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Abstract: Control technique based on the well-known Takagi—Sugeno (T-S) models offers a powerful and systematic tool
to cope with complex non-linear systems. This study presents a new method to design robust H,, controllers stabilising
the switching uncertain and disturbed T—S systems subject to control input saturation. To this end, the input saturation is
taken into account in the control design under its polytopic form. The Lyapunov stability theory is used to derive the design
conditions, which are formulated as a linear matrix inequality (LMI) optimisation problem. The controller design amounts to
solving a set of LMI conditions with some numerical tools. In comparison with previous results, the proposed method not
only provides a simple and efficient design procedure to deal with a large class of input saturated non-linear systems but also
leads to less conservative design conditions. Moreover, with a simple shape criterion, the proposed approach maximises also
the estimated domain of attraction included inside the validity domain of the system. The validity of the proposed method is
illustrated through academic as well as real industrial examples.

1 Introduction
1.1 Motivations and related works

Over the past two decades, control technique based on the
so-called Takagi—Sugeno (T—S) models [1] has become an
active research topic [2]. In particular, this technique has
received more and more significant attention [2, 3], since
it has been successfully applied to numerous engineering
applications [2, 4, 5]. The T-S models are inspired from
the historical approach of fuzzy logic [6], they can be
interpreted as a collection of local linear models intercon-
nected by scalar membership functions. Then, based on a
T-S representation, a model-based control will be designed
to guarantee the stability and achieve some performance
requirements for non-linear systems. Thanks to its poly-
topic structure, the main interest of T—S control approach
is to make possible the extension of some linear concepts
to the case of non-linear systems [2]. This control technique
provides a general and systematic framework to cope with
complex non-linear systems. Nevertheless, it is not always
possible from a theoretical or practical point of view to use
the classical T-S approach for some specific cases such
as systems with singularity points [7] or systems with a
too large number of sub-systems [8] (this number increases
exponentially with the number of non-linearities of the orig-
inal non-linear system when using the sector non-linear
approach). Based on these remarks, a new switching T-S
approach which allows overcoming the above drawbacks has
been proposed in [7]. In this paper, we focus on this class
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of switching T-S models. Indeed, a switching T-S model is
composed by local T-S models and switches between them
according to scheduling variables depending or not on sys-
tem states. Its structure has two levels: a regional level and a
local one with the associated T-S model. In Fig. 1 is illus-
trated the concept of switching T-S control approach, the
supervisor decides which controller has to be connected in
the closed loop according to the actual operating region of
the non-linear system. It is worth noting that it inherits some
essential features of hybrid systems [9] and retains all the
information and knowledge representation capacity of T-S
systems.

Among all non-linear phenomena, actuator saturation is
unavoidable in almost real applications. It can severely
degrade closed-loop system performance and in some cases
may lead to the system instability. Motivated by this prac-
tical control aspect, a great deal of effort has been recently
focused on saturated systems, see, for example, [10-12]
and the references therein. In general, there are two main
approaches to deal with the input saturation problem. The
first one considers implicitly the saturation effect. In this
approach, called ‘anti-windup’ [13], the control input is
first computed by ignoring actuator saturation. Once the
controller has been designed, an additional anti-windup com-
pensator is included to handle the saturation constraints. In
the second approach, the saturation effect in control design
process is taken directly into account. For this, two princi-
pal synthesis techniques are considered: ‘saturated control
law’ and ‘unsaturated control law’. In the latter one, the
initial state domain and the design are such that the control

1
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Fig.1 Concept of switching T-S control approach

law will never reach saturation limits. Presented for instance
in [2], this type of low-gain controller is very conservative
and often leads to poor system performance [10, 12]. As
its name indicates, the saturated control law [10] allows the
saturation of the input signal which results in a better con-
trol performance. That is why this type of control laws will
be addressed in this paper. It is also worth remarking that
the system states are also usually bounded in engineering
applications. Specifically, the validity domain of T—S mod-
els obtained with the sector non-linearity approach can be
described by state constraints. Therefore the state constraints
need also to be considered in control design.

1.2 Original contributions

The main focus of this paper is to propose a new ‘sat-
urated control method’ for a class of switching uncertain
and disturbed T—S models subject to control input saturation
and state constraints. To that end, saturation non-linearity is
directly taken into account in the design control by using its
polytopic representation. Compared with the existing results,
the proposed method provides more relaxed design con-
ditions while considering many closed-loop requirements.
Moreover, the estimated domain of attraction of the system
is maximised which is also necessary for such a regional
stability approach.

The control scheme is based on the parallel distributed
compensation (PDC) concept [2] and the consideration of
H,, performance which guarantees the y-disturbance atten-
uation. By using Lyapunov stability theory, the design con-
ditions are derived. The key point of the proposed method
is to achieve conditions in linear matrix inequality (LMI)
form. Thus, the controller gains can be efficiently computed
with some available numerical tools [14]. Up to now, many
studies have investigated the robust stabilisation of uncer-
tain and disturbed T-S systems, see, for example, [3, 15, 16]
and references therein. However, very-few results deal with
the switching uncertain and disturbed T-S models subject
to control input and state constraints. Our approach can be
applied for a large class of switching non-linear systems.

