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ARTICLE INFO ABSTRACT
Keywords: Tailoring the thermal and mechanical properties plays an important role in manufacturing and
Thermoelastic analysis designing functionally graded material (FGM) which is often applied in high temperature gradient

Functionally graded materials
Meshless

Smoothed particle hydrodynamics
Symmetric SPH

environment. The present investigation will address the basics of thermoelastic problem solved by
means of a specific meshless smoothed particle hydrodynamics (SPH) method. The inconsistency
of the conventional SPH method was improved by introducing the symmetric SPH (SSPH) tech-
nique, where function derivatives can be approximated by the function values in the support
domain. Hence, the heat conduction and balance equations become a series of algebraic equa-
tions, which can be solved efficiently. The result accuracy achieved by the proposed approach was
demonstrated in solving several numerical examples in comparison to available results in the
literature. The effect of the gradation indexes on the thermoelastic behavior was also considered.

1. Introduction

Since the concept proposed in 1984 [1], functionally graded material (FGM) has attached a great deal of attention and been wildly
used as structural elements such as turbine blades, thermal barrier coatings, rocket nozzles and so on to resist to high temperature
gradients. The material properties vary gradually and continuously in space, which can be properly tailored aiming to achieve superior
characteristics by adjusting the volume fraction and distribution of each constituent. Thermoelastic performance is one of the most
important point to be considered in structural design, optimization and in service [2,3].

To this day, finite element method (FEM) is still one of the most powerful techniques to analyze the thermoelastic behavior of
FGMs. On the basis of higher-order shear deformation theory and Green-Lagrange geometrical nonlinearity, a nonlinear FE model was
developed initially to solve the large amplitude flexural behavior of functionally graded doubly curved shell panel under the thermal
load [4]. Employing a double-parameter elastic foundation, Aria et al. [5] proposed a nonlocal FE model to study the thermoelastic
behavior of imperfect functionally graded porous nanobeams on the basis of nonlocal elasticity theory of Eringen. Jabbari et al. [6]
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performed a thermoelastic analysis of the isotropic rotating FG conical shells with varying thickness using FEM in ANSYS with
eight-node PLANE 223 element and a developed analytical model using a multi-layered method. Lezgy-Nazargah [7] developed a
novel nonuniform rational B-splines isogeometric FE formulation based on refined higher order global-local theory to study the
coupled thermomechanical response of bi-directional FGM beams. This FGM type can be effectively applied in many harsh envi-
ronment with high temperature gradient since the material properties vary in two directions. Based on FEM, the thermal buckling and
post-buckling analysis of functionally graded plates and cylindrical shells were performed by using the Kirchhoff-Love classical plate
theory [8] and the first-order shear deformation theory (FSDT) [9,10]. The effect of the geometrical parameters, the volume fraction
index, the length-to-thickness ratio and boundary conditions on nonlinear responses were investigated.

Unlike the mesh-based methods like FEM, finite volume method (FVM) [11] and finite difference method (FDM) [12], the meshless
methods approximate the differential equations using the global interpolations on the discrete nodes or background mesh and thus
avoid the burdensome mesh generation and re-meshing, easily monitoring the free edge and process data. Some of meshless methods
have attracted the researchers’ attentions and been successfully developed for the thermoelastic analysis of FGMs [2].

Based on analog equation theory, a meshless algorithm coupling the method of fundamental solutions with radial basis functions
(MFS-RBF) was proposed for the static thermal stress analysis in two-dimensional FGMs [13]. The results showed that appropriate
graded parameter can reduce stress localization and the inadequate stress distribution. To facilitate the numerical solution of the
boundary value problems for rather complex governing equations in FGMs, a strong form meshless formulation for solution of thin
plate bending problem was developed in combination with moving least squares (MLS) approximation scheme [14]. Meshless local
Petrov-Galerkin (MLPG) [15-17] method was applied for 2D functionally graded solid subjected to thermal-mechanical loads, where
the penalty method is used to efficiently enforce the essential boundary conditions. Then this method was extended for the thermo-
elastic wave analysis in rectangular FGM domain [18] and functionally graded thick hollow cylinders [19] under transient thermal
loading. The results demonstrated that the longitudinal wave speed was larger than the transverse wave speed and the wave speed was
reduced from the ceramics rich side to the metal-rich side. Integrated with the FSDT [20], modified FSDT [21] and double director
shell theory [22], radial point interpolation method (RPIM) was proposed to solve the static and dynamic response of functionally
graded shell structures under mechanical, electrical, and thermal loads. It was found that when increasing the power law index, the
deflection decreased smoothly in the electro-mechanical loading, but it grew up at first and then declined under thermal-electrical
loading case. FSDT was also combined with the element-free kp-Ritz method for the deflection analysis of metal and ceramic func-
tionally graded plates subject to thermal and mechanical loads [23]. Meshless weighted least-square (MWLS) method was extended by
Zhou et al. [24] to solve the thermoelastic problems of FGM beam with interior heat source, and verified by comparing results with the
solution computed from the commercial COMSOL Multiphysics software.

