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Abstract

We study a parametric politico-economic model of economic growth with pro-
ductive public goods and public consumption goods. The provision of public goods
is funded by a proportional tax. Agents are heterogeneous in their initial capital
endowments, discount factors and the relative weights of public consumption in
overall private utility. They vote on the shares of public goods in GDP. We propose
a definition of voting equilibrium, prove the existence and provide a characteriza-
tion of voting equilibria, and obtain a closed-form solution for the voting outcomes.
Also we introduce a “fictitious” representative agent and interpret the outcome of
voting as a choice made by a central planner for his benefit. Finally, we undertake
comparative static analysis of the shares of public goods in GDP and of the rate of
balanced growth with respect to the discount factors and the preferences for pub-
lic consumption. The results of this analysis suggest that the representative-agent
version of our model is capable of capturing the interaction between many voting
heterogeneous agents only if the heterogeneity is one-dimensional.
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1 Introduction

Public intervention is one of the key factors explaining differences in economic growth
patterns among countries in the world. The role of governments and government expen-
ditures in the growth process has been at the heart of many theoretical and empirical
contributions.

There are two alternative approaches to deal with public intervention in the economy:
either a social planner is assumed to look for an optimal solution and policy instruments
are then designed to decentralize this solution or policy decisions are assumed to be the
outcome of a political process inside which policy makers and/or voters interact. As far
as economic growth is concerned, both efficiency issues and equity issues can be dealt
with in both approaches.

In this paper, we propose a parametric politico-economic model of economic growth
with productive public goods that increase private production possibilities and public con-
sumption goods that contribute to private utility. The government levies a proportional
tax on the consumers’ income, which funds the provision of public goods. We assume
logarithmic preferences, the Cobb-Douglas production function and full depreciation of
capital. Unlike the vast majority of the literature, in our model agents are heterogeneous
not only in their initial endowments of private capital, but also in their discount factors
and preferences for public consumption goods.

At each time period, agents vote on two shares and hence the policy space is 2-
dimensional. Therefore, generically a Condorcet winner fails to exist. To overcome this
difficulty, following Kramer (1972) and Shepsle (1979), we assume that agents vote sep-
arately on the two shares within the same period. They cast their vote on each share
assuming that the other share has been settled. A solution is consistent if the pair of
shares obtained through that procedure is self-supporting in a Nash-like manner.

We propose a definition of voting equilibrium, prove the existence of voting equilibria,
provide their characterization, obtain a closed-form solution for the voting outcomes,
which do not depend on the initial distribution of private capital and expectations. It
follows that if at each time the shares of public goods in GDP are determined by voting,
then they are constant over time.

Also we introduce a “fictitious” representative agent and interpret the outcome of
voting in our model as a choice made by a central planner for his benefit. Finally, we
undertake comparative static analysis of the shares of public goods in GDP and of the
rate of balanced growth with respect to the discount factors and the preferences for
public consumption. Some outcomes of this analysis in the general case of many agents

are somewhat different from the outcomes in the case of a representative agent. They



show that the representative-agent version of our model is a reasonable approximation
of the general case with many heterogeneous voting agents only if the heterogeneity is
one-dimensional.

At first glance it would seem impossible to propose a consistent voting procedure if
the uniqueness of a competitive equilibrium cannot be guaranteed for some policies. It
turns out that this is not the case. We show that under some additional assumption about
agents’ beliefs it is possible to generalize the voting procedure in a consistent way to the
case where the uniqueness of competitive equilibria is not ensured and that the outcome
of this generalized voting procedure is the same as in the case of uniqueness.

The structure of the paper is as follows. Section 2 provides a short literature review.
Section 3 presents the main building blocks describing the production technology, the
government spending and the agents’ preferences. Section 4 provides a preliminary anal-
ysis of competitive equilibria assuming that the shares of public goods in GDP are given.
It studies the existence and uniqueness of an intertemporal equilibrium and the key char-
acteristics of a balanced growth equilibrium for given shares. Section 5 endogenizes the
shares of public goods through a voting procedure and describes the outcome of voting
under the assumption that for any public policy the competitive equilibrium is unique.
Finally Section 6 extends the analysis to the case where the uniqueness is not ensured.

Section 7 concludes.

2 Literature review

Government expenditures on goods and services are traditionally classified as
productivity-enhancing or utility-enhancing. Barro (1990), Barro and Sala-i-Martin
(1992), Glomm and Ravikumar (1994a) and many others study the optimal level of gov-
ernment expenditures when they take the form of public production services (see de Haan
and Romp (2007) for a recent survey of empirical literature and Irmen and Kuehnel (2009)
for a survey of theoretical literature). Other constributions study the role of public in-
vestment to alleviate fixed costs associated with production and responsible of poverty
traps: Dechert and Nishimura (1983) for the study of nonconvexities due to fixed costs
and recently Le Van et al (2016) for an analysis of lock-ins to underdevelopment caused
by the lack of core infrastructure (road, rail, power supply,...). Bianconi and Turnovsky
(1997), Devereux and Wen (1998) and others study the more conventional case in which
government expenditures take the form of utility-enhancing public services that provide
direct utility to households. Some analyses have included both aspects of public spend-
ing (see, e.g., Baier and Glomm (2001), Baxter and King (1993), Chang (1999), Chen
(2006), Marrero (2010), Economides et al (2011)). In the vast majority of papers on eco-



nomic growth with public intervention the shares of government expenditures are either
exogenous or chosen by a benevolent planner.

The political-economy literature describes collective choice mechanisms and explains
how fundamentals (preferences and technologies) together with political institutions de-
termine political outcomes. Glomm and Ravikumar (1994b) and Koulovatianos and Mir-
man (2004, 2005) consider infinite-horizon economies where public sector investments and
public consumption goods are financed by income taxes. They endogenize the provision
of public goods through majority voting. In their models, households can differ only
with respect to their initial endowments of private capital. However, this heterogene-
ity does not lead to any disagreement in voting. All agents vote unanimously. In Park
and Philippopoulos (2003) households also can differ only with respect to initial capital
endowments.

In our paper, in addition to heterogeneity in initial endowments, we introduce hetero-
geneity in discount factors and preferences for public consumption goods. Heterogeneity
in discount factors exists for a number of reasons: differences in life expectancy, health,
family background, etc. and is well documented (for a survey, see Frederick et al (2002)).
Recent results of Hiibner and Vannoorenberghe (2015) and Dohmen et al (2015) show
that average patience explains a considerable fraction of the between-country variation
in growth and income. Patience varies not only between countries, but also within coun-
tries. According to Dohmen et al (2015), between-country variance accounts for about
13,5 % and within-country variation for about 86,5% of total variation. Another source
of heterogeneity in our model stems from the weight attached to public consumption.
Competing preferences for consumption public goods are a key element of the political
debate in many countries !.

There is a rich literature on models of economic growth with consumers having different
rates of impatience. This literature started from Becker (1980) (for a survey, see Becker
(2006)). However, most existing papers on this topic ignore public sector. Few exceptions
include papers by Sarte (1997), Sorger (2002), Li and Sarte (2004) and Bosi and Seegmuller
(2010), who study the impact of a progressive income tax on the long-run growth and
distribution.

One difficulty when applying the tools of politico-economic analysis in neoclassical
growth models with rational optimizing agents is to account for voters’ expectations of

current and future equilibrium prices and of future equilibrium policies (see e.g., Krusell

!More generally, in models dealing with voting on public expenditures, heterogeneity in preferences
can come from many other sources. For instance, in models which study the accumulation of human or
physical capital, individuals may be heterogenous in the weight they place on a relative indicator of social
status like relative consumption (Tournemaine and Tsoukis (2015)), relative human capital (Fershtman
et al) or relative wealth (Pham (2005)).



et al (1997) and Krusell and Rios-Rull (1999)). Alesina and Rodrik (1994) ignore this
difficulty. Kaas (2003), Creedy et al (2011) and Burlon (2017) overcome it in OLG
frameworks.

We overcome this difficulty by assuming logarithmic preferences, the Cobb-Douglas
production function and full depreciation of capital. These simplifications also eliminate
a possible strategic motive to influence the outcomes of future votes, hence they can
be taken as given. Models where voters can ignore the effect of their choices on future
political environment due to logarithmic preferences and the Cobb-Douglas technology
are not untypical in the literature (see e.g., Glomm and Ravikumar (1994a,b), Zhang et
al. (2003), Gradstein and Kaganovich (2004), Koulovatianos and Mirman (2004), Creedy
et al (2011)).

Several recent papers are devoted to collective decisions by individuals heterogeneous
in their time preferences (see e.g., Gollier and Zeckhauser (2005), Zuber (2011), Heal
and Millner (2014)). The results of these papers indicate that in a collective choice
context there is a conflict between two attractive properties of intertemporal preferences
— time consistency and time invariance — though these properties are indistinguishable for
individuals?.

Jackson and Yariv (2015) consider, among other things, voting as a method of ag-
gregating of preferences over common consumption. Their results suggest that it cannot
lead to an unambiguous outcome if agents have different time preferences. Their analysis
assumes, however, that voting takes place only once, at time zero. In this sense their
model is atemporal. Our framework is essentially intertemporal® so that in each period

agents are only voting over current values of the shares of public goods in GDP.

3 Main building blocks of the model

3.1 Production sector
The aggregate output (GDP) at each time ¢, Y}, is given by a production function

Y, = Q(gt)F(Ku L)7

where K is the capital stock, g, is the time ¢ per capita quantity of productive public

goods and L is the input of labor, which is assumed to be equal to the number of agents

2In our model, the shares of public goods in GDP determined by voting are constant over time and

hence voting is time consistent and time invariant.
3Similar approach is applied by Borissov and Pakhnin (2018) to a growth model with exhaustible

natural resources and by Borissov et al (2016) to a non-parametric growth model with public consumption.



(each agent supplies one unit of labor) and constant over time. Capital fully depreciates

during one time period. We assume that the production function is Cobb-Douglas:
F(K,L)=K*L'™°, 0<ac<l,

and that
q9(9) = 9
Thus,
V= gl KeLe

Per capita GDP, y, = Y;/L, can be written as

v = q(g0) f (k) = g ke,

where ky = K, /L and f (k;) = k. The wage rate w; and the gross interest rate 1+ r, are

the marginal products of labor and capital respectively:
wi = q(g0) (f (ki) = [ (ko) (= (1= )(ge) ™ (ke)®),

L+7,=q(g) f' (k) (= alge/ke) ™).

For simplicity, we assume constant returns to scale to the reproducible factors. It is
noteworthy that most of our results concerning voting equilibria have their counterparts

in a model with decreasing returns to scale (with somewhat more tedious formulas).

3.2 Government

The government provides utility-enhancing public consumption goods and productive
public goods. They are financed by the use of a proportional income tax. The government
runs a balanced budget. Therefore, if the per capita level of public consumption goods
provision at time t is h; and the per capita level of productive public goods provision at

time ¢t 4+ 1 is g;11, then the total tax rate is equal to 6; + \;, where

hiL Dy Gi1L gt+1
0, ;= — = — and \; := = —
! Y, Yt ! Y: Yt

are the shares consumptive and productive public goods in GDP respectively. We assume
that the part of taxes collected in period ¢ and used for the productive public goods is
spent in period t + 1.



