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Adaptive gain-scheduling control for continuous-time systems with polytopic
uncertainties: An LMI-based approach

Victor Costa da Silva Campos®*, Anh-Tu Nguyen®, Reinaldo Martinez Palhares?

“Department of Electronics Engineering, Universidade Federal de Minas Gerais, Brazil
YL AMIH-CNRS laboratory UMR 8201, INSA Hauts-de-France, Université Polytechnique Hauts-de-France, Valenciennes, France

Abstract

We develop a new adaptive gain-scheduling control scheme for continuous-time linear systems with polytopic uncertainties. The
gain-scheduled control law is proposed as a convex sum of a fixed set of controller gains, exploiting the polytopic representation
of the system uncertainty, which is not possible with classical robust control results in the literature. To realize this scheme, an
adaptation law is proposed to adaptively provide the tuning parameter for the gain-scheduling implementation. The admissible
domain of the stabilizing control feedback gains, defined by the fixed set of controller gains, can be determined offline by solving
a set of linear matrix inequality constraints over a scalar line search. Using Lyapunov-based arguments, the proposed design
conditions and the adaptation law ensure that all closed-loop signals are bounded. In particular, if the uncertain parameters are
not time-varying, then the system states asymptotically converge to the origin. Theoretical arguments and appropriate numerical
illustrations are provided to demonstrate the effectiveness of the proposed control scheme.

Keywords: Robust control, adaptive control, linear systems, polytopic uncertainty, parameter estimation, linear matrix inequality.

1. Introduction

Dealing with system uncertainty is a central issue in con-
trol theory and applications [1]. Within this context, robust
control of uncertain polytopic systems [2] and gain-scheduling
control of linear parameter-varying (LPV) systems [3] have re-
ceived considerable attention. An appealing feature of these
approaches is that using Lyapunov-based arguments, a large
number of robust analysis and control design problems can be
reformulated as convex optimization procedures under linear
matrix inequalities (LMIs), which are effectively solved with
numerical solvers [2]. Significant advances have been achieved
with various classes of parameter-dependent Lyapunov func-
tions and/or control laws, see e.g. [4—9] and related references.

A key assumption for the gain-scheduling technique is that
the time-varying parameters must be available online (measured
or estimated) to design parameter-dependent control laws for
LPV systems [3, 10—-12]. The design of LPV controllers with
inexact scheduling parameters affected by bounded uncertain-
ties has been discussed in [13—16]. However, for uncertain
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and 307933/2018-0, and Fundagido de Amparo a Pesquisa do Estado de Minas
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polytopic systems, the uncertain parameters are essentially un-
known for control design. Hence, the main goal has been to
propose less conservative methods to design a linear parameter-
independent (LPI) control law [17-19]. The so-called S-variable
approach has played a key role to accomplish this goal [20].
However, an LPI controller may not exist or may not be found
with numerical routines [21]. Moreover, using a single LPI con-
troller may lead to poor closed-loop performance when the un-
certainty domain is large.

Adaptive control is known as another effective methodol-
ogy to deal with system uncertainties [22]. Generally speak-
ing, two parameter estimation schemes can be distinguished in
adaptive control [23], i.e., direct [24, 25] and indirect [22, 26—
28] schemes. In a direct adaptive scheme, the controller param-
eters are directly updated online without requiring any estima-
tion of the plant dynamics. However, the plant parameters must
be first estimated for control design/implementation in an in-
direct adaptive scheme. Hence, parameter estimation is a core
component in the second scheme. Up to now, several parameter
estimation algorithms have been proposed in the literature for
adaptive control, see e.g. [26-31] and a recent survey in [32].

Motivated by the advantages of gain-scheduling control and
indirect adaptive control, we developed in the preliminary ver-
sion [33] a new robust control method for linear time-invariant
(LTI) systems with polytopic uncertainties. This method can
be viewed as an adaptive gain-scheduling scheme for uncertain
polytopic systems, whose fixed set of controller gains, which
represent the possible values the stabilizing control feedback
gains may assume, is predetermined offline by solving a set
of LMIs over a scalar line search. Using Lyapunov-based ar-
guments, we prove that the proposed adaptive gain-scheduling



controller guarantees the asymptotic convergence of the system
state to the origin and the stability of the parameter adaptation
scheme.