Among meshless methods, smoothed particle hydrodynamics (SPH) method which is a truly meshless method since it does not use
any background mesh, thoroughly avoids the element distortion and re-meshing. In addition, the simple strong formulation is adopted
for approximating the differential equations. These inherent advantages make SPH method efficient and easy to monitor the movement
of free surface. In previous works, smoothed particle hydrodynamics (SPH) method has been extended for the bending analysis of
isotropic [25], laminated composite [26] and functionally graded materials [27]. To our best knowledge, this method has not yet been
applied for thermal analysis of FGMs due to the essential inconsistency problem, especially for particles at the boundaries or irregular
particle distributions. Therefore, the symmetric SPH (SSPH) method [28,29] intercropping the Taylor series expansion technique was
adopted in this study to improve the prediction accuracy and the thermoelastic governing equations were represented by the SPH
technique. The thermoelastic behavior of transversely FG structure was analyzed and verified by comparing the referenced results in
literature. The effects of the power indexes on the temperature and deformation fields are studied. Moreover, the two-directional FGM
was concerned.

2. SPH analysis of the thermoelastic problem

In this section, the steady state thermoelastic problem of two-dimensional FGMs with isotropic linear elasticity will be carried out.

2.1. Heat conduction analysis of FGMs

The steady state heat conduction equation for FGMs can be stated as
V(k(x)VT(x)) + 0 =0 )

where k and T are respectively the thermal conductivity and the temperature at the positionx = (x,y), whereas Q is the heat resource.
Two different thermal boundary conditions are concerned.
Dirichlet boundary:

TT(x)=T(x) , x€ Ip )
Neumann boundary condition

g,(x) =n-k(x)VT(x) =g(x) , x €Iy 3

where T is the given temperature on the boundary I'p, and q the prescribed heat flux on boundary I'y. I'p Uy = I’ is the closed
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Support domain

L X

Fig. 1. 2D FGM structure with SPH particle discretization.

boundary surrounding the problem domain 2 and n = (ny,n) is the outward unit normal vector.
2.2. Equilibrium equations of FGMs

The equilibrium equations for two-dimensional static FGMs without considering the body force can be expressed as

dive =0 ()]

where ¢ is the Cauchy stress tensor.
Thermal stresses associated can be related to the strain ¢ and temperature change AT by

D—XX SXX 1
Oy | =C| ey | —pa|l|AT (5)
Oyy 2eyy 0

where « is the coefficient of thermal expansion, f is equal to E/(1 — v) in case of plane stress or E/(1 — 2v) in plane strain case. The
strains & are determined through the displacement gradient like

e = u v du v ! (6)
Tlox v ate

where u and v are the displacement in x and y direction, respectively. C denotes the stiffness matrix for linearly elastic isotropic
materials depending on a variable Young’s modulus E = E(x,y) and a Poisson ratio v = v(x,y). For plane stress case

1 v 0
v 10 (7)
0 0 (1-v)/2

_E
10

where E and v are the Young’s modulus and Poisson’s ratio, respectively. In plane strain assumption

E 1—-v o 0
c=— -0 0 8
roi-2) | o * (- 2)/2 ®)