3.3 Consumers

The agents indexed by j = 1,..., L. Their number, L, is assumed to be odd. Each agent
J = 1,,L is endowed with one unit of labor, derives utility from personal and public
consumption, and discounts future utilities by the factor ;. Her instantaneous utility at
time ¢ is given by In¢l + 0;In hy, where ¢ is her personal consumption and 0; > 0 is the
weight she gives to public consumption relative to private consumption. We assume that
1>812>B>...> B >0.

By J we denote the set of agents with the highest discount factor:

J={j 18 = b}

The agents take the sequences (w;)2, (71)520, (ht)520, (A)52, and (6;)5°, as given and
have perfect foresight of all these sequences. The time t the budget constraint of agent j
is given by

A+ 51 =1 =0 = XN)[(1+r)sl_, +wil,

where s{ denotes the time t savings of this agent j. They are assumed to be non-negative,
which implies that future wage income cannot be discounted to the present.

J

Given s;_,, at time 7 agent j maximizes her intertemporal utility under the budget

constraints, i.e. solves the following problem:
maxZﬁjt,_T(lncZ +4;Inhy), (1)
t=1

s.t.
Ad+si=1—-0,—\)|(A+r)s_+w], t=7,7+1, ...,

>0 t=r,7+1,..

Since the sequence (h;)g° _ is taken as given by consumer j, maximizing (1) is equivalent
to maximizing the utility obtained from personal consumption only, which is equal to

o0

Zﬁ;‘T Incl.

t=1
3.4 Central planner first-best optimum

Prior to consider the model with heterogenous agents, suppose that there is a central
planner acting for the benefit of a representative agent. The existence of a representa-
tive agent for a given population is an ubiquitous assumption in macroeconomic theory,
though it is very controversial from a microeconomic perspective. In the title of his highly
cited paper, Alan Kirman (1992) poses the following question: Whom or what does the

representative individual represent? His answer is nobody and nothing. According to

7



Kirman, the reduction of the behavior of a group of heterogeneous agents to the behavior
of one representative agent “is not simply an analytical convenience as often explained,
but is both unjustified and leads to conclusions which are usually misleading and often
wrong” (p. 117).

This seems to be especially true of models with heterogeneous discounting, in which
the existence of a social welfare function satisfying some natural assumptions is highly
questionable (see e.g. Zuber, 2011). However, even in such models the fiction of a rep-
resentative agent may be useful. For example, it is convenient to interpret outcomes of
votes in our model as choices made by a central planner for the benefit of a “fictitious”
representative agent*. This interpretation will help us to understand the structure of
voting equilibria and their dependence on agents’ preferences .

The first-best central planner’s optimum is obtained by solving

max Z Br(nc + 0rlnhy),
=0

s.t.
_ .o l—« _
st. (e + he) + (ki1 + ge1) = kfgy %, t=0,1,....

Here ¢; and h, are the representative agent’s private and public consumption, fg is her
discount factor and dp is the weight she gives to public consumption relative to private
consumption.

The solution to this problem is determined by the following relationships:

1
a+ho=(1-Brkig * c= 1+5R(Ct +he), by =

ki1 + gre1r = Brk g kipr = alker + ge41),s g1 = (1 — @) (ki1 + ger)-

Hence, the optimal shares of consumptive and productive public goods in GDP, 6, = h;/y,

and \; = gi41/y:, are constant over time and given by

Or(1 — Br)
0= ———F= N =(1— ) 2
t 1+o; t ( 04)5}2 ( )
It is interesting to note that the optimal share of public productive goods in GDP,
At = (1 — a)Pg, does not depend on the weight the representative agent gives to public

consumption relative to private consumption.

4In what follows we call this agent “fictitious” representative agent (F') in order to distinguish between
the case with many agents and the case with a single agent (i.e. L = 1). In the latter case the single

agent is called simply representative agent (R).



In subsection 5.3 we will show that in the second-best optimum, where the central
planner maximizes the representative agent welfare in equilibrium taking the decision
rule of the representative agent as given, shares of the two public goods are the same °.

It is tempting to conjecture from (2) that if there are many agents with diverse pref-
erences and the shares of the two public goods are determined by voting, this vote will
lead to A; equal to (1 — @) Bea®, where Bpeq is the median value of 8;, j=1,...,L, and

8;(1-5;) med(1=Bmed)

0; equal to either the median value of BT j=1,...,L,or d e —

the median value of 6;, j =1,..., L. Is this conjecture correct?

, where 0,04 is

We subdivide this question into three questions. From the least to the most general:

1) If agents differ only in their tastes for the public consumption good (sharing the same
discount factor), is it true that the agent with the median taste for the consumption

public goods determines both shares of public goods?

2) If agents differ only in their discount factors (having the same taste for the con-
sumption public good), can we say that the agent with the median discount factor

determines both shares of public goods?

3) And finally, if agents are heterogeneous in their discount factors and in their tastes

for the consumption public good, what is the outcome of voting? Is it fully de-

termined by the median value of 3;, j = 1,..., L, and the median value of either
. 9:(1—23; .
d;, j=1,...,L,or 7§+—5ff]), j=1,..,L7

As was noted above, the results of Jackson and Yariv (2015) suggest that if agents have
different discount factors, voting cannot lead to an unambiguous outcome and hence the

expected answers to questions 2) and 3) should be negative.

4 Equilibria at given shares of public goods in GDP

As said above, we first analyze competitive equilibria under given public policies and then
endogenize the public policies by letting the agents vote at the beginning of each period.

In this section we make the first step of this procedure.

®The share of the productive public goods, A\; = (1 — a)f8g, is the same as in Glomm and Ravikumar
(1994a). Tt differs from one in Barro (1990) by the factor Sr because the tax revenues in their model
are converted into the productive public goods with a one-period lag, whereas in Barro’s continuous time

model tax revenues are converted into the productive public goods instantaneously.
5Indeed, the second formula in (2) suggests that the agents with discount factor lower than or equal

t0 Bmea would prefer A = (1 — &) Bmeq to any A; higher than (1 — «)Bneq while the agents with discount
factor higher than or equal to fB,eq would prefer A, = (1 — @)Bmea to any A lower than (1 — @)Bmed-
This seems to imply that A; = (1 — @)Bmeq must be a Condorcet winner in voting on A,. Moreover this

argument applies irrespective of 0;.



4.1 Competitive equilibria at given shares of public goods in
GDP

Suppose that the economy at time 7 is in a non-generate state Z* = ((s" Vi ki gn)”
and that the shares of utility-enhancing and productive public goods in GDP, 6; and A,
t=7,74+1,..., are given. It follows that the tax rate at time t = 7,7+ 1,...1s 0; + \..

We assume that

hm mf 0, >0, hm mf At > 0 and limsup(0; + \;) < 1. (3)

t—00
Let ©, = (0. and A, = (\)2.. Further, let 1 4+ 72 = q(¢)f'(k) and w: =
q(g5) (f(kX) — f'(kX)EkE) be the pre-tax gross interest and wage rates at time 7.

Definition. A sequence

* j*\ L j%\ L * * * * *) 00
& =((q )j:h (s1 )j:17 kit Tivn, Wivts iy hi)i2,
is called a competitive O,-A,-equilibrium starting from L if

1) for each j = 1,..., L, the sequence (cI*,s1*)_ is a solution to

max Y .~ [ Ing]

cZ—I—s{:(l—Gt—)\t)[(qurf)s{1+wf] t=71,7+1,.., (4)
s/ >0, t=7,7+1,..., (where s._, = 5" ));

2) kf L= Z; 15t ,t=71,7+1,.

3) 1+ Tt = q(g:) [ (k) (= Oé(gt/k;tk)lia)v t=7+1,7+2, .

4) wy = q(gr)(f (k) — f/(kDED) (= (1 —a)(g) o (k)®), t=7+ L7 +2,..;

) 9ip1 = Aea(gp) f (k) (= Algi) = (k1)), t=7, 7+ 1, ..

6) i = Ouq(gy) f (ki) (= 0c(gf) ~(K{)Y)), t =7, 7+ 1,....

[t is easy to check that in the case of one representative consumer (L = 1) for any non-

ot

degenerate state of the economy at time 7, Z* = (s*_,, k¥, ¢%), there exists a unique com-

petitive ©.-A-equilibrium starting from Z7, £ = (¢}, s}, ki\vy, i, Wi s R,

(index j is suppressed here because there is only one consumer). It is fully determined by

the following relationships:

ki =s; = aBr(l =0 = N)alg;) f(k7), ¢ = (1= afr)(1 =0 = A)a(g;) f (k7). (5)

The following existence proposition is a modification of the extended existence theorem
for the Ramsey model with heterogeneous agents proved in Becker et al (1991) and can

be proved in a similar way®.

TA tuple ((s )] 1,k, g) is called a non-degenerate state of the economy if s/ > 0, j = 1,...,L,
S5 87 =kL>0andg>0.
8See Becker et al (2015), Borissov and Dubey (2015) and Le Van and Pham (2016) for simpler proofs of

the existence of equilibria in Ramsey-type models with heterogeneous agents and borrowing constraints.

10



Proposition 1. For any non-degenerate state of the economy at time 7, IF =
((si*_l)le, kX, g), there exists a competitive © -\ -equilibrium starting from I*.

The question arises of whether the competitive ©-A-equilibrium is unique. Because
of the Cobb-Douglas parametric specification of our model, it is reasonable to conjecture
that the answer to this question is yes. However, we have no proof of this conjecture.
At the same time, the following proposition says that if the initial state is such that all
capital is owned by the most patient consumers, then the answer to the above question is
positive. It also says that if initially all capital belongs to the most patient agents, then
in a ©-A-equilibrium, all post-tax wage income is spent on consumption. This implies in
particular that all agents whose discount factor is lower than ; make no savings at all.
As for the patient agents, the share of the post-tax gross capital income they spend on
savings is equal to [, irrespective of their wealth, the tax rates and the levels of public
goods provision. It follows that the time ¢ savings rate in the economy as a whole is
B1(1 — 0y — \p)a.

Proposition 2. For any non-degenerate state T* = ((s2* )%

T—1/5=01> ki? gjrk) Satzsfymg

/{J:L = ZSZ.*,I (26 S{-t1 = 07 ] ¢ J)?

jeJ

the ©,-A,-equilibrium

S* = ((Cg*)gl‘jzlv (Si*)]L:D :—1-17 r:-i-la wz‘—i—l’ 9;_17 h;k)?iT

starting from T* is unique and determined as follows (t =71,7+1,...) :
1 = Bl =0, — N)aq(gy) f(Kp),
st =Bl =0 = M) (L+7)s150, = (1= 0, = M)[(1 = B) (L +7))siy +wyl, j €,
sP=0, " =(1—60,—\w}, j¢&J.
L+ iy = qlgi) f (Kin), wivy = a(gip) (F (k) — F/(RG)RS ),

G = Ma(g0) f(KD), hy = 0:q(g)) [ (k).

Proof. See Appendix 1.

