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Abstract

This paper analyzes the effect on the price of the risky asset for both global and
marginal changes, in dependent, independent, exogenous and endogenous risks. We
find that global changes induce riskier behavior and decrease market prices when the
utility function exhibits generalized relative risk aversions less than their benchmark
values. Marginal changes in the endogenous risk decrease the market prices when all
the coefficients of generalized relative risk aversion to the endogenous risk are less
than their orders. Marginal changes in the exogenous risk decrease the price of the
risky asset, when all the coefficients of generalized risk aversion to the exogenous risk
are less than one. Positive dependence induces a decrease in the market price whereas
negative dependence causes an increase in the same price. Furthermore, increasing
the correlation between the two risks leads to the fall in the price of the risky asset,
when the utility function of the representative investor exhibits pair-wise risk aversion.
We recover the results concerning the univariate framework with additive background
risk.

Keywords Monotonicity - Background risk - Increase in risk - Pair-wise risk
aversion - Risk aversion - Correlation

1 Introduction

Several papers such as Dionne et al. (1995), Eeckhoudt et al. (2016), Gollier (1995),
Gollier and Kimball (2018), Iwaki and Osaki (2017), Choi et al. (2001), Gollier and
Schlesinger (2002) and Ohnishi and Osaki (2007) amongst others have examined the
effect of a change in the return of a risky asset on its price. They give the condi-
tions on preferences of the decision-maker or on the distribution of the risky asset
to guarantee a decrease in the price, after an increase in the risk. Except for Osaki

B Sovan Mitra
sovan.mitra@liverpool.ac.uk

TAE School of Management, University of Valenciennes, Valenciennes, France

Department of Mathematics, University of Liverpool, Liverpool, UK

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s10690-018-9255-4&domain=pdf
http://orcid.org/0000-0003-4984-0679

48 0. Jokung, S. Mitra

(2005), who examines the effect of a dependent background risk on the asset price,
they only consider one source of risk. Osaki (2005), however, restricts the analysis
to background risks with functional forms. In this paper we extend this approach to
stochastic dependent background risk. In fact, we consider a bivariate risk in which
the first risk corresponds to the return on the risky asset, and the second risk represents
the background risk or in fact any exogenous risk.

In general, decisions under risk are multidimensional because the decision-maker
faces several risks and his preferences depend on several attributes. However, the
attitude towards risk in the bivariate framework is not obtained in a straightforward
manner from that of the univariate framework. This is because the interaction between
the attributes of the utility function matters. For instance, Richard (1975) defines
multivariate risk aversion with preferences over two lotteries and shows that the key
factor in determining the choice between the lotteries is the way in which the attributes
are coupled. The lottery with two “bad” attributes or two “good” attributes is dominated
by the lottery with one “bad” and one “good” attribute. Therefore the decision-maker
prefers getting some of the “good” and some of the “bad”, compared to taking a chance
on getting all of the “good” or all the “bad”. Scarsini (1985) calls this interaction
concept ‘pair-wise risk aversion’, and Epstein and Tanny (1980) call it ‘correlation
aversion’.

In this paper, we analyze the monotonicity of the asset price with regards to the
bivariate risk. Specifically, we find the conditions on preferences to guarantee a decline
in the price of the risky asset after deterioration in the bivariate risk. We find that the
deterioration is said to be marginal when we increase one of the two risks via k-th
degree stochastic dominance. The deterioration will be global if we increase both risks.
We can illustrate our findings with an example from the case of health and wealth:
Palombo (1999) shows that uncertain health expenses generate precautionary savings.
Also, Pang and Warshawsky (2010) demonstrates that uninsured health expenses lower
non-health consumption, at all ages, and that the wealth available for consumption
after deduction of health expenses becomes more volatile in presence of additional
background risk. The uncertainty in health expenses imply precautionary savings and a
shift from risky assets to risk-free assets. Other examples include Edwards (2008) who
presents a theoretical model in which portfolio shares are based on health risk, Fan and
Zhao (2009) show that adverse health shocks motivate a safer portfolio choice. In other
words, health shocks shift investment from risky assets toward less risky assets. Meer
et al. (2003) analyze the impact of wealth on health status and show that wealth-health
connection is not driven by short run changes in wealth. However, changes in wealth
have a strong correlation with changes in health. All these papers highlight the rela-
tionship between health status and portfolio selection generally with empirical studies.