One of the attractive characteristics of the adaptive control
law proposed in [33] is that the control gains and the terms
defining the adaptation law are found offline by solving an op-
timization problem subject to matrix inequalities. In that same
manner, [34] presents a set of conditions for a system to be
strictly positive real (SPR) in closed loop, which allows the use
of a simple adaptive control law, [35] presents conditions which
ensure that, given an almost strictly positive real system, a sim-
ple adaptive control law will guarantee an upper bound for the
F%. norm, and [36] provides a set of conditions that ensure that
an adaptive diagonal output feedback control law guarantees an
%, performance in closed loop.

This paper generalizes the result in our conference version
[33]' using a parameter-dependent Lyapunov function and al-
lowing the uncertain parameters to be time-varying. Such a
generalization is not trivial since both the parameter adapta-
tion law and the control law in [33] depend on the inverse of
the Lyapunov matrix. To avoid a nonconvex control formula-
tion, we judiciously introduce S-variables in the design proce-
dure through specific algebraic equations and appropriate ma-
trix properties. As a result, the Lyapunov matrix is no longer
involved in the parameter adaptation law and the control gain
expression, leading to an LMI-based control formulation. In
particular, it is possible to prove theoretically that the proposed
formulation is less conservative than some existing robust con-
trol results, which cannot be demonstrated in [33]. Illustrative
examples numerically confirm the interests of the new adaptive
gain-scheduling scheme.

Notation. R™*™ is the set of m-by-n real matrices. For a
vector X, X; denotes its sth entry and the Euclidean norm of x is
defined by ||x|| = vxTx. Given a matrix X, X7 indicates its
transpose, X ~! indicates its inverse, and He(X) = X + X7,
For symmetric matrices P and X, P > X (respectively X <
Y) if and only if P — X is positive (respectively negative) def-
inite. diag(X,Y") denotes a block-diagonal matrix composed
of matrices X and Y, X ® Y denotes the Kronecker product
of X and Y. * denotes a component that can be inferred by
symmetry in a symmetric matrix. / denotes the identity matrix
of appropriate dimensions. K, = {i € N: 1 <4 < r} de-
notes the set of positive integer indices less than or equal to r.
Arguments are omitted whenever their meaning is clear.

2. Problem Statement
Consider the following uncertain system:
x(t) = A(a)x(t) + B(aju(t), €]

where x € R" is the state vector, u € R™ is the control in-
T, ) ) .

put,and o = [y ;| is the uncertain, possibly time-

varying, parameter vector. Matrices A(a) and B(c) are not

Note that a quadratic parameter-independent Lyapunov function was used
in [33] to derive the design conditions.

precisely known, but belong to a polytopic uncertainty domain
given by

[A(a) B(a)] = ZOQ [Az Bi] , €&,

where the unit simplex Z,. is defined as

.
ET:{aeR’": 0<a; <1, Zai=1}.
i=1

Note that r is the number of vertices of the polytope, and the
known matrices (A;, B;), for i € K,., are the vertices.

Since o is unknown, a parameter-dependent control law of
the form u(t) = >;_, a; K;x(t) cannot be implemented for
practical uses. Hence, a single LPI control law u(t) = Kx(t),
i.e., K; = K, for Vi € K, has been largely used for control de-
sign of uncertain polytopic systems in most of existing results,
see e.g. [2, 17-20] and related references.

Note that a parameter-independent control law cannot fully
exploit the polytopic structure of system (1). Hence, the results
obtained with an LPI control law may be conservative, espe-
cially when the domain of the uncertainty is large. To over-
come this major drawback, we consider a parameter-dependent
controller of the form

ut) =Y &t Kix(t) = K(&)x(t), 2)
i=1

where the control gains K; € R"™*", for i € K., and the time-
varying scheduling parameter 6(t) = [a1(t) &T(t)]T
are adapted in closed-loop. Throughout this paper, we con-
sider adaptation laws which ensure that Y., &;(t) = 1, so
that from (1) and (2), the closed-loop system is expressed by

x = Z ;G j(A; + BiK;)x. (3)

i=1 j=1
We are now in the position to formulate the control problem.

