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Vehicle Actuator Fault Detection with
Finite-Frequency Specifications via Takagi-Sugeno

Fuzzy Observers: Theory and Experiments
Juntao Pan, Anh-Tu Nguyen?, Senior Member, IEEE, Thierry-Marie Guerra, Chouki Sentouh, Sujun Wang,

Jean-Christophe Popieul

Abstract—This paper presents a new nonlinear observer-based
method to detect the faults of both steering and torque actuators
of autonomous ground vehicles. To this end, the nonlinear vehicle
system is reformulated in a Takagi-Sugeno (TS) fuzzy model with
both measured and unmeasured nonlinear consequents, called N-
TS fuzzy model. Differently from the classical TS fuzzy technique
with linear consequents, this N-TS fuzzy reformulation enables
an effective use of differential mean value theorem to deal with
unmeasured nonlinearities, which is known as a major challenge
in TS fuzzy observer design. Moreover, the N-TS fuzzy form
also allows reducing not only the design conservatism but also
the numerical complexity of the design conditions as well as
the observer structure, which is crucial for real-time vehicle
application. To minimize the disturbance effect with an H∞
performance and maximize the fault sensibility with an H−
performance, the a priori information on the disturbance/fault
frequency ranges is taken into account in the N-TS fuzzy observer
design via the generalized Kalman–Yakubovich–Popov (KYP)
lemma. Based on Lyapunov stability theory, the design of the
proposed multiobjective H−/H∞ N-TS fuzzy fault detector is
recast as an optimization problem with strict linear matrix
inequality (LMI) constraints, which can be effectively solved
with numerical solvers. Both numerical and experiments are
performed under realistic driving conditions to demonstrate the
theoretical and practical interests of the new finite-frequency
fuzzy fault detection method.

Index Terms—Vehicle dynamics and estimation, Takagi-Sugeno
fuzzy model, fault detection, linear matrix inequality, mixed
H−/H∞ performance, steering faults.
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AUTONOMOUS vehicles (AVs), which are expected to
improve the passenger safety and the road traffic effi-

ciency, have received increasing attention over the last decades
[1]–[7]. In particular, many research efforts have been devoted
to the safety issues of AVs [8]–[10]. The vehicle active safety
systems, such as lane keeping system, electronic stability
control system, antilock braking system, traction control sys-
tem, etc., are critical to the safety of AVs. The operation
of these systems significantly relies on the accurate infor-
mation of vehicle onboard signals [11]–[14]. Unfortunately,
many factors, e.g., circuit aging and malfunction, may cause
unexpected actuator and/or sensor faults which can lead to
a serious performance degradation of active safety systems.
Hence, developing fault detection (FD), fault diagnosis and
fault-tolerant control strategies to avoid negative impacts of
actuator and sensor faults is crucial research topics for AVs,
see for instance [10], [15]–[19] and related references.

Hardware redundancy and analytical redundancy have been
considered for FD strategies to improve the system reliability
[20]. However, due to cost reasons, it is not realistic to equip
hardware redundancy to the whole system. Hence, analytical
redundancy approaches have become the mainstream for FD
research topic [21], which can be categorized into signal-based
methods, knowledge-based methods and model-based meth-
ods. Using extracted features from measured signals, the FD
performance of signal-based methods can be greatly degraded
in the presence of unknown disturbances. Requiring a large
amount of training data, knowledge-based methods can suffer
high computational costs and the FD performance strongly
depends on the quality of collected data [22]. Differently from
these model-free methods, model-based FD algorithms can be
easily onboard implemented and only require a reasonable
amount of real-time data. Hence, model-based FD methods
have been extensively studied in the literature [20], [21], [23].

Model-based fault detection is based on a consistency check
of the residual signal, defined as the difference between the
measured signal and the observer output [23], [24]. To achieve
a satisfactory FD performance, the design observer should
have the best robustness to the unknown disturbance and the
best sensitivity to the fault signal. To this end, FD observers
satisfying the well-known H−/H∞ performance have been
developed, see [21], [25]–[27] and related references. It is
important to note that for many engineering applications,
e.g., autonomous vehicles, the a priori information on the
frequency domains of the system disturbances and faults
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can be available. For instance, the external disturbances and
measurement noises of Radar tracking are mainly located in
middle and low frequency ranges [28]. The vehicle steering
angle generally has a low-frequency working range [29], [30].
Therefore, taking into account the finite-frequency information
of disturbances/faults into the design of FD observers or fault
estimation methods can lead to less conservative results, i.e.,
a better FD or fault estimation performance, compared to
full-frequency methods, for which frequency characteristics of
signals are neglected [26], [31]. In particular, H− design of
full-frequency FD observers has been only valid when the
sensor fault distribution matrix verifies a full column-rank
condition [25]. Then, when only actuator faults are considered,
as the case of this paper, full-frequency FD observer design
methods usually lead to a zero H− index, which is not useful
to improve the fault sensitivity performance [32]. Based on the
generalized Kalman–Yakubovich–Popov (KYP) lemma [33],
numerous results on finite-frequency FD observer design and
robust fault estimation have been developed. Finite-frequency
H−/H∞ fault detection has been investigated for linear
systems [27], linear parameter-varying descriptor systems [34],
Takagi-Sugeno (TS) fuzzy systems [35], [36], Lipschitz non-
linear systems [26], etc. A robust finite-frequency H∞ fault
estimation method has been proposed in [31], in which the TS
fuzzy system is extended to include the fault vector in the ex-
tended system state. The control and observer design in finite-
frequency domains has been successfully applied to various
real-world applications [28], [29], [37], [38]. However, most
of the existing results are related to linear systems or systems
with measurable nonlinearities, which can be very restrictive
from the practical viewpoint. To overcome this drawback, a
finite-frequency H−/H∞ fault detection method for discrete-
time TS fuzzy systems with unmeasurable premise variables
has been recently proposed in [32]. Unfortunately, based on the
well-known Lipschitz property of the membership functions
(MFs) to deal with the major issue of unmeasured premise
variables, this method can lead to over-conservative design
results, especially when the Lipschitz constant of nonlinear
systems is large [39].