Our paper contributes to this literature in several ways. First, we show that in the
case of increases in both endogenous and exogenous risks, the price of the risky
asset decreases. Second, we generalize several results concerning the effect of the
exogenous risk and the endogenous risk on the market price. Third, we recover the
results concerning the univariate framework with additive background risks. Fourth,
we explain the effect of the correlation and that of the change in the correlation on the
price of the risky asset.
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The paper proceeds as follows: Sect. 2 presents the model with the two sources
of risks, in Sect. 3 we present the definitions of stochastic dominance. In Sect. 4, we
give conditions on preferences to ensure that a global increase in risk (change in the
bivariate risk) induces riskier behavior and leads to a decrease in the market price.
We also consider the special case of marginal changes: change in the endogenous
risk or change in the exogenous risk. We give conditions under which the market
price declines after the alteration of the endogenous risk as a result of the Nth-order
stochastic dominance. We present the conditions on preferences to ensure that an
increase in the exogenous risk via the Mth-order stochastic dominance induces a
decrease in the price of the risky asset. In the next section, we analyze the effect of
the correlation of the two sources of risks and we give conditions under which an
increase in the correlation causes a decrease in the market price. Finally, we end with
a conclusion.

2 Introduction to the Risk Model

We consider a static version of a Lucas (1978) pure-exchange economy with two
periods and homogenous investors. We assume that the representative investor trades
one risk-free asset and one risky asset. He is endowed with w units of the risk-free
asset and one unit of the risky asset. We assume, as usual, that the risk-free asset is
the numeraire and the gross risk-free rate is normalized to one. The final value of the

risky asset is given by a random variable X taking its values in the interval [75, i]
with the distribution function F(x). We call the risky asset, the endogenous risk. We
now introduce the exogenous risk Y with camulative distribution function G (y) in the
interval |y, y [ and we let H(x, y) be the cumulative joint distribution of (X, Y).

The representative investor chooses the optimal percentage of his wealth, o, invested
in the risky asset, such that the expected utility of his final wealth is maximized. We
can express this as:

y X
max EulaX+(1 —a)P,Y] = //u(ax +(l—a)P,y)dH(x,y), @))
y X

where P represents the price of the risky asset.
The utility function u is at least twice differentiable with

du(x,y)
u0(x, y) = o >0,

a 9
R T
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and

2
“u(x,y) <0.

w0, y) = — 5

Therefore the first-order condition of this problem is:

y X
//(x — Pyt ax + (1= )P, y)dH(x,y) =0 )
y

X

Or equivalently:

y X y X
/fxu(l’o)(ax+(l—oz)P,y)dH(x,y)://Pu(l’o)(ax+(l—oz)P,y)dH(x,y)
y X y X

Therefore, the price of the risky asset is given by:

3 [FxuOx + (1 =) P, y)dH(x, y)

P=——
[0 @x+ (1 —a)P, y)dH(x, y)

The second-order condition is fulfilled as a result of the concavity of the utility
function with respect to its first attribute. To determine the price of the risky asset, we
use the market-clearing condition: & = 1. The equilibrium price is then given by (see
Gollier and Schlesinger 2002):

w0 e y)dH . )

P=——
J3 S w0, y)dH (x, )

Now the equation is equivalent to EXu"-0(X, Y) divided by EXu"9(X, ), hence
we can write

_ EXu"(X,Y)
— Eu0(XY)

Hence the equilibrium price is given by the ratio of two expectations.

3 Stochastic Dominance Preliminaries

In this section we introduce stochastic dominance preliminaries. Stochastic dominance
is a method of partial ordering of random variables, in a set. It is particularly used
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in decision theory when applied to ranking one investment as superior to another
investment, for a wide range of decision makers. Stochastic dominance allows us to
determine if a particular random variable is considered riskier than another random
variable. Such properties cannot always be derived for a broad class of decision makers
using other methods of decision analysis.

