N

N

On Product Minimal Lagrangian Submanifolds in
Complex Space Forms

Xiuxiu Cheng, Zejun Hu, Marilena Moruz, Luc Vrancken

» To cite this version:

Xiuxiu Cheng, Zejun Hu, Marilena Moruz, Luc Vrancken. On Product Minimal Lagrangian Sub-
manifolds in Complex Space Forms. The Journal of Geometric Analysis, 2021, 31 (2), pp.1934-1964.
10.1007/s12220-019-00328-7 . hal-03722540

HAL Id: hal-03722540
https://uphf.hal.science/hal-03722540

Submitted on 16 Jan 2024

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://uphf.hal.science/hal-03722540
https://hal.archives-ouvertes.fr

ON PRODUCT MINIMAL LAGRANGIAN SUBMANIFOLDS IN
COMPLEX SPACE FORMS

XIUXIU CHENG, ZEJUN HU, MARILENA MORUZ AND LUC VRANCKEN

ABSTRACT. In this paper we consider minimal Lagrangian submanifolds in n-
dimensional complex space forms. More precisely, we study such submanifolds
which, endowed with the induced metrics, write as a Riemannian product of
two Riemannian manifolds, each having constant sectional curvature. As the
main result, we give a complete classification of these submanifolds.

1. INTRODUCTION

In this paper we study Lagrangian submanifolds of the n-dimensional complex
space forms M "(4¢) of constant holomorphic sectional curvature 4¢. Indeed, the
complex space forms are the easiest examples of Kéhler manifolds. These are almost
Hermitian manifolds for which the almost complex structure J is parallel with
respect to the Levi-Civita connection V of the Hermitian metric g. The standard
models of complex space forms are the complex projective space CP", the complex
Euclidean space C™ and the complex hyperbolic space CH", according to whether
the holomorphic sectional curvature satisfies ¢ > 0, ¢ =0 or ¢ < 0.

There are two special classes of submanifolds of a K&hler manifold depending on
the behavior of the complex structure J with respect to the submanifold.

A submanifold M of M" is called almost complex if and only if J maps tangent
vectors to tangent vectors. On the other hand, M is called totally real if the almost
complex structure J of M" carries each tangent space of M into its corresponding
normal space. The study of minimal totally real submanifolds originates with the
work of Chen and Ogiue (see [7]). A special case here happens when the real
dimension of the submanifold equals the complex dimension of the ambient space.
In that case J interchanges the tangent and the normal spaces. Such submanifolds
are called Lagrangian submanifolds. These can also be seen as submanifolds of the
largest possible dimension on which the symplectic form vanishes identically.

For the study of minimal Lagrangian immersions in complex space forms one
may find a short survey in [5], where some of the main results are mentioned (see
also for example [2, 3, 4, 6, 7, 8, 10, 11, 12, 14, 16, 18, 19, 23, 24]).

The fundamental question in submanifold theory is then to determine to what
extent the geometry of the submanifold determines the immersion of the subman-
ifold in the ambient space. In that respect, it was shown by Ejiri [12] that an
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n-dimensional Lagrangian minimal submanifold of constant sectional curvature c
immersed in an n-dimensional complex space form is either totally geodesic or flat
(¢ =0) (cf. also [15] and [10]). More precisely in the latter case it must be congruent
to a specific Lagrangian tori in the complex projective space (see Main Theorem be-
low). Note that the condition that the immersion is minimal is unavoidable. From
[6] and [21] we can see that one cannot expect to obtain a general classification of
all Lagrangian submanifolds of real space forms in complex space forms.

In this paper we consider the logical next step. We will assume that our manifold
M is isometric with M"* (¢1) x M3?(ce), i.e. it is a product of two real space forms
of constant sectional curvature, respectively ¢; and c3. As the main result of the
paper we extend Ejiri’s result by proving

Main Theorem. Let ) : M™ — M”(4é) be a minimal Lagrangian immersion into
a complex space form with induced metric (-,-). If M™ = M7 (¢1) x M3?(¢c2), where
n = ny+ng, M{"(c1) (resp. M{?(c2)) is anny (resp. na)-dimensional Riemannian
manifold of constant sectional curvature ¢y (resp. ca), then cico = 0. Moreover,
(1) if c1 = coa =0, then M™ is equivalent to either the totally geodesic immer-
sion in C™ or the Lagrangian flat torus in CP"(4¢).
(2) if cica = 0 and 2 + c3 # 0, without loss of generality, we may assume that

c1 =0 and co # 0. Then we have co = %’flﬁé > 0, say ¢ = 1, so the
ambient space is CP™(4), and the immersion is congruent with
n}kl (eiU1 3y eiunl ) a/eiunlJrlyla ey aeiun1+1yn2+1)7
where
(i) (y1,Y2-- - Yn,+1) describes the standard sphere S™2 — R"2T1 s Cn2 1

(i) a= vz + 1,

(iii) wy + -+« + Up, + a®uy, 11 = 0.

Remark 1.1. The technique we use in the proof of the Main Theorem is based on
two steps. The first step is to take cyclic permutation of the covariant derivative of
the Codazzi equation. The second step is then expressing the second fundamental
form of the submanifold M™ with respect to a conveniently chosen frame. To do
so, we proceed by induction (see [22] and [9]). One should notice that, eventually,
our main result follows directly from the theorems in [17].

2. PRELIMINARIES

In this section, we will recall the basic formulas for Lagrangian submanifolds in
complex space forms. Let M ™(4¢) be a complex space form of complex dimension
n and having constant holomorphic sectional curvature 4¢. Let M™ be a minimal
Lagrangian submanifold in M"(4¢) given by the immersion ¢ : M™ — M™(4¢) such
that

(2.1) M™ = M{"™*(c1) X M3?*(ca),
where ny +ng = n, M7 (¢1) and M3?(cz) are manifolds of real dimensions ny and
ng and have constant sectional curvature c¢; and cy, respectively.

Let V and V be the Levi-Civita connections on M"™ and M"(4¢), respectively.
The formulas of Gauss and Weingarten write out as

(2.2) VxY =VxY +h(X,Y), Vx&=—-AX + V%,
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for X,Y tangent to M™ and & normal to M™, where h, A and V* are the second
fundamental form, the shape operator and the normal connection, respectively.
Notice that we will always identify M™ with its immersed image in M "(4¢). As
M™ is Lagrangian, we have that the almost complex structure J interchanges the
tangent and the normal spaces. Moreover, since J is parallel, we deduce that

(2.3) VxJY = JVxY, A;xY =—-Jh(X,Y)=A;vX.

The last formula implies that the cubic form g(h(X,Y"), JZ) is totally symmetric.
The minimality condition on M™ means that trace h = 0, and one may notice that
this is equivalent to traceA; = 0.

A straightforward computation shows that the equations of Gauss, Codazzi and
Ricci are

(2.4) RX,Y)Z=¢((Y,2)X —(X,Z)Y) + [Asx, Asv]Z,
(2.5) (Vh)(X,Y, Z) = (Vh)(Y, X, Z),
(2.6) RY (X, Y)JZ =&Y, Z2)JX — (X, Z)JY) + J[Asx, Aw]Z,

where XY, Z are tangent vector fields and the covariant derivative of h is given by
(2.7) (Vh)(X,Y, Z) = Vx(h(Y, Z)) = h(VxY, Z) = h(Y,Vx Z).
Moreover, the following Ricci identity holds:
(V2h)(X,Y, Z,W) — (V2h)(Y, X, Z,W)
=JR(X,Y)A;zW — h(R(X,Y)Z,W) — h(R(X, Y)W, Z),
where XY, Z, W are tangent vector fields and
(V2h)(W, X, Y, Z) =Viy(Vh)(X,Y, Z)) = (Vh)(Vw X, Y, Z)
—(Vh(X,VwY,Z) - (Vh)(X,Y,Vw Z).

(2.8)

(2.9)

In the following, we will prove an additional relation that is very useful in our
computations. To do so, we will make use of the technique introduced in [1], as the
Tsinghua Principle. First, take the covariant derivative in (2.5) with respect to W,
and use (2.9) and (2.5), to obtain straightforwardly that

(2.10) (V2R) (W, X,Y, Z) — (V2h)(W,Y, X, Z) = 0.