Motivated by the above discussions, we develop a novel
nonlinear fault detector for both steering and longitudinal
torque actuators of AVs. Note that only steering actuator
fault detection can be achieved in [29]. Due to the nonlinear
nature of the vehicle system in our application, TS fuzzy
technique is used for FD observer design. Differently from
the classical TS fuzzy modeling [40], [41] widely used in the
literature, the nonlinear vehicle dynamics is reformulated as a
specific TS fuzzy model with both measured and unmeasured
nonlinear consequents, called N-TS fuzzy form. This N-
TS fuzzy reformulation allows for an effective use of the
differential mean value theorem to avoid the conservative
Lipschitz assumption in TS fuzzy observer design [39]. Finite-
frequency specifications of actuator faults as well as vehicle
disturbances are taken into account via the generalized KYP
lemma in the observer design to improve both the robustness
and the sensibility performances of the proposed TS fuzzy
fault detector. Specifically, the contributions of the paper can
be summarized as follows.

1) Using N-TS fuzzy reformulation for nonlinear systems,
we propose a mixed H−/H∞ observer-based method
for actuator fault detection of a large class of engineering
systems with unmeasured nonlinearities. Not only the nu-
merical complexity of the TS fuzzy observer structure and
the design conditions but also the design conservatism can
be significantly reduced for real-world applications.

2) Based on Lyapunov stability theory and the generalized
KYP lemma, we propose a multiobjective H−/H∞ N-
TS fuzzy fault detection method taking into account
finite-frequency specifications to minimize the distur-
bance effect and maximize the fault sensibility perfor-
mance. The design procedure is reformulated as an opti-
mization problem under linear matrix inequalities (LMIs),
which can be effectively solved with numerical solvers.

3) We conduct both numerical and experiment tests to
validate both theoretical and practical interests of the
designed H−/H∞ N-TS fuzzy fault detector. It is im-
portant to note that the existing results on FD and fault
estimation in [26], [27], [29], [34]–[36] and references
therein cannot be directly applied to the considered
nonlinear vehicle system. Moreover, the recent method on
finite-frequency H−/H∞ fault detection in [32] cannot
provide a feasible FD solution for this vehicle application
due to its over-conservativeness.

Notation. Symbols Rn×m and Hn×m denote the set of n×m
real and Hermitian matrices. The set of nonnegative integers is
denoted by Z+ and Inr = {1, 2, . . . , nr} ⊂ Z+. For i ∈ Inr ,
we denote σnr (i) = [0, . . . , 0, 1ith, 0, . . . , 0]> ∈ Rnr a vector
of the canonical basis of Rnr . For a vector x, xi denotes its ith
entry. For two vectors x, y ∈ Rn, the convex hull of these vec-
tors is denoted as co(x, y) = {λx+(1−λ)y : λ ∈ [0, 1]}. For a
matrix X , X> denotes its transpose, X � 0(X ≺ 0) means X
is positive definite (or negative definite), and HeX = X+X>.
I denotes the identity matrix of appropriate dimension. In
block matrices, ? stands for the terms deduced by symmetry.
Arguments are omitted when their meaning is clear.

II. VEHICLE MODELING

Consider a two degrees-of-freedom vehicle model depicted
in Fig. 1, whose nonlinear dynamics is given by [14]

v̇x =
Tl
Ie
− Cxv

2
x

Mv
+ vyϕ

v̇y =
Fyf + Fyr − Cyv2

y

Mv
− vxϕ

ϕ̇ =
lfFyf − lrFyr

Iz
+
Fw
Iz

(1)

where vx [m/s] is the vehicle speed, vy [m/s] is the lateral
speed, ϕ [rad/s] is the vehicle yaw rate, and Tl [Nm] is the
torque input for the longitudinal dynamics, Fw [N] represents
the lateral wind force, Fyf and Fyr are respectively the
cornering forces at the front and the rear tires. The vehicle
parameters are given in Table I.

In real-word driving scenarios, the longitudinal speed vx
and the yaw rate ϕ can be measured from sensors while the
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Fig. 1. Schematic of a two degrees-of-freedom vehicle model.

TABLE I
VEHICLE PARAMETERS.

Parameter Description Value
Mv Vehicle mass 1476 [kg]
lf Distance from gravity center to front axle 1.13 [m]
lr Distance from gravity center to rear axle 1.49 [m]
Ie Effective longitudinal inertia 442.8 [kgm2]
Iz Vehicle yaw moment of inertia 1810 [kgm2]
Cf Front cornering stiffness 57000 [N/rad]
Cr Rear cornering stiffness 59000 [N/rad]
Cx Longitudinal aerodynamic drag coefficient 0.35 [–]
Cy Lateral aerodynamic drag coefficient 0.45 [–]

measurement of the lateral speed vy is not available. Hence,
the output equation of system (1) is given by

y = Cx, C =

[
1 0 0
0 0 1

]
. (2)

We consider the normal driving situations with small angle as-
sumption [42]. Then, the compact set representing the physical
limitations of the vehicle state can be defined as

Dx =
{
vx ∈ [vx, vx], vy ∈ [vy, vy], ϕ ∈ [ϕ,ϕ]

}
.

where vx = 5 [m/s], vx = 30 [m/s], vy = −1.5 [m/s], vy =
1.5 [m/s], ϕ = −0.55 [rad/s] and ϕ = 0.55 [rad/s]. Moreover,
the lateral tire forces are proportional to the slip angles of each
axle, which can be approximated as follows [12]:

Fyf = 2Cf

(
δ − vy + lfϕ

vx

)
, Fyr = 2Cr

(
lrϕ− vy
vx

)
, (3)

where δ is the front-wheel steering angle. We assume that the
vehicle is subject to actuator faults in both the steering system
and the driving system. Then, the actual front-wheel steering
angle δ and the longitudinal torque Tl can be represented as

δ = δd + bδδf , Tl = Td + bTTf , (4)

where δd and Td are respectively the desired front-wheel
steering angle and the longitudinal torque, δf is the steering
angle induced by the faults, Tf represents the fault related to
the longitudinal torque, bδ and bT are the coefficients whose
values depend on the gains of the actuators [29]. Inspired by
the N-TS fuzzy modeling [43], the faulty vehicle model can
be reformulated from (1), (3) and (4) as

ẋ = Av(ξ)x+Bvu+ Fvf +Dvw + gv(ξ) +Gvφ(x), (5)

where x =
[
vx vy ϕ

]>
is the vehicle state vector, u =[

Td δd
]>

is the actuator input vector, f =
[
Tf δf

]>
is

the actuator fault vector, w = Fw is the external disturbance,
φ(x) = v2

y is the unmeasured nonlinearity. The vector of

measured premise variables is defined as ξ =
[

1
vx

ϕ
]>

. The
state-space matrices of the nonlinear vehicle model (5) are
given by

Av(ξ) =

0 ϕ 0

0 − 2(Cf+Cr)
Mvvx

0

0
2(lrCr−Cf lf )

Izvx
0

 , Dv =

 0
0
1
Iz

 ,

gv(ξ) =


−Cxv

2
x

Mv
2(Crlr−Cf lf )ϕ

Mvvx
− vxϕ

− 2(Cf l
2
f+Crl

2
r)ϕ

Izvx

 , Gv =

 0

− Cy
Mv

0

 ,
Fv =

b1bT 0
0 b2bδ
0 b3bδ

 , Bv =

b1 0
0 b2
0 b3

 ,
b1 =

1

Ie
, b2 =

2Cf
Mv

, b3 =
2lfCf
Iz

.

Using the explicit Euler’s transformation, the discrete-time
form of the nonlinear vehicle model (5) with the output vector
in (2) can be obtained as

xk+1 = A(ξk)xk + Ffk +Ddk + g(ξk, uk) +Gφ(xk),

yk = Cxk, (6)

with

A(ξk) = TsAv(ξk) + I, B = TsBv, F = TsFv,

g(ξk, uk) = Tsgv(ξk) +Buk, G = TsGv, D = TsDv,

and Ts = 0.01 [s] is the sampling time. Applying the sector
nonlinearity approach [40] to system (6) with two measured
premise variables %x = 1

vx
∈ [%

x
, %x] and ϕ ∈ [ϕ,ϕ], the

following four-rule N-TS fuzzy model can be derived:

xk+1 = A(h)xk + Ffk +Ddk + g(ξk, uk) +Gφ(xk),

yk = Cxk, (7)

where A(h) =
∑4
i=1 hi(ξk)Ai, Ai = A(h)|hi(ξk)=1, and

h1(ξ) = $%1$ϕ1
, h2(ξ) = $%1$ϕ2

,

h3(ξ) = $%2$ϕ1
, h4(ξ) = $%1$ϕ1

,

with

$%1 =
%x − %x
%x − %x

, $ϕ1
=
ϕ− ϕ
ϕ− ϕ

,

$%2 =
%x − %x
%x − %x

, $ϕ2
=
ϕ− ϕ
ϕ− ϕ

.

III. FUZZY OBSERVER DESIGN WITH FINITE-FREQUENCY
SPECIFICATIONS FOR FAULT DETECTION

This section presents a new framework to design nonlinear
FD observers for a class of N-TS fuzzy systems. To improve
the FD performance, the frequency information of faults is
taken into account in the TS fuzzy observer design.
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A. Observer Structure and Problem Formulation

For generality, we consider the N-TS fuzzy model (7) in a
more general form

xk+1 = A(h)xk + g(ξk, uk) +G(h)φ(xk) +Ddk + Ffk,

yk = Cxk, (8)

where xk ∈ Dx ⊆ Rnx is the system state, uk ∈ Rnu is the
known input, yk ∈ Rny is the system output, dk ∈ Rnw is the
unknown disturbance, fk ∈ Rnf is the unknown actuator fault,
ξk ∈ Rnξ is the vector of measured premise variables. Assume
that the frequency ranges of dk ∈ l2[0,∞) and fk ∈ l2[0,∞)
are finite and known in advance. The state-space matrices of
system (8) are given by

A(h) =

nr∑
i=1

hi(ξk)Ai, G(h) =

nr∑
i=1

hi(ξk)Gi.

Note that the MFs satisfy the following convex sum property:
nr∑
i=1

hi(ξk) = 1, 0 ≤ hi(ξk) ≤ 1, ∀i ∈ Inr . (9)

Let H be the set of membership functions satisfying (9),
i.e., h =

[
h1(ξk), h2(ξk), . . . , hnr (ξk)

]> ∈ H . We also
denote h+ =

[
h1(ξk+1), h2(ξk+1), . . . , hnr (ξk+1)

]> ∈ H .
We consider the following assumption for system (8).

Assumption 1. The nonlinear function φ : Dx → Rnφ is
differentiable with respect to xk, and satisfies the condition

ρ
ij
≤ ∂φi
∂xj

(x) ≤ ρij , x ∈ Dx, (10)

where ρ
ij

= min
µ∈Dx

(
∂φi
∂xj

(µ)
)

, ρij = max
µ∈Dx

(
∂φi
∂xj

(µ)
)

, for

∀(i, j) ∈ Inφ × Inx .