In his seminal article on optimal capital accumulation, Ramsey (1928) conjectured
that in a model with households differentiated by their rates of time preference eventually
the most patient households own the entire capital stock of the economy. The literature
on Ramsey’s conjecture is comprehensively surveyed in Becker (2006). The following

proposition maintains that in our model this conjecture is true.

11



Proposition 3. For any competitive ©.-A,-equilibrium

* i*x\ L J*\ L * * * * *\ 00
& =((q )j:lv (s1 )j:l? t+1 T+ Witrrs Ge1s hi)i2,
there is T' such that

k;‘L:Zsﬁl (ie. s, =0,j¢J), t=T,T+1,....

jeJ

Proof. See Appendix 1.

In what follows, if some sequences © = (6;)2, and A = (\)2, are taken as given,
then for all 7 =0,1,..., we denote the tails of these sequences starting at time 7 as O,
and A;: O, := (6;)2, and A, := (\){2,. In particular, ©p = © and Ay = A.

It should be noted that if

j%\ L J*\L * * * * %\ 00
((ef )j:l? (st )j:lv Kivts Tiets Witts Givns Mo
is a competitive ©g-Ag-equilibrium starting from some initial state ((s))f,, k5, g5),
then for each 7 =1,2,..., its tail
%\ L J*\L * * * * * 00
((cf )j:l? (st )j:lv t+10 Te+10 Weg1s Get1s hi)is,

is a competitive ©,-A,-equilibrium starting from ((sitl)le, k%, g%). In other terms, any

O¢-Ag-equilibrium is time consistent.

4.2 Balanced-growth equilibria at given shares

of public goods

Suppose that the shares of consumption and productive public goods are constant over
time and are equal to, respectively, 6 > 0 and A > 0, i.e. © = (0,0,0,...) and A =
(A, A A, . ..), and that § + A < 1. A competitive ©-A-equilibrium

&= ((CZ*)]L:p (S{*)§:17 ;tk+1a 7”:+1a w:—i—l? 9;;+1a hi)Zo

starting from 7} = ((s”* i1 kS, g5) is called a balanced growth 6-M-equilibrium if there

is an equilibrium rate of balanced growth, v*, such that for ¢t =0,1,...,and j =1,..., L,

* * * * j* J*
ki G W hiy . CZ+1 Sy %
= = == =149 (6)
k* * w* h* C]* J*
t Gt11 t+1 t+1 + Si_1

It is clear that in a balanced growth #-A-equilibrium
j*\ L )%\ L *
&= ((Cg*)j:p (s1 )j:lv t+1> 7”:+1a w:—i—l? Q;:k+1a hi)Zo

12



starting from Zj, the interest rate 7} is constant over time:

L* a—1 k* a—1
1+r2‘=a(—i) :a(_g) S =01, (7)

Gt 90

The following proposition is an adaptation of a well-known result by Becker (1980) to
our model. It maintains that in a balanced growth 6-A-equilibrium all capital is owned
by the most patient consumers. It also says that the rate of balanced growth, v*, is
completely determined by the parameters of the production function, the two shares of
public goods in GDP, # and A, and the discount factor of the most patient consumer, (.

Proposition 4. 1) Let

&= ((CZ*)f:h (Si*)f:p k:—l—lv Tiil, Wit 9:+1a hi)iZo

be a balanced growth 0-\-equilibrium starting from L and v* be the corresponding equi-

librium rate of balanced growth. Then

L+ =B =0 =N +75) = N1 =0 — ), (8)
and fort=0,1,...,
k¥ afi(1—0—X\
ki _ 1 . )’ 9)
9t
kiL = Zs{il (i.e. s{il =0, j¢J), (10)
jed

2) Let k§ >0, g5 > 0 and (sj_*l)jL:l (7, >0, j=1,...,L) be such that

KL= s (ie. sTy =0, j¢.J) (11)

jed

and
@:aﬁl(l—ﬁ—)\) (12)
9% A

Then there is a balanced growth 6-\-equilibrium

5* = ((CZ*%L:D (8{*)521, k:+17 7”:+1, w;rlv g;/k+17 h:)z?i[)

starting from ((sfkl)le, kS, g3), which is completely determined by (6)-(7) with v* given

by (8).

It follows from this proposition that the rate of balanced growth, v*, is increasing in (3,
and does not depend on f; ¢ J. It is clearly decreasing in the share of public consumption
goods in GDP, . As for the dependence of the rate of balanced growth on the share of
productive public goods, A, it has an inverted U-shaped form, but we shall see that voting

leads to shares lying in a range where this dependence is increasing.
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The following proposition maintains that if the shares of public goods are constant over
time (© = (0,0,0,...) and A = (A, A\, A,...)) and at the initial state all capital is owned
by the most patient consumers, then the unique competitive ©-A-equilibrium settles on
a balanced growth equilibrium in the first time period.

Proposition 5. Suppose that © = (0,0,0,...) and A = (M X\, A, ...). Then for any

competitive ©-A\-equilibrium

&= ((CZ*)]L:D (Sg*)jL:b :—i-la 71;—17 w;fk-i-l? g:—f—l? h:)?iO’

there exists T' such that £* satisfies (6)-(7) and (9)-(10) for t > T, where v* is given by
(8).

Moreover, if the initial state I§ = ((sjfl)f:l, ki, g3) is such that kXL =
dier s (ie. s, =0, j ¢ J), then the unique competitive ©-A-equilibrium

5* = ((CZ*)jL:D (Sg*)le, k:—i-la T;fk—i-lv w;—l: g:—&-h h:)fio

starting from ZI§ satisfies (6)-(7) and (9)-(10) fort =1,2,....

Proof. It follows from Proposition 2 and Proposition 3. [J

5 Voting equilibria

5.1 Definitions

5.1.1 Time 7 voting equilibrium

Suppose that at time 7 the economy is in a non-degenerate state Z* = ((Sitl)][le, kx, g*)
and the agents are asked to vote on the time 7 shares of public goods in GDP, 6, and
A-. We assume that when voting on 6, and \., they have some expectations about
future shares of public goods in GDP, ©¢,; = (05)2, ., and A, = (Af)2, 4, such that
liminf; . 0 > 0, liminf; ;.o Af > 0 and limsup,_, . (6f + Af) < 1.

To describe the voting outcome, it is necessary to specify the indirect utility functions
of the agents that represent their policy preferences when they vote. This can easily be
done if for any 6, > 0 and A > 0 such that 0.+ X, < 1 and for the sequences of tax rates

O, and A, given by
@7— — (07—’ 8i+17 9§+2, .. .), AT — (AT, Af_+1, Af_+2, .. .), (13)
there is a unique competitive ©,-A,-equilibrium

E* (07, A7) = (7 (0, M) rs (517 (0rs A0)) s Ky (67 0),

=0 Jj=1

7“;;1(97—, )\7—)7 w;rl (07'7 )‘7)7 g:+1 (‘97'7 >‘T)7 hr<977 )‘T)):f)iT
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starting from Z*.° In this case, the indirect utility function representing the policy pref-
erences of agent j over 6, and A, is given by the utility of this agent in £*(6,, \,):

e}

VIO, 0) = 3 B (Il (62, A7) + 0 In i (0, A.)).
t=r
Since voting on 6, and A\, is 2-dimensional, there can be no Condorcet winner if the
agents vote on 6, and A, together. Because of this, following Kramer (1972) and Shepsle
(1979), we assume that the agents vote on the time 7 shares of public goods in GDP,
0. and \,, separately: when voting on ., each agent j takes A\, as given and seeks to
maximize V7 (0., \;) over 6, € (0,1), and when voting on )., each agent j takes 0, as

given and seeks to maximize V7 (0,, ;) over \, € (0,1).

Definition. Suppose that for any 6, > 0 and A\, > 0 such that 6, + A\, < 1 and
the sequences of shares of public goods in GDP, ©, and A, given by (13), there is a
unique O,-A,-equilibrium starting from Z*. Suppose also that 6% > 0 and N2 > 0 are
the Condorcet winners in voting on 0, at A, = \: and voting on A\, at 0, = 0> and
that 6% + X2 < 1. Then we say that the couple (60X, \%) is a time T (temporary) voting
equilibrium.

It should be noticed that in this definition it is not presupposed that the expected
shares of public goods in GDP, 8¢ and \{, are time ¢ voting equilibria for ¢ > 7. Moreover,
the expectations are not assumed to be correct. By contrast, in the next definition, the
shares of public goods in GDP are time ¢ voting equilibria for each time ¢ and the agents

have perfect foresight about future shares of public goods.

5.1.2 Intertemporal voting equilibrium

Let

&= ((CZ*)]L:D (Sz*)f:p kit Tivns Wigts Gy hi)iZo
be a competitive ©*-A*-equilibrium starting from a non-degenerate initial state Zj =
(s i1, kG, g5} for some sequences of shares of public goods in GDP, ©* = (6;)2, and
A" = (A}

Definition. If, for each 7 = 0,1, ..., the couple (6%, \:) is a time T voting equilibrium
at0f =0, t=7+1.74+2,...,and \{ =\, t =7+ 1,7+ 2,..., then we say that the
triple (©*, A*,E*) is an intertemporal voting equilibrium starting from Zj.

In this definition, it is presupposed that for each 7 = 0,1, ..., for any 8, > 0 and A\, > 0
such that 6.+ A\, < 1 and for the sequences of shares of public goods in GDP, ©, and A,

91t should be noted that here the notation is well-defined only because the competitive equilibrium is

unique for any 6, and A..
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given by
Or =(0-,0 1,0 5, ...), Ay = (A, N Apss -2 0),

there is a unique competitive ©,-A-equilibrium starting from ((s2* )% i KXogr).

5.2 Indirect utility functions

In this subsection we make important comparative dynamics for competitive equilibria,
which will help us to describe the functions V7(6,, ), j =1, ..., L, and voting equilibria.
For given ©¢,, = (6§)2,,, and A2, = (Af)2, , take arbitrary 62 > 0 and A2 > 0 such
that 07 + A2 < 1. Let

O = (02,051, 0 s )s A2 = (AN N, (14)

and let

((Cg*)] 1) (S{*)le, :+1, 7’:+1’ wZ‘H, 9211» hi),
kx, g%).
Suppose that we change the shares of utility-enhancing and productive public goods

at time 7, 02 to 6, > 0 and A2 to A, > 0 (6, + A, < 1), leaving these shares intact for

be a competitive ©°-A°-equilibrium starting from an initial state ((s7* )" i1

t > 7. What is the impact of this Change on the competitive equilibrium? Proposition

2 suggests that if in the initial state ((s2*,)l_,, k¥, ¢*) all capital is owned by the most

j=1
patient agents, then these agents will keep the savings rates'® unchanged and, after the
policy change, will use the savings rates that they applied in equilibrium &7. As for the
savings rate of all other agents, we know from Proposition 2 that their savings must be
equal to zero forever.

Indeed, since the tax is proportional, at time 7, the share of the accumulated savings
(I4r7)s7" 4
(1+473)sT" | +ws
after the policy change. At the same time Proposition 2 tells us that the share of the

in the wealth of a patient agent j € J is equal to and hence will not change
post-tax gross capital income this agent spends on savings is equal to ; irrespective of
her wealth, the tax rate and the levels of public goods provision. Therefore, it seems
reasonable to conjecture that the savings rate of the patient agents will not change after
the policy change.