The validity of the proposed approach is illustrated with
two examples. The first academic example aims at demon-
strating its great improvements compared to previous results
in [7]. The second example concerning the control of a
turbocharged air system of a SI engine points out clearly
the usefulness of our approach in an industrial context. In

2
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fact, the control issue of turbocharged SI engine is very
challenging because of the important number of involved
non-linearities. Hence, the topic is currently subject to an
extensive investigation in automotive industry, see [4, 5]
and references therein for more details. Using classical T-S
models leads to an excessive number of sub-systems which
makes difficult to design and implement the T-S controller.
Another specific point for this application is that it is not
possible to consider the ‘fuel-optimal strategy’ [17] to min-
imise the engine pumping losses with classical T-S control
approach. To avoid these drawbacks, a switching T—S mod-
elling approach for this complex non-linear system has been
proposed in our previous works [4, 5, 18]. In this paper, both
control input and state constraints are explicitly considered
in the design procedure which was not be done in the previ-
ous results. In addition, the obtained controller, having only
two tuning parameters, is easily implementable and achieves
very-satisfying results. To the best of our knowledge, this is
the first non-linear model-based control approach for which
stability of the whole turbocharged air system can be proved
while taking into account the control input constraint and
the fuel-optimal strategy. Finally, this generic approach can
be also generalised for other more complex turbocharging
systems with several air actuators.

1.3 Organisation

The paper is organised as follows. In Section 2, the stabili-
sation problem of a switching uncertain T-S system subject
to control input and state constraints is first introduced and
some useful preliminary results needed for the control design
are then presented. Section 3 is devoted to the main results
of the paper and the stability of the closed-loop system is
also proved based on Lyapunov theory. Section 4 provides
a constructive comparison between the proposed approach
and previous results via an academic example and shows
also how to apply this new result to control the turbocharged
air system of a SI engine. Finally, a conclusion is given in
Section 5.

Notation: For an integer number r, €2, denotes the set
{1,2,...,r}.RT = [0,00) denotes the set of non-negative
real numbers. x(; is the ith element of vector x. X;, and
X, denote, respectively, the ith row and the element of ith
row and jth column of matrix X. (*) stands for symmet-
ric matrix blocks and sym(X) =X +X7. X > 0 is used to
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denote a symmetric, positive-definite matrix. / denotes the
identity matrix of appropriate dimensions. For P > 0, denote
EP,p) £ {x :x"Px < p} and for brevity £(P) = E(P,1).
The real functions n;(@),...,n,.(0) defined on a set D are
said to verify the convex sum property if Vi € ,, n;(6) > 0
and Y 7_ n;(0) = 1, VO € D. The superscript k in scalars or
matrices will be used to indicate the kth operating region of
the switching system. The following notations will be used,
with (k,i,7) € Q; X Q, X Q,

Yoo = > univhs

s
kvk.
X, = E 740, G
k=1 k=1 i=1

Zun = YN Y w7 0

k=1 i=1 j=1

where X*, YF, Z are matrices of appropriate dimensions,
and the scalar functions u*, n¥ satisfy the convex sum prop-
erty. Note that explicit time-dependence of the variables will
be often omitted when no ambiguity occurs.

2 Problem position and preliminaries results
2.1 Switching T-S system description

Consider the following uncertain non-linear switched system

{56 = (fo(0) + Af5 (0))x + (5 (0) + Ags (0))u @)

z = (ko (0) + Aks (0))x + (ho (0) + Aho(0))u

where x € R™, v € R™ and w € R™ are, respectively, the
state, the control input and the disturbance vectors. The
controlled output vector z € R is used for performance pur-
poses. The scheduling variable vector 8 € R" is assumed
to be known and it may be functions of all signals of inter-
est (states, measurements, external disturbances and/or time)
with the exception of the control input value u. The switch-
ing signal o takes value in €2; and may depend on the
components of the scheduling variable vector, so that we
can write with a slight abuse of notation o = ¢ (6).

It is assumed that the matrix-valued functions f,, Af;, 2,
Ag,, ks, Ak,, h, and Ah, in (2) are sufficiently smooth
and bounded on a given compact set Py. For 6 &4, using
the sector non-linearity approach [2], the system (2) can be
exactly represented by a switched T-S model of the form

i=) ") uFO)mfO)Alx + B w + B ul
k=1 i=1

o ©)
_ k k k k k
z=Y " uF @M O)ICEx + Df w + Df ul

k=1 i=1
where

AF =Af + Adf; BY, =B, + ABL

w,i

k k k
B, =B, +AB,;

w,i» u,i

Ch =ch+ack; o,

Z,0° w,i

=D}, +ADL; DE

wW,i» u,i

= Dﬁ,i + ADﬁ,i
)

The membership functions nff (0) verify the convex sum
property and the indicator functions u*(#) for k € ; are
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defined by
1 if 8 ey
0 otherwise

1) = { (5)
where the polyhedral regions %i; € R" constitute a non-
overlapping partition of 7. The constant matrices of appro-
priate dimensions A, B, ,, Bf ,, C,, DY, and D} ; describe the
nominal system which correspond to the matrix-valued func-
tions f,, g, k, and h,; and the time-varying matrices AA{F s
AB ., ABS,, ACE, ADf, and AD}; represent the system
uncertainty corresponding to the uncertain terms Af,, Ag,,
Ak, and Ah,. These matrices are assumed to be bounded