Problem 1. Given a polytopic uncertain system (1). Deter-
mine the control gains K, for Vi € K,, and the time-varying
scheduling parameter &(¢) such that the closed-loop system (3)
is asymptotically stable for Vo € =,.

3. Adaptive Gain-Scheduling Control Design

Based on Lyapunov arguments and an adaptive parameter
tuning, two theorems are presented in this next section. The
first one presents a novel set of LMI-based conditions to deal
with the control problem when the uncertain parameters are
constant, i.e. &« = (0. Whereas the second one modifies the
first theorem conditions and adaptive control law to deal with
the case of time-varying uncertain parameters with a bounded
variation rate, |&;| < ¢;, for j € IC,.



Theorem 1. Consider an uncertain system (1) with a € =,
constant and a parameter-dependent controller (2). If there ex-
ist symmetric positive definite matrices P; € R"*", symmet-
ric matrices J; € R"*", M € R™*™ H € R™*™ V €
R™*™ Q; € R™*", A; € R"™™, and matrices J;; € R"*"
(t # j), Jjs = J”,L e R™" [, € R"™" N ¢ R"*n,
EeR™*" X, € R™*" with,j € K., and a positive scalar
1, such that

Dii < 0, Qij + o@ji <0, ,jeK,,i<] “4)
1
5(5”—1—5”T—M)—V>O ©)
Voo
[3{ H] =0 (6)
I *
e
where 2 = (X1 —E --- X, —E]and
AN + B; X Jz -N
Qij = He |: + t3 g H2 T :| (8)
P+u(AN+BX) 2 BHBY — uN
_Jll oo Jir
sl ©
_Jrl eoe I
(L1 + Ly Ly, + Ly
Z=| (10)
_Lrl + Zr er + Er
_He(Ble) + \1111 He(ler) + ‘I’rl
= (11
_He(BTXl) + ¥y, He(BTXT) +

with W;; = Q; + A; 4+ Lj;, for 4, j € KC,.. Then, the controller
(2) together with its parameter adaptation law

) — %ng(t)
=1

a;(t) = g;(t
where

=— TR , >0,
Wzakx kX(t), 12

Rij =N~ 1ijN + N 'ByK; + K'B{N™",

guarantee that the states of the closed-loop system (3) asymp-

totically converge to the origin and that all closed-loop signals

are bounded. Furthermore, the control gains are given by
K,=X,N7', iek,. (13)

Proof. Consider a Lyapunov candidate function of the form

1 T
a)x + — Z Aa?,
2y =

V(x, Aa) =

where Ao; = &; — o and

Pl@)=Y a/Pi, Pi=NTPN~' ick, (14
=1

Note that condition (4) ensures the existence of N~!. Hence,
by definition (14), matrix P () is well defined and positive
definite since P; > 0, Vi € K,.. As the unknown parameters «;
are constant, then the time derivative of V(x, Aav) is given by

V(x,Aa) = {ﬂT {p?a) PE)Q)} {ﬂ
+ }yiAaj (gj — ii%) . (15
i=1 k=1

The adaptation law includes the projection term —-- ZZ 1 9k>
which ensures that, if Z;Zl &;(0) = 1, then Z _1G,(t) =
1, Vt. This, in turn, implies that 23:1 Aaj; = 0and

> Aa, <i ng> =0. (16)
j=1 k=1

Using the S-variable approach [20], and considering the closed-
loop dynamics in (3), we have that

e TSR -
3 (o 75

e[ 5] [ K@) e

which allows decoupling the Lyapunov parameter matrix from
the system’s dynamics as well as introducing the slack variable
N. From (16) and (17), it follows that (15) can be rewritten as

Q(n . <
V(x, Aa) ZZ%% H [ Gy e %
i=1 j=1 Qij Qij
1 r
+=> Aajg;, (18)
v =
with
QMY =NTA;+ AN+ N TBK; + K'BIN™!
QY =N"TPRN - N1 4 4 (NT4; + N TBK;)
QP = —pu (N NT).