It turns out that this conjecture is correct. Moreover, in a sense, it is correct not
only in the case where all capital belongs to the most patient agent in the initial state.
This seems to be natural, because the policy change leads to a rescaling of the economy

without any change of proportions between real variables.

J
St

10 . . . .
By the savings rate of agent j at time ¢ we mean the proportion R TR =
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Formally, suppose that all agents keep the savings rates unchanged and, after the policy
change, use the savings rates that they applied in equilibrium &?. Then the economy will

switch to a new path
E(@T, /\T’ 0:7 /\:’ 5:) = ((51)5:17 (§g)f:1’ IN’Ct—&-ly 7:15-&-17 ZDt-i—la gt—&-h Et)z?ir'

Let us describe its structure!! and show that it is a post-change equilibrium®?. The
replacement of 67 by 6, and A2 by A; leads to a change in the share of the private sector
of the economy at time 7 by a factor of

1—A—0-
and to a proportional change in the after-tax wealth of each agent. Since the agents do
not change their savings rates, the short-run impact of the policy change on the economy

is as follows: the per capita provision of public consumption goods at time 7 will become
he = (0./6°)0 (15)
and the per capita provision of productive public goods at time 7 + 1 will become

Jr41 = ()\T//\:->9:+13

the time 7 consumption and savings of each agent j will become

~7 1_)\7_97 jx
G = mfi (16)

and
. L= =0, ;.
Tool=Xe -6 7
respectively. Hence the time 7 + 1 per capita stock of private capital will become
1—X —0;
k*

T+l — ° o VT+1-
1— X — 6

k

It follows, that the time 7+ 1 per capita output, the wage rate and the pre-tax income

of each agent will change by a factor of

1- X =0\ (A"
1—Xe—6° A2 '
A complete set of formulas for calculating E(6,, A, 02, A2, £7)) can be found in Appendix 2. To be

Ty YT T

more precise, these formulas define the map E,(-,-,-,-,-) that takes each tuple (6, \.,02,A2,E*) that

consists of numbers 6, > 0, A, > 0, 62 > 0 and A7 > 0 such that 6, + A, < 1 and 62 + A2 < 1 and
itl)le, k%, g%), £, to the sequence
E(0-, A, 02,22,EF) (here ©2 and A2 are given by (14)). Clearly, E(02,A2,02,12,EF) = £,

T Urs Ars Ty A U Ars
12T the case of a representative agent, this follows from (5).

a competitive ©2-A2-equilibrium starting from an initial state ((s
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Since we do not change the shares of utility-enhancing and productive public goods
in GDP at time 7 4 1, the time 7 4+ 1 per capita provision of public consumption goods
and the time 7 4+ 2 per capita productive public expenditures will change by the same
factor as the time 7+ 1 per capita output. Therewith, the share of each agent in national
income will not change. Therefore, the time 74 1 consumption and savings of each agent
j will change by the same factor as the time 7 4+ 1 per capita output. From time 7 + 2

onward the same is true of all variables except the interest rate. Thus,

. T— A =0\ /2 \"°
ht:(;) <T) hi, t=174+1,74+2,.., (17)

1—x—6) \x
~7 1_)\7_97 “ )\‘r e ES .
&= (m) ()\_?> o t=7+1,7+2,..., j=1,..., L. (18)

Lemma 1. E(0,, A, 02, X2 EF) is a competitive O,-A,-equilibrium starting from

((s2)ky, K2, g2) for

Ar = (A A%, Xogy )y Or = (6,651,654, ..).

Proof. See Appendix 2.
It should be emphasized that it is not assumed here that E(0,, A\, 02, X2, E*) is the

unique competitive ©,-A;-equilibrium starting from ((si*_l)le, kX, g¥)

Let us now assume that for any 0, > 0 and A\, > 0 such that 6. + A\, < 1 and for
the sequences of taz rates ©, and A, given by (13) the competitive ©,-A,-equilibrium is
unique and hence we can denote the utility of agent j in £ and in E(0,, \;,02,\2,EF) as

VI(62,X2) and V7(0,, \,) respectively:

VIO, M) =Y BT (Inél +6;Inhy), VI(02,02) =Y B (Inc/" + 6;1nh;).
t=T1 t=T1

We want to calculate the impact of the policy change on the utility of agent j,
Vi(0:,\) — VI(6°,)2). By (15), 6;Inh, — §;lnh: = §,(Inh, — In#°) and by (16),

T T

Iné —Incd* =1In(l — \; —6,) — In(1 — X2 — 6°). Therefore,
(In& +6;Inh,) — (Ind* 4 §; In h?)
=In(1—-X —0;)+6;In0, — (In(1 — A —07) +6;In67).

This is the short-run effect of the change in policy.
To obtain the long-run effect (beyond time 7), note that, by (17) and (18), for t =
T+ 1,74+ 2,... we have

Iné +6;Inhl — (Inc/* + 6, Inhl")
= (1+0;) Inf(1 = Ay — 0) N7 = (1 + ;) In[(1 = A7 — 67)* (A7) ~°].
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Hence,

VIO, M) = VI(62,02) =In(1 — A\, — 0,) +6;In6, — (In(1 — X2 — 6°) 4 6;1n6°)
+ B5(1+ ;) In[(1 = A = 0-)° A7) = B;(1+ ;) In[(1 — A7 — 67)% (A7) ]
+ B7(146;) In[(1 = Ar — 0-)° AL = B2(1+6;) In[(1 — A2 — 62)*(A2) ] +. ..
=In(1-XA—0;)+0;In0. — (In(1—-A7—067)+0;In67)

TV
Short run effect of the policy change

¥ f—jﬁja 6) [In((1 = A — 0,)°A7) — In((1— X2 — 62)2(32)1)]
Long run discounted effect of the policy change
Thus,
VI(0,, A7) — VI(0%, X2) = (0, A,) — (62, 22),
where

1B+ A +4)ab;
1—-5;
This proves the following lemma.

Lemma 2. Assume that for any 0, > 0 and A, > 0 such that 0, + A\, < 1 and for

v (0,)) == §;In6 + (1-X—0) +

the sequences of tax rates ©, and A, given by (13) there is a unique competitive O,-A -

equilibrium. Then

VI8, A) = (0, A) + (VI(02,02) = 09 (02, X), j = L, s L. O

T T T T

It follows from this lemma that, in the definition of a time 7 voting equilibrium, the
indirect utility functions V7(0,,\;), 7 = 1,..., L, that represent the policy preferences of
the agents can be replaced by the functions v/(0,,\;), 7 =1,..., L.

5.3 Representative agent case: second-best optimal policy

Before we describe voting equilibria, consider the representative agent case of our model
and suppose that at each time 7 the government chooses the shares of public goods to
maximize the representative agent welfare taking into account the competitive equilib-
rium, where the latter includes the optimal reaction of the representative agent to policy
instruments. Since to finance the provision of public goods the government employs dis-
torting taxation, this is a second-best policy problem.

It follows from Lemma 2 that to find the second-best shares, it is necessary to maximize
vR(0,, \;), where
1 —Br+ (1+dr)afr

1—Pr

1+ 0r)(1 — a)Br In

A
1—PBr

(0, )) ;== 6pInb + In(l—X—10) + (
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To do this, it is sufficient to solve the following system of two equations:

ot (6., \,) o0, \,)

0., =0, O\, =0

The solutions to these equations are given by

0r = K(Br, 0r)(1 — Ar) (19)
and
)‘t - X(BRJ 5R)(1 - 0t)? (20)
where 5(1— )
50 = AT I =B +ap)
and

(1+0)(1—a)p
1+08 '

It is natural to call x(8,9) the conditional propensity to spend on public consumption

X(B,0) ==

goods and x(3,0) the conditional propensity to spend on productive public goods. The
conditional propensity to spend on public consumption goods, k(,0), is decreasing in 3
and increasing in 0 while the conditional propensity to spend on productive public goods,
X(B,0), is increasing in both § and §.
It is easy to infer that the solution to the problem of maximizing v(6,, \,), (07 M%),
is given by
grs _ 9r(1 = Br)

W, )\R* = (1 — Oé)ﬁR. (21)

In other words, the second-best solution to the problem of the choice of shares of public
goods coincides with the first-best one given by (2).This does not mean, however, that the
second-best optimum coincides with the first-best optimum. Due to distortive taxation,
the second-best rate of growth is lower than the first-best one.

It should be noticed that 6, chosen by (19) solves the problem of maximizing v®(6,, \,)
over 6, > 0 at any given A, € (0,1). Respectively, A, chosen by (20) solves the problem
of maximizing v(6,, \;) over A\, at any given 6, € (0,1). Suppose that the choice of 6,
and A, is made by two different government agencies. Then (i) the optimal choice of the
agency responsible for 6, is given by (19) irrespective of whether A, is chosen optimally or
not; (ii) the optimal choice of the agency responsible for A, is given by (20) irrespective
of whether 0, is chosen optimally or not!3. Thus, the role of the two agencies is just
to“compute” the conditional propensities to spend on consumptive and productive public

goods and after that to coordinate their decisions.

131t is possible to show that the same is true of the first-best optimum.
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As noted above, it seems reasonable to conjecture, that if the shares of the two public
goods are obtained by voting, this voting will lead to the outcome fully determined by
the median value of 3;, 7 =1,..., L, and the median value of either 6;, j =1,...,L, or

6;(1=8;)
1+5j

, j =1,..., L. In the next subsection we will discuss this conjecture in detail.

5.4 Time 7 voting equilibria

Suppose that a non-degenerate state of the economy at time 7, Z* = ((si*_l)f:l, kE, gy),
and expectations about future shares of public goods in GDP, ©¢,, = (6)2,,, and
NS = (A))2, 441, are such that a time 7 voting equilibrium exists.
Taking into account Lemma 1 and Lemma 2, we can describe the outcomes of the votes
on 6, and ;.. When voting on 6., agent j seeks to maximize v?(6,, \,) over 0, € (0,1).
To find the maximum, it is sufficient to solve the equation
o’ (0-,\;)

a0, =0.

The solution to this equation, which is the most-preferred value of 6, for agent j, is equal

to
0, = K(B;,6,)(1 — \r).

In other terms, given A\, the most-preferred value of 0. for agent j coincides with the
value the central planner would choose (see (19)) if the latter considered agent j as the
representative agent.

The median voter theorem applies to voting on 6, at a given A, and the outcome of
voting is

97’ - /{med(l - )\7')7

where Kyeq is the median value of x(5;,6;), j=1,..., L.
When voting on \,, agent j seeks to maximize v7(6,, \;) over A, € (0,1). To find the

maximum, it is sufficient to solve the equation

ol (0, \;)

oN. 0-

The solution to this equation is
Ar = x(Bj,6;)(1 = 0).