AAf  ABL, AB,
ACE, ADL, ADf

u,i

Ff ®x [EII;,[ Ellg’w,i Ellgu,i]

B [sz ®Z [Eéz,i ng,i Egu,i]i|
(6)
Ek

where F}, FF, Ej,i’ Bw,i? Egu,i’ Eéz,i’ ng,i’ Elk)u,i’ (k1) €
Q, x , are known constant matrices of appropriate dimen-
sions characterising the uncertainty structure and the
time-varying matrices ®,, ®, with unknown, measurable
elements satisfy

©/0,<I; 0le.<I (7)

The following assumptions are considered in this paper

Assumption 1: 1t is assumed that the scheduling vector 6
depends only on the system state x.

Assumption 2: The control input u is subject to actuator
saturation

sat(u)) = sign(ug)) min{um,o), lupl}; V€ Q. (8)
where U, € R denotes the saturation level vector. Note
that, for sake of simplicity, the above saturation con-
straints are symmetric. In case of asymmetric ones—that
is, when the input signals satisfy inequalities of the form
Umingy < Uy < Umax@y WIith Umingy 7 —Umaxy—Symmetry can
be restored by removing and then adding a constant input
C = (Umingy) + Umaxy)/2 in the upstream and downstream of
the saturation.

2.2 Control problem formulation

This paper proposes a systematic method to design a switch-
ing state feedback controller for the constrained system
(3) such that the closed-loop system satisfies the following
properties

(P.1) State constraints: For any admissible initial state, the
states of the closed-loop system (3) are required to remain
in the validity domain P, described by linear inequalities,
with A, € R™
Po={xeR": hlx<1; VmeQ,} )
(P.2) Regional quadratic a-stability: For w = 0, there exists
a positive real number o and a quadratic function V' (x) =
xTPx, with P > 0, such that V(x) < —2aV (x) along the
closed-loop system trajectories for any initial state in the
ellipsoid £(P).
(P.2) Ly-gain performance: For a given y > 0, there
exists positive real numbers 5, p such that, for

3
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any energy-bounded disturbance w e W;={w: Rt —
R™; [°wiwds < 87"} and for all initial states in (P, p),
the trajectories of the closed-loop system remains in the
ellipsoid £(P) D E(P, p). Furthermore, the L£,-norm of the
output signal z is bounded as follows

J Zlzdt < yzj wlwdt + p (10)
0 0

2.3 Switching T-S control design

2.3.1 Polytopic model for the saturation non-
linearity: In this paper, the polytopic representation pro-
posed in [10] will be used in order to model the saturation
effect. For that, let I' = {I‘;r }peam be the set of (m x m)
diagonal matrices whose diagonal elements take the value 0
or 1, each element of I being indexed by an integer num-
ber in Q. For any p € Qom, Fp‘ denotes the element of I
associated with I such that

- _ +
r,=1-T, (11)
Lemma 1 [10]: Let u,v € R™. Suppose that —up.x < v <

Umax, it follows that

sat(u) € co{lju+T,v; Vp e Q) (12)

Consequently, sat(ux) can be represented as

o
sat() = » &,(Tu+T,v) (13)

p=1
where the numbers &, verify the convex sum property.

2.3.2 State feedback control law: The switching
state feedback controller of the system (3) is naturally
extended from the PDC concept [2] and represented as

s

w=y > w@n©O)Lx (14)

k=1 j=1

Note that the switching PDC law (14) shares the same indi-

cator and membership functions as the switching T-S model

(3).LetH = {ij }jeq, be a finite family of (m x n) matrices,
keQ;

the polyhedral set E(I:I , Umax) 18 defined by

E(I:I, Umax) = ﬂ m E(]—Ijkaumax) (15)

k=1 j=1
where E(ij , Umax) denotes the polyhedron
E(I{jkaumax) = {X e R™: —Umax < I—Ijkx < umax} (16)

By Lemma 1, it is simple to prove that, for any x €
E(H, umax), the input saturation can be expressed as

r

s m
sat() = » > b Onf @), LE+ T, H )x (17)

k=1 j=1 p=1

By substituting (17) into (3) and using the notations (1), the
closed-loop system can then be rewritten as follows

)'C = [Aaﬁ + Bu,a@(F;Laﬁ + FE_HO'G)]X + Bw,aew

(18)
z= [(Cz,ae + Du,a@ (F;Laé’ + FgHUQ)]x + DW,UGW

om _ m _
where I/ =3 &0fand Iy =3 &1,

4
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Remark 1: In (18), the property that u*(0)u’(0) = 0if k # [
has been used.