In the univariate case, consider two random variables X and Y with respective
cumulative distribution functions F and G, with bounded supports contained within
the interval [a, b]. Let

Fy(x) = F(x) and G, (x) = G(x),

F,(x) :/Fn_l(z)dzandGn(x) :/Gn_l(z)dz, Vn > 2.

a a

Definition 1 The distribution F or equivalently the random variable X, dominates the
distribution G or equivalently the random variable Y, in the sense of the Nth-order
stochastic dominance if and only if:

Fy(x) = Gy(x), Vx €la,b],
and
F,(b) <G,(b), Yn=1,...,N—1.

We write F NSD G to denote that F dominates G with respect to the Nth-order
stochastic dominance. N =1, N =2 and N =3 correspond to the first-order stochastic
dominance (FSD), second-order stochastic dominance (SSD) and third-order stochas-
tic dominance (TSD). First order stochastic dominance means that a random variable
(or investment) ¥ dominates random variables X, if and only if every expected util-
ity maximiser with an increasing utility function prefers ¥ over X. For second order
stochastic dominance, Y has dominance over X if Y is more predictable (or has less
risk) than X but has at least the same expectation.

In all what follows v (w) is the nth derivative of the univariate utility function v.
We have the well-known following result.

Theorem 1 The following are equivalent
(i) FNSD G (X NSDY).
(ii) fbv(Z)dF(Z) > fbv(Z)dG(z), Y,
:uch that (—1)"+a1u<">(w) >0, Vn=1,...,N.

Consider two bivariate random variables (X1, Y1) and (X», Y») with respective
cumulative joint distributions H My, y)and H @y, y). Let us define like Denuit et al.
(1999), the class of (N, M)-increasing concave functions, denoted by Uy rr—icy as
follows.
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Definition2 u € Uy pr—icy if and only if
(=) M (x vy >0, Vn=0,...,N, Ym=0,...,M;n+m > 1

n+m
with 1) (x, y) = L)

function u.

the (n, m)th partial derivative of the bivariate utility

The common preferences of all the decision-makers with (N, M )-increasing concave
utility functions generate the (N, M)-increasing concave dominance rule, termed the
(N, M)-increasing concave order. Denuit et al. (1999) give the following definition.

Definition 3 (X, Y;) dominates (X3, Y») in the (N, M)-increasing concave order,
denoted by (X2, Y2)<\N.m—icv(X1, Y1), when for all functions u in Un y—icv, WE
have Fu(Xy, Y») < Eu(Xy, Y1).

4 Risk Model and Changes in the Bivariate Risk

In this section we expound our key theoretical result in terms of the risk model, which
gives us a framework for analyzing changes in risk. Consequently, in the proceeding
subsections, we apply our framework to understanding changes in endogenous risk
and exogenous risk.

4.1 Risk Theorem

Let P|" and P be the optimal prices with (X1, Y1) and (X2, Y2), respectively. If we
know that (X7, Y2)<y pm—icv(X1, Y1), then we want to give conditions under which
deterioration in the bivariate risk induces a decrease in the price of the risky asset. We
now have the following result.

Theorem 2 If u € Unii pm—icv andV¥n=1,..., N

u(n+l,m)
—xW(x,y) <n, Vx,y, Ym=0,.... M
then
(X2, Y)SN M—ico(X1, Y1) = Py < PJ. 3

Proof We have

y X y X
/ / w0 (e, y)d HO (x, y) < / f w0 (x, y)dH® (x, y)
y y X

X

& —Eu"0X, 1) = —Eu"0 (X2, 1)
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which is true if —u"? € Uy pr—icv. That is,
(=12 bm vy >0, Yn=0,...,N, Vm=0,....,M;n+m > 1

This condition holds if € Uy 41, m—ico-
Therefore, Py’ < P} if

i< F\%u

% y X
/ xut0x, y)dHD (x, y) > / / xu?(x, y)dHP (x, y)
X y x

& EXuM0X1, 1)) > EXoul0 (X2, Y2)

which is true when @ (x, y) = xu"0 (x, y) € Uy y1—_icv. That is,

(n+1,m)

(=) () (Y |:n +x (x, y)] >0,

Vn=0,....,.N, Ym=0,..., M;n+m > 1.

u (n.m)

Equivalently,

u
X

(n+1,m)