Remark 1. The boundedness assumption in (10) is not re-
strictive for N-TS fuzzy observer design. Indeed, the state
xk of engineering systems is always physically bounded, i.e.,
xk ∈ Dx. Then, for a nonlinear system, its N-TS fuzzy
representation is generally defined within Dx, especially when
using the sector nonlinear approach [40, Chapter 2]. Moreover,
the bounds ρ

ij
and ρij , for ∀(i, j) ∈ Inφ × Inx , in (10)

can be easily computed from the mathematical expression
of φ(x). In the sequel, Assumption 1 is useful to deal with
this unmeasured nonlinear consequent φ(x) via the differential
mean value theorem when designing N-TS fuzzy observers.

Motivated by unknown input observer structures [44], we
consider the following TS fuzzy observer for fault detection:

zk+1 = N(h)zk + L(h)yk +Mg(ξk, uk) +MG(h)φ(x̂k)

x̂k = zk − Eyk
ŷk = Cx̂k

(11)

where zk is the observer state, x̂k is the estimate of xk. The
matrices N(h) ∈ Rnx×nx , L(h) ∈ Rnx×ny , M ∈ Rnx×nx
and E ∈ Rnx×ny are to be determined with

N(h) =

nr∑
i=1

hi(ξk)Ni, L(h) =

nr∑
i=1

hi(ξk)Li.

Moreover, these designed matrices satisfy the conditions

M = I + EC, (12)
MA(h)−N(h)M − L(h)C = 0. (13)

Let us define the estimation error as ek = xk − x̂k and the
residual signal as rk = yk − ŷk. Then, it follows from (11)
and (12) that

ek = Mxk − zk,
rk = Cek.

(14)

From (8), (11), (13) and (14), the estimation error dynamics
can be defined as

ek+1 = N(h)ek +MG(h)δk +MDdk +MFfk, (15)

where δk = φ(xk) − φ(x̂k). Note that the mismatch term δk
in (15) which caused by the unmeasured nonlinearities raises
major challenge in TS fuzzy observer design [39]. To effec-
tively deal with this term and guarantee an asymptotic error
convergence, the following differential mean value theorem is
introduced to reformulate the term δk = φ(xk) − φ(x̂k) into
a function of the estimation error ek.

Lemma 1 ([45]). Let `(x) : Rnx → Rq is a differentiable
function on co(α, β), with α, β ∈ Rnx . There exist constant
vectors γi ∈ co(α, β), γi 6= α, γi 6= β, for ∀i ∈ Iq , such that

`(α)− `(β) =

 q∑
i=1

nx∑
j=1

σq(i)σ
>
nx(j)

∂`i
∂xj

(γi)

 (α− β).

Applying Lemma 1 to the nonlinear function φ(xk), then
δk = φ(xk)− φ(x̂k) can be rewritten as

δk =

 nφ∑
i=1

nx∑
j=1

σnφ(i)σ>nx(j)
∂φi
∂xj

(ςi)

 (xk − x̂k). (16)

where ςi ∈ co(xk, x̂k), i ∈ Inφ . Denote ρij = ∂φi
∂xj

(ςi), for
∀(i, j) ∈ Inφ × Inx , and ρ =

[
ρ11, . . . , ρ1nx , . . . , ρnφnx

]
.

Due to condition (10), the parameter ρ belongs to a bounded
convex set Sφ, whose set of 2nφnx vertices is given by

Vφ = {ρ .
=
[
ρ11, . . . , ρ1nx , . . . , ρnφnx

]
: ρij ∈ [θij , θij ]}.

From (15) and (16), the error dynamics can be rewritten as

ek+1 = N (h, ρ)ek +MDdk +MFfk,

rk = Cek,
(17)

with N (h, ρ) =
∑nr
i=1 hi(ξk)Ni(ρlj) and

Ni(ρlj) = Ni +MGi

nφ∑
l=1

nx∑
j=1

σnφ(l)σ>nx(j)ρlj .

We consider the following fault detection problem.

Problem 1. Consider the nonlinear system (8) where the
frequencies of dk ∈ l2[0,∞) and fk ∈ l2[0,∞) belong to a
predefined interval ranges. Determine the gain matrices N(h),
L(h), M and E of the TS fuzzy observer (11) such that
(P1) When dk = 0 and fk = 0, for k ∈ Z+, the estimation

error dynamics (15) is internally stable.
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(P2) When fk = 0, for k ∈ Z+, system (15) verifies an H∞
performance from dk to rk, i.e., ‖rk‖22 < γ2‖dk‖22, for
γ > 0, in a finite-frequency domain.

(P3) When dk = 0, for k ∈ Z+, system (15) verifies an H−
performance from fk to rk, i.e., ‖rk‖22 > β2‖dk‖22, for
β > 0, in a finite-frequency domain.

Our goal is to design a mixed H−/H∞ fault detection
observer (11) to minimize γ and maximize β, i.e., an observer
which has the best possible robustness to dk and the best pos-
sible sensitivity to fk. Moreover, the frequency characteristics
of both dk and fk are taken into account in the observer design
to improve the fault detection performance. The following
generalized KYP lemma is useful for this multiobjective FD
observer design.

Lemma 2 (Extended from [33]). Consider the following
discrete-time TS fuzzy system:

ek+1 = A(h)ek + B(h)νk,

rk = C(h)ek +D(h)νk,
(18)

where Π(h) =
∑nr
i=1 hi(ξk)Πi, for Π ∈ {A,B, C,D}, and

νk represents the disturbance dk or the fault fk. Let γ and
β be two predefined positive scalars, system (18) satisfies a
finite-frequency H∞ performance gain γ (respectively H−
performance gain β) if there exist symmetric matrices Pwi ∈
Hnx×nx , Pfi ∈ Hnx×nx , for i ∈ Inr , Q ∈ Hnx×nx , with
Q � 0, such that condition (19) (respectively (20)) is verified

Φ>PwΦ + Ψ>ΠwΨ ≺ 0, (19)

Φ>PfΦ + Ψ>ΠfΨ ≺ 0, (20)

where Πw = diag(I,−γ2I), Πf = diag(−I, β2I), and

Φ =

[
A(h) B(h)
I 0

]
, Ψ =

[
C(h) D(h)

0 I

]
.