2.4 Maximisation of the estimate domain of
attraction

Concerning the undisturbed, closed-loop system, an estimate
of the attraction domain of its equilibrium point x = 0 will
be given in the ellipsoid form £(P), with P > 0, that will
be positively invariant. Since regional stability approach is
adopted here, it is worth maximising the size of the ellipsoid.
To this end, the idea of shape reference set proposed in [19]
will be used. Let Xz C R™ be a prescribed bounded convex
set containing the origin. Finding the largest ellipsoid & (P)
can be formulated as the following optimisation problem

max 7 subject to: Xz C E(P) (19)

There are two typical choices for reference set X;. The first
one is an ‘ellipsoid’ defined as

Xp={xeR":x"Rx < 1} (20)
where R > 0. The second one is a ‘polyhedron’ defined as
Xr = co{xo1, X025 - - - » Xor} (21)

where x1, Xg2, . . ., Xy are a priori given points in R™.
For these two choices of set Xz, optimisation problem (19)
can be rewritten as

e If the reference shape X is given by the ellipsoid (20),
then tXiz C £(P) is equivalent to the condition

R
S zP (22)

Let A =1/7? and Q = P!, and using Schur complement
lemma, the problem (19) can be expressed as the LMI
optimisation problem of finding the minimum value of A
satisfying the inequality

[A[R é} >0 (23)

e If Xy is the polyhedron (21), then 7 Xz C £(P) is equiva-
lent to

TZ(XOi)T(P)XOi <1

VieQ (24)

This inequality can also be reformulated in LMI form as

A% .
|:in Q] >0, Vie (25)
2.5 Other preliminary results

Some other results that will be useful in the proof of our
main result are recalled below.

Lemma 2 [10]: The ellipsoid set £(P) is contained in the
polyhedral set E(H, un,,) if and only if

(Ha)(P™Y(Hy)" < u

max(/)?

Ve Qn (26)

where H; is the /th row of the matrix H.
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Lemma 3 [19]: The ellipsoid £(P) is included in the poly-
hedral set P, defined in (9) if and only if

P hy,
* 1

Lemma 4 [20]: Let X, Y and A be real matrices of appro-
priate dimensions and ATA < . Then, for any scalar & > 0,
the following inequality holds

:| >0; VmeQ, 27

XAY + Y'A™XYT < exxT 47 'Yy (28)

Lemma 5 [21]: Let Yy, (i,j) € £, x 2, be symmetric matri-
ces of appropriate dimensions and 7y, ..., 7, be a family of

numbers satisfying the convex sum property. If

T,',' < 0, Vi e Qr
_lTii +Y;+7Y; <0; V(,j) € xQ and i #j
P i i
(29)
Then
DO Yy <0 (30)

i=1 j=1

Note that more performing relaxation results exist such as
in [22, 23]. However, Lemma 5 constitutes a good trade-
off between complexity and conservatism since it does not
require the introduction of auxiliary variables.

3 Main results
This section provides the LMI-based solution for the control
design problem stated in Section 2.2.

Theorem 1: Given positive real numbers «, y and a set
Xz defined as in (20) (or (21)), if there exists matrices
0 >0, Y\, Zf, and positive real numbers),8, p, &, &,

(for (k,l,]) S Q x €, x €,), such that (23) (or (25)) holds

www.ietdl.org

and satisfying also the following inequalities

22t |z e eaxanxe o
iy Umax(p)
[g Qﬂ >0; VmeQ, (32)
i, < 0; V(k,i,p) € QX QX Qo (33)
2 k k k
r— 1T”17+TUP+'Y‘JIP <O
V(k: l»]:p) € QS X Qr X Qr X QZ”’: i 75] (34)
[1 ;p 1;} >0 (35)
where Zf, denotes the /th row of matrix Z' and Y}

defined in (37). Then, the switching state feedback controller
(14) with

k _ vkp-—1. .
=707 Ve xQ (36)

solves the control problem stated in Section 2.2. (see (37))

Proof: Considering the Lyapunov function ¥ (x) = xTPx.
Let us define O =P~ and Z' £ H'Q, using the Schur
complement lemma on (31), it follows that

ZE) O NZEDT <t D5 VjK) € QX 2, ng)

which, by Lemma 2, is equivalent to £(P) C E(I:I s Unnax) -
O

Pre- and post-multiplying the condition (27) with
diag(Q, 1), this condition is then found to be equivalent to
(32). This fact, by Lemma 3, means that £(P) C P,. This
fact proves Property (P.1) stated in Section 2.2.

To continue, let us introduce the following notations for
brevity (see (39))

sym(AkQ—I-Bk F*Yk—l—F Zk)—i-aQ) * * * * * *

BT -y * * * * *

CLO+ D, (UFYf+T,ZF) D, -1 * * * *
1), £ er;(FOT 0 0 —er d x * * (37)

Ej’l.Q + Egu,i([’;’ Yj" + FP_ZJ.") ng’i 0 0 —(E‘iijl * *

0 0 &, (FHT 0 0 —eb I *

szQ+E£141(F+Yk +Fp ij) ngz 0 0 0 0 _85,1']'1_
Y' 2 L50; Soto = Euoo + Epuoo(TCi Loo + Ty Hoo)s  Toto = Eczo0 + Epuoo (T Lo + Tz Hop)
UUEG é (AGB + Bu,aG (F;Lae _i_ FgHGG))TP + OlP, UGSG é (Aaﬁ + Bu,o& (F;Laﬁ + FgHae))TP _i_ (XP