(x,y):| >0, Vn=1,...,N, Ym=0,... M;n+m >1

due to the fact that u € Uy p—ico-
Finally, the condition to be fulfilled is the following:

(n+1,m)

-X I/l(”’m) (Xv)’)fn, Vn:l,...,N, Vm:o,,M

Let us consider the generalized coefficient of relative risk aversion of order (n, m)
with respect to the first attribute of the utility function and defined as follows:

(n+1,m)
Gy ()

The condition to guarantee a decrease in the price of the risky asset after a dete-
rioration of the bivariate risk is that this coefficient must be less than its benchmark
value given by n. In the univariate framework, Eeckhoudt et al. (2009) show that the
respective benchmark values of relative risk aversion and relative prudence are one
@D (1)

v (w)
says that for all values of m up to M, the coefficient of relative risk aversion of 1>
with respect to the first attribute at any order n up to N, is less than its order given by
n.

and two. In fact, the benchmark value for —w is n. Therefore, the condition
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4.2 Change in the Endogenous Risk

Our framework allows us to analyze the change in the endogenous risk in the presence
of the exogenous risk. Let us consider the following problems for i =1, 2:

max Eu(o; X; + (1 — o) P;, Y1) )
o

The change in the endogenous risk X from X; to X, via Nth-degree stochastic
dominance is common in the literature. We want to clarify the conditions under which
a deterioration of the endogenous risk causes a decrease in the market price, in the
presence of the exogenous risk. The change in the endogenous risk is equivalent to the
comparison of the optimal decision when the representative investor faces (X1, Y1)
denoted by P *, with that when he faces (X3, Y1) denoted by P, *, and knowing that
(X2, Y1)<XN,1—icv (X1, Y1). We now have the following result.

Proposition 1 If u € Un+1,1—icv With

§ o+
—xW(X,y)Sn, Vn=1,...,N, %)
then
(X2, YD=N1-icv(X1, Y1) = P < P}
Proof The proof is direct by applying Theorem 2. ]

The market price decreases after deterioration in the endogenous risk via Nth-
degree stochastic dominance when: all the coefficients of relative risk aversion of
the marginal utility with respect to the attribute not concerned by the risky asset are
less than their benchmark values up to the degree corresponding to the stochastic
dominance in question.

To recover the result concerning additive risks, we apply Proposition 1 to the bivari-
ate utility function u(z, y) =v(z +y) and we get:

if (=" "W*w)>0, Va=1,...,N

and

v(n+1)
—x——(x+y)<n, Vx,y, Vn=1,...,N,
v(n)

then
(X2, YD=SN 10y (X1, Y1) = Py < PJ.

Equivalently, knowing that X; dominates X5 via Nth-degree stochastic dominance,

the representative investor reduces the holding in risky asset if (—1)”_1v”(w) >
U(n+l)

0,Vvn=1,..., N, and—xw(x+y) <n,Vx,y,Vn=1,..., N. We also have the
following result.
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Corollary 1 The deterioration in the endogenous risk via the Nth-degree stochastic

dominance reduces the market price if the successive derivatives of the utility func-
. . ) . e

tion alternate in sign, the first being positive and _XW(X +y) <n,Vx,y,Vn =
1,...,N.

The proposition remains true if we consider relative risk aversion instead of partial
relative risk aversion.

Consider the degenerate exogenous risk E(Y|) and compare the situation with
(X1, E(Y1)) with that with (X, E(Y1)) knowing that X dominates X» via first-order
stochastic dominance. The conditions become #’ >0, #’’ <0 and —x'l’)—/,/(x +y) < 1.
We recover the results from Fishburn and Porter (1976) and Cheng et al. (1987) with
first-order stochastic dominance. If we consider second-order stochastic dominance,
we end up with that from Ohnishi and Osaki (2007). In the former the coefficient of
relative risk aversion must be less than one whereas in the latter the coefficient of
relative prudence must, in addition, be less than two.

4.3 Change in the Exogenous Risk

The change in the exogenous risk is equivalent to the comparison of the price of the
risky asset when the representative investor faces (X1, Y1) denoted by P1*, with that
when he faces (X1, Y2) denoted by P»*, and knowing that (X1, Y1)<1 p—icv (X1, Y2).
We now have the following result.