In the above equation we then cyclicly permute the first three vector fields and
express each time the left-hand side of the equations using the Ricci identity in
(2.8). It then follows that

0=RW,X)Jh(Y,Z)— Jh(Y,R(W,X)Z)
(2.11) + R(X,Y)Jh(W,Z) — Jh(W,R(X,Y)Z)
+ RY,W)Jh(X,Z)— Jh(X,R(Y,W)Z).
Furthermore, given [20, Corollary 58, p. 89], we know that
(2.12) R(X,Y)Z = c1((Y1,Z1) X1 — (X1, Z1)Y1) + c2({Ya, Z2) Xo — (X2, Z2)Y53),

where X;,Y;, Z; are the projections of X,Y,Z on the TM;" component of TM",
for ¢ = 1, 2, respectively.
We recall the following useful definitions and theorems (see [17]):
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Definition 1. Let ¢; : (M;",g;) — CP"(4), i = 1,2, be two Lagrangian im-
mersions and let ¥ = (31,72) : I — S*(1) C C? be a Legendre curve. Then
O = T(514h1; F2tha) : T x M x MP? — CP™(4) is a Lagrangian immersion, where
n=mny+ng+1, ¢ : M — S§?™i+(1) are horizontal lifts of v;, i = 1,2, re-
spectively, and 11 is the Hopf fibration. We call ¥ a warped product Lagrangian
immersion of 11 and ¥s. When ny (or ng) is zero, we call 1 a warped product
Lagrangian immersion of 1o (or 1) and a point.

Definition 2. In Definition 1, when
(2.13) A(t) = (Tlei(ﬁat)7r2€i(—iat)),

where 11,19 and a are positive constants with r3 +r3 = 1, we call ¢ a Calabi product
Lagrangian immersion of ¥y and ¥o. When ny (or ng) is zero, we call ¥ a Calabi
product Lagrangian immersion of 1o (or 1) and a point.

Theorem 2.1 ([17]). Let v : M™ — CP"(4) be a Lagrangian immersion. Then 1 is
locally a Calabi product Lagrangian immersion of an (n—1)-dimensional Lagrangian
immersion v, : M}™' — CP" '(4) and a point if and only if M™ admits two
orthogonal distributions Dy (of dimension 1, spanned by a unit vector field Eq) and
Dy (of dimension n—1, spanned by {Es, ..., E,}) and there exist two real constants
A1 and Ao such that

]’L(El,El) = )\1JE1, ]’L(El,Ei) = AQJEi, = 2, e,y

A1 # 2X9.

Moreover, a Lagrangian immersion ¢ : M™ — CP"(4), satisfying the above condi-
tions, has the following properties:

(2.14)

(1) v is Hamiltonian minimal if and only if 11 is Hamiltonian minimal;

(2) ¢ is minimal if and only if Ao = :I:ﬁ and 11 is minimal. In this case, up
to a reparametrization and a rigid motion of CP", locally we have M"™ =
I x MY and 4 is given by ¢ = I o+ with

~ -1 ~ i n—
Bit,p) = (/5 T ), [ he T, (6p) € T x M

where 11 is the Hopf fibration and ¢y : M~ — $2"~1(1) is the horizontal
lift of 1.

Theorem 2.2 ([17]). Let ¢ : M™ — CP"(4) be a Lagrangian immersion. If M™
admits two orthogonal distributions Dy (of dimension 1, spanned by a unit vector
field Ey) and D (of dimension n — 1, spanned by {Es,...,E,}), and that there
exist local functions A1, Ao such that (2.14) holds, then M™ has parallel second fun-
damental form if and only if ¥ is locally a Calabi product Lagrangian immersion of
a point and an (n—1)-dimensional Lagrangian immersion ¢y : M7~ — CP""*(4),
which has parallel second fundamental form.

3. PROOF OF THE MAIN THEOREM

In this section, we study a minimal Lagrangian isometric immersion into a com-
plex space form: ¢ : M™ — M™, where M"™ = M7 (¢1) x My?(c3), n = ni + no
and M7 (c1) (resp. M7?(cq)) is ny (resp. ng)-dimensional Riemannian manifold
with constant sectional curvature ¢y (resp. c¢z). We will prove the Main Theorem
stated in introduction.
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One should be aware that throughout the paper we will make the following
identifications. As M™ = M7 x M3?, we can write a tangent vector field Z(p, q) =
(X(p,q),Y(p,q)) where X(p,q) € T,M{"" and Y(p,q) € T,My*. In general, the
X notation (as well as X;, 1 < i < ng) will denote a vector tangent at (p,q) €
M™, with zero components on My?*. We will also identify X (p,q) € T,M{"* with
(X(p,4),0) € T(p,q) (M7 x My?) (and similarly Y (p, q) € T, M3 with (0,Y (p,q)) €
T(p,q)(M]"™" x M3?). Notice that, a priori, it means that X, as a vector field depends
on ¢ as well, not only on p. One should have in mind this meaning when reading
X € T, M, respectively Y € T, M3?. Nonetheless, a complete understanding will
be acquired with the proofs of Lemmas 3.6 and 3.7, when we will actually see that
due to our particular choice of basis, X only depends on p.

First of all, we consider the case c¢? + 3 # 0. We begin with the following result.

Lemma 3.1. If ¢? + c2 # 0, then the shape operator A; vanishes nowhere.

Proof. Assume that A; vanishes at the point p € M™. From equation (2.4) it
follows that R(X,Y)Z = ¢((Y, Z)X — (X, Z)Y), which yields that M™ has constant
sectional curvature ¢ at p. Moreover, by taking X, X5, X5 in (2.4) and (2.12), we
obtain that ¢; = ¢ and then by taking X,Y,Y in (2.4) and (2.12), X € T,M",
Y € T,M3?, we get ¢ = 0. Similarly, taking Y7,Y5,Y5 € T, M7 in (2.4) and (2.12),
we get that co = 0. Therefore, we get a contradiction with ¢ + ¢3 # 0. g

For ¢ + ¢ # 0, if cico = 0, without loss of generality, we may assume that
c1 = 0 and ¢y # 0. Therefore, we are left to consider the following two cases:

Case (i): ¢; =0 and ¢z # 0; Case (ii): ¢; # 0 and ¢3 # 0.

3.1.
In this subsection, we will deal with Case (i) and prove the following result.

Theorem 3.1. Let v : M™ — M"(46) be a minimal Lagrangian isometric immer-

sion into a complex space form such that (M™,(-,-)) = M (c1) x M3?*(c2) and
Case (i) occurs. Then we have co = ”lrj;%f'lé >0, say ¢ =1, so the ambient space

is CP™(4) and the immersion is congruent with

1 iuq iU iu 1 i 1
(e et aet iy L aet M Y, 1),

where
(1) (y1,Y2,- - Ynyt1) describes the standard sphere S*2 — R?2+L <y Cnz+1,

(2) a= vz F1,

(3) uy + -+ Up, +a%up, 11 =0.
The proof of Theorem 3.1 consists of several lemmas as following.

Lemma 3.2. Let {X;}i<i<n, and {Yj}i<j<n, be orthonormal bases of Mi™(c1)
and M3?(c2), respectively. Then we have

(3.1) (Ayx, X, Yi) =0,
and

0, if j # k,
(32) o, Yl = {u(Xi), if j =k,

where w(X;) =: p; depends only on X; for eachi=1,...,n;.
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Proof. Expressing (2.11) for X =Y, Y =Y,,Z = X;,W = X;, k # [, and using
(2.12), we see that there is only one term remaining in the right-hand side: 0 =
R(Y3,Y;)Asx,X;. Using (2.12) again, we get

(3.3) 0=, A;x, X;))Yi — (Y, Asx, X;)Y.
It follows immediately the assertion (3.1) that
(3.4) (Y, Arx, X;) =0, 1<i,j<ng, 1 <1< ny.