VUEQ é Cz,ae + Du,o()(r;LGQ + FgHae)i VGEQ é (Cz,a(i _i_ ]D)u,aﬁ (F;LD'G + F;Haé)) (39)
IET Control Theory Appl., pp. 1-14 5
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Assuming x € E(ﬁ] , Umax) N Py, the following expression is
obtained from (18)

T
ALV +2aV () +2"2 — y2wTw = [fv] P [ﬂ (40)

where
T
oL sym(Uyz4) * n Vieo [ Vaeo (1)
B};,GHP _7/2[ D;ru,ae D\T‘/‘,Ge

Then applying the Schur complement lemma for (41), the
condition A < 0 holds if and only if

sym(Usp) * *
y 2 ]B%VTV!OQP — x| <0 (42)
VGSB DW,GH -1

From (6) and (42), ¥ can be decomposed into two parts:
a ‘nominal’ part W, and an ‘uncertain’ part AY as W =
U, + AV where

sym(Usgg) * *
Wo=| BuP -y (43)
VGEG Dw,a@ _I
and
AV = Sym{[(PEr,a)T 0 O]T®x[SJEO EBW,G’9 0]}
+sym{[0 0 (F.o)'1"®.[Te Epuos 01} (44)

Given &, > 0,6, >0, V(k,i,j) € Q x Q, x Q,, using
previous notations, Lemma 4 and again the Schur comple-
ment lemma, the inequality (42) holds if the condition (46)
is verified (see (45))

Moreover, using congruence with diag[Q,1,1,1,1,1,1], the
condition (45) is equivalent to (47) (see (46))

Now, applying Lemma 5 with inequalities (33) and (34),

if x € E(H, tlmay) N Py, then

V) +2aVx) +z2'z—y*w'w<0 (47)
e Assume w = 0, YVt > 0, it follows from (5) that
V(x) < —2aV (x) (48)

which implies that the set £(P) is positively invariant with
respect to the closed-loop system and for Vx(0) € £(P), the
trajectory will converge exponentially to the origin with a
decay rate «. This fact proves Property (P.2) in Section 2.2.
e Assume now that w € W;, integrating both sides of (5)
from 0 to 7, where T, € R, it follows that

V(T)) < VE(0) + 2 J Sode (49)

0

wlwdt — J
0
From (35) and (49), it can be deduced that Vi(x(7y)) <
o+ y2*~! < 1. Hence, it can be easily shown that, for any
initial state in £(P, p), the closed-loop trajectory is confined
in the set £(P) C E(H, tyay). Furthermore, from (49) and
considering the limit case 7; — oo, we obtain [ z'zdr <
y? [ wiwdz + ¥V (x(0)), this means that the £,-norm of the
output signal z is upper bounded by |z|13 < ¥?|wl3 + p.
These facts prove Property (P.3) stated in Section 2.2.

Remark 2: When x(0) # 0, there is a trade-off between the
size of the set of admissible initial conditions and the max-
imal energy level § of the disturbances, that is, the lower
is the admissible 4, the larger is the estimate domain of
attraction £(P) [24].

Remark 3: Theorem 1 provides LMI conditions to solve the
control problem stated in Section 2.2 without any guaranty
on the size of the estimate domain of attraction. As shown
in Section 2.4, maximisation of this domain amounts to
maximise 7 (or to minimise A). Hence, the problem of max-
imising the estimate domain of attraction can be formulated
as

the inequality (46) is proved. Hence, we have shown that, min A subject to : LMI conditions in Theorem 1 (50)
[sym(Uy¢o) * * * * * *
B ,,P —y2 * * * * *
Vato D, -1 * * * *
exoo0Fy o P 0 0 —&r 000l * * * <0 (45)
Sase Epyoo 0 0 —&xgo0l * *
0 0 &z000F ., 0 0 —&,000l *
Tage EDW,GQ 0 0 0 0 _82,0'991_
"sym(Ao9 O + Buoo (T Yoo + Tz Zyg) + Q) * * * * * * ]
B -y * * * * *
Ceo60 + Duoo (T Yoo + T Zop) D, 5 -1 * * * *
Exoo0Fyy 0 0 —&ro00l * * * <0 (46)
E100Q + Epuoo (T Yoo + Ty Zoo) Epwoo 0 0 —&x o0l * *
0 0 eo00F., 0 0 —&.000] *
Ec:000 4 Epuoo (T Yoo + Tz Zoo) Epy.oo 0 0 0 0 —&20001
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It is worth remarking that X defines the directions in which
we want to maximise & (P).

4 Design examples
A. Example 1: Comparison Study

To demonstrate objectively that our approach provides
less conservative design conditions and can achieve larger
estimate domain of attraction than the ‘reference approach’
[7], let us consider the following system from [7] with-
out any special closed-loop performance (decay rate, model
uncertainty, L,-gain performance): (see equation at the bot-
tom of the page)

For this example, the following assumptions are consid-
ered for the comparison purpose. Firstly, the state vector
xT £ [x1,x,] always remains in the validity domain P, =
{(x1,x2) 1 |x1] < 2;|x,] < 2}. Secondly, the control saturation
limit iS: 0 = 3.

Fig. 2 shows the feasibility solution domains according to
the system initial conditions for both approaches. The marks
(*) and (0J) indicate, respectively, the existence of feasible
solution obtained with our approach and the reference one.
It is clear that the proposed approach outperforms the pre-
vious result in term of relaxation. Note that the solution
computation of our approach does not depend on the initial
conditions of the system.