Proposition 2 If u € Uz pr—icv with

L 2m
—xm(x,y) <1,Vm=0,...,.M,
then
(X1, V)=, M—ico(X1, Y1) = P < Pf. (6)
Proof The proof is direct by applying Theorem 2. |

The former proposition in the event of independence between the endogenous
and the exogenous risk becomes the effect of an Mth-degree stochastic dominance
increases in the exogenous risk on the market price. For example, deterioration of the
exogenous risk via first-order stochastic dominance leads to a decrease in the market
price if the utility function belongs to 4> 1 _;., and relative cross-prudence with respect
to the first attribute of the utility function (that having to do with the risky asset) is
less than one. With SSD, the additional condition is a relative cross-temperance with
respect to the attribute of the utility that having to do with the risky asset less than one.

To obtain the result concerning the univariate framework with an additive back-
ground risk, let us again consider the following utility function which accounts for
additive risks:

u(x,y) =v(x+y). @)
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The conditions in Proposition 2 become:
u €lUom—ico (=" (x +y) >0, ¥m=0,...,.M

and

0 @m p(m+2)

—xm(x,y)fl, Vm:O,...,M<::>— x+y)<1, Yym=0,....M

x pm+lym

Therefore, we recover the result of the effect of the change in the additive back-
ground with respect to Mth-degree stochastic dominance in the univariate framework.

Corollary 2 The deterioration of the additive background risk via Mth-degree stochas-
tic dominance reduces the market price if the successive derivatives of the utility
Jfunction alternate in sign, the first being positive, and all the coefficients of relative
risk aversion of order less than M+ 1 are less than one.

5 Risk and the Effect of Dependence: Changes in the Correlation

Now, we want to know whether the dependence between the exogenous risk and the
endogenous risk affects the price of the risky asset. To do so, we consider the case
of Bernoulli-distributed variables and the concept of increasing correlation. We also
present the result concerning the additive correlated background risk in the univariate
framework.

5.1 Bernoulli-Distributed Variables and the Effect of Dependence

Assume that X and Y take two values x| and x; for X, with x; <x3, and y; and y, for
Y, with y; <y». The joint distribution of (X, Y) is given by:

P(X =x1,Y =y1) =kpq,
P(X =x1.Y =y) = p(l —kq),
P(X =x2,Y =y1) =q(1 = kp),
P(X=x,Y=y))=1—p—q+kpg.
The marginal distribution of X is given by: P(X = x1) = p and P(X =xp)=1—

p. The marginal distribution of Y is given by: P(Y = y1) =g and P(Y =y2)=1—gq.
There are three cases depending on the value of the dependence parameter k:

k>1 X andY are positively correlated (positive dependence);
k=1 X and Y are independent;
k<1 X andY are negatively correlated (negative dependence).

Let us define the bivariate risk (X, Y1) such that:

— X+ and X have the same distribution,

@ Springer



Asset Prices and Changes in Risk within a Bivariate Model 57

— Y1 and Y have the same distribution and
— Xt and Y are independent.

Let P, * be the market price in the event of independence. We have the following
proposition.

Theorem 3 If u € Up 1—icy With
u@0 2,1

X o &Y = 1, =) = 1, Vx,y

(1) If X and Y are positively correlated, then P* <P *.
(i) If X and Y are negatively correlated, then P* > P | *.
Proof

E[u(]’o)(X, Y)] - E[u(l'o) (XL, YL)] +(k — l)pq[u(]’o)(xl, )
—uTOCep, y2) — w0 (g, yp) + u0 (xs, yz)]
E[Xu(l’o)(X, Y)] - E[XHJLO) (Xl, Yl)] + (k- pgq [xlu(l’o)(xl, )
—xuM0 (ep, y2) = xou™0 (g, y1) + x0u 0 (s, yz)]
We have:
E[u(l’o)(X, Y)] - E[u<1~0> (XJ‘, YJ‘>] + (k= )pgA,
E[Xu(l’o)(X, Y)] - E[XLu(l’O) (Xi, Yi)] + (k= 1)pg.
A is non-positive if and only if u(19) exhibits pair-wise risk aversion, as defined
by Richard (1975) and Scarsini (1985). Or, equivalently if and only if «>" < 0. IT

is non-positive if and only if xu(1-9(x, y) is sub-modular, that is, xu19 (x, y) exhibits
pair-wise risk aversion. Assume that "1 <0:

The function xu"?(x, y) is sub-modular if and only if 2"V (x, y) +xu>D(x, y) <0.

u@D(x,y)

Equivalently, —xm =L

First case: X and Y are positively correlated (k> 1).