Finally substituting Eqs. (5) and (6) into Eq. (4), the balance equations can be written with respect to the displacements

a(cllexx + CIZSyV) + a(C33yxy) 70(ﬂ(lAT)

ox dy  ox ®

0<C33}’Xy) 4 6(C218n + nggyy) :a(ﬁ(lAT) (10)
Ox dy dy

From Egs. (9) and (10), it is known that the governing function for FGMs is of much complexity, since the stiffness matrix, thermal
expansion coefficient and temperature are always space dependent.
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2.3. SPH formulation

Due to the boundary truncation of the support domain, the standard SPH encounter serious inconsistency problems. Several
techniques have been proposed in the literature to improve the consistency level, like the normalized SPH (NSPH) method [30], the
corrective smoothed particle method (CSPM) [31], the modified SPH (MSPH) [32] method and the symmetric SPH (SSPH) method [28,
33]. Contrary to SPH, NSPH, CSPM and MSPH, the SSPH method directly uses the smoothing functions rather than their differentials to
represent the derivatives of an unknown function and thus the precision of the numerical solution of boundary-value problems is
improved. In the following, the SSPH method is briefly introduced.

Considering a two-dimensional FGM structure, the domain is discretized by N SPH particles as presented in Fig. 1. Each particle
contains the information such as the position, density, temperature, displacement, thermal conductivity, Young’s modulus, stress,
strain and so on.

Assuming a position related function f (x) owning (m+1)-times differentiability, the function value at point b with coordinates x, =
(%5, ¥») can be estimated through Taylor series expansion,

L af
flx) = xb = %) O = Ya) " ms 1)
SR o,

where a is the neighboring point of b, m is the Taylor polynomial degree, r and s are integers depending on the degree order of Taylor
polynomial given by r =0,1,2,---;mands = 0,1,2,---,r

Since only the terms from 0-th to 2nd order are needed in the heat transfer equation (1) and balance equations 9 and 10, therefore
the higher order terms in Eq. (11) will not be considered in the following. Eq (11) can be re-expressed using the matrix form as

F@x) =P, x,) -q(xa)" (12)
where, p(xp, X4) is the polynomial basis of approximation

P, x2) = {1, % =Xy 5 = Yar (% —%a)°s 0 = ¥a)®s (% — X) 0 — V) } 13)

(60) = {F. o Fon Fue) 2. S /2 1}, (14)

Both sides of Eq. (12) are multiplied with W(x;, x,)p(xs, x.)", achieving a symmetric matrix times for the vector g(x) leading to
f(xb)W(xbvxa)p(xhxa)T = p(xbaxa)TW(xhxa)p(xbv xa)qT(xa) (15)

where W(xp,x,) is a smoothing function usually used in SPH method, determining the support domain of the interested particle.
Situated in the support domain of the particle x,, there are N, neighboring particles x;, with effective contribution. Therefore, when
changing neighboring particles x;, in Eq. (15), we obtain N, equations. Summing these equations, it results,

Na Na

Zf(xb)w(xb:xd)p(xbaxa)r = Zp(xb7xa)TW(xb:xa)p(xb’xn)qr(xn) (16)

b=1 b=1
Finally ¢”(x,) including function and its derivatives at position x, can be solved by inversing a symmetric matrix,
Ny N

qT(xa) = |:Z”p(xb7xa)TW(xb7xn xb7xa :| Zp Xb, xa xbvxa)f(xb) = Zs(xmxb)f(xb) (17)
b=1

b=1

-1
where Sab = s(xavxb) = |:Zgilp(xb7xa)TW(xb%xa)p(xbaxa):| P(xbvxa)TW(xbvxa)'

From Eq. (17), it can be noticed that all spatial derivatives of the function f can be approximated by the function values of the
neighboring particles, such as
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Na
Jo=qa = szlslabﬁ;
Na
Jax = Goa = Eb:lszahfb
Na
ﬁi,y =3 = Zb:]SBahfh

N (18)
Jaxx = Gaa = ZZ;,zls“”’?f"

Na
f;i.y)’ =450 = 22b71S5ahﬁ

Ny
.ﬁu’y = q6a = bels&lb‘ﬁ,
The kernel function W adopted in the present work is the well known cubic B-spline function [25].
3 3
1-P+2F 0<i<l1
s 5 + 7 <I<
W(Xp, Xa) 19