To compare both approaches in term of the size of the
domain of attraction, let us take xy = 0 for the approach
proposed in [7] and for our approach, the reference shape is
chosen as Xz = £(R) with R = I. Fig. 3 shows clearly that
the new result allows achieving a larger estimate domain of
attraction and this domain is maximised inside the validity
domain P,.

B. Example 2: Control of the air system
spark ignited (TCSI) engine

of a turbocharged

www.ietdl.org

—— Our approach
Reference approach

Fig.3 Estimated domain of attraction obtained with both
approaches (with xg = 0 for reference approach)

Hereafter, after a very brief description of the air system
of a TCSI engine, the control approach proposed in Section
3 will be applied to control the air actuators. The model
was built with the real data of a four-cylinder TCSI engine
from Renault. At the end of this section, a series of trials is
carried out to show the performance of the controller. The
notations concerning the studied turbocharged air system are
shown in Table 1.

4.1 System description and turbocharged air
system control strategy

The goal here is to control a fixed geometry TCSI engine
equipped with a wastegate and electronic throttle. A sketch
of the considered system is depicted in Fig. 4. The ambient
fresh air is boosted when passing through the compres-
sor. This compressed air is used to burn the fuel in the
cylinder where the combustion occurs, resulting in the pro-
duction of the engine torque. The remaining energy (in the

Region 1: x, > 1

Region 2: x; < 1

n 1o-05] ,_[-1 -0s]. e[ 4. p_[2 -4 g —0.1 07
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o,
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Fig.2 Set of solutions according to the system

IET Control Theory Appl., pp. 1-14
doi: 10.1049/iet-cta.2014.0398

initial conditions of our approach (e) and the reference approach ()
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Table 1 Notations of turbocharged air system of a Sl engine

Symbol Quantity Unit Symbol Quantity Unit
Tihr throttle pressure ratio — Deyi cylinder mass air flow kg/s
Mg wastegate pressure ratio — Dryel fuel injected flow kg/s
Meomp compressor pressure ratio — Vexh exhaust manifold volume m3
Tiurb turbine pressure ratio — Viman intake manifold volume m3
Pooost boost pressure Pa Veyl cylinder volume m3
Pman intake pressure Pa Ne engine speed rpm
Pexh exhaust pressure Pa Pcomp compressor power W
Pamb atmospheric pressure Pa Prurb turbine power w
Tamb atmospheric temperature °K Ncomp compressor isentropic efficiency —
Tman intake manifold temperature °K Nturb turbine isentropic efficiency —

Texh exhaust manifold temperature °K Nvol engine volumetric efficiency —

Dine throttle mass air flow kg/s As stoichiometric air/fuel ratio —

Dyyg wastegate mass air flow kg/s y ratio of specific heats —
Dcomp compressor mass air flow kg/s R ideal gas constant J/kg/°K
Diurb turbine mass air flow kg/s Cp specific heats at constant pressure J/kg/°K

Throttle Intake Manifold

D rhr\y —

( man?> man )

B,

woar| ([ \\\\\\\\\

I
|
e
T
|
W
Iy
WA

Intercooler

@@Q@ﬁ

Dot J / / } J 1

em > er}z

(Pmb,Tm"b) Wastegate

a
r' 4
Fresh Air

Exhaust Manifold

Exhaust Gases

Compressor Turbine
Fig.4 Schematic representation of a TCSI engine

form of enthalpy) contained in the exhaust gases exits the
system through the turbine. A part of this energy is recov-
ered to drive the compressor via the turbocharger shaft
whose dynamics are the consequences of the energy bal-
ance between the compressor and the turbine. There are two
air actuators available on the studied air system:

e The throttle allows controlling directly the pressure in the
intake manifold.

e The wastegate is used to control the exhaust gases flowing
to the turbine by diverting a part of this flow. It allows
controlling indirectly the boost pressure in the upstream of
the throttle.

Conventional SI engines operate at stoichiometry which
results directly in the tight connection between torque
response and intake pressure P,,,,. The goal of the air system
management is therefore to control this pressure. The readers
can refer to our previous works [4, 5, 18] for more details
concerning the state-of-the-art on turbocharged air system
control issue. As highlighted in these works, to minimise

8
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the engine pumping losses, the throttle should be fully open
at high load and the boost pressure Ppyost = Prman 1S con-
trolled by the wastegate in this case. Only at low load, the
throttle is activated to track the low intake pressure Ppan.
This strategy leads to the switching nature of the proposed
controller.

4.2 Turbocharged air system modelling

Applicable models of a TCSI engine are well documented
in [25]. In the sequel, only some key elements of the tur-
bocharged air system and primary dependencies are recalled.