@n
Assume that —xZ(ngi; < 1and u®D >0. Then A >0 and IT <0. Thus:

E[MLO)(X, Y)] > E[u(l‘o) (Xi, YL)]

E[xutx, )] = B[ xu0 (x+, v+)]

Therefore,

E[Xu(l’o)(X, Y)] E[XJ_M(I,O)(XJ_’ YJ_)]
E[uOX,v)] = E[utO(xL yL)]
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meaning that P* <P *.

Second case: X and Y are negatively correlated (k< 1).
@Dy y
Assume that _XZ(IT(X’}) < 1and u®Y >0. Then, A <0 and IT >0. Thus:

(ey) —
E[M(I,O)(X, Y)] < EI:M(I,O)<XL’ YL):I’

E[Xu(l’o)(X, Y)] > E[Xj‘u(l’o) (Xl, YL)].

Therefore
E[Xu9 (X, V)] N E[XtuO(xt, ¥ 1)]
E[u<1,0>(x, y)] = E[u(l,O)(XJ_’YJ_)]
meaning that P*> P *. |

If we consider the utility function which accounts for additive risks (u(x, y) =v(x
+7y)), the conditions in Theorem 3 become:

v'(x +y) >0,
v (x +y) <0,

"

vi(x +y) >0,
"
—xy(x +y) <1,

and

"
—x7(x +y) <1.

We have the following result.

Corollary 3 If the utility function of the representative investor exhibits risk aversion
and prudence. Then, a positive (respectively negative) correlation of the exogenous
risk and the endogenous risk causes a decrease (respectively an increase) in the price
of the risky asset when relative risk aversion and relative prudence are less than one.

5.2 Increasing the Correlation

Epstein and Tanny (1980) show that an increase in the dependence parameter k is
disliked by any bivariate risk-averse representative investor. That is,

ki <k =(X2, Y2)<1,1-icv (X1, Y1) ()

where k1 and k; are the respective dependence parameters of (X1, Y1) and (X3, Y>).
We now have the following result.
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Proposition 3 If u € Uy 1—icy With

eX) eR))
—xm(x,y) <1and —xm(x,y) <1Vx,y

then,
ki <ks= Py <P}

Proof ki < ky = (X1,Y1)<11-icv(X2, Y2), and applying Theorem 2 gives the
result. |

Increasing the dependence then decreases the price of the risky asset. In the univari-
ate framework, by considering the utility function which accounts for additive risks
(u(x, y)=v(x +y)), we have the following result.

Corollary 4 If the utility function of the representative investor exhibits risk aversion
and prudence, an increase in the correlation of the exogenous risk and the endogenous
risk causes a decrease in the price of the risky asset when relative risk aversion and
relative prudence are less than one.

6 Conclusion

In this paper, we analyze the “monotonicity” of the asset prices by given conditions on
preferences rather than restricting the change. We study the changes in the bivariate
risk caused by the (N, M)-increasing concave order. We show that, due to the former
changes, the price of the risky asset decreases when the utility function belongs to a
particular class of functions and the coefficients of generalized relative risk aversion
of order (N, M) are less than N. Increasing the endogenous risk or the exogenous risk
(marginal changes) via stochastic dominance induces a decrease in the market price
when the coefficients of generalized relative risk aversion are less than their benchmark
values. Positive correlation of the endogenous and the exogenous risks decreases the
price of the risky asset whereas negative correlation increases it. Finally, increasing
the correlation causes a decrease in the price of the risky asset. We also recover the
results of the univariate framework.

Open Access This article is distributed under the terms of the Creative Commons Attribution 4.0 Interna-
tional License (http://creativecommons.org/licenses/by/4.0/), which permits unrestricted use, distribution,
and reproduction in any medium, provided you give appropriate credit to the original author(s) and the
source, provide a link to the Creative Commons license, and indicate if changes were made.
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