7T 6(2—1)3 1<i<?2
0 2<1
where [ = |xp — xq|/h and h is the smoothing length. The radius of the support domain is 2h.
2.4. SPH implementation for thermoelastic problem in FGMs
In FGMs, the parameters such as thermal conductivity, thermal expansion coefficient, Young’s modulus and Poisson’s ratio are
varied with the particle location, and their derivatives can be evaluated by their explicit definition related to the particle coordinates.
However the unknown variables such as temperature and displacements as well as their derivatives are necessitated to be computed

using the proposed SPH method by the corresponding variable value at the neighboring particles. Therefore through Eq. (18), the heat
conduction equation (1) at the particle a can be transformed to a series of linear algebraic equations, like

N, N, N, Na
kax ; Soab + Kay ; S3ap + 2Kk, <; Saab + ; SSuh) :| T, = Q. (20)

Once the temperature change is calculated by solving Eq. (20), the balance equations 9 and 10 related to the temperature can be
rewritten using the proposed SPH method, as

r N, Na Na Na
Cliax E S2ap +2C114 E Saap + Ca3ay E S3ap + 2C334 E Ssap | Up+
=1 =1 b= b=1
= 21
Na Na Na N Na 1)
Ciax E S3ap + Ciaa E Seap + C33ay E Saap + C3q E Seab | Vo = Bux®alA Ty + B0 xATq + B, E $2a5AT}
I b1 b1 b1 b1 b=1
[ Na Na Na Na
Caiay E S2ab + Carq g Seab + C33a.x E S3ap + C34 g Seab | Up+
=1 = =1 b=
= 22
Ny Na N N Ny (22)
Caay E S3ap +2Cn4 E Ssap + C33ax E Soap + C3342 E Saab | Vb = Boy @l Ty + B,00AT, + B, E $3avA Ty
b=1 b=1 b=1 b=1 b1

So far, the equilibrium function is also changed to a series of linear algebraic equations, which can be easily solved by numerical
method.

3. Numerical applications

Two numerical examples using different micromechanical characteristics and boundary conditions will be solved to show the
efficiency of the proposed procedure. In the first application, a clamped-clamped FGM beam is considered to verify the proposed SPH
method by comparing to the solution available in literature. Then the thermoelastic analysis of a bi-directional FGM plate with
different gradation exponents is performed.
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Fig. 2. Clamped-clamped FG beam with internal heat resource.

Table 1

Material properties of material composition of the FG beam.
Material properties Al SiC
Thermal conductivity, k (W/meK) 233 65
Young’s modulus, E (GPa) 70 427
Poisson’s ratio, v 0.3 0.17
Thermal expansion coefficient, a (/K) 2.34E-5 4.3E-6

Table 2

Temperature and x-displacement obtained by SPH and COMSOL.
Method Maximum x-displacement (mm)

Temperature (K) Maximum Minimum

SPH (6 x 3) 362.3 1.889 —1.889
SPH (11 x 6) 359.2 0.903 —0.903
SPH (21 x 11) 361.2 0.747 —-0.747
SPH (31 x 16) 360.1 0.660 —0.660
SPH (41 x 21) 361.1 0.623 —0.623
COMSOL [24] 361.1 0.639 —0.639

3.1. Clamped-clamped FG beam

Fig. 2 shows a FG beam with a length L = 1 m and a width H = 0.5 m. The left and right edges are clamped. A predefined tem-

perature of 300 K is assigned at the four edges with an interior heat resource Q.

The beam is composed of a metallic upper region made of Al and a lower region made of ceramic SiC, where material properties are
summarized in Table 1. The volume fraction of the metallic region follows a power law and is determined by a power index y in the

width direction as Vi, = (y/H)’, thus the volume fraction of the ceramic is V, =1 — V.

The effective material properties are homogenized and determined by the Mori-Tanaka model, they are as follows

3k Ve(ke — k)
k = k,, 4+ —mm e ke 7 )
3+ Vi (ke — )
V.(3K,, +4G,,) (K. — Ky
3(1 = Vo) (K. — K) + 3K, + 4G,
V(G + 2)(G. — Gyy)
(1-=V)(G: —Gu)+Gu+2
9KG  3K-2G

E= 0=
3K+ G 2BK1G)

E.(E, —E)(a. — ay)
E(Em - Ec)

k:Km+

G=Gn+

a=a,+

where K, G are the bulk and shear moduli.A = Gn(9E, + 8Gm)/6(En + 2Gp).