For the second relation, we proceed similarly by choosing in (2.11): X = Y,,,
Y =X,;, Z=Y;,, W =Y, we obtain

(3.5) 0= —c2((Asx, Y0, Y)Y — (Asx, Y0, Vi) Yo — 6miAux, Vi + 0t Ayx, Yom)-
In (3.5), let k, 1, m be distinct, then we get
(3.6) (Ajx,Y1,Y) =0, 1 <i<ni, 1 <l,m <ng, L #m.
Again in (3.5), let assume that [ = m # k, then we have
(3.7 (A YY) = (Ajx Y Vi), 1<i<ni, 1< Lk <no, [ £k
By (3.4), (3.6) and (3.7), we have u(X;) depends only on X; such that
Arx, Y = p(X3)Y, 1<i<ng, 1 <1< no.
Then the assertion (3.2) immediately follows. O

Lemma 3.3. Let {X;}1<i<n, be an orthonormal basis in the tangent space of Mi™
at a point. Then it holds that

(3.8) (X)X, = e

™

Proof. We compute the sectional curvature K (7(X;,Y;)) of the plane 7 spanned
by X; and Y}, for some fixed i = 1,...,n; and some fixed j =1,...,n2. We use on
the one hand (2.12) and on the other hand (2.4) together with (3.2) to obtain

0=¢+ (A, Yj, Asx, Xe) — (Asx, Y5, Asy, Xi)
=¢— u(X;)? + (A, Y, Ayx, Xi), 1<i<ni, 1<j<no.

Taking summation over ¢ = 1,...,n1, and using Lemma 3.2, we get

ni ni
0=mni¢c— ZM(Xi)Q + <AJ1/]Y7’ ZAJX¢Xi>
1=1 =1

(3.9) . —
=nie— > p(Xi)?+ > Y (Asx, Xi, Xi)u(Xp).
i=1 k=1i=1
However, the minimality condition implies that for each k = 1,...,n; we have

ni ni

N2
(3.10) 0= Z<AJXkXi7Xi> + Z<AJX;CYJ‘7Y3> = Z(AJXkXi; Xi) + nop(Xe).

i=1 j=1 i=1
Therefore, from (3.9) and (3.10), we obtain
(3.11) XD 4o+ p(X,)? = 22

This completes the proof of Lemma 3.3. (]
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Next, we will describe the construction of a local frame of vector fields for which
we can determine the values of the shape operator A ;. This is a crucial step and
will be stated in Lemma 3.5. Let us describe first a general method for choosing
suitable orthonormal vectors at a point on M"™, which will be used recurrently in
the proof of Lemma 3.5. The main idea originates from the very similar situation
in studying affine hyperspheres in [9, 13, 22].

Let (p,q) € M™ and U,M{"* = {u € T,M{"|(u,u) = 1}. As the metric on M"
is positive definite, we have that U,M;" is compact. We define on this set the
functions

(3.12) fw.a () = (Aguu,u), uwe U, M"™.

We know that there exists e; € U, M| for which f, ) attains an absolute max-
imum: fe, 5(e1) = (Aje,e1,e1) = A1, Let w € UpM;" such that (u,e;) = 0 and
define g(t) = fp,q)(cos(t)er + sin(t)u). One may check that

(3.13) g'(0) = 3(Aye,e1,u),

(3.14) g"(0) = 6(Aje,u,u) — 3f(p.q)(€1).

Since g attains an absolute maximum for ¢t = 0, we have that ¢’(0) = 0 and
g’(0) <0, ie.

3.15
( ) (Aje,e1,e1) = 2(Age,u,u), v Ley, (u,u) =1.

{ <AJ61€17U> = 0;

Therefore, e; is an eigenvector of A ., with A; the corresponding eigenvalue. Since

Aje, is self-adjoint, we can further choose orthonormal vectors es, ..., e,,, which
are eigenvectors of Aj.,, with respectively the eigenvalues Aa, ..., Ap,;. To sum up,
we have

(316) AJelei:)\ieZ-, i:17...,n1; )\1 22)\Z for 222

Lemma 3.4. Let (p,q) € M{"* x My? and {X;}1<i<n, and {Y;}1<j<n, be arbitrary
orthonormal bases of T,M{"* and TyM3y?, respectively. Then

(3.17) Ary; Yie = (X1 + -+ i, Xy )05k, 1< 5,k <o,

where p; = w(X;) with p defined as before. Moreover, we have cy = %’fﬁl&,

Proof. From Lemma 3.2 we know that

N2
Agy,Yie = (i Xa + -+ piny Xy )65 + Za{’“Yu
=1
for real numbers of*, ..., afk.

Now, we claim that o] ¥ — 0 for all possible indexes, or equivalently,
(318) <A]yij,YvZ> =0, for any }/j7Yk71/l GTquw.

We will verify the claim by contradiction.

In fact, if it did not hold, then we could choose a unit vector Y1 (p, q) € U, My
such that oy := (Ayy,Y1,Y1) > 0 is the maximum of the function f(p,q) defined on
U,M3*2.

Define an operator A on T,M;? by

AY) =AY — (A Y, X)Xy — - = (A Y, X ) Xy
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It is easy to show that A is self-adjoint and Y7 is one of its eigenvectors. We can
choose orthonormal vectors Ya,...,Y,, € U,M3? orthogonal to Y7, which are the
remaining eigenvectors of the operator A, associated to the eigenvalues aw, ..., an,

(notice that we have changed the notation for the corresponding osz for more
simplicity). Therefore, we have

(3.19) {A‘lel = 1 X1+ iy Xy + 1Y,

AmYs = oY, 1 <i < no.

Taking in (24) X = Z =Y1,Y =Y;,1 < i < ny, using (3.19) and Lemmas 3.2
and 3.3, we can obtain

(3.20) af —ana; — ML 4 ) = 0.

It follows that there exist an integer ns 1, 0 < na1 < ng — 1, if necessary after
renumbering the basis, such that

Ay = = Qpy g1 = %(al 4 \/Og *4(%5*62))’
Qng 42 = " = Qny = %(041 B \/a% + 4("1;_22_2;'16 - 62))'
Using Lemma 3.2, (3.19), (3.21) and trace Ay, = 0, we have

A )
(3.22) o1 = \/(”22111)21

n2—2n2‘1—1

(3.21)

Therefore, if there exists a unit vector field V' € TMj? such that A;yV =
AV 4+ 1 X1+ -+ - + pin, Xn, , then we see that

4(m5,62)

no+1

71/272712,171

(3.23) A E
0<ngy 1<na—1

Moreover, «; is the absolute maximum of f(, o) if and only if

a(mtmatly )

(3.24) a1 = , corresponding to ma 1 = 0.

Next, we show that if f, ;) attains an absolute maximum in Y1, we can extend
Y differentiably to a unit vector field which is also denoted by Y7 on a neighbour-
hood U of (p,q) such that, at every point (p’,q") € U, f( ) attains an absolute
maximum in Y7 (p’, ¢').

In order to achieve that purpose, let {E1, ..., E,,} be an arbitrary differentiable
orthonormal basis defined on a neighbourhood U’ of (p, ¢) such that E;(p,q) = Y.
Then, we define a function v by

YR x U = R™ :(a1,...,a4n,, (0',q¢)) — (b1,...,bny),

niy
bk = Z aiaj<AJEiEj,Ek> — 10k, 1 S k S nag.

4,j=1
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Using the fact that f(, ;) attains an absolute maximum in Ej(p, ¢), we then obtain
that

S (1,0,..,0,(p,0) = 2{(As5, (p.g) Em (9, 0), Bk (P, q)) — 16k
0, if k #£m,
=S a, fk=m=1,
2 — oy, if k=m > 1.
Since a; > 0 and given (3.21), we have 2a;, —ay # 0 for k > 2. Hence the implicit

function theorem shows that there exist differentiable functions ay, ..., a,,, defined
on a neighbourhood U of (p, q), such that

al(p7q) = la aQ(pa Q) = 07 ey ang(p7q) = O
Define the local vector field V' by

V=aEi+ - +an En,.

Then we have V(p,q) =Y and AjvV =tV + i (V,V) X1 4+ - + pn (V. V) X,
Hence
A v \% _ oy |4

J\/W VIV, V) NAASRYVAVAR)
By (3.23), the continuity of <O‘V1V> and (V,V)(q) = 1, we can derive that (V, V) =
1 identically. Therefore, for any point (p’,q') € U, fyp,q) attains an absolute
maximum at V(p',¢’). Let Y7 = V and take orthonormal vector fields Ya,...,Y,,
orthogonal to Y7, then {Y7,...,Y,, } is a local basis satisfying

Ay, Y1 = 1 Xq + -+ pin, X, + 1 Y7,
A Y = 03, 1 <i<no,

+ /‘Lle + Tt + Mannl

(3.25)

where, «; is defined by (3.24), and

(3.26) a2:~~~:an2:%(alf\/af+4(%7fl“5702)).