4.2.1 Intake and exhaust manifolds dynamics: The
pressure dynamics in the intake and exhaust manifolds are
derived from the ideal gas relationship as

‘ RTman

Pman = (Dthr - Dcyl)

. Rl S
Pexh = ((Dcyl + Dfuel) - (Dturb + Dwg))

exh

IET Control Theory Appl., pp. 1-14
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4.2.2 Actuator valves: The mass air flows through the
air actuators (throttle and wastegate) in (51) are modelled
as [25]

Dthr = CD(HT}“) PbOOSt Uthr, Dwg = CD(H:; )ﬂuwg
RTman £ \/RTexh
(52)

where  ®() £ /(Qy)/(y — 1)II¥7 —0+D/7);
I, £ max(My, ¢); T, £ max(Tly,, @) and ¢ £ (2/(y
+ 1)/~ Moreover, the physical command constraints
for the air actuators are
Sthr,min S Uthr S Sthr,max; Swg,min S Z’lwg S Swg,max (53)

4.2.3 Turbocharger dynamics: The rotational speed
of the turbocharger is modelled using Newton’s second law

d /1
a (Et]tc]vé) = ]P)turb - ]P)comp (54)

where J,. is the inertia of the turbocharger. From the first

thermodynamics law, the power consumed by the compres-
sor and the power delivered by the turbine are given

Pcomp = Dcomp Cp Tamb

(H((yfb/y) _ 1);

comp

Ncomp (55)
- (A=r)/v)
HDturb = DturbCpTexhnlurb <1 - I—[turb )

where 1_[comp £ Pboost/Pamb(Hturb £ Pturb/Pexh) is the com-
pressor (turbine) pressure ratio and Moy (Muss) is the
isentropic efficiency of the compressor (turbine). The com-
pressor pressure ratio, the turbine mass air flow and efficien-
cies are mapped.

4.2.4 Turbocharged air system dynamics: From (1)
and (2), and (4) and (5), the three main dynamics of the
turbocharged air system can be rewritten as

d /1
a (El]tc]\[é) = IP)turb - Pcomp

, RT,
Pman — man

(Dthr - Dcyl) (56)

man

7 RTexh
Pen = V_((Dcyl + Duet) — (Deurt + Dwg))
exh

The model (56) describes accurately the three dynamics
governing the turbocharged air system of an SI engine. How-
ever, this system is very complex from control point of view.
Applying directly the classical T-S control technique for this
system would not be an appropriate solution because of its
large number of non-linearities. In our previous works [4, 5],
we have showed that this turbocharged air system can be
seen as a switching system with two operating regions sep-
arated according to the pressure ratio I1 2P /Pamp. This
fact has two major advantages. Firstly, it allows reducing the
complexity of the final model which leads to less number of
sub-systems in the final switching T-S model. Secondly, the
classical T-S models are not able to deal with the strategy to
minimise the engine pumping losses [17] whereas the con-
sidered switching T—S model can fully take into account this
strategy. The two operating regions are defined as follows,
with ¢ >~ 1.1:

IET Control Theory Appl., pp. 1-14
doi: 10.1049/iet-cta.2014.0398
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e Region 1: I1 < ¢ (low load region): The system dynamics
in this region is obtained from (51) and (52)

Pman :ﬁ(')uthr _ﬁ(')Pman (57)

where the non-linearities are

RTman RTman
Sit) = ———Dei; L) =

Vmaanan man

q)thr(nthr) (58)

e Region 2: T1 > ¢ (high load region): The reference model
in Region 2 is given by [4]

Pman = gl(')Pman - g2(')uwg (59)

where

2 1
D) = 1 _ .
1) Jid. |:011 ( + )»s) Olz:| o3

2
&) = malcbwg(nwg)

(60)

The parameters

ap = CpTexhr/turb (1 - nt(fli};y)/y))
CpTamb

o = (g —1)
Ncomp
Mvol chlN e
o3y = ———
30RT an

depend on the engine operating conditions.

Remark 4: The successful application of the control-based
model (57) for Region 1 has been experimentally achieved
in [26]. The simplified model (59) for Region 2 is obtained
after neglecting the fast pressures dynamics by using the
singular perturbations theory which is experimentally justi-
fied in [27]. Moreover, at high load, the turbocharger square
speed can be approximated by a linear function of the boost
pressure Pooost = Pran, that is, N2 = AcPran + Bic.

4.3 Switching robust control design

It is worth remarking that the studied system has only one
state (the intake pressure) which is also the measured out-
put and the controlled output, that is, x =y =z = Pp.
Two non-linearities in each local model (57) and (59) are
bounded since the system state is constrained Py min <
Pman = Pman,maxa with Pman,min =035 (bar) and Pman,min =2
(bar). Then, they can be represented as

i <fO)<fi £() =o' f + ol f
_ and 15: 2{1 61)
g =80 =g g() = olg + wyg
where, (i,7) € Q, X 2,
g0 —g.
gy T

Thus, the global switching system has two separated regions
and the T—S model in each region has four linear models.