In other terms, given 0., the most-preferred value of . for agent j coincides with the
value the central planner would choose (see (20)) if the latter considered agent j as the

representative agent.
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The median voter theorem applies to voting on A, at a given 6, and the outcome of
voting is
Ar = Xmed(1 — 0-),
where Xyneq is the median value of x(8;,6;), 7=1,..., L.
Therefore, the pair (6%, \*) is a time 7 voting equilibrium if and only if it is a solution

to the following system of two equations:

0= /{med(]- - /\)7 A= Xmed(]- - 0) (22)

or, equivalently, if and only if 07 = 6%, A\X = \*, where

(9* L Kmed — FmedXmed )\* L Xmed — KmedXmed

L= FmedXmed 1= KmedXmed

Thus, we have proved the following theorem.

Theorem 1. Suppose that a non-degenerate state of the economy at time 7, I =
((sjil)f:l, k:, g%), and sequences of expected shares of public goods in GDP, ©¢,, =
(09)2 11 and AL, = (A))2, ., are given. Suppose also that, for any 6. > 0 and A\ > 0
such that 0. + A\, < 1 and for the sequences ©, and A, given by (13), there is a unique
competitive O,-A.-equilibrium starting from I*. Then there is a unique time T voting

equilibrium (0, \%), which is given by

0r = 0%, A\t =\ O

T

To interpret this theorem, note that agents do not implement the public policy them-
selves. The government is the political institution to do this. Suppose again that the
government consists of two agencies the role of the first agency being to determine the
share of public consumption goods in GDP, #,, and the role of the second one being to
determine the share of productive public goods in GDP, );. Then, to perform their roles,
the two agencies adopt the following two-stage procedure. First, they organize votes to
find the median values of the conditional propensity to spend on public consumption
goods, Kmeq, and the conditional propensity to spend on productive public goods, Xmed-
Second, they coordinate their decisions and find equilibrium levels of #; and \;, 6* and
A*, by solving the system of two equations (22). These two equations can be interpreted
as the best-response functions of the two agencies (see Fig.1). Theorem 1 claims that the

outcome of the described procedure will be exactly the time 7 voting equilibrium.

5.5 Intertemporal voting equilibria

The following theorem maintains that in any intertemporal voting equilibrium, the shares

of public goods in GDP are constant over time. It follows directly from Theorem 1.
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0 = Kmed(1 — A)

0.8

0.6

Xmed

A= Xmed(l - 9)

0.4

0* Fmed 0.3 0.4 0.6 0.8 1

Figure 1: Determining 0* and \*

Theorem 2. For any intertemporal voting equilibrium (©*, A*,E*), the sequences of
the shares of public goods in GDP, ©* and N*, are constant over time and determined as

follows:
O =(0%,6",...), A" =(\",\",...). (23)

Theorem 2 describes the structure of intertemporal voting equilibria, but leaves the
question about their existence unanswered. However, if we take into account Proposi-
tion 2, we can formulate the following theorem, which maintains that a unique intertem-
poral voting equilibrium exists if in the initial state all capital is owned by the most
patient consumers.

Theorem 3. Suppose that the initial state I = ((sfl)le, kS, go) is such that

koL = Zsj—*h (ie. =0, j¢J)

jeJ
Then there is a unique intertemporal voting equilibrium (0%, A*,E*) starting from I,

which is constructed as follows: ©* and A* are determined by (23) and
&= ((Cz*)f:h (8{*)][';17 Kivrs i Wit 91 Mo
is determined by the following relationships (t =0,1,...) :
1 = Bi(1 =07 = A)aqg(gr) f(K),
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st =Bl =0 = N)(L+r)si,

CZ* = (1 — 0" — /\*)[(1 - 51)<1 —|—T’:)8{i1 +w:]7 j € ‘]7
SE=0, F=(1—-60" =XV}, jé¢J
1+ 7":+1 = Q(g:+1>f/(k:+1)a w:+1 = Q(g:—&-l)(f(k:-i-l) - f/( :+1) ;F+1)7

91 = Nq(gr) f(K}), hi = 0"q(g;) f(k),

where 1+ 15 = q(g5) f'(kg) and wg = q(g5)(f(kg) — ['(kg)kg)-

Corollary. If the discount factors of all consumers are the same, i.e. if B = ... =

Br, then for any non-degenerate initial state there exists a unique itertemporal voting

equilibrium starting from this initial state.

We can now answer the questions put forward in Subsection 3.4 of whether it is possible

to generalize (2) to the case where the shares of public goods are determined by voting.

To do this, let us formulate the following proposition.

Proposition 6. If

then

Rmed = H(ﬁmeda 5med>7 Xmed = X(ﬂmem 5med)7 (24)

5med(1 - Bmed)
1 + 5med

0 = , A =(1—a)Bmed-

Proof is in Appendix 3.

Thus, we can summarise as follows:

1)

Suppose agents differ only in their taste for the public consumption goods, sharing
the same discount factor (6, = ... = B =: §). Then, by Proposition 6, the voting
equilibrium shares of the consumption and the production public goods are fully
determined by 9,,.q and 5:

0* — 6med(1 - 6)

= (1-a)B.
el X = (1)

Suppose agents differ only in their discount factor, having the same taste for the
consumption public goods (6; = ... =y =: ). Then, by Proposition 6, the voting
equilibrium shares of the consumption and the production public goods are fully
determined by 0 and B,,eq:

9 — 5(1 - ﬂmed)

= (1- .

Finally, suppose agents are heterogeneous in their discount factor and in their taste

for the consumption public good. In this most general case the votes on 6, and A, do
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not boil down to searching the median 3;, j =1,..., L, and either ¢;, j =1,...,L,
or %}fj), j = 1,..,L, but boil down to searching the median x(f;,0;), j =
1,...,L, and x(5;,0;), j = 1,...,L. It well may be that xmes # Xx(5;,9;), 7 =
L,...,L, and Kpeq # K(Bj,0;), j = 1,..., L, and hence Xmed 7# X(Bmeds Omea) and
Kmed 7 K(Bmed, Omed)- In such a configuration, illustrated by Fig. 2 | where
L =3, Kmea = K(B1,01) and Ximea = X (P2, 02), the outcomes of the two votes are not

predetermined by f,,.¢ and either 6,,.4 or the median value of Ji ﬁ;’f j), j=1,...,L.

X(B,96) = x(Bs,03)
K(B,0) = K(B2,02)

K(B,(S) = K’(/Bla 61)

x(8,6) = x(B1,61)

X(8,96) = x(B2,02)

K(B,6) = K(Bs,93)

0.5

0.3

0.5 0.6 0.7 0.8 0.9

Figure 2: Voting equilibrium and “fictitious” representative agent

As noted above, it may be instructive to represent the outcome of voting as a choice
made by a “fictitious” representative agent (labeled by F' in Fig. 2). His preference
parameters, Sr and dr are found as the solution to the following system of two equations
in B and ¢:

K(B,0) = Kmed, X(B,0) = Xmed-

14Recall that the function x(f,d) is decreasing in 3 and increasing in § while the function x(8,4) is

increasing in both 3 and 6. Therefore, the level lines of (8, ) are upward sloping while the level lines

of x(8,9) are downward sloping.
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It is easy to note that the outcome of voting on the two shares coincides with the first-
and second-best optimum for the “fictitious” representative agent:

or(1 = Br)

6* :eF* =
1+ 6p

,)x*:/\F*::(l—a)BF

(6F* and A™* are complete analogues of #7* and A™* given by (21)).

5.6 Balanced growth voting equilibria

Let us move to balanced growth voting equilibria.
Definition. An intertemporal voting equilibrium (©*, A*,E*)  starting from

((s")ie1, k5, g) is called a balanced growth voting equilibrium if

&= ((C’z*)lea (sg*)le, k:+1a 7’:+1’ w:—i—l’ 9:+1> hi)Zo

is a balanced growth 0*-\*-equilibrium starting from ((s{*l)f:l, kS, 95}, The equilibrium
rate of growth corresponding to £* is called the voting-equilibrium rate of balanced growth.
The following theorem describes the structure of balanced growth voting equilibria.

Theorem 4. 1) Let (0%, A*,E*) be a balanced growth voting equilibrium starting from
((Sjjl%l'/:h k87 98)7

&= ((CZ*)JL:M (5{*)JL=17 k:—i-l? 7”:+17 w:-i-l? g:—i-la hi)o;

and let v* be the corresponding voting-equilibrium rate of balanced growth. Then

Ly = (A)'7 (1= 0" = X)), (25)
and for t=0,1,...,
kf o afi(1—6% =)\
R _ , 26
9 A* (26)
KL= sl (ie. sy =0, j&.J). (27)
jeJ

2) Let k§ >0, g5 > 0 and (sj_*l)f:l (7, >0, j=1,...,L) be such that
kyL = Zsj_*l (ie. 7, =0, j ¢ J)
jed

and
ks api(l—0"—X")
9% A*

Then there is a balanced growth wvoting equilibrium (O, A* E*) starting from

((Sjjl)f:l, kS, g3), which is constructed as follows: ©* and A* are determined by (23)

and

&= ((CZ*)f:h (Si*)f:u k/':+1a 7“:+1, w:+1, 91;1» hi)iZo
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is determined by (6)-(7) with ~* given by (25).

Proof. It follows from Proposition 4, Theorem 2 and Theorem 3. [J

The following proposition maintains that if at the initial state all capital is owned by
the most patient consumers, then the unique intertemporal voting equilibrium settles on
a balanced growth voting equilibrium at the first time period.

Proposition 7. Suppose that the initial state T = ((sj_*l)JL:l, ks, g3) is such that
koL =23 c; s (i.e. s, =0, j & J). Then the unique intertemporal voting equilibrium
(©%,A*, &) starting from I} is such that

&= ((Cg*)f:p (Si*)le, Kirs Tivns Wi 9:+17 hi)iZo

satisfies (6)-(7) and (26)-(27) fort = 1,2, ..., with v* given by (25).

Proof. It follows from Theorem 2 and Proposition 5. [

5.7 Comparative statics

In this section we study the dependence of the shares of productive and consumptive
publics goods in GDP, the total tax rate and the rate of balanced growth on the agents’
preference parameters. It should be noted that comparative statics for the voting equi-
librium is not a mere generalization of comparative statics for the second-best optimal

policy.

5.7.1 Comparative statics of the shares of public goods in GDP

Prior to making comparative statics note that the share of public consumption goods in
voting equilibrium, 6%, is increasing in the median conditional propensity to spend on
public consumption goods, Kmeq, and decreasing in the median conditional propensity to
spend on productive public goods, Xmeq, While the share of productive public goods in
voting equilibrium, A\*, is decreasing in k,,.q and increasing in Y,,.qs. As for the total tax
rate 0* + \*, it is increasing in both K,,eq and X meq-

Recall also that the conditional propensity to spend on public consumption goods,
k(5,0), is decreasing in /3 and increasing in ¢ while the conditional propensity to spend
on productive public goods, x(3,6), is increasing in both § and §. That the conditional
propensity to spend on productive public goods, x (3, 0), is increasing in ¢, which is used to
weight public consumption relative to private consumption, deserves special mention. To
explain this, suppose that the share of public consumption good in GDP is given and ask
an agent maximizing at time 7 her intertemporal utility .~ 8" "(In¢;+d In k) to choose
the share of productive public goods in GDP. This agent can determine her today’s and

future individual consumption. Also her choice of the share of productive public goods
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in GDP can impact future levels of public consumption. At the same time her choice has
no effect on today’s level of public consumption, which is predetermined. Therefore her
objective function can be written as Inc, + 37, 77 (Inc, + d1Inhy). We can see that
an increase in her preferences for public consumption will increase the overall weight of
the future in her objective function and therefore her conditional propensity to spend on
productive public goods, x(f3,9), will go up.