(23)

First, the developed SPH method was verified by comparing to the reference solution [24] of the FE method using the software
COMSOL Multiphysics and the meshless weighted least-square method (MWLS) method. The gradation index y was set as zero and thus
the material is considered as a pure metal. The beam was discretized by 6 x 3, 11 x 6, 21 x 11, 31 x 16 and 41 x 21 particles,
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300.0 310.0 320.0 330.0 340.0 350.0 360.0 /K 300 310 320 330 340 350 360

(a) Temperatue field SPH (b) Temperatue field MWLS

3

(c) x-displacement SPH (d) x-displacement MWLS

05 00 0.5 1.0

(e) y-displacement SPH (f) y-displacement MWLS

Fig. 3. Comparison between the SPH and the MWLS at y = 0.

corresponding to the particle distance of 200 mm, 100 mm, 50 mm, 33.3 mm and 25 mm, respectively. The heat source considered in
this study was fixed to Q = 5E5 W/m®. The maximum temperature and the extreme longitudinal displacement predicted by the
proposed method are summarized in Table 2, together with the COMSOL solution obtained by 948 triangle mesh [24].

From Table 2, it can be noticed that by refining the particles discretization, the temperature and displacements converge to the
reference solution of FE method. It can be remarked that even with a very coarse particles discretization of the proposed method, the
temperature was accurately predicted with a relative error less than 0.33%. The finest particles discretization 41 x 21 used in this
study gave the same temperature as the reference value and the predicted displacement error was less than 2.5%. The accuracy of the
obtained results based on a coarse discretization proves the effectiveness of the proposed SPH model.

The profile contours of the temperature and displacement obtained by the present SPH method and the reference solution of MWLS
method are displayed in Fig. 3.

From Fig. 3, it can be noticed that the distribution regularity of the predicted temperature and displacement are similar to the
results obtained by the MWLS [24]. The maximum temperature is localized at the beam centroid. The SPH method verifies the
symmetry condition, the longitudinal displacement is right-and-left symmetrical but the transverse displacement is up-down asym-
metrical. The predicted displacement at the centroid is zero and hence the symmetry condition due to boundary conditions is
respected.
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Table 3
Maximum temperatures at different indices and heat sources.
Gradation index SSPH (21 x 11) MWLS (31 x 15) [24]
Q=5 x 10°W/m® Q=5 x 10°W/m? Q=5 x 10°W/m? Q=5 x 10°W/m®
y=0 361.2 912.2 361.8 910.8
y=2 435.2 1651.9 425.6 1558.2
y=3 449.6 1795.8 436.1 1660.9

300.0 320.0 340.0 360.0 380.0 400.0 420.0!1(300

320 340 360 380 400 420

(a) Temperatue field SPH (b) Temperatue field MWLS

(c) x-displacement SPH

(e) y-displacement SPH (f) y-displacement MWLS

Fig. 4. Comparing the results obtaind by SPH and MWLS at y = 2.

The analysis of this example allows the study of the dependence of the gradation index upon the material properties, the internal
heat source on the temperature and displacement fields. Table 3 summarizes the extreme temperatures obtained by SPH and MWLS
methods.

From Table 3, we can remark the good agreement between the temperatures of SPH and MWLS, for all combination of the gradation
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Fig. 5. Bi-directional FG square plate with heat flux.

Table 4

Material properties of the FG plate.
Material properties Ni Al,03
Thermal conductivity, k (W/meK) 60.5 46
Shear modulus, G (GPa) 76 150
Bulk modulus, K (GPa) 180 172
Thermal expansion coefficient, a (/K) 6.6E-6 8.1E-6

300.0 320.0 340.0 360.0 380.0 40010 420.0 /K

300.0 3200 340.0 360.0 380.0 4000 4200 /K

(@) n=p=0 (b) n=u=1

Fig. 6. Temperature distribution in the FG plate.

index and internal heat source. By increasing the gradation index and the heat source, the maximal temperature grows since more
ceramic is inside the beam with more heat energy.