We recall that on the product manifold M™ we know that (Vy,Y;, X) = 0, for
1,7 =1,...,n9 and X tangent to M;. Applying (2.5), and (3.24)—(3.26), we have
that

Hence, we have R(Y1,Y2)Y; = 0, a contradiction to the fact that co # 0. This
verifies the claim and thus (3.17) follows. Moreover, using (2.4), (2.12) and (3.17),

we easily get the relation ¢ = %’flﬂé. O

Lemma 3.5. In Case (i), we have ¢ > 0. Moreover, there exist local orthonormal
frames of vector fields {X;}1<i<n, of M{"" and {Yj}i<j<n, of My?, respectively,
such that the operator Ay takes the following form:

Agx, X1 = M1Xy,

Arx, Xi =Xy + -+ i X + X3 X, 1<i<nyg,
Agx, Xj=piXj, 1 <i<j,

Arx, Yy =piYj, 1<i<mng, 1 <7< ng,

(3.28)

where \; ;, j; are constants and satisfy

(3.29) Aii +(n—d)u; =0, 1<i<ny.
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Proof. We will give the proof by induction on the index i of A;x,. According to
general principles, this consists of two steps as below.

The first step of induction.

In this step, we should verify the assertion for ¢ = 1. To do so, we have to show
that, around any given (p,q) € M x M2, there exist an orthonormal frame of
vector fields {X; }1<i<n, of TM]", {Y]}<i<n, of TM3?, and smooth functions Aq i
and u1, so that we have

Arx, X1 =M1 Xy, Ajx Yy =wY;, 1<j<ng,
Arx, Xi=mXi, 2<i<m,
)\171 + (n — 1)#1 =0.

The proof of the above conclusion will be divided into four claims as below.

Claim I-(1). Given (p,q) € M{"* x M3?, there exist orthonormal bases {X; }1<i<n,
of TyM{"™, {Y;}i<i<n, of TyM3?, and real numbers A1 > 0, M2 = - = A,
and 1, such that the following relations hold:
{AJXle =A,1X1, Arx, Xi=X,:X;, 2<i<ny,
Arx,Y; =Y, 1 <5 < ny.

Moreover, \11 is the mazimum of f(,.q) defined on U,M|". In particular, ¢ > 0.

Proof of Claim I-(1). First, if for an orthonormal basis {X;}1<i<pn, and for any
i,5,k =1,...,n1, (Asx,X;, Xx) = 0 holds, then by the fact traced;x, = 0 and
Lemma 3.2, we get p; = 0. This further implies by Lemma 3.3 that ¢ = 0. From
this, using (2.4), (2.12) and Lemma 3.4, we can compute the sectional curvature of
the section spanned by Y; and Y5 to obtain that co = 0, which is a contradiction.

Accordingly, following the idea described right before Lemma 3.4, we can choose
a vector Xy € U,M{" such that f, , on U,M" attains its absolute maximum
A1,1 > 0 at X;. Then, we can choose an orthonormal basis {X;}1<i<n, of T,M"
and an arbitrary orthonormal basis {Y; }1<i<n, of TqM3?, such that, for 2 < k < ny,
Ayx, X = M Xp and Ay 1 > 2Aq . Moreover, by Lemma 3.2, Ayx,Y; = u1Y; for
1<j<ns.

Next, we will show that A2 = -+ = Aj ,,, and that A; 1,2 and p; are all
constants independent of (p, q).

Taking in (2.4) that X = Z = X; and Y = X}, for k > 2, and using (2.12), we
obtain

(3.30) A= Aihe—¢=0, 2<k<ni.
As &> 0 by (3.11) and A1 1 > 21 for 2 < k < nq, then (3.30) implies that

(3.31) Mo = =Ain = %(/\1,1 — M+ 42)).

Similarly, taking X = Z = X; and Y € U,M3? in (2.4) and using (2.12) and
Lemma 3.2, we get

(3.32) (i — A —é=0.

Thus we obtain

1
(3.33) =3 (/\1,1 +en /A2, + 45), ep = +1.
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Then, applying trace Ajx, = 0, we get

1 1
(334) 5(77/ + 1))\1’1 + §(£1n2 —ny + 1)m =0.

It follows that e;ne —ny +1 # 0 and
n+1 2
3.35 {(7) - 1} A2 = 4é.
( ) eing —ny +1 L1 ¢
Moreover, (3.35) shows that ¢ > 0, and that

(3.36) M =2 [————.
(61n2—n1+1) -1

This, together with (3.33), implies that A1, A2 = -+ = A1, and pq are all
constants independent of (p, q). O
Claim I-(2) )\1,2 == )‘1777«1 = M1 and )\171 + (n — 1)#1 =0.

Proof of Claim I-(2). From (3.31) and (3.33), the first assertion is equivalent to
showing that e; = —1. Suppose on the contrary that e; = 1. Then we have

(337) Ml)\l,Z = —¢C.

Corresponding to the case ¢y # 0 we have ny > 2, then (3.34) implies that
(338) ny>ng+12>3.
We rechoose a vector Xy € U,M7", which is orthogonal to X; and such that
22 = (Asx, X2, Xo) is the maximum of f(, ;) on {u € U,M|" [u L X;}.

Define A on {u S 7}7]\4{11 \u 1 Xl} by .A(X) = AJX2X — <AJX2X7 X1>X1. It is
easy to show that A is self-adjoint and X5 is one of its eigenvectors. We can choose
an orthonormal basis {X3,...,X,, } for {u € T,M" |u L X1,u L X5} so that

they are the remaining eigenvectors of the operator A, associated to eigenvalues
A2,3, ..., A2, . In this way, we have obtained

(3.39) Ajx, Xo = M2 X1 + X220 Xo, Ayx, Xie = Ao Xk, 3 <k <ng.

Taking X = Z = X5,Y = X} in (2.4) and using (3.39) together with (2.12), we
obtain

(3.40) Mg —Azpdop —E— AT, =0, 3<k<m.
Given that Ay 2 > 2A k, this implies that

1 ~
(341) Az,k e 5 </\272 — \/)\%72 + 4(C—|— /\%72)), 3<k<n.

Similarly, taking X = Z = X, and Y € U,M3? in (2.4) and using (3.39) and
(2.12), we get

(3.42) ,u22 — /,I/QAQ)Q —Cc— ,ul)\172 =0.
Combining (3.37) with (3.42) we get
(3.43) 13 — pi2Aa.0 = 0.

Therefore, we have

1
(3.44) o = §(A2,2 +e2)22), e2 = £1.
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By using (3.39), (3.41), (3.44) and trace A;x, = 0, we have

1 - 1
(345) )\272 + 5(711 - 2) ()\272 - \/)\%,2 + 4(6 + /\%’2)> + 5712()\272 + €2>\272) =0.

Hence we have

AT,
(3.46) Aoy = 2\/(n1+n2+52n2)21-
ny—2
Note that for e; = 1, (3.36) gives
(347) /\1,1 =2 W
’n1—TL2—1

Using (3.38), we have

nit+no+1l  nitno+teans >n1+nz+1 _ ni+2no

nl—nz—l ’I’L1—2 —nl—ng—l n1—2
_nl—n2—1+2(n2+1) _ n1—242n,+42
- 1’7,1—77,2—1 n1—2
__2(n2+1)(n2—1)
T (n1—n2—1)(n1-2) > 0.
It follows that A2 2 > Ay 1. This is a contradiction.
We have proved that ey = —1 and thus \j 2 =+ = A, = 1.
Finally, from trace Ayx, =0 we get A1 + (n — 1)1 = 0 as claimed. O

Claim I-(3). If there exists a unit vector V' € T, M{"* such that A,y V = AV, then
A has only a finite number of possible values.

Proof of Claim I-(3). Assume that there exists a unit vector V' € T, M{"* such that
AyjvV = AV. Let X; =V and A1 ; = A, then we may complete X; to obtain an
orthonormal basis {X;}1<;<n, of T, M{"* such that, for each 2 < k < nq, Xj, is
the eigenvector of Ayx, with eigenvalue Ay ;. Then we have (3.30), from which we
know the existence of an integer n1,1, 0 < ny,; < ny — 1, such that, if necessary
after renumbering the basis, we have

1 ~
/\1,2 = ... = )\17711,1_;'_1 = 5()\171 + /\%71 —|—4c)’
1 ~
AMlna+2 = Ainy = §<)\1,1 - /\%,1 + 46).