The expression of P , with P ∈ {Pw,Pf}, for different
frequency ranges is defined in Table II with ϑc = (ϑ2 +ϑ1)/2,
ϑm = (ϑ2 − ϑ1)/2, P (h) =

∑nr
i hi(ξk)Pi and P (h+) =∑nr

i hi(ξk+1)Pi, for P ∈ {Pw, Pf}. Note that ω denotes the
frequency of the disturbance/fault signal νk, and the given
values ϑ1, ϑ2, ϑl and ϑh define the frequency ranges.

TABLE II
EXPRESSION OF P FOR DIFFERENT FREQUENCY RANGES.

Frequency range P

Low freq. |ω| ≤ ϑl
[
P (h+) Q
Q −P (h)− 2 cos(ϑl)Q

]
Middle freq. ϑ1 ≤ ω ≤ ϑ2

[
P (h+) ejϑcQ
e−jϑcQ −P (h)− 2 cos(ϑm)Q

]
High freq. |ω| ≥ ϑh

[
P (h+) −Q
−Q −P (h) + 2 cos(ϑh)Q

]

Remark 2. Note that by setting Q = 0 in P , for P ∈
{Pw,Pf}, the full-frequency H∞ condition (respectively
H− condition) can be directly recovered from (19) (respec-
tively (20)), see [21]. Then, finite-frequency specifications
offers more flexibility to the FD observer design than the
standard full-frequency one. Note also that |ω| ≤ ϑl and

|θ| ≥ ϑh are the special cases of ϑ1 ≤ θ ≤ ϑ2 by setting
−ϑ1 = ϑ2 = ϑl and ϑ1 = ϑh, ϑ2 = π − ϑh, respectively.
Hence, without loss of generality, we only consider the FD
observer design with a middle-frequency range specification
in the following.

B. Finite-Frequency Fault Detection Observer Design

Hereafter, we present three theorems to guarantee the three
proprieties of system (15) stated in Problem 1.

1) Internal Stability Condition: Theorem 1 presents suffi-
cient conditions to ensure the internal stability for system (17)
when dk = 0 and fk = 0, for k ∈ Z+, i.e.,

ek+1 = N (h, ρ)ek. (21)

Theorem 1 (Extended from [46]). The error system (21) is
stable if there exist MFs-dependent positive definite matrix
P (h) ∈ Rnx×nx and a matrix R ∈ Rnx×nx such that[

P (h) ?
RN (h, ρ) R+R> − P (h+)

]
� 0, (22)

for h, h+ ∈H and ρ ∈ Sφ.

Proof. Pre- and post-multiplying (22) with
[
I −N >(h, ρ)

]
and its transpose, it follows that

N >(h, ρ)P (h+)N (h, ρ)− P (h) ≺ 0. (23)

Pre- and post-multiplying (23) with e>k and ek, we obtain
∆Vk < 0, where ∆Vk = V (ek+1)− V (ek) is the variation of
the Lyapunov function candidate V (ek) = e>k P (h)ek along
the trajectory of system (21). This concludes the proof.

2) Disturbance Attenuation Condition: Theorem 2 presents
sufficient conditions to ensure a finite-frequency H∞ perfor-
mance for system (17) when fk = 0, for k ∈ Z+, i.e.,

ek+1 = N (h, ρ)ek +MDdk,

rk = Cek,
(24)

where the frequency ωw of the disturbance dk satisfies

ϑw1
≤ ωw ≤ ϑw2

, (25)

with predefined scalars ϑw1
and ϑw2

.

Theorem 2. System (24) verifies a finite-frequency H∞ per-
formance index γ > 0, if there exist MFs-dependent matrices
Y (h) ∈ Rnx×nx , N(h) ∈ Rnx×nx , L(h) ∈ Rnx×ny , a
positive definite matrix Qw ∈ Hnx×nx , matrices R ∈ Rnx×nx ,
M ∈ Rnx×nx and E ∈ Rnx×ny such thatΣ11 ? ?

Σ21 −γ2I ?
Σ31 RMD Y (h+)−R−R>

 ≺ 0, (26)

for h, h+ ∈H , ρ ∈ Sφ, where

Σ11 = He [RN (h, ρ)]− Y (h)− 2 cos(ϑwm)Qw + C>C,

Σ21 = (RMD)>, Σ31 = RN (h, ρ) + ejϑwcQw −R>,
ϑwc = (ϑw2

+ ϑw1
)/2, ϑwm = (ϑw2

− ϑw1
)/2.

Proof. Pre- and post-multiplying (26) with[
I 0 N >(h, ρ)
0 I D>M>

]
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and its transpose, it follows that

Φ>wΞwΦw + Ψ>wΠwΨw ≺ 0, (27)

where Ψw = diag(C, I), Πw = diag(I,−γ2I), and

Φw =

[
N (h, ρ) MD

I 0

]
,

Ξw =

[
Y (h+) ejϑwcQw

e−jϑwcQw −Y (h)− 2 cos(ϑwm)Qw

]
.

According to relation (19) of Lemma 2, inequality (27) implies
that system (24) verifies a finite-frequency H∞ performance
level γ. This concludes the proof.

