NORM-BOUNDED ERROR

The reconstruction of the UI of fuzzy descriptor systems is discussed in this section. Moreover, we also provide a characterization on the ultimate norm upper-bound of the UI estimation error as in [START_REF] Chakrabarty | State and unknown input observers for nonlinear systems with bounded exogenous inputs[END_REF].

To begin with, we derive from (3) that

D(h)d k = E(h)x k+1 -A(h)x k -B(h)u k . (34) 
Since D(h) is of full-column rank for ∀h ∈ Ω, its pseudoinverse D(h) † exists and D(h) † D(h) = I. Premultiplying (34) with D(h) † yields

d k = D(h) † (E(h)x k+1 -A(h)x k -B(h)u k ).
The estimate dk of d k is proposed in the form

dk = D(h) † (E(h)x k+1 -A(h)x k -B(h)u k ). (35)
Hence, the UI estimation error e dk = d k -dk is given by

e dk = D(h) † (E(h)e k+1 -A(h)e k ).
It follows from ( 35) that 

e dk ≤ D(h) † E(h) e k+1 + D(h) † A(h) e k ≤ D(h) † ( E(
where

η = D(h) † ∞ ( E(h) ∞ + A(h) ∞ ).
The following result summarizes the above discussions.

Corollary 1. Consider the error dynamics [START_REF] Su | A novel approach to output feedback control of fuzzy stochastic systems[END_REF]. If the optimization problem (27) in Theorem 2 is feasible. Then, there exists a fuzzy descriptor observer [START_REF] Wang | Observer design for discrete-time descriptor systems: an LMI approach[END_REF] such that (i) The error dynamics ( 8) is globally uniformly l ∞ -stable with a guaranteed performance level γ, (ii) The UI estimation error is ultimately bounded as shown in (38), where dk is defined in (35).

Remark that if the l ∞ -gain level γ is arbitrarily small and

{ Φ(h(ξ k ))} k∈N ∈ L ∞ , with Φ ∈ {A, D † , E}.
Then, the state and the UI can be estimated with an arbitrary degree of accuracy as respectively shown in (37) and (38).

V. ILLUSTRATIVE EXAMPLE

For illustration purposes, let us consider a nonlinear twolink robot manipulator [START_REF] Spong | Robot Modeling and Control[END_REF] whose dynamics is given by

M (θ(t)) θ(t) -N (θ(t)) = u(t) + d(t) (39) 
where

M (θ) = m 1 l 2 + m 2 L 2 1 + J 1 m 2 lL 2 cos(θ 1 -θ 2 ) m 2 L 2 2 + J 2 N (θ) = (m 1 L 1 + m 2 l)g sin(θ 1 ) m 2 L 2 g sin(θ 2 )
and θ = θ 1 θ 2 is the position vector, u = u 1 u 2 is the known torque input, d = d 1 d 2 is the unknown input at the joints. The robot nomenclature is given in Table I.

A discrete-time representation of the robot model (39) can be obtained by the Euler discretization method as where x k = θ 1k θ 2k θ1k θ2k and

E(ξ k )x k+1 = A(ξ k )x k + B(u k + d k ), y k = Cx k (40)
E(ξ k ) = I 0 0 M (ξ k ) , A(ξ k ) = I T s I T s R(ξ k ) M (ξ k ) B = 0 T s I , C = I 0 M (ξ k ) = m 1 l 2 + m 2 L 2 1 + J 1 m 2 lL 2 ξ 1k m 2 L 2 2 + J 2 R(ξ k ) = (m 1 L 1 + m 2 l)gξ 2k 0 0 m 2 L 2 gξ 3k ξ 1k = cos(θ 1k -θ 2k ), ξ 2k = sin(θ 1k ) θ 1k , ξ 3k = sin(θ 2k ) θ 2k .
For system (40), the vector of premise variables is defined as

ξ k = ξ 1k ξ 2k ξ 3k , with ξ i min ≤ ξ ik ≤ ξ i max , ∀i ∈ I 3 , ξ 1 min = -1, ξ 1 max = 1 ξ 2 min = ξ 3 min = -0.2172, ξ 2 max = ξ 3 max = 1.
Applying sector nonlinearity approach [2, Chapter 2], an equivalent fuzzy descriptor representation (3) with eight fuzzy rules (r = 8) can be obtained for the nonlinear system (40). The state-space matrices and the nonlinear MFs corresponding to this fuzzy representation are omitted for brevity. Theorem 2 is employed with α = 0.05 and a logarithmically scaled grid over τ ∈ 10 -5 , 10 5 with 100 points. The suboptimal values of γ found for each τ are given in Fig. 1. To illustrate the interest of using the virtual variable ψ k for the observer design, the case in which L 1i = 0, ∀i ∈ I 8 , i.e., design conditions corresponding to the observer structure [START_REF] Nguyen | Static output feedback design for a class of constrained Takagi-Sugeno fuzzy systems[END_REF], is also presented. We assume that γ is infinite when the optimization problem (27) is unfeasible. Note that the classical observer structure (5) always leads to more conservative results compared to the new observer [START_REF] Li | Fuzzy-model-based D-stability and nonfragile control for discrete-time descriptor systems with multiple delays[END_REF]. The design conditions in Theorem 2 are feasible for τ ∈ 1.1233, 10 5 , with a minimum at τ = 3853.5 for γ = 0.071. The corresponding observer solution is used for estimation purposes. For illustrations, we select x 0 = π π 1 -1 , x0 = π π 0 0 , u k = 0 0 as the known input, and the UI vector d k is as

d k = 0 0 , k ≤ 20 5 cos(0.05k) 5 cos 0.05k + π 3 , k > 20.
The above choice of d k allows us to compare the estimation performance for two cases: with (Case 1) and without (Case 2) the presence of unknown inputs. The estimation performance is summarized in Fig. 2. Observe in Fig. 2(a) that for Case 1, the state estimation error e k asymptotically converges toward the origin from the initial condition. We remark in Case 2 that the system state can be estimated with a satisfactory accuracy and the l ∞ -gain performance is verified. Moreover, as represented in Figs. 2(b) and (c), both unknown inputs are effectively reconstructed with the estimate given in (35). 

VI. CONCLUSIONS

A new l ∞ observer design has been proposed for fuzzy descriptor systems. Based on Lyapunov stability arguments, the design conditions are derived in terms of LMI constraints over a single line search parameter. In particular, exploiting a singular redundancy representation and a virtual estimation variable, all involved decision variables for the observer design can be of free structure to reduce the design conservatism. The estimation performance of both the state and the UI is guaranteed with a suboptimal l ∞ -gain level. We show the application of our result to the observer problem of a nonlinear robot manipulator. This work focuses on the case where the premise variables are online measurable. Designing UI observers for fuzzy descriptor systems with unmeasurable premise variables is not trivial, which is currently investigated.

Fig. 1 .

 1 Fig. 1. Suboptimal values of γ as a function of the scalar parameter τ in Theorem 2 and Theorem 2 with L 1i = 0, ∀i ∈ I 8 , for the nonlinear two-link robot manipulator with α = 0.05.

Fig. 2 .

 2 Fig. 2. Estimation performance. (a) State estimation with (Case 1) and without (Case 2) the presence of unknown inputs. (b) and (c) Estimation of the unknown inputs in Case 2.

  the vector of measurable premise variables. (A i , B i , C i , D i , E i ) are known constant matrices with appropriate dimensions, which represent the ith local linear model. R i denotes the ith fuzzy inference rule. M i j , with i ∈ I r and j ∈ I p , is the fuzzy set. The fuzzy MFs are given by h i (ξ) =
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