Similarly, we have (3.33). By (3.48), (3.33) and the fact that trace A;x, = 0, we
have

1 1 o . -
(349) i(nl “+ ng + 1))\1’1 + 5(2711’1 —ni + 14+ 81%2) )\%1 +4¢c = 0.

This immediately implies that A; ; has only finite possibilities. (I

(3.48)

Claim I-(4). The aforementioned tangent vector X1 at (p,q) can be extended
differentiably to a unit vector field, still denoted by X;, in a neighbourhood U of
(p,q), such that for each (p',q') € U, f(pr ¢ defined on Uy M attains the absolute
mazimum at X1(p',q’).
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Proof of Claim I-(4). Let {E1,..., E,,} be an arbitrary differentiable orthonormal
basis defined on a neighbourhood U’ of (p, q) such that E;(p,q) = X;. Then, from
the fact Ayx, X1 = A,1X1 at (p, ¢), we define a function « by

v:R™ x U — R™,
(alv"'aan17(p/7ql)) — (bla'”vbnl)a

ny
where by, = bi(a1,...,an,) = Y. a;a;{AsE,Ej, Ex) — Aa, for 1 <k < n.
ij=1
Using the fact that f(, ) attains an absolute maximum in F; (p, q), and that, by
Claim I-(1), Ajg, Ex = M xEx at (p,q) for 2 < k < nq, we have the calculation
that

aa:,i (1,0,...,0,(p,q)) = 2(AsE,(p.q) Em (P, @), Ex(p,q)) — M1,10km
0, if k% m,
=< Ay, fk=m=1,
g — ALy, ifk=m>2.

Given the fact that ¢ > 0, by (3.31) we have that 2X\; , — A1 # 0 for & > 2.
Hence the implicit function theorem shows that there exist differentiable functions
a1,...,0n,, defined on a neighbourhood U of (p,q) and satisfying

al(p7q) = 17 a2(paq) = 07 LR} an2(p7q) = 07

such that
bl (al(plv q/)a R anl (p,7 q,)’ (p/a q/)) = 07

bn, (a1(p',4); - -5 an, (P, 4), (P, 4')) = 0.
Therefore, the local vector field V' defined by

V=aE+- - +an En,
satisfies V(p,q) = X7 and Ay V = A 1V. Hence

3.50 A R
Y "\/<‘;iv>\/<"v"> V) VIVV)

According to Claim I-(3), there is a finite number of possible values that the

. )\111 : /\1,1
function T can take. On the other hand, since T

(V,V)(p,q) = 1, it must be that (V,V) =1 identically. Define on U a vector field
X1 := V. By Claim I-(1) and its proof we know that, for any point (p’,¢’) € U,
[,y attains an absolute maximum at X;(p’,¢’). This verifies the assertion of
Claim 1-(4). O

is continuous and

Finally, having determined the unit vector field X; as in Claim I-(4), we further
choose vector fields X, ..., X,,, (which are orthogonal to X7) such that {X;}1<i<n,
is a local orthonormal frame of TM{'. Then, combining with Lemma 3.2, we
complete immediately the proof for the first step of induction.

The second step of induction.

In this step, we first assume the assertion of Lemma 3.5 for all ¢ < k, where
k€ {2,...,n1 — 1} is a fixed integer. Therefore, there exists a local orthonormal
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frame of vector fields {X;}1<i<n, of M7, such that the operator A; takes the
following form:

Ajx, X1 = M1 Xy,

Ajx, Xo =X+ Fpi1 Ximr + X0 X5, 1 <i <k,
Aix, Xj =i Xy, 1<i<k, 1 <j<ny,

AgxY = Y, 1<i<k, Y € TMP™,

(3.51)

where p; and A; ; for 1 <4 < k are constants that satisfy the relations:

Moreover, for 1 < i < k and (p’,q’) around (p, q), Ai; is the maximum of f
defined on

p',q")

{ue Ty M"™ | (u,u) =1,u L Xy,...,X;_1}.

Then, as purpose of the second step, we should verify the assertion of Lemma 3.5
for i = k+1. To do so, we have to show that there exists a local orthonormal frame
of vector fields {X;}1<i<n, of TM" given by

ni
Xi=Xi,... X=X Xi= ) T/Xe k+1<i<m,
t=k+1

such that T = (T})k+1<i,t<n, is an orthogonal matrix, and the operator A, takes
the following form:

A X1 =1 X,
Ajg Xi=mXi+ - +pia X+ NiiXi, 2<i <k+1,
e X, 1<i<k+1, i+1<j<n,

(3.53) .
A Y =Y, 1<i<k+1,Y e TM;?,

s

7

where p1; and A, ; for 1 <¢ < k41 are constants and satisfy the relations
(3.54) Xii+(n—ip; =0, 1<i<k+1
Moreover, for 1 <4 < k+1 and (p',¢') around (p, q), A ; is the maximum of f(,/ 4
defined on
{u€ Ty M™ | (uyu) =1,u L Xy,...,u L X;}.

Similarly to the first step, the proof of the above conclusion will also be divided
into the verification of four claims.

Claim II-(1). For any (p,q) € M x My*, there exists an orthonormal basis
{Xiti<i<n, of T,M™ and real numbers Apt1 k41 > 0, Agt1 k42 = -+ = Motinmg
and pg41, such that the following relations hold:

Ajz, X1 =M1 Xq,

Ajg, Xi=mXi 4+ X+ N Xy, 2<i<k+1,

Argp Xi = M1, X5, 12k +2,
Asz Y = Y, Y € T,My”.
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Proof of Claim II-(1). By the induction assumption, we have an orthonormal basis
{Xi}i<i<n, such that (3.51) and (3.52) hold. We first take X1 = X1(p,q),..., X =
Xk (p,q). Then, putting

Vi={ueT,M" |ul Xq,...,u L X;},

we will show that, restricting on U, M{"" NV}, the function f, ) # 0.

Indeed, suppose on the contrary that f(, ) [v, = 0. Then, letting {u;}rt1<i<n,
be an orthonormal basis of Vi, we have (Ay,uj,ux) =0, k+1 < 4,5,k < nyg.
Taking in (2.4) that X = ug42,Y = Z = up41, by assumption of induction and
Lemma 3.2, we obtain p? + --- + u% + ¢ = 0. This is a contradiction to the fact
c>0.

Now, we can choose Xy such that f(p.q)» Testricted on U, M N Vi, attains its
maximum with value

Mevipe1 = (Arg, Xer1, Xppa) > 0.

Consider the self-adjoint operator A : Vi — V} defined by

k
AX)=Ayx,,, X — Z(AJXMX, X)X,

i=1

It is easy to see that A(Xji+1) = Agt1k+1Xk+1. Hence, by the assumption of
induction, we have:

k
At k1 Xepr =A 5, Xep1 — Z<AJXk+1Xk+17 X)X
i=1
k
=A;%, 0 Xkt1 — Z<AJXiXk+17 Xi1)Xi
i=1
k
=A%, Xk1 — Z i X
i=1
Next, we choose Xjyo,...,X,, as the remaining unit eigenvectors of A, with
corresponding eigenvalues Agy1 k42, - - -, Akt1,n,, respectively. Thus, by Lemma 3.2

we have py1, and the following relations:

AJXk+1Xk+1 = m X1+ A e Xp A+ N1 X et
(355) AJ)?k+1Xi :)\k+1,iXi7 k+2 <1 <n,

As Y = penY, Y € T,My”.