3) Fault Sensitivity Condition: Theorem 2 presents suffi-
cient conditions to ensure a finite-frequency H− performance
for system (17) when dk = 0, for k ∈ Z+, i.e.,

ek+1 = N (h, ρ)ek +MFfk,

rk = Cek,
(28)

where the frequency ωf of the fault signal fk satisfies

ϑf1 ≤ ωf ≤ ϑf2 , (29)

with predefined scalars ϑf1 and ϑf2 .

Theorem 3. System (28) verifies a finite-frequency H− per-
formance index β > 0, if there exist MFs-dependent matrices
Z(h) ∈ Rnx×nx , N(h) ∈ Rnx×nx , L(h) ∈ Rnx×ny , a
positive definite matrix Qf ∈ Hnx×nx , matrices R ∈ Rnx×nx ,
M ∈ Rnx×nx and E ∈ Rnx×ny such that∆11 ? ?

∆21 ∆22 ?
∆31 RMF −R>F Z(h+)−R−R>

 ≺ 0, (30)

for h, h+ ∈H , ρ ∈ Sφ, where

∆11 = He[RN (h, ρ)]− Z(h)− 2 cos(ϑfm)Qf − C>C,
∆21 = (RMF )> + F>RN (h, ρ),

∆22 = He
[
F>RMF

]
+ β2I,

∆31 = RN (h, ρ) + ejϑfcQf −R>,
ϑfc = (ϑf2 + ϑf1)/2, ϑfm = (ϑf2 − ϑf1)/2.

Proof. Pre- and post-multiplying (30) with[
I 0 N >(h, ρ)
0 I F>M>

]
and its transpose, it follows that

Φ>f ΞfΦf + Ψ>f ΠfΨf ≺ 0, (31)

where Ψf = diag(C, I), Πf = diag(−I, β2I), and

Φf =

[
N (h, ρ) MF

I 0

]
,

Ξf =

[
Z(h+) ejϑfcQf

e−jϑfcQf −Z(h)− 2 cos(ϑfm)Qf

]
.

According to relation (20) of Lemma 2, inequality (31) implies
that system (28) verifies a finite-frequency H− performance
level β. This concludes the proof.

C. LMI-Based Fault Detection Observer Design

Due to the nonlinear couplings between decision variables
and their MFs-dependencies, Theorems 1–3 cannot be directly
used for FD observer design. On the basis of these results,
we derive hereafter tractable conditions to design a finite-
frequency FD observer (11) for system (8).

Theorem 4. The error system (17) is internally stable and
verifies an H∞ performance index γ > 0 as well as an
H− performance index β > 0 in a specified finite-frequency
domain (25) and (29), if there exist positive definite matrices
Pi ∈ Rnx×nx , Qw ∈ Hnx×nx , Qf ∈ Hnx×nx , matrices
Yi ∈ Rnx×nx , Zi ∈ Rnx×nx , R ∈ Rnx×nx , S ∈ Rnx×ny ,
Wi ∈ Rnx×ny , for i ∈ Inr , positive scalars γ and β, satisfying
the following optimization problem:

minimize
(γ,β,Pi,Yi,Zi,Wi,Qw,Qf ,R,S), i∈IN

γ − β (32)

such that

Υim(ρlj) =

[
Pi ?

Υ21 R+R> − Pm

]
� 0, (33)

Γim(ρlj) =

Γ11 ? ?
Γ21 Γ22 ?
Γ41 Γ42 Ym −R−R>

 ≺ 0, (34)

Λim(ρlj) =

Λ11 ? ?
Λ21 Λ22 ?
Λ31 Λ32 Zm −R−R>

 ≺ 0, (35)

for i,m ∈ Inr and ρlj ∈ Vφ, l ∈ Inφ , j ∈ Inx , where

Υ21 = (R+ SC)Ai(ρlj)−WiC,

Γ11 = He [Υ21]− Yi + C>C − 2 cos(ϑwm)Qω,

Γ21 = D>(R+ SC)>, Γ22 = −γI,
Γ41 = Υ21 + ejϑwcQw −R>, Γ42 = (R+ SC)D,

Λ11 = He [Υ21]− Zi − C>C − 2 cos(ϑfm)Qf ,

Λ21 = F>(R+ SC)> + F>Υ21,

Λ22 = He
[
F>(R+ SC)F

]
+ βI,

Λ31 = Υ21 + ejϑfcQf −R>,
Λ32 = −R>F> + (R+ SC)F,

Ai(ρlj) = Ai +Gi

nφ∑
l=1

nx∑
j=1

σnφ(l)σ>nx(j)ρlj .

Moreover, the obtained H∞ and H− performance indices are
given by γ =

√
γ and β =

√
β, respectively.

Proof. Let us perform the following changes of variables:

H(h) = L(h) +N(h)E, (36)
W (h) = RH(h), (37)

S = RE. (38)

It follows from (12), (13) and (36) that

N(h) = MA(h)−H(h)C. (39)
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Substituting expressions (37), (38) and (39) into conditions
(22), (26) and (30), we respectively obtain

Υ(h, h+, ρ) =

nr∑
i=1

nr∑
m=1

hi(ξk)hm(ξk+1)Υim(ρlj) � 0, (40)

Γ(h, h+, ρ) =

nr∑
i=1

nr∑
m=1

hi(ξk)hm(ξk+1)Γim(ρlj) ≺ 0, (41)

Λ(h, h+, ρ) =

nr∑
i=1

nr∑
m=1

hi(ξk)hm(ξk+1)Λim(ρlj) ≺ 0. (42)

Since h, h+ ∈ H and due to the convexity property of
Sφ, it follows that conditions (33), (34) and (35) imply the
satisfaction of (40), (41) and (42), respectively. Based on the
results of Theorems 1–3, we can conclude the proof.

Note that the optimization problem (32) aims at minimizing
the effect of disturbances and maximizing the fault sensitivity.
The procedure to design multiobjective H−/H∞ fault detec-
tion observers is summarized in Algorithm 1.