Fig. 4 shows temperature and displacement contours for y = 2 obtained by the proposed SPH and MWLS method.

From Fig. 4, it can be noticed the good correlation of the temperature, and displacement fields between SPH and MWLS. The
localized maximal temperature travels to the bottom side of the beam where ceramic with higher heat conductivity is dominating.
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Fig. 7. Temperature distribution along the diagonal.
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Fig. 8. Displacement distribution in the FG plate.

10



J. Lietal Case Studies in Thermal Engineering 25 (2021) 100889

0.04 - —— y=u=0 0.04 - e 17=1=0
—O—n=u=0.5 —0— n=u=0.5
-0 n=u=1 ! —— =u=1

003 e yp=y=1.5 0.03 F —s—n=u=1.5

0.02

u (mm)

0.01

0 20 40 60 80 100 0 20 40 60 20 100
X (mm) ¥ (mm)

(a) x-displacment along the line y=0.08 (b) y-displacment along the line x=0.08

Fig. 9. Displacement distribution for x = 0.08 m and for y = 0.08 m

3.2. Bi-directional FG square plate

Fig. 5 shows the thermomechanical problem of a bi-directional FG square plate with an edge length L = H = 0.1 m. The left and
bottom edges are clamped and the Dirichlet condition on the temperature is fixed as T = 298 K. On the right and upper edges, the free
displacement boundary condition and the heat flux § = 70 kW/m? normal to the edge are applied.

The plate is constituted by Ni and AlpO3 materials where mechanical and thermal properties [34] are summarized in Table 4.

The volume fraction of the ceramic varies simultaneously in the axial and thickness directions like V.(x,y) = (x/L)"(y/HY" ,
wherein 5 and y define the power gradation indexes along x and y directions, respectively. In this case, the metal volume ratio is
Vm(x,y) =1 — V¢(x,y) and the material properties P of the FGM can be computed by the power law P = VP, + V;,Pp,.

In the SPH prediction, the plate is discretized using 21 x 21 uniformly distributed particles with the overall particle distance of 5
mm. The gradation indexes are assumed to be identical and the value is set to be 0, 0.5, 1 and 1.5. Firstly, the heat conduction analysis
is performed. Fig. 5 depicts the temperature profile contours when 7 = y = 0 and = p = 1. To clearly understand the effects of the
gradation index on the temperature distribution, the temperatures along the diagonal line are given in Fig. 6.

From Fig. 6, it can be remarked that the highest temperature zone is smaller in the bi-directional FG plate (Fig. 6b) when compared
to the pure ceramic plate (Fig. 6a). From Fig. 7 drawing the temperatures along the line y = x, we can observe that the temperature
firstly gradually increases and then quickly rises along the diagonal from the left bottom corner to the right top vertex, where the heat
enters. While increasing the gradation indexes, the maximum temperature on the upper right corner decreases since more metal rich in
the plate.

Then the thermoelastic deformation of the FG plate is investigated. The displacements in axial and thickness directions are shown in
Fig. 8whenyp=py=0andn=p=1.

From Fig. 8, it can be noticed that maximum displacements are localized in the top right corner where the temperature is the
highest. When the volume fraction parameters are 1, the displacements become smaller and the large deformation area decreases
comparing to the case of y = y = 0.

Fig. 9 shows the effect of the gradation exponents on the displacements for x = 0.08 m and for y = 0.08 m, the displacements reduce
with the increase of the gradation exponents. The growth becomes slow and the displacement would be saturated with continuously
increasing the exponents.

4. Conclusions

In this investigation, a meshless model for the thermomechanical analysis of FG beam is developed based on SPH method. The
results of the standard SPH method was improved by SSPH technique, which is easy and straightforward in its formulation and nu-
merical development. The thermomechanical solution of some FG applications were analyzed using the developed SPH method and
verified by comparison to reference solutions from the literature. Different material models, boundary conditions and gradation in-
dexes have been studied. The proposed method has shown to be a good alternative tool for the thermomechanical analysis for FGMs,
which could be a useful for their design and optimization.
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