Note that &; = «; + Ac;. Then, substituting g; from (12) to
(18), it follows that

. r r X T Q(ll) * X
V(x,Aa) = Z Z Qi [X] %]21) (22) [X]
i=1 j=1 Qi Qi
+21) ) eiAax" K] B NT'%
i=1 j=1
+ Z Z Acja;x"He (KJTB;‘FN_l) x
j=1i=1
~>3 Acjax" N7 Ly N~'x
j=1k=1
=33 Aajax"He (K] B N~")x. (19)
j=1k=1

Note that

20 Z Z aiAanTKJTBiTN_lk
i=1 j=1
< Z Z AaiAozijKiTH_lKjx
i=1 j=1
+4*> ax"N""B;HB] N7'x, (20)
i=1

for any matrix of appropriate dimension > 0. Then, consid-
ering the variable transformation x = Nz, it follows from (19)

and (20) that
r oo T [ A(11)
. A Q. * Z
vics0 =SS ]3] []
i=1 j=1 ij ij
- Z Z AOéjAO{iZTTijZ
j=11i=1
T T
- ZZAajaizTLijz, 1)
j=11i=1
with Tz’j = BzX + XTBT — X»THilX', and
QY = AN + NTAT + BX; + X! BY
(21) _ T
QU =P —N" +pu(A;N+ B X))
O =\ 2BHBT (N4 NT).

Using again the relation &; = «; + Aqy, it follows from condi-
tion (21) that

. r r VA T Q(ll) * VA
V(Xa AO‘) < Z Z QiCj [Z] A %]21) A (22) [Z]
i=1 j=1 Qij Qij

- i i AO[jAOéiZTTijZ

j=11i=1

— Z Z AO[jACkZ'ZTLijZ — H(Z, 06)7 (22)

j=11i=1

withTl(z, o) = >7_ ) 31| Aaja;z” Lijz. Since Y| Aaj =
0, we can introduce slack variables L; in II(z, o), leading to

= Z ZAO{jaiZT (L + El) Z
j=1i=1
Ta"®I) Z(Aax])z, (23)
with £ in (10) and A = [Aoy  Aap AaT]T. Since
2" ®l) L(Aa®]) = (A" @I) M(Aa® )

+ (") LM 'L (a® 1),
and inequality (7) implies that %Z M1t < 7, with ¢
defined in (9), it follows that

— (aT ®I) X(Aa(@])
2D9) LTI +3
=1 j=1
From (22), (23) and (24), it follows that

(x.80) £ 303 ey H 2, H

i=1 j=1

(Aa" @ I) M(Aa®I). (24)

—ZZA%MZ (B:iX; + X]'B' + Lij) 2
j=11i=1

+ZZA%A% (X'H'X)) 2
j=11i=1

+ %AaT (z" @ I) M(z®I)Aa, (25)

with 2;; defined in (8). Once again, we make use of the fact
that "', Aa; = 0 to introduce slack variables, leading to

Z Z AajAa;z”

jlzl

= Z Z AazAaJ

=1 j=1

(BiX;+ X Bl + Lij) z

(BiX; + X Bl + Lij + Ai + Q) z,

(26)

for any symmetric matrices A; and €; of appropriate dimen-
sions, with 4, j € K. A suitable slack matrix E can also be
introduced, leading to

Z Z Aa]AaZ

j=11i=1

=> 3 AcjAez" (X - E")H N(X; - E)z. (27)

j=11i=1

(XTH'X;) z

To obtain LMI-based design conditions, an upper bound for this
term is assured from inequality (6), which implies that

> > AaAciz” (X] - ET)HN(X; - E)z

j=1i=1

<A (z2"@I)V(z®I)Aa. (28)



Taking into account (26), (27) and (28), it follows from inequal-
ity (25) that

V(x, Aa) < Z Z i [i] T 2 [z]

i=1 j=1

—Ad” (2" © 1) E(z® 1)Aa, (29)

where ¥ = § (& + .97 — M)—V and . defined in (11). Itis
clear now that conditions (4) and (5) guarantee V(x, Aa) <0.
Furthermore, note from condition (29) that V(x, A«) = 0 only
if x = 0. By LaSalle’s invariance principle [37], we conclude
that the conditions in Theorem 1 guarantee that the state of the
closed-loop uncertain system (3) asymptotically converges to
the origin, i.e., lim;_,, x = 0. O

Remark 1. From the design conditions in Theorem 1, by se-
lecting X; = X = Fand L;; = L; = —L;, forVi,j € K,., we
can make the matrices J;; = €I, H < el and M < eI, with an
arbitrarily small scalar ¢ > 0. Then, the conditions

AiNT+BiX Pz

He /J(AZNT—FBZX)—N —[LN ‘<O, ZGKT.

can be directly recovered. This means that given the same
Lyapunov candidate function, the design results obtained from
Theorem 1 include those given by [33, Lemma 2], which is a
common set of conditions obtained from either the S-variable
approach or Finsler’s lemma [20]. This inclusion cannot be
proved with the results proposed in our preliminary work [33].