Now, taking in (2.4) that X = Z = X;1 and Y = X; with j > k+2, combining
with (2.12), we can obtain

(3.56) N1 = Mt kit Mt — ¢ — (i3 + -+ p3) = 0.
It follows that

A1 k42 = = Mt 1,my
(3.57)

1 -
= 5 (Mt = Norgons +ACH B+ i +4d) ).
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On the other hand, taking in (2.4) that X = Z = Xy11, and Y € T,M}* be a
unit vector, combining with (2.12), we can obtain

(3.58) frs1 — Mot 1 pd1fiorr — € — (0 + -+ + i) = 0.
Hence
1 -
(3.59) Pt = 5 (Ak+1,k+1 + ek \/)‘%-t,-l,k—i-l HACH 4 Mﬁ)>7

where €41 = £1. Then, using that trace AJ)gk+1 =0, we get ng —nocp+1—k—1>0
and

_ it TGS
(3.60) Akl b1 = 2\/( 10 —F+1 )2_1'

ny—noepy1—k—1

By the assumption that 1, ..., ui are constants we see that, as claimed, Ay41 k42 =
oo = Agt1,n, a0d iy are also constants. O
Claim II-(2) )\k+17k+2 == )\k+1,n1 = [k+1 and )\k+1,k+1+(n—k—l)uk+1 =0.
Proof of Claim II-(2). From (3.57) and (3.59), the first assertion is equivalent to
showing that €41 = —1. Suppose, on the contrary, that e;+; = 1. Then we have
(3.61) preiderti = =@+ pd + 4 pd), P> k42
Similar to getting (3.60), now we have
(362) n—-ny,—k—1>0
and
~ 2, ... 2

(3.63) Nttt = 2, [ bt

(nl—nz—k—l) -1

Put

Vk+1 = {u € Tlenl | u L Xl,...,uJ_Xk+1}.
Then, a similar argument as in the proof of Claim II-(1) shows that, restricting on
Up M1 N Viy1, the function f, 4 # 0.
Now, by a totally similar process as in the proof of Claim II-(1), we can choose
another orthonormal basis {X/}1<;<yn, of T,M;" with Xj’- = Xj for1<j<k+1,
such that f(pyq), restricting on U, M{"* N Vi1, attains its maximum Agyo 42 > 0
at X]/€+2 so that )\k+2,k+2 = h(AJX;/c+2XI/€+27XI/€+2)‘
As before, we define a self-adjoint operator A : Vii1 — Vi1 by

k+1
AX) =Asx;, X — Z<AJX;+2X» X)X,
i=1
Then we have A(X} ) = Ary2,k4+2X), 5. As before we will choose Xj_ 5,..., X/,

as the remaining unit eigenvectors of A, with corresponding eigenvalues Aj42 x+3,
..+, Ak42,n,, Yespectively. In this way, we can prove that

(3.64) AJX,;+2X]/C+2 =mXi 4+ Xy + Mg p2 X1+ A2 kr2 X0,
. X! = Xpy2,i Xi, k+3<i<ng.

Taking X = 7 = X}, and Y = X| for k+3 < i < n; in (2.4) and using (2.12),
we obtain

(3.65) )‘%4-2,1' — Aotz k42 Xhr2, — € — (U + -+ pj + )\24—1,1') =0, k+3<i<n.

Ax;
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Noting that for k£ + 3 < i < n; we have Agyq2 g+2 > 2Xpy2,, it follows from (3.65)
that

1 ~
Net2,i = 5 (/\k+2,k+2—\/)\%+2,k+2 FA@CHpT + R+ A ) ),

(3.66) 2
i>k+3.

Similarly, let X = Z = X; ., and Y € T, M;” be a unit vector in (2.4). Using
(2.12) we get

(3:67)  fiso — thya Mtz prz — ¢ — (0] + -+ pf + Mgipngr) = 0, i >k +2.
Combining (3.61) and (3.67) we obtain

(3.68) g — B2 M2kt = 0,
and therefore it holds that
1
(3.69) Hk+2 = §(Ak+2,k+2 + Eht2 ki 2,k42); ke = £1.

Then, using trace AJX}’C+2 =0, we can get n; —k — 2 > 0 and

(370) Ak+2,k+2 = 2\/( CHpy A i> k42,

ni+ns—k+eprang )2 1 ’
’I’L1—]€—2 -

Given (3.62), we have the following calculations

nit+no—k+1  nitnoterqona—k S mitnp—ktl  ni42no—k

nl—ng—k:—l nl—k—2 ’I’Ll—nz—k}—l ’I’Ll—k?—g
2(n2+1)(n2—1)

(nl—ng—k—l)(nl—k—2) :

(3.71)

Then, by (3.63) and (3.70), we get A\g+2 k+2 > Agpt1,k+1, which is a contradiction.
Therefore, ep41 = —1 and Ap41 542 = -+ = Akt1,n, = Mk+1, @s claimed.
Finally, from trace A;x, ., =0, we get

Mot k41 + (=K = Dpgy1 = 0.
This completes the verification of Claim II-(2). O

Claim II-(3). Let {X;}1<i<n, be the local orthonormal vector fields of M™ which
form a basis for the first component as in the assumption of induction. If a unit
vector field V' of TM{"* \ span{X1,..., Xy} has the property that A;yV = AV +
w1 X1+ -+ upXi, then the function \ takes values of only finite possibilities.

Proof of Claim II-(8). We first carry the discussion at an arbitrary fixed point (p, q)
Let Xl/€+1 =V, X{ = Xq,... ,X;C = Xk, Met1,h+1 = A
Put Vi ={u e T,M{" |uv L X1,...,u L Xi}. Define A:V, — Vi by

k
AX) = Ay X =Y (Ajv X, X)X,
i=1
It is easily seen that A is a self-adjoint transformation and that A(V) = AV. Thus,
we can choose an orthonormal basis { X/ }x11<i<n, of Vi, such that A(X)) = \; ; X/
for k42 < i < nj. Then, as before we see that (3.56) holds, and thus there exists an
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integer nq k41, 0 <y g1 < ng — (k+ 1) such that, if necessary after renumbering
the basis, we have

)‘k+1,’€+2 == )\k+1;n1,k+1+k+1
1 ~
= 5 (st + NV HACH B+ kL + 1)),
(3.72)
)\k‘+1,’n11k+1+k+2 — = )\k+1,n1
1 -
=5 (Ak+1,k+1 - \//\iﬂ,,m +4@CH+pi+ g + Mi))-
Then, using trace AJX;c+1 = 0, we can show that
Hpittpn_ ui
(3.73) Abt1,k41 = 2 ( T i
2n1 k41—n1+nepr1+k+1/ T
Finally, noticing that by assumption p1,..., ur are constants, and that the set

{n1e11(p) |p € M}
consists of finite numbers, we get the assertion that A = Ap11 ;41 takes values of

only finite possibilities. ]

Claim II-(4). Let {X;}1<i<n, be the local vector fields on M™ as in the assumption
of induction, Vi, = {u € T,M" | (v,u) = 1,u L Xy,...,u L Xy}. The unit vector
Xiy1 € T,M{" determined in Claim II-(1) can be extended differentiably to be a
unit vector field, denoted by Xk;Jrl, in a neighbourhood U of (p, q), such that for each
(0',d') €U, fu,q) defined on Vi attains the absolute mazimum at X1 (0, ).

Proof of Claim II-(4). Let {Ek41, ..., En, } be arbitrary differentiable orthonormal
vector fields of V}, defined on a neighbourhood U’ of (p,q) such that Ej,1(p,q) =
Xk41. Then, we define a function v by

v RMTE x U RMF
(@t1y s any, (0,0) = (Drgay -5 by,
where b; = ZZ;‘:kH a;aj(Asp,Ej, Ei) — Agy1, k4101, | =k +1 <1 <ny. Using the
fact that f(, ;) attains an absolute maximum in Ej1(p, ) so that
(AsBe B B (pyg) = M1, 12 K41,
we then obtain that
L (1,0,...,0,(p,q)) = 2(As5, 1 (p.0) Em (0, @), Bi(p, @) = Mt 1.61101m
0, if [ #m,
=< Aeg1ht1, fl=m=k+1,
kit — Mostpr, ifl=m>Fk+2.