Let us start the discussion by considering again the case of the representative agent
R. From (19)-(20) and (21) we obtain the following:

A. Suppose that the discount factor of the representative agent, Sr, increases. Then
1) the share of productive public goods in GDP increases (\* goes up);
2) the share of public consumption goods in GDP decreases (8* goes down);

3) The total tax rate 8* + \* increases if dr is sufficiently small (6p < (1 —a)/a) and
decreases if O is sufficiently large (0p < (1 — a)/a).

B. Suppose that the weight the representative gives to public consumption relative to

private consumption, g, increases. Then
1) the share of productive public goods in GDP stays the same (\* does not change);
2) the share of public consumption goods in GDP increases (8* goes up);
3) The total tax rate 6* + \* increases.

Let us turn to the general case with many agents and assume for simplicity that they

are all different in their preference parameters:

ﬁl%ﬁjandél%éjforz%j

If there is 7 such that Kmeq = K(Bs,0;) and Xmea = X(Bi, 6:)'°, then, clearly, agent i
becomes the “fictitious” representative agent and for j # ¢, a small variation of 3; or ¢;
will lead to no variation in 6* and \*. As for the dependence of 6*, \* and 6* + \* on
Bi(= Br) or §;(= dF), it is just as in the case of a representative agent.

Now consider the generic case where Kpeq = K(5;,9;) and Xmea = X (5, ;) hold for
i # j'% (agent ¢ determines the median conditional propensity to spend on public con-
sumption goods, K,eq, and agent 5 determines the median conditional propensity to spend
on productive public goods, Xmeq). Clearly, for k # i, j, a small variation of Sj or J; will

lead to no variation in 0* and \*.

5This is a non-generic case.
16In Figure 2,i =1, j = 2.
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A small increase in 3; will not change Xmeq, but will decrease K,eq' ", while an increase
in 3; will not change Kyeq, but will increase Xmeq™. In both cases, \* will increase and 6*
will decrease because A* is increasing in X,,.q and decreasing in x,,.y while 6* is increasing
in Kn,eq and decreasing in x,..q- As for the total tax rate 8* + \*, since it is increasing in
both Kpmeq and Ximeq, an increase in f3; leads to its decrease and an increase in 3; to its
increase.

In terms of the “fictitious” representative agent, a higher patience of either agent 7 or
agent 7 implies a higher patience of the “fictitious” representative agent.

Thus, using a continuity argument, we infer that if all agents become more patient,
then

1. the “fictitious” representative agent becomes more patient (Bp goes up) and either
more or less inclined to consume public consumption goods (dp goes either up or

down);
2. the share of productive public goods in GDP, \*, increases;
3. the share of public consumption goods in GDP, 0%, decreases;

4. and the total tax rate 6* + \* either increases or decreases.

Let us pass to the dependence of the shares of public goods in GDP and the total tax
rate on the preferences for public consumption of the critical voters, ¢ and j. Figures 3
and 4 illustrate the effect of a rise in the preferences for public consumption of the critical
voters. In these figures, where we label post-change values of relevant variables and the
position of the “fictitious” representative agent by prime, they are respectively ¢ = 1 and
j=2.

First consider a small increase in the preferences for public consumption of agent 1,
who determines the median conditional propensity to spend on public consumption goods,
Kmed- Lhis leads to an increase in Kp,eq. Since k(fF,9) is increasing in ¢ and decreasing in
B, the level line k(3,9) = Kmea Will move to the left in Figure 3 (its after-change position
is represented by the dashed curve). Therefore, the “fictitious” representative agent will
become less patient (5 will go down) and more inclined to consume public consumption
goods (0F will go up).This will lead to a lower share of productive public goods in GDP
(A < A*) and a higher share of public consumption goods in GDP (6* > 0*), which is
not surprising. As for the total tax rate 8* + A\*, it will go up, because it is increasing in

Rmed-

"Tn Figure 2, the level line k(3,8) = x($31,61) will move to the right.
18Tn Figure 2, the level line x(3,8) = x (B2, 62) will move to the right.
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Now consider a small increase in the preferences for public consumption of agent j,
who determines the median conditional propensity to spend on productive public goods,
Xmeda- This leads to an increase in Xmeq. Since x(f,0) is increasing both in § and S,
the level line x(53,6) = Xmea Will move to the right in Figure 4 (its after-change position
is represented by the dashed curve). The “fictitious” representative agent will become
more patient (Sr will go up) and hence the share of productive public goods in GDP will
increase (A > A*). As for the relative preference of the “fictitious” representative agent
for public consumption, it will also increase. However, the share of public consumption
goods in GDP will decrease (0* < 6*), because this share is decreasing in X,,.q. The total
tax rate 0* + \* it will go up because it is increasing in Yeq-

Using a continuity argument, it follows that if the relative preferences of all agents for

public consumption increase by small amounts then

1. the relative preference of the “fictitious” representative agent for public consumption

unambiguously increases (O goes up);

2. the discount factor of the “fictitious” representative agent either decreases or in-

creases (Br goes either up or down);

3. the share of productive public goods in GDP either increases or decreases (\* goes

either up or down);

4. the share of public consumption goods in GDP either increases or decreases (0* goes

either up or down);
5. the total tax rate 6* + \* unambiguously increases.

In particular, it is possible that an increase in preferences for public consumption can
lead to a lower share of public consumption goods in GDP and a higher share of productive
public goods in GDP. This contrasts with the intuition gained from the representative-
agent version of our model.

In the representative version of our model a rise in dg does not change Sg while in the
many voting-agents case a rise in all deltas leads to a rise of dp and a change in Sr (rise
or fall). This is why the pattern of outcomes is so diverse in the many voting-agents case.
The following subsection performs similar comparative statics on the rate of balanced

growth.

5.7.2 Comparative statics of the rate of balanced growth

To describe the dependence of the voting-equilibrium rate of balanced growth, +*, on

the the discount factors and the weights the agents give to public consumption relative
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Figure 4: Effects of an increase in do on 0* and \*

to private consumption, note that, by (25), v* is decreasing in * for 0 < 6* < 1 — \*
and increasing in A\* for 0 < \* < (1 — a)(1 — 6*). Therefore, v* is decreasing in Keq for
0 < Kmeqd < 1 and increasing in x,meq for 0 < Ymed < 1—a. At the same time, 0 < Kyeq < 1
and 0 < Xmeq < 1 —a for any g; € (0,1), j=1,...,L,and any §; >0, j=1,...,L.

It follows that in the case of a representative agent the rate of equilibrium balanced
growth, v*, is increasing in the discount factor of the representative agent, Br, and de-
creasing in the weight the representative agent gives to public consumption, dr. This result
is not surprising.

In the case of many agent, the picture is somewhat ambiguous. On the one hand, we
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know that if all agents become more patient, A\* increases and 0* decreases. Therefore,
if all agents become more patient, then the voting equilibrium rate of balanced growth
INCTeases.

On the other hand, as we noted above, increases in all §;, 7 =1,..., L, can make the
“fictitious” representative agent either more or less patient and can lead to an outcome
where 6* goes down and A\* goes up or to an outcome where 6* goes up and \* goes
down. Since v* is increasing in A* and decreasing in 6*, it follows that the dependence of
the voting-equilibrium rate of balanced growth on the weights given to public consumption
relative to private consumption is ambiguous. In particular, it is possible that increases in
preferences for public consumption can lead to a higher voting-equilibrium rate of balanced
growth, while in the case of a representative agent an increase in the relative preference
for public consumption unambiguously lead to a lower rate of growth.

At the same time, if all 0;, j = 1,...,L, increase and the equalities in (24) hold
both before and after the changes (i.e. in the case where Beq and dpmeq determine the
equilibrium,), the voting equilibrium rate of balanced growth, v*, will decrease. This follows
from Proposition 6 and from the fact that v* is decreasing in #*. Thus, if all agents have
the same discount factor or they give the same weight to public consumption relative to
private consumption, then increasing in the weight(s) they give to public consumption
relative to private consumption will unambiguously lead to a decrease in the rate of

growth.

6 Generalized intertemporal voting
equilibria

We proved the existence of intertemporal voting equilibria only in the case where ini-
tially all capital is owned by the most patient consumers. A natural question arises: do
intertemporal voting equilibria exist if less patient consumers also own some fraction of
capital in the initial state? To give a positive answer to this question, it is necessary
to prove the uniqueness of a competitive ©-A-equilibrium starting from arbitrary given
initial states, which is a difficult task. However, we can go around this difficulty. To do
this, we need to modify the notion of intertemporal voting equilibrium. Lemma 1 will
help us.
Let policy sequences ©* = (6;)2, and A* = (A\});2, be given and let

&= ((CZ*)JL:D (Si*ﬁ:p ki, Tis w;ﬁk—l—lv 9:+1a hi)iZo

be a competitive ©O*-A*-equilibrium starting from a non-degenerate initial state

32



((sjjl)le, . g¢) and hence, for each T,

&= ((C{*)lea (Sg*>]L=17 K Th Wit i hi)e2

is a ©X-Af-equilibrium starting from Z* = ((si*_l)f:l, k*, g¥), where ©F = (6;)° and
Az = (A,
Suppose that the economy has settled on the competitive ©*-A*-equilibrium £* and

J* )L

at each time 7, when the economy is at the state Z; = ((s7_;);4,

k%, g%), the agents are
asked to vote if they want to change the time 7 policy given by the couple (6%, \*). To
answer this question, the agents need to have indirect utility functions.
If for any 6, > 0 and A, > 0 such that 6, + A\, < 1 and for the sequences ©, and A,
given by
O, = (br, TN ATIS ), Ar = (A, Ari1s Aryas - ) (28)

there is a unique competitive ©,-A,-equilibrium starting from Z*, we can specify the
indirect utilities of agents in this vote unambiguously as described in subsection 5.1.1.
Otherwise, the choice of indirect utility functions representing the policy preferences of
agents is ambiguous.

To overcome this ambiguity, assume that, when voting at time 7, all agents are aware
of Lemma 1, but ignore possible multiplicity of competitive equilibria and believe that for
any 0, and \;, there is a unique ©.-\,-equilibrium starting from ZL*.

Recall that in Lemma 1 the uniqueness of competitive equilibrium is not presup-
posed. This lemma says that if £ is a ©*-A*-equilibrium, then E(0,, \,, 05, X\, E4)Y is
a O,-A,-equilibrium for ©, and A, given by (28). Under the uniqueness assumption
E(0,, A\, 05, X5, EF) is the ©,-A -equilibrium. Therefore, if the agents believe that for any
0, and \., there is a unique ©,-A,-equilibrium starting from Z*, then they are sure that
replacing the policy (6%, A*) by another policy (€., A;) will result in switching the economy
to E(0,, A, 05, X5, EF). In this case, the indirect utility function that represents the policy
preferences of agent j over 6, and A\, when voting is defined unambiguously as the utility
of this agent in E(6,, \,, 05, A% E*). It follows from Lemma 2 that the function vZ(6,, \,)
also represents the policy preferences of agent j.