In particular, following similar arguments with appropriate choices

of the decision variables N = P = P;, X; = E, forVi € K.,
M = el, H = €el, with an arbitrarily small scalar ¢ > 0, we can
also precisely recover the control results given in [33, Theorem
1] from the proposed design conditions.

Theorem 2. Consider an uncertain system (1) where the time-
varying parameter a(t) € =, is with a bounded variation rate,
ie. |&;| < ¢, for j € K,.. If the design conditions in Theorem
1 are satisfied with a fixed Lyapunov matrix, i.e. P; = P, for

Vi € K, and 2;; in (4) given by
A;N + B, X, + +J,.+0P -N
2, = He + j+35dijto , 4 ’
: P+ 1(A;N + B; X;) E-B;HB; — uN

with o > 0, instead of expression (8). Then, the adaptive con-
troller (2) guarantees that the states of the closed-loop system
(3) are ultimately bounded by

Z;:l (¢J’ + %)

x| <
|| || a ’yaAmin

) (30)

with A\pi, the smallest eigenvalue of N “TPN-!' andy>0a
learning parameter of the adaptation law. The control gains are
given in (13) while the parameter adaptation law is defined as

a;(t)= Pz, <9j(t) - iZ%(ﬂ) , &(0) € =,
k=1

g;(t)= =7 (Z dkx(t)TRij(t)> -7 (@j _ ;) 7
k=1

with v > 0, Ry; given by (12) and &=, a projection that guar-
antees that &(t) € =,, for Vt > 0.

Proof. As presented in adaptive control theory, the term intro-
duced in the Lyapunov stability analysis by a projection onto a
convex set can only make the Lyapunov function’s time deriva-
tive more negative, and can be disregarded [22, Chapter 4.4].
Hence, following the proof from Theorem 1, we can prove that

. 1< 1
V(X, AO[)S —O'XTPX+ ; ;AOZ]' (—dj — g <dj — 2))
Using the fact that ¢; = a; + Aa; and due to the projection,
|Ac;| < 1, it follows that
V(x, Aa) < —oV(x, A )+1i(\' 1+7)
x,Aa) < —oV(x,Aa) + — G| + —
) = 9 ’Y = ¥l 4
.

1 o
< —oV(x,Aa) + ;; (6+%). 60

Integrating both sides of (31) from O to ¢, it follows that

V(x, Aa) < V(0) + (1 - ¢ (ZWU)) |

Yo

Finally, the ultimate bound given in (30) is derived using the
fact that xT N~ TPN~1x < V(x, Aa). O

Remark 2. Note that since the term — 37 | g, (t) already
guarantees that >, _, &;(¢t) = 1, the projection %= only
needs to guarantee that 0 < &(t) < 1 without breaking the
constraint already imposed. To do so, it checks if &; = 0 and
a; < 0,0rif &; = 1and &; > 0, for Vj € K,. If any of
those affirmations is true, then it makes dj =0, forVj € K,.
Otherwise, it does not make any change.

4. Tllustrative Examples

This section presents two illustrative examples to demon-
strate the effectiveness of the proposed control method. All
numerical optimizations are performed with Matlab software
using YALMIP toolbox [38] and Mosek solver.