Algorithm 1 Design procedure of multiobjective FD observers
1: Input: nonlinear system (8) with a specified finite-

frequency domains (25) and (29)
2: solve problem (32) to get R, S, Wi, for i ∈ Inr
3: compute Hi from (37) as Hi = R−1Wi, for i ∈ Inr
4: compute E from (38) as E = R−1S
5: compute M from (12)
6: compute matrices Ni, for i ∈ Inr , from (39)
7: compute matrices Li, for i ∈ Inr , from (36)
8: construct matrices L(h) and N(h), then observer (11)
9: Output: multiobjective H−/H∞ fuzzy observer (11)

D. Residual Evaluation and Threshold Setting

Once the FD observer is designed, different strategies for
residual evaluation and threshold setting can be developed to
detect whether a fault occurs [21], [23], [24]. Hereafter, we use
the root mean square (RMS) norm-based evaluation function

JRMS = ||rk||RMS =

√√√√ 1

∆T

∆T∑
k=1

||rt+k||2, (43)

where rk is defined in (17). The RMS function JRMS mea-
sures the average energy of the fault signal over a predefined
time window ∆T , which has been widely exploited in the
literature [21]. For fault detection, a threshold value has to
be defined to represent the maximum effect of the unknown
disturbance dk on the residual signal rk in fault-free scenarios,
i.e., fk = 0,

Jth = sup
fk=0
||rk||RMS . (44)

Based on the evaluation in (43) and the threshold in (44), the
decision logic for fault detection can be formulated as [25]{

JRMS > Jth ⇒ Fault alarm,
JRMS ≤Jth ⇒ Fault free.

(45)

IV. APPLICATION TO VEHICLE FAULT DETECTION:
NUMERICAL AND EXPERIMENT RESULTS

This section presents theoretical and experimental illustra-
tions of the proposed FD observer design with FD decision
logic (45) for vehicle actuator fault detection. The TS fuzzy
observer design is reformulated as an LMI-based optimiza-
tion problem (32), which can be effectively solved using
standard numerical toolboxes, for instance YALMIP package
with SDPT3 solver [47]. For illustration purposes, the design
parameters are selected for solving the optimization problem
(32) in Theorem 4 as follows: γ = 2, ϑw1 = − π

15 and
ϑw2 = π

10 in (25), ϑf1 = − π
10 and ϑf2 = π

9 in (29). Note that
the choice of the disturbance/fault frequency ranges is done,
without loss of generality, to cover some practical situations
as illustrated below. Solving the design conditions in Theorem
4, we can obtain the following observer gains:

N1 =

−0.89 0.01 −0.01
0.00 0.93 −1.89
0.00 −0.01 −0.80

 , L1 =

−1.69 −0.01
0.00 −1.76
0.00 −1.56


N3 =

−0.89 −0.01 0.01
0.00 0.58 −1.51
0.00 −0.04 −0.76

 , L3 =

−1.69 0.01
0.00 −2.14
0.00 −1.53


M =

−0.89 0.00 0.00
0.00 1.00 −2.02
0.00 0.00 −0.86

 , E =

−1.89 0.00
0.00 −2.02
0.00 −1.86


with N1 = N2, N3 = N4, L1 = L2 and L3 = L4.

A. Numerical Results and Comparative Study

To illustrate both practical and theoretical interests of the
proposed TS fuzzy observer design, we perform a test scenario
with the vehicle model (1), implemented in Matlab/Simulink.
The vehicle trajectory, the time-varying speed vx, the steering
angle δ and the longitudinal torque input Tl are depicted in
Fig. 2. For this test, we assume that the lateral wind force, i.e.,
the vehicle external disturbance, corresponding to this scenario
is Fw = 800 [N], which occurs from 10 [s] to 15 [s].
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Fig. 2. Numerical test scenario. (a) Vehicle trajectory X–Y . (b) Vehicle speed
vx. (c) Steering angle δ. (d) Longitudinal torque Tl.
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To validate the estimation performance, we first perform the
test simulation without the presence of the fault, i.e., fk = 0.
Fig. 3 shows the corresponding estimation results. We can see
that the unmeasured lateral speed vy can be perfectly estimated
with the designed TS fuzzy observer despite the presence
of the lateral wind force. To illustrate the fault detection
performance, we now consider the following signals for both
the steering actuator fault δfk [deg] and the torque actuator
fault Tfk [Nm]:

Tfk =

{
3 + sin(0.05πk), t ∈ T1

0, elsewhere

δfk =

{
0.344 + 0.115sawtooth(0.14πk), t ∈ T2

0, elsewhere

(46)

where t is the simulation time in seconds, and the time sets
of fault occurrence T1 and T2 are defined as

T1 = {t : 5 ≤ t ≤ 40 and 45 ≤ t ≤ 55},
T2 = {t : 45 ≤ t ≤ 55 and 60 ≤ t ≤ 90}.

For this test, the RMS evaluation function (43) is determined
to ensure its smoothness over a moving time window of
∆T = 20 [s]. For comparison purposes, we compare the fault
detection performance of two TS fuzzy observers:
• Observer 1: Finite-frequency TS observer obtained from

Theorem 4,
• Observer 2: Infinite-frequency TS observer obtained from

Theorem 4 with Qw = 0 and Qf = 0, see Remark 2.
The sensibility gains obtained for both observers are respec-
tively given by β?1 = 0.022 > β?2 = 0.01, meaning that
Observer 1 has a better fault detection performance than
Observer 2. This is also confirmed by the faut detection result
depicted in Fig. 4. Note that the faults from both vehicle
actuators defined in (46) can be effectively detected with the
finite-frequency TS fuzzy observer, which is not the case
with the other infinite-frequency observer. Indeed, as shown
in Fig. 4, with Observer 2 it is not possible to detect the
torque actuator fault Tfk occurring from 20 [s] to 40 [s].
This clearly shows the interest of taking into account the
fault frequency information into the fault detection observer
design. We remark that when the torque fault and the steering
fault simultaneously occur from 45 [s] to 55 [s], the values
of the RMS evaluation JRMS increase for both considered
TS fuzzy fault detectors. Hence, the fault occurrence can be
detected more easily in this situation. It is important to note
also that the recent Lipschitz-property-based approach in [32]
cannot provide any feasible fault detection solution for this
vehicle application due to its conservative design results. This
emphasizes the practical and theoretical contributions of the
proposed nonlinear fault detection method.