As above, we assume that the agents vote on 6, and A, separately: when voting on
0., agent j takes A\, as given and seeks to maximize v (0., \,) over 6, € (0,1), and when
voting on A\, she takes 0, as given and seeks to maximize v/ (6, \;) over \, € (0,1).

Definition. If for each 7 = 0,1,..., there are Condorcet winners in the votes on 6,
and A, described above and they coincide with 6% and \: respectively, the triple (0%, A*, E¥)

is called a generalized intertemporal voting equilibrium starting from Zj.

YHere it is assumed that the expectations about future shares of public goods in GDP, ©¢ 11 =
(07)2 1 and A = (A\f)2,, are given for ¢t =7+ 1,7 +2,... by 0f = 0f and A7 = A}.
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It is clear that any intertemporal voting equilibrium is a generalized intertemporal
voting equilibrium and any generalized intertemporal voting equilibrium starting from the
initial state where all capital is owned by the most patient consumers is an intertemporal
voting equilibrium.

The following theorem maintains that the shares of public goods in GDP in gener-
alized voting intertemporal equilibria are the same as in intertemporal voting equilibria.
At the same time, unlike intertemporal voting equilibria, the existence of generalized
intertemporal voting equilibria is assured for any non-degenerate initial state.

Theorem 5. For any generalized intertemporal voting equilibrium (©*, A*,E*), the
sequences of the shares of public goods in GDP, ©* and A*, are constant over time and
given by (23).

Moreover, for any non-degenerate initial state there exists a generalized intertemporal
voting equilibrium starting from that state.

Proof. To prove the theorem, it is sufficient to repeat the argument used in the proof

of Theorem 1 and to refer to Proposition 1. []

The long-run behavior of generalized intertemporal voting equilibria is described by
the following theorem. It says that any generalized intertemporal voting equilibrium at
some time settles on a balanced growth voting equilibrium?°.

Theorem 6. For any generalized intertemporal voting equilibrium (©*, A*,E*) there
is T such that fort > T, £ satisfies (6)-(7) and (26)-(27) with v* given by (25).

Proof. It follows from Theorem 2 and Proposition 5. [

7 Conclusion

Since the publication of the seminal paper by Barro (1990), growth effects of public spend-
ing have been one of the popular topics in economic literature, which usually analyzes the
size of government and composition of different types of government expenditure. In this
literature the shares of government expenditure are either exogenous or chosen optimally
by a social planner. These assumptions do not reflect the fundamental characteristics
of collective decision-making and the distribution of preferences, and models based on
these assumptions cannot explain substantial variations among countries in their tax and
expenditure policies, even among developed democracies sharing similar economic and
political regimes.

In this paper we try to answer the question of why tax and expenditure policies

200f course, in a model with decreasing returns to scale sustained growth is impossible and the economy

does not settle in a balanced growth path, but converges to a stationary equilibrium.
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differ among democratic countries. In order to understand how fundamentals (preferences
and technologies) together with political institutions determine the tax and expenditure
policies, this paper examines the determination of the shares of productive public goods
and utility-enhancing public consumption goods in GDP under majority voting in the
context of a parametric model with infinitely-lived agents that are heterogeneous in their
discount factors and preferences for public consumption goods.

In our model, the shares of public goods in GDP are obtained as an outcome of a
dynamic voting process. We have introduced the notions of temporary and (generalized)
intertemporal voting equilibrium, proved their existence and shown that any (general-
ized) intertemporal voting equilibrium at some time settles on a balanced growth voting
equilibrium.

Due to log preferences and Cobb-Douglas technology with complete depreciation of
capital we have obtained a closed-form solution for the voting outcomes. These outcomes
are constant over time, they are fully determined by the the technology and preference
parameters: the elasticity of output with respect to physical capital, the discount fac-
tors and the parameters that measure how much the agents value public consumption.
It is noteworthy that it is not necessarily the median values of the discount factors and
the weights given to public consumption relative to private consumption that determine
the voting outcome. At the same time it is possible introduce a “fictitious” represen-
tative agent and to interpret the outcome of voting as the second-best optimum of this
“fictitious” representative agent.

We have also undertaken some comparative static analysis of the shares of public
goods in GDP and of the long-run rate of growth. This analysis shows that if all agents
become more patient, then the share of productive public goods will increase, the share
of public consumption goods will decrease, and the long-run rate of growth will increase.
As for the dependence of the two shares and the long-run rate of growth on preferences
for public goods, it is ambiguous: if all agents increase the weights they give to public
consumption relative to private consumption, then the shares of productive and utility-
enhancing public goods in GDP and the long-run rate of growth can either increase or
decrease, while in the case of a representative agent an increase in the relative preference
for public consumption unambiguously leads to a higher share of public consumption
goods in GDP and a lower rate of growth. Our comparative static analysis suggests that
a representative-agent model is a reasonable approximation of an economy with many
voting heterogeneous agents only if the agents’ heterogeneity is one-dimensional.

Much of the recent literature on optimal public expenditures in growth models assumes

specific functional forms and computes optimal public policies 2!. We also assumes specific

21See, however, Glomm and Ravikumar (1999).
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functional forms, which is not entirely satisfactory. Existence and characterization of
voting equilibria for reasonably general preferences and technologies could be a topic of

future research.

A Appendix 1. Proofs of Proposition 2,

and Proposition 3 and Proposition 4

With no loss of generality we prove Proposition 2 and Proposition 3 for 7 = 0. Suppose

we are given sequences © = (6;)7°, and A = (\)2, satisfying (3) and denote
¢t ::1_9t_)\ta t:O,l,

It follows from (3) that
lim inf ¢/, > 0. (29)
t—o0

Consider a competitive ©-A-equilibrium
* jx\ L J*\L * * * * *\ 00
&= ((Cg )j:l? (st )j:lv kt—i—l? rt-i-la wt+17 gt—i—lv ht)t:O

starting from ((Sj_*l)jL:l, ks, 95}

For each j = 1,..., L, the sequence (¢]”, s{*)tzo,m,m is a solution to

max Z;’ioﬁ;c{,
a+sp =l +ri)si +wil, t=0,1,2, ..,
s/ >0, t=0,1,2,.., (where s, = s%).

Therefore, it satisfies the following first-order conditions:
5j¢t+1(1 + r:—l—l)d* S CZ—T—I (: if Sg* > 0)7 t= 07 17 27
Lemma A1l. Let 8 > 0 be such that for some t,

ki > B+ 1)Ky = Bihaq(gr) f(KT), t > 1.

If B; < B, then s* =0 for all sufficiently large t.
Proof. Let us take j such that 8; < 8 and show that s{* = 0 for some t > t'. To do

this, assume the converse. Then, by the first-order conditions, for all ¢ > ¢/,
B+ 1))y = o
and hence , . .
a < B+ i)’y < &CZ—I‘
ki = Bb(l+rDk; T Bk
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Since §;/8 < 1, cl* /ki,, — 0 as t — oo. Taking account of the evident inequality
ki < uqlgi) f(R7), t=0,1,..., and (29), we get

T |

vewf (1= a)q(gi) f(kr) — (1 — a)kyy oo

This means that ci* < Ypw; for all sufficiently large ¢, which is clearly not optimal for
consumer j.

Let us now show that if s} = 0 for ¢, > ¢/, then s* = 0 for all ¢ > ¢,. Assume the
converse. Then there are t9 > t; and t3 > t5 + 1 such that

8{5207 8{::07 3{*>0, t2<t<t3.

Therefore,

Clap1 < Yty 107, 41,
CZ; > wtsw;a (30)
which is impossible. Indeed, for ¢ > t/, we have

o Wy, « 7 Q@ .
l—al+rf, = ki > b1+ i)k = Biywy

11—«

and hence S(147;,,)yw; < wf, ;. Therefore, taking account of the first-order conditions,

we get

C{:Jrz = Bj¢t2+2(1 + T;+2)CZ:+1 < 6j¢t2+2(1 + T:2+2)¢tz+1w;+1

< Brbiy2(1 41, o) 1wy, o < Yppowy, 4

and, repeating the argument,

This implies ¢f; < 9y,wy,, which contradicts (30). O
Lemma A2. ki, < B (1 + 1))k = Pibeag(gf) f(RF), t=0,1,....

Proof. Assume the converse. Then there are ¢’ and ( > 1 such that

;+1 > (Bie (1 +1i)ky = (Brvvwaq(gy) f (k).

Let us show that for ¢t > t/,
ki1 > CBurbiaq(gr) f(ES). (31)

Denote
J(t):={jeJ|s >0}
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Since
wy -«

(14 ry)k; «

we have

Z (57701 +Eiy) = Z (o1 (1475 )sh + oaw)y,] =

JEJ(t) JEJ(#)
Q/115’4-1(1 + T:'+1)k7:’+1L + |J(t/)|¢t’+1w;+1
1 — * *
= (L + T|J<t,)|)¢t'+l(1 + i)k

Z( 11—«

)Y (L +1511)CB1%e (1 + 1) Ky,

= v (1 + i) [he (1 + i)k L () [¢w (1 473 )k

= Yy (1 + Tt’+1)[¢t’ + 7 Z St’ 1+ |J (') [pwy]

> (W1 Sr(L+774) Z [ (1 +73)s), + )]

JeJ )

= W Bl +754) Y (s +d)).

JEJ()

At the same time, by the first-order conditions,

= Bivpa(1 +Tt’+1>67 jeJ(t),

and hence

Z t’+1 Z ijturl 1 + Ttlﬂ)cj

JjeJ(t") JjeJ (")

Z Bty (L+ 1)l < CBrbpn (L+174y) Z .

jeJ(t") JeJ(t')

It follows that

reol = Zst’-‘rl > Z S{’*-&-l > (Prvpaa(l+riy,) Z s’

JeJ () jeJ(t)

= Cﬁﬂ/fﬂﬂ(l + T’;H)@HL = Cﬂlwt’+IOCQ<g:/+1)f(k:’Jrl)L'

Therefore, kj 5 > (Brby10q(g541) [ (Kjryr)-

Repeating the argument we infer that (31) holds for all ¢ > #'.

By Lemma A1, s7* = 0 for each j and for all sufficiently large ¢, which contradicts the
evident positivity of k; for all £ =0, 1,.... This contradiction proves Lemma A2. []
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Lemma A3. Vit < Giwy, t=0,1,....