Example 1 (Comparative study). Consider the following un-
certain polytopic system taken from Example 1 in [33]:

4
X = Z Oli(AiX + Bz’u)7 o € By, (32)
i=1
with
[—8.1818 0 [—18.1818
A= | 0.0909 0]’ B = | 0.0909 }
[~1.6364 0 [—3.6364
Az = | 0.0909 0] » Bo= | 0.0909 } ’
[10(k—1) 0 r =20
A= MUl Bs= %1}7
s LR+
[2(k—1) 0 r—4
Ac=| Ml Ba= kil}v
== s




and k is a positive parameter. The goal here is to determine
the largest feasible value of k£ > 0, denoted by k*, for which a
control solution can be found for system (32). Table 1 shows the
results obtained with the design conditions in Theorem 1 and
related existing control approaches. Specifically, the proposed
control conditions are compared to the adaptive conditions in
[33], and fixed-gain conditions (i.e., linear control laws) in [2,
17-19] (without taking into account the disturbances).

Table 1: Maximum feasible value of £ > 0 in Example 1.

Design conditions k*
Theorem 1, ;= 1011 30.32
[33, Theorem 1] 11.80
[19, adapted Theorem 1], ¢ = —0.999,¢ = 0.11 9.77
[18, adapted Theorem 1], £ = 10~11 9.77
[17, adapted Lemma 3.1], € = 0.99 x 105 9.74
[2, equation (7.12)] 9.76

Observe from Table 1 that the new control approach pro-
vides a significant improvement compared to the previous adap-
tive result in [33] which, for this example, already outperforms
the existing linear robust control approaches.

Example 2 (Physically motivated system). Consider a brush-
less DC (BLDC) motor system whose dynamics is given by

6
x= ai(f)(
i=1

withx = [iq iy ic w}T, u=[v, w ’UC]T. The states
14, tp and 7. represent the phase currents and w is the angular ve-
locity of the motor. The control inputs v,, vy and v, respectively
represent the voltage of each phase. The uncertain parameters
a;(0), for i € Kg, are functions of the unmeasurable angle 0
of the motor shaft. Using the parameters in the datasheet of
the BG75 x 75 SI motor from Dunkermotoren company, the
state-space matrices of system (33) are expressed as follows:

Aix + Bu), «(f) € Eg, (33)

[—111.11 0 0 Boi
a 0 11111 0 Bbis
L 0 0 —111.11 B¢z3
| 0di 0i2 043 —4.65

[+ 0 0

0 0
B=1y o |+ @i=[0n dn ou].

0 0 0

with § = 128.25, § = —1825.2, 7 = 1587.3, and

¢1:[—1 1 O], qﬁg:[—l 0 1]7
¢3:[0 —1 1], ¢4:[1 -1 O],
¢s=[1 0 1], ¢s=1[0 1 —-1].

Note that the parameter «(6) of system (33) is unknown and

time-varying. In this case, conditions from [2, 17-19] are in-

feasible, whereas conditions from Theorem 2 are feasible with
€ [10710,1074].

For illustrations, Figure 1 depicts the closed-loop state in-
duced by the adaptive gain-scheduling controller obtained with
p=>5x10"% 0 = 0.2and v = 1073, The uncertain time-
varying parameters «;(6(¢)), the respective estimated param-
eters and control input are shown in Figure 2. Note that the
obtained closed-loop behavior physically corresponds to that of
the BLDC motor during a braking phase.

50 K\K(Fj?%@%

Zuyzbal(

50 . . .
0 0.01 0.02 0. 03 0.04 0.05 0.06
time (s)
— 2000 T T T T T T
Z
£ 10001
3 0 L L n .
0 0.01 0.02 0.03 0.04 0.05 0.06
time (s)

Figure 1: States from the BLDC motor in Example 2 in closed loop with the
adaptive controller found using the conditions from Theorem 2.
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Figure 2: Time-varying uncertain parameters,estimated parameters and control
input from the BLDC motor in Example 2 with the adaptation law presented in
Theorem 2.

5. Concluding Remarks

A new method to design an adaptive gain-scheduling con-
troller for uncertain polytopic systems has been proposed. This
enables exploiting the system polytopic structure for the con-
trol design, which contributes to overcome the conservatism
issue of the standard robust control approaches. The possible
feedback gains, employed in a gain-scheduled manner with the
estimated convex weights, as well as the adaptation law gains



are determined offline by solving a set of LMI design condi-
tions. Using Lyapunov theory, the asymptotic stability of the
closed-loop system and the stability of the parameter adapta-
tion scheme are guaranteed. Numerical examples are given to
point out the interests of the proposed method over the state-of-
the-art control results in robust control.
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