B. Hardware Experiments

This section presents experimental results performed with
the SHERPA driving simulator. This interactive simulator is
based on a Peugeot 206 mock-up fixed on a 6-axis Bosch
Rexroth motion system, the overall is positioned in front of
five flat panel displays providing a visual field of 240◦, see Fig.
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Fig. 3. Numerical state estimation. (a) Lateral speed vy . (b) Yaw rate ϕ.
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Fig. 4. Comparison of fault detection performance of finite-frequency and
infinite-frequency TS fuzzy observers.

5. The simulator is equipped with a force feedback gas pedal
to control the vehicle speed. The SensoDrive force feedback
can provide the steering wheel torque. Moreover, the SHERPA
simulator is fully instrumented to measure the vehicle dy-
namics [11]. Using the SCANeRTM Studio environment, the
proposed TS fuzzy observer is implemented in the SHERPA
simulator through Matlab/Simulink software.

To experimentally validate the proposed TS fuzzy observer,
we perform a path following task with the database of the
Satory test track, situated at 20km west from Paris, France,
which is composed of several tight bends, see Fig. 6(a).
As depicted in Fig. 6(b), the vehicle speed is highly time-
varying and managed by a human driver during the whole test.
The corresponding steering angle and longitudinal torque are
shown in Figs. 6(c) and (d). For this scenario, we assume that
there is no external disturbance, i.e., Fw = 0 [N]. To evaluate
the estimation performance of the proposed observer, we first
consider a fault-free scenario, i.e., fk = 0, for ∀k ∈ Z+.
Fig. 7 shows that the vehicle state variables, especially the
unmeasured lateral speed vy , can be accurately estimated via
the proposed observer during the Satory test. Moreover, the
following mean absolute error indicator MAE and the root
mean square error indicator RMSE are used to characterize
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Fig. 5. SHERPA driving simulator (upper left). Steering system (upper right).
Data acquisition system (bottom left). Active gas pedal (bottom right).

the estimation performance:

MAE =

∑∆t

k=1 |sk − ŝk|
∆t

,

RMSE =

√√√√ 1

∆t

∆t∑
k=1

(sk − ŝk)2,

where ∆t is the time duration, sk is the value of signal s at
k−instant and ŝk is its estimate. As indicated in Table III, the
error indicators of the vehicle state variables are very small for
the Satory test, which confirms the high-precision estimation
performance of the proposed TS fuzzy observer.

Fig. 6. Experiment test scenario. (a) Vehicle trajectory X–Y . (b) Vehicle
speed vx. (c) Steering angle δ. (d) Longitudinal torque Tl.

TABLE III
ESTIMATION PERFORMANCE INDICATOR.

Error indicator vx [m/s] vy [m/s] ϕ [rad/s]
MAE 0.0164 0.0413 0.0013
RMSE 0.0375 0.1374 0.0027
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Fig. 7. Estimation performance during the Satory test. (a) Lateral speed vy .
(b) Yaw rate ϕ.

We now consider the same Satory driving test under a
faulty-scenario, where the steering actuator fault δfk [deg] and
the torque actuator fault Tfk [Nm] are given by

Tfk =

{
30 + 10 sin(0.23πk), t ∈ T3

0, elsewhere

δfk =

{
0.5 + 0.172 sin(0.14πk), t ∈ T4

0, elsewhere

(47)

where the time sets T3 and T4 are defined as

T3 = {t : 5 ≤ t ≤ 25 and 55 ≤ t ≤ 65},
T4 = {t : 85 ≤ t ≤ 95}.

The Satory fault detection result is depicted in Fig. 8. We can
see clearly that the proposed observer-based method allows
for an effective fault detection whenever the considered faults
in (47) of both torque and steering actuators occur.
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Fig. 8. Fault detection result with the Satory test track. (a) Fault detection
performance. (b) Actuator fault signals.

V. CONCLUDING REMARKS

A new TS fuzzy observer-based method has been proposed
for vehicle actuator fault detection. To this end, the vehicle
nonlinear dynamics is represented in a N-TS fuzzy form,
whose unmeasured nonlinearity is isolated in the nonlinear
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consequent. This enables an effective use of the mean value
theorem to deal with the challenging issue in TS fuzzy
observer design in the presence of unmeasurable premise
variables. To improve the fault sensitivity performance, the
finite-frequency information of the disturbances and the faults
is taken into account in the H−/H∞ observer design via
the generalized KYP lemma. Based on Lyapunov stability
theory, the FD observer design is reformulated as an opti-
mization problem under LMI constraints. Both numerical and
experiment validations are performed with realistic driving
conditions to demonstrate the theoretical and the practical
interests of the proposed finite-frequency FD fuzzy observer.
Future works focus on extending the proposed fault detection
results to deal with uncertain vehicle dynamics, e.g., taking
into account the uncertain and/or nonlinear tire forces in
the observer design to handle extreme driving conditions.
Integrating the proposed N-TS fuzzy observer into a fault-
tolerant control structure to achieve a robust vehicle control
performance under various driving scenarios with actuator
failures is another promising research topic.
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