As & > 0, then from (3.57) we obtain that 2A;11; — Agt1,6+1 # 0. Hence, similar
to the proof of Claim I-(4), the implicit function theorem shows that there exist
differentiable functions ag41,. .., an,, defined on a neighbourhood U of (p, q), such
that the local vector field V', defined by

V - a’k+lEk}+1 + e + anlETL17
has the property V(p,q) = Xi41 and satisfies that
AV = Mg otV AV, V)X + - 4 iV, V) X
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Hence

3.74 A Vo Meukinn Vx4 X,
( ) J%\/MV) NGATRVAAS H1X1 + Pk

According to Claim II-(3), the function ’\“217\/%‘;’; can take a finite number of

values. On the other hand, )"“217\/%‘;’; is continuous and (V,V)(p,q) = 1. Thus
(V,V) =1 holds identically. Let Xj11 := V. Then, (3.74) and (V,V) = 1 imply
that for any (p',q’) € U, f(,r,q) defined on Vi (p',¢') attains an absolute maximum

at XkJrl(p/?q/)' U

Finally, we choose vector fields X, = Xq,... ,f(k = X, and X;H_g, ... ,an such
that {X1, Xs,...,X,,} are orthonormal vector fields of M™ which together span a
basis for the first component of the tangent space. Then, combining with Lemma
3.2, we immediately fulfil the second step of induction.

Accordingly, we have completed the proof of Lemma 3.5. O

In the following part, we aim at giving the explicit parametrization of ¢» : M™ —
M"(4¢). For this we will use Theorems 2.1 and 2.2 from [17].

Firstly, we will prove that the submanifold M" has parallel second fundamental
form. We will do this by direct computations: for the local orthonormal frame
{Xiti<i<n, of M{"" as determined in Lemma 3.5, we will use the Codazzi equation
in (2.5) to show that, for each 1 < i < nj, X; is a parallel vector field. Then we
will further prove that ¢ : M™ — M ™ (4¢) has parallel second fundamental form.

Lemma 3.6. Let {X1,...,X,,} be the local orthonormal vector fields of M™, as
determined in Lemma 3.5 and let {Y1,...,Yn,} be a local vector fields on M which
form a basis for the second component, and moreover, we assume that {Y;} depend
only on the second component. Then

VX; =0, 1<i<n;.
Proof. We will proceed by induction on the subscript of X; and prove separately
that VxX; =0, X €e TM{" and Vy X, =0, Y € TMJ?, where 1 <1i < n;j.

Let us check first that Vx X; =0, X € TM{".
For i > 2, by using (2.3) and (3.28), we have

J(VR)( X3, X1, X)) = (21 — A1) Vx, X,
{ J(Vh)(X1, X5, X1) = =i Vx, Xi + Asx, (Vx, Xi) + Asx, (Vx, X1).
Then, the Codazzi equations J(Vh)(X;, X1, X1) = J(Vh)(X1, X;, X1) give that
(3.75) (21 — M)V, X1 = — i Vx, Xi + Ayx, (V, Xi) + Ayx, (Vx, X1).

Taking the component in the direction of X; in (3.75) we can get Vx, X1 = 0.
Substituting Vx, X7 = 0 into (3.75), and then taking the component in the direction
of Xi7 we get <VX,LX1,X]€> =0 for 2 < i,k’ < n;.

The above facts immediately verify for the first step of induction that

VxX1 =0, X € TM™,

Next, assume by induction that for a fixed j > 2 it holds
(3.76) VxXp,=0, XeTM", k=1,...,j -1
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We claim that VX; = 0. The proof of the claim will be given in four cases:
(1) From the induction assumption and the fact that (X;, X;) = d;;, we get

(Vx, X5, Xi) = =(Vx, Xy, Xj) =0, 1 <i<ny, k<

(2) For ¢ < j — 1, by the induction assumption we have
J(Vh)(Xi,Xj,Xj) = —inAJXij + 2AJvaX,-Xj
= (Njj — 215)Vx, Xj;
J(Vh)(Xj,Xi,Xj) = 7vXjAJXin + AJXjVXsz' + AJXiVXij
= —uiVx; X;+ Asx;Vx; Xi + Asx, Vx,; X;
=—u;Vx,;X;+ Asx,Vx,Xj.
Then, by J(Vh)(X;, X;, X;) = J(Vh)(X;, X;, X;), we immediately get
(Vx, Xj, Xjo) =0, i<j—1, j+1<jo<m.

(3) For j + 1 < jo < nq, similar and direct calculations give that
J(Vh)(Xjo, Xj, Xj) = =V, Asx; Xj +24,x,Vx, X;
= XjiVx,, Xj —24;x,Vx, X;
= (Njj = 215) Vix, X3
J(VR)(X;, Xjo, Xj) = —Vx; Asx,;, Xj + Asx, Vx,; Xj, + Aix,; Vx,; X;
= 1V, Xjo + Asx,Vx, Xjo + Asx,, Vi, X
By J(Vh)(X;, Xj,, X;) = J(Vh)(X,, Xj,, X;) and taking the component in the
direction of X, we obtain that

(Vx, X, Xj0) =0, j+1<jo <.

(4) For i > j + 1, by similar calculations for both sides of
J(Vh)(Xi, X, X;) = J(Vh)(X;, Xi, X;),
and taking the component in the direction of X, for jo > j + 1, we can get
(Vx,Xj, Xjo) =0, i>j+1, jo=j+1L
Summing up the above four cases, we finally get the assertion
VxX; =0, X € TM".

Finally, we must prove that Vy X; =0 for Y € TM3? and 1 < i < ny. The proof
follows the same steps as before. For instance, we start with the Codazzi equation
J(Vh)(X;, Y1, X1) = J(Vh) (Y1, X;, X1), i > 1. Multiplying once by X; and once
by Y, j < ni, we get that Vy, X1 = 0. Then, Vy, X; =0, j > 1 follows similarly
from J(Vh)(Y;, X1,X1) = J(VRh)(X1,Y;, X4), ¢ > 1. We then complete the proof
of this part by following the same steps as for VxX; =0, X € TM".

By induction we have completed the proof of Lemma 3.6. (]

Lemma 3.7. Under the condition of Theorem 5.1, the submanifold ¢ : M"™ —
M™(4¢) has parallel second fundamental form: Vh = 0.
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Proof. We have that M™ = M (¢1) x M3?(c2), for ¢4 =0, c2 > 0 and é = 1. Let
{Xiti<i<n, and {Y]}1<;<n, be the local orthonormal frames of vector fields of M7"!
and M2, respectively, as described in Lemma 3.5. Consider arbitrarily X € TM{"
and Y € TMJ?*. We will make use of the Codazzi equation (2.5), equations (3.17),
(3.28) and the fact that VX; = 0,1 <4 < n;. We need, additionally, to know that
Vx,Y; =0 for i < n; and each j, where for every Y; chosen in the basis of T, M2,
we take its horizontal lift on T(, o) (M x My*), which we denote still by Y;. Our
setting corresponds now to [20, Proposition 56, p. 89]. Hence, VxY; = 0.

Given the symmetries of Vh, it is enough to evaluate the following terms such
as Vh(Xy,Y;,Y;), VR(Y;, X1, Y;), VR(X, X5, X;), VA(Y,Y;,Y;) and VA(Y, X;, X;).
Then finally by direct calculations we obtain Vh = 0. O

Completion of the Proof of Theorem 3.1.

Let {X;}1<i<n, and {Yj}1<j<n, be the local orthonormal frames of vector fields
of M and MJ'?, respectively, as described in Lemma 3.5. Now, we consider the
two distributions D; spanned by X1, and Dy spanned by {Xs,..., X,,,,Y1,..., Y, }.
Given the form of A;x, in (3.28), we may apply Theorem 2.1 and obtain that
P M™ — CP"(4) is locally a Calabi product Lagrangian immersion of an (n — 1)-
dimensional Lagrangian immersion v : M1"71_1 — CP"'(4) and a point, i.e., M™ =
I x Mlnjl, I; C R. As ¢ is minimal in our case, we may further apply Theorem
2.1 (2). Therefore, we get that

1
W == and 11 is minimal,

vn
and ¢ = Il o ¢ for

&(tmp) = (\/ #eimtlﬁl(p% \/ %ﬂeii#t)7 (tnp) € Il X Mﬁzla

where TI : $?"+1(1) — CP"(4) is the Hopf fibration and v : Mlnjl — §271(1) is
the horizontal lift of ;.