1+r;‘+1

Proof. By Lemma A2, for allt =0,1,...,

Wiy . (1— 04)@1(9:+1)f(k?+1) . (1—a)(1+ 7“:+1)k72k+1

L+, L+, a(l+rf)

< (1 —a)B1v(1 + 1} )k} = Bp(1 — a)q(g)) f(kF) = Brpyw;. O

«

Lemma A4. s)5, > i (14+75)s1, j€J, t=—1,0,1,....
Proof. Let j € J. By the first-order conditions,

tC7* < t ’
fray < Y1 (L4+77) . (1 +7))

t=1,2,...,

and hence

L+ +p+..) <q +¢1(1+7’1‘)+¢1(1+7“T)¢2(1+7“§)+”" (32)

Also we have
cg* + 56* = o(1+ rg)sjfl + Yowy,
R
Pi(lL+r) 0 (1)
s S
Or(L+r)ve(1+73) (L +7r7) (1 4+l +73)]

Summing these equalities over ¢, we find that

O S 1 +
i) e )l + )
= Po(1 + 1rg)s”) + Yowg + LIS 2L +.... (33)

Vi1 +77) (1 +ri)e(l +13)

Moreover, taking account of Lemma A3, we obtain

Yri1wi g Brywy HLapowg
P (L+77) b (L+rry) — (L)) (L) = = ’
which implies
j % * w* w*
Yo(1 + 18)s” + owy + 1w + L + ...

Pr(L+77) (1 + )l + 1)
< (1 +15)s”y + dowg(1+ B+ 87 +...). (34)

Combining (32), (33) and (34), we get
A4 B+ B2+ .) < o(L+78)s” +dowi(1+ B+ 52+ ..)
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and therefore
) < ho(L+75) (1 — B1)s™ + Yow;.
Thus,

sg* = 1o(1 + rS)sj_*l + owg — c’*

> o(1+ 7"5)3?1 + Yowy — Yo(1 +1g)(1 - Bl) — Yowy = Bitho(l + 7"0)
This proves the inequality s/t T 2> B (L4 +1) for t = —1. To prove it for t =
0,1,..., it is sufficient to repeat the argument. [

Lemma A5. If
KL= s (ie. s =0, j&.J),

jeJ
then for allt =0,1,...,
k;tk+1 = Bvaq(g;) f(kf), (35)
s = B (1 +n>st LA = (1 = B +17)s] )+ ey, G €, (36)
=0, = ¢twta J ¢ J. (37)

Proof. By Lemma A4, B1¢o(1 + r§)kiL = Bribo(1 + 1) Z]EJS 1 < DS s < krL.
At the same time, by Lemma A2, kj < 511/10( + r)kg. Therefore, ki = Blwo(l + 1) kg
and hence s}" = B1ho(1471%)s”", j € J, and s)* = 0, j ¢ J. We have proved (35)-(37) for
t = 0. To prove (35)-(37) for t = 1,2,..., it is sufficient to repeat the argument. [J]
Proof of Proposition 2. It follows from Lemma A5. [J
Proof of Proposition 3. It follow from the first-order conditions and Lemma A3
that for j € J,
oo

* —_— *
Wiy t

L t=0,1,...,

and hence the sequence (cJ*/w?)?2, is non-decreasing. This sequence is bounded, because

* <L L t=0,1,....

l—«

. oo
Hence, it converges. It follows that the sequence (%Zﬂf’ 1) converges to 1. Since
t Cip1

t=0
G Wi _ Wiy t=0,1
wi iy e (L4 wy’ R
_owi )T :
the sequence ( R +r§+1)w2‘>t:0 converges to 1 as well. It follows that if g < [, then
Q w; «
k‘* — t+1 w* _ 1 7"* k*,
A G 1_0/3% = BU(L+ 1))k
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for all sufficiently large . To complete the proof, it is sufficient to take § < (3; such that
B > maxj¢; 3; and to refer to Lemma Al. [J
Proof of Proposition 4. 1) Let

8* = ((Cz*)]l'/:b (5{*)31‘le7 k;rlv T:Jrlv w;thrla g;rlu h:)?io

be a balanced growth #-A-equilibrium starting from Z} and v* be the corresponding equi-
librium rate of balanced growth. Repeating a well-known argument (Becker (1980, 2006)),
we find that

L+ =0(1-60—-XN(1+rp), (38)

and that £* satisfies (10).

At the same time,

and hence

Taking account of (7) and (38), we get
L* a k* a—1
M(E) —ma-o-na(E)
It It
which implies (9).

2) Suppose that £} > 0, g5 > 0 and (sj_*l)f:l (s, >0, j=1,...,L) satisfy (11) and
(12) and that

8* = ((Cz*)f:17 (5{*>§:17 k;rlv 7”:+1, w;thrla g;thrlu h:)fio

is determined by (6)-(7). Taking into account the above argument, it is not difficult to

check that £* is a competitive ©-A-equilibrium starting from ((s”)f,, kg, g5} with
O =1(0,0,0,..) and A= (AN A,...). O

B Appendix 2. Proof of Lemma 1

Proof of Lemma 1. Denote
11— Ar— 0.

1= -6

T

Vr

and write out the formulas that define the sequence
E(977/\T79$_7>\:78:) = ((E‘Z)gl’/:h (gz)]['/:b l%t+l>ft+17 /II]t+17 gt—i—la ilt)?ir :

he = (0-/0)h%, Grs1 = (Ae/A)GE 41
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~ x  ~7 E3 *
Cz— = VTCZ' ) S?r = VTSJT ) k7+1 = VTkT+17

Wrpy = Vg(AT/A:)l_aw:-Ha L+7rp = Vg_l()‘f/)‘:)l_a(l + T:—H)?

hy = e\ /X R t=T+ 1,7+ 2,...,

>
Jir1 = Va()\T/)\:)l_ang, t=74+1,7+2,...,
=2\ /D) =14+ 1,742, j=1,..,L,
7)

gi :yf()\T/)\o 1’“3{"‘, t=7+1,74+2,..., 7=1,...,L

krpr = VOO /X Tk, t=TH LT+ 2,
Wi = VA iy, t=7+ 1,7+ 1, ..,

I+ 7 =1+r,, t=7+1,74+2,....
Direct calculations show that

L
l~€t+1L: Z§§, t=71,74+1,...

j=1
and
QG fRerr) = V2 /A (g ) f (ki) t=T.7+ 1,

It follows that

Wit = (1= )q(Gee1) f(kerr) = q(Ges) (f (Rear) — /(R bern), t=7,74+1,...,

§t+1 = )\fq(gt)f(l;:t) and i:Lt = QEQ(gt)f(%t); t=r1 + 1,7— + 2, e

Also it is clear that §r41 = Arq(G,)f(k;) and h, = 0.q(g.) f (k).
We have

L+ = 7 (A /)T (L7 ) = v (A /A2) (g7 (K7 )

= (/A ) Wk )™ = Gre) ™ i)™ = Gre) S (o).

Also we have g, 1/k, 1 = gfy 1 /ki, t=7+1,7+2,..., and hence
1+ 7:15—1—1 = q<§t+1)f/(l~€t+l); t=1+ 1,’7' + 2, e

To complete the proof of the lemma, we need to show that the sequence

{(ehE,, (3))L )., is a solution to the problem

max Y re Bi7d],
A4 sl = (1—0; — A\)[(1+75)s2" 4+ w?],
A+sl=1—0=X)A+7)s]_ |+, t=7+1,7+2,...,
s1>0 t=r,7+1,...
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To do this, it is sufficient to show that the following conditions are satisfied:

B+ 5 = (1= 0, — A1+ 7]y + ), (39)
45 =0-0=X)(1+7)8_  +0), t=7+1,7+2,..., (40)
Bi(L =05y — N (L +70)d <&y (= i3] >0), t=7,7+1,..., (41)
13
5]
Bisea (42)
CZ t—o00
These relationships follow from the fact that (¢*,s/*)2_ is a solution to (4) at 6, =

02, 0, =07, t=7+1,7+2,.... A =22, =X\, t =7+1,74+2,..., and hence satisfies
the budget constraints

G 8 = (1= 0, — A[(1 45957+ ] (13)
07* *—(1—9:—)\5)[(1—1-7“:)8{;—l—w:], t=7,7+1,.., (44)

the first-order conditions

/8](]‘ - 9:—‘,—1 - )\f—i-l)(]' + T;:—&-l)CZ* S CZil (: if S{* > 0)) l= T, T + 17 ) (45)
and the transversality condition
t g*
Bisia (46)
Ct t—o0

Indeed, the validity of (39) follows directly from (43) and the choice of & and s2. The
validity of (40) for t = 7+ 2,7 + 3, ... follows from (44) and the choice of &, &, 5_,, 7
and W, for t =7+ 2,7+ 3,.... As for the validity of (40) for t = 7 + 1, it is also readily

checked. Indeed, since
L1y = PO (L ), s = 078,y = vt O/
by the choice of & 7 .1 and & +1, we have
iy + 5 = VE O/ X) T ( + s
R OAD O = B — S (L s ]
(1= 8y — A O /A (2 (L 4 )i
VR (A /AL (A /AT B
= (1= 051 — A2 )L+ Frpa) 3] + ]
The validity of (41) for t = 7+ 1,7 + 2,... follows directly from (45) and the choice
of & and 1+ 7 for t = 74 1,7 +2,.... The validity of (41) for t = 7 is also verified
with ease. Indeed, by the choice of &, & +1 and 7-41 and by (45),
(1 =0y = A ) (L Tren) = (1= Oy — A ) (A /A0) (L 4 1 e
=P (A /A2 (1 - 07 — Ar) (L + TT+1)C]* < vr(A /)T acﬁl = EJ+
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Moreover, if §2 > 0, which is equivalent to s/* > 0, then

(1 =070 — A7) (1 + Fri)e = (1 071 — Avy /A T+ TT+1)VTCj*
= VP (A /AT (L =00 = AL (L + rr+1)0;* =vp(A/A2)' acﬁl = C;+1

Finally, (42) follows directly from (46). O

C Appendix 3. Proof of Proposition 6.

Proof of Proposition 6. Suppose the equalities in (24) are satisfied. Then we have

med( ﬁmed) _ (1 + (Smed)(l - Oé)ﬁmed
(1 + 5med)( - ﬁmed + aﬁmed) ’ med = 1 -+ 5medﬁmed

Rmed =

Therefore,

(1 + 5med>(]— - Bmed + CYﬂmed) med( ﬁmed)
(1 + 5med)(1 - Bmed + Oéﬁmed)
- 1— ﬁmed + Oéﬁmed + 6medaﬁmed

a (1 + 5med>(1 - 5med + &ﬁmed) ’

1— Rmed =

1 + 5medﬁmed - (1 + 5med)(1 - O‘)Bmed _ 1— Bmed + aﬁmed + 5medaﬁmed
1+ 6medﬁmed 1+ 5medﬁmed
5med(1 - ﬁm@d)(l - O‘)/Bmed
1- Bmed + aﬁmed)(l + 5medﬁmed)’

1- Xmed =

)

RKmed Xmed = (

(1 = Bmed + @Bmea) (1 + dmedBmed) — Omea(l = Bmea)(1 — @) Bmed
(1 = Bimed + @Bmed) (1 + dmedBmed)
1= Bimed + OBmed + Omed®Bmed
(1= Bied + Brmea) (1 + SmeaBmea)”

11— Rmed Xmed =

It follows that

Rmed — KmedXme me me * me Rmed Xme
pe — fimed dXmed _ Omed(1 — 8 d)7 A Xmed = FmedXmed _ g _ g0
11— Kmed X'med 1+ 5med 1- Kmed X'med
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