Consider next the immersion v, : M{fl_l — CP""'(4). From (3.28) we may
see that the restriction A of the shape operator Ay on {Xo,..., X, Y1,..., Y0, }
(which spans TM{ffl) is defined as

Al Xo = Ag 2 Xo,

A}JXiX’i =poXo+ -+ X1+ A Xi, 3<i<ng,
(3.77) Ajx Xj = piXj, 2<i<j—1,

Abx Yy = Yy, 2<i<m, 1<j<ny,

ALy Y = 0i(paXo + - + iy Xy )

We then apply Theorem 2.1 on Mlnjl, by identifying D; with span{Xs} and Dy
with span{Xs,..., X,,,Y1,...,Y,,}, and obtain that ¢ : Mﬁfl — CP" *(4) is
locally a Calabi product Lagrangian immersion of an (n—2)-dimensional Lagrangian
immersion s : M{LEQ — CP"?(4) and a point, thus M{fl_l = Iy X M{fgz and
M" =1y x I x M}';%, I, CR.

As 15 is minimal, we further apply Theorem 2.1 (2), and we get

1

Vn—1'

to = =+ P9 is minimal,
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and Y, =1I; o 11?1 for

1[)1(15,}9) = (\/@61%%&2(]9), ﬁe—i%t)7 (t,p) € I x Mﬁ2—27

where IT; : S?"~1(1) — CP""*(4) is the Hopf fibration, and ) : M1"72_2 — §*=3(1)
is the horizontal lift of 1o.

In this way, we can apply Theorem 2.1 for the (n; —1)!" time because, inductively,
we have that 9, —2 : M{L:Ll(g_z) — CP"~(™~2)(4) is a Lagrangian immersion and
the restriction A"} ™2 of the shape operator A on {X,, -1, Xn,, Y1, ..., Yn,} (which
spans TMff(nl*Z)) is defined as

n172
ni—2
AJ%n171Xn1—1 = /\nl—l,nl—anl—la
ny—2 _
AJan,anl - :unllenU

(3.78) e, |
AJB(7L1_1)/J' = ,Unl—lyj, 1 <75 < no,

_92 .o
AR Y = bijpn, -1 Xn, —1, 1 <4,5 <.

Then applying Theorem 2.2 by identifying Dy with span{X,,_1}, and Dy with
span{X,,,Y1,...,Y,,}, respectively, we obtain that M ,,_o is locally a Calabi
product Lagrangian immersion of an (n — (n; — 1))-dimensional Lagrangian im-
mersion ¥, —1 : My p,—1 — (C]P’"_("l_l)(4) and a point. Thus My ;o = I, —1 X
Ml,n1,1 and M" =1; x Iy x --- X In1,1 X Ml,nlfla In1,1 C R.

As 1, o is minimal, we further apply Theorem 2.1 (2) to see that

1
ni—1 == ; Un,—1 1S minimal,
foma =t n—(n—1)+1 o
and "/}n172 = Hn1f2 o '(277472 for

y top) =[] n=a=2) ity
d}nl—Q( 7p) - (n—(n1—2))+1e ! wnl—l(p)v

. n—(n;—2)
1 BT CrE=y s
P oy e 2 (1 —D+1 )7 (t,p) € In,—1 X M1 5 1.

Here, II,,, 5 : S?"=2m+5(1) — CP"~ (™~ (4) is the Hopf fibration, and v, 1 :
M, —1 — S?721F3(1) is the horizontal lift of 1, _1.

We want to apply Theorem 2.1 for the n!" time, for the Lagrangian immersion
Yny—1: Mln,;l(ill_l) — CP" (™ ~1(4), given that the restriction A" 1 of the shape
operator Ay on {X,,,Y1,...,Y,,} (which spans TMj ,,, 1) is defined as

A?B(_,Lll Xny = Ang i Xy,

A?}i/jl}/J = 51'3'”711)(711'

Applying Theorem 2.2 again by identifying Dy with span{X,, }, and Dy with
span{Yy,...,Y,,}, we obtain that ¢, 1 : My, _; — CP" ™~Y(4) is locally
a Calabi product Lagrangian immersion of an (n — nj)-dimensional Lagrangian
immersion ¢, : My, — CP"7"'(4) and a point. Thus Mi ,,—1 = I, X My,
and

(3.80) MM =1 xIs X+ X I, X My p,, I, CR.
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As 1y, —1 is minimal, we further apply Theorem 2.1 (2) and we get
Hona = vn—ni+1
and ), 1 = I, _1 0 ¢y, _1 for

1p, is minimal,

s -1(t,0) = () ot e T o ()
Yny—1(t,p (n—(n1—-1)+1° n1\P)s

1 Bl G T D Y
\/%e n=(ni—D+1 ), (t,p) € L,, X My,

where TI,, ; : S?*~2m+3(1) — CP" ™ "(4) is the Hopf fibration and v,, :
M, — S?=2m+1(1) is the horizontal lift of 1), .

Notice that the restriction A’}' of the shape operator A; on {Yi,...,Y,,} is
A’}i,YJ = 0. Therefore, we eventually have that M™ is locally a Calabi product
Lagrangian immersion of n; points and an ns-dimensional Lagrangian immersion

P, @ My? — CP" ™ (4),
for M3? := M ,,, which has vanishing second fundamental form. Moreover,
anfl XIQ Xoee XInl XMan, Il,...,Inl C R.

Finally, for ¢ € M3 the parametrization of ¢ : M™ — CP"(4) is given by:

. tny— tn -~
w(th L 7tn1,(Z) — (, /%ﬁtl—l)el(%"‘%*‘"*nf(nllle)ﬁ+n7(n1i1>+1)¢n1 (q)7

(Ot t tpy—1 n—(ny—1)
1 el(nil+72,+”'+n7(n1172)+1_'nf('nlil)#»ltnl)
b
n+1
ot t tny—2 n—(ny—2)
1 el(n11+72+.“+n—(n11—3)+1771—(7111—2)+1t"171)
vn+1 )

N 5 2 Lt —1
1 el(n+1+77(n22)+1t3) 1 62(7),41»17”71, t2)

vVn+1 ? V/n+1 ’
1 7 t1
41
n+16 )

which, writing &,zl(q) = (Y1, -, Yno+1), 1S equivalent to

Uy 1 iunl
)

d)(tly"'atnuq):(ﬁe [ n+16

[ na+1 _iu
nz+1 € n1+1(y1ay27"'7yn2+1))a

where, {u;}1<i<n,+1 are defined by

(3.81)

_ _.n
ur = — gt
_ _t ta 4 ... tny—1 _ n—(ni-1)
Uny = 337 + n + + n—(n1—2)+1 nf(n171)+1t”17
— _t t2 4 ... tny—1 tny
Uni+1 = 737 + n + + n—(n1—2)+1 + n—(ni1—1)+1°

and they satisfy ug +ug + -+ + tup, + (n2 + )y, +1 = 0.
This completes the proof of Theorem 3.1. (]
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3.2.
Now, we deal with Case (ii), that is, we treat the case when ¢; # 0 and ¢ # 0.
We begin with the following result whose proof is similar to that of (3.4).

Lemma 3.8. If Case (ii) occurs, then we have

(3.82) Y, Asx, Xj) = (X, AgyYo) =0, 1 <4,5 <ny, 1 <Il,m < no.
Then, as main result of this subsection we can prove the following lemma.

Lemma 3.9. Case (ii) does not occur.

Proof. Suppose on the contrary that Case (ii) does occur. From Lemma 3.1 we
know that A; vanishes nowhere. We may assume that there exist X € T, M;"* such
that Ayx # 0 at the point p. Given Lemma 3.8, similarly to the proof of Lemma 3.5,
we can show that there exists a local orthonormal frame {Xy,...,X,,} € TM™
on a neighbourhood of p such that the shape operator satisfies

(3.83) Ajx, X1 =Xy, Ayx, X = XX, 2 <0 <nyq,

where A1 and A2 are constants. Then, similarly to the proof of (3.27), we can show
that VxX; = 0 for any X € TM"'. This implies that R(Xy, X2)X; = 0, which is
a contradiction to cjco # 0. [l

Completion of the Proof of the Main Theorem.

If ¢ = co = 0, it follows from (2.12) that (M™,(,-)) is flat. According to the
result of [12, 15] and [7] (see the Gauss equation (3.5) in [7]), we get item (1) of the
Main Theorem.

If ¢2 + 3 # 0, we have two cases: Case (i) and Case (ii).

For Case (i), by Theorem 3.1, we obtain the minimal Lagrangian submanifold
as stated in item (2) of the Main Theorem.

Whereas for Case (ii), by Lemma 3.9, it does not occur.

Hence, we have completed the proof of the Main Theorem. O
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