9
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The normalised membership functions in each local region
are given by (see (63))

For tracking control purpose, it is well known that an inte-
gral action in the control law is necessary to reject some
static disturbance. This amounts adding a new state whose
dynamics is defined as, with the intake pressure reference
Yref £ Pman,ref

)‘Cint = Veet — ) (64)

Then, the proposed controller of this application is a
dynamic one which can be obtained from (14) and (64)

Xing = =X + Vref

R (65)
=30, Y O O) (Lhx + Kfxi)

Let us define ¥ £ [Popan; Xin] and u £ [t Uwg]. Then, the
global closed-loop system can be represented as follows (see

(66))

where the scheduling variable vector 6 corresponds to the
non-linearities f;(-) or g;(-), i = 1,2 according to the con-
sidered operating region, and the matrices of the extended
systems are given by, with wT = [wT, ]

-+ 4 o . AA4F 0
A = " 0} AAf:[O' o]; Ct=[Ct 0]
Rk k
Bt = 0] AB{(‘J:[ om]’
_ B . _ D
B, =|""|; Df=|"! (67)
Tl 0

In this work, a maximum of 10% parametric uncertainties
are considered

1A/ O] = 0.1£();
|Agi ()] = 0.1g1();

AL O] = 0.14()

(68)
|Ag ()] = 0.1g2(+)
These uncertainties can be seen as modelling errors or sys-
tem disturbances [5]. The subsystem matrices are given by,
Vi e Q4

FrliZFfi=|:(l) (1)i|: BivizBiiz[O(-)l];
” ' ’ ’ (69)

C/=Cl!=[1 0]; D!=D;=0.01

e Region 1: I1 < ¢ (low load region) (see (70))
e Region 2: T1 > ¢ (high load region) (see (71))

In this work, only system state constraints Py min <
Pran < Pranmax Will be considered in control design. Hence,
the polyhedral region P, defined in (9) is with Al =
[hPman,m; hxinr,m] = [hPman,m; 0];m = l, 2. Theorem 1 can be
now applied to control the considered automotive applica-
tion.

Remark 5: In T-S tracking control framework, it has been
proved in [28] that the input-to-state stability propriety [29]
according to the exogenous input ¢ is guaranteed since all
normalised membership and indicator functions are bounded
by construction.

Remark 6: Note also that all data concerning the tur-
bocharged air system and controller will not be revealed
here for the confidentiality reason with our industrial col-
laboration partners. However, this does not restrict our

!Zone Lin =00 1) =00, 15 =0,.0h; 1 =0,.0) 63)
Zone 211} = 0], .0 1) = @105, 03 = 03.00h; 1) = 05,05,
2 4
= i Pra)nf O){(Af + AADT + B v + (BS, + AB} )sat(u) + By}
k=1 i=I
2 4 (66)
Y=Y (Puan)nf (0)(CL5 + Dfw)
k=1 i=l
A 0 0 —14 0
ap=a=| 0] m—sa=[h ) m=[ 0t 0
1 41 _fl 0 . 1 _ _ 2 0 . 1 _ 0 0
AB_A4_ [_1 O]’ Bu,2_Bu,4_ |:O O]’ Eu,i_ |:3513 0 (70)
2_po_|& 0 2 _m _ |0 -2 > 0075 0
AI_AZ_[ 1 0i|’ Bu,l_Bu,3_|:0 0i|7 EA,i_|: 0 0
2_2_g10 2 0 —gf. 2_0 0
A=Ay = [—1 0}’ B,=8 [0 0 } E,= [0 164 (71)
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Fig.5 Trajectory tracking with different engine speeds

observations since we are focusing on the control design
and the controller performance.

Remark 7: As highlighted in [7], a typical phenomenon
when dealing with switching control is non-continuity of
control input at switching boundaries. It may lead to a seri-
ous degradation of the controller performance. To handle
this problem, the ‘distance’ between all the connecting gains
in all the regions should be minimised as much as possible
[7]. Concretely, the smoothness condition L} ~ L} will be
integrated together with LMI conditions in Theorem 1 to
design the feedback gains. From (36), the smoothness LMI
condition is fulfilled if

R P 7
PR E e

where > 0 should be minimised.

Remark 8: The controller feedback gains Lj’.‘ and Kjk,
V(k,j) € 2, x 4 in (65) are now efficiently designed by
solving the LMI conditions in Theorem 1 and also the
smoothness condition (72) with some available numerical
tools [14].

4.4 Simulation results and analysis

Hereafter, a series of trials will be performed to point
out the validity of the proposed method. For the sake of
clarity, the two commands (throttle, wastegate) are nor-
malised. The control inputs constraints in (53) become:
0 < g, Uyg < 100%. When g,y = 100% (resp. ity = 0%),
it means that the throttle (resp. wastegate) is fully open. On
the reverse, when iy, = 0% (resp. iy, = 100%), the throttle
(resp. wastegate) is fully closed. Before starting, note that
the proposed controller is easily tuned with only two param-
eters, the decay ratew and the disturbance attenuation level
y which are the same for all simulations.
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4.4.1 Test 1: control strategy validation: This sce-
nario test aims at validating turbocharged air system control
strategy stated above and showing the pressure trajectory
tracking performance at different engine speeds. To this
end, the intake pressure reference varies in different engine
operating regions for different engine speeds (from 2000 up
to 3500 rpm). The validity of the proposed control strategy
is confirmed by the results in Fig. 5. Several remarks on
these results can be reported as follows. Firstly, the con-
vergence is ensured over the whole considered operating
range. The wastegate response is very aggressive during the
turbocharger transients; it hits the constraints and then sta-
bilises to track the boost pressure. This behaviour which can
be tuned easily with the decay rate o allows compensating
the slow dynamics of the turbocharger. Secondly, the waste-
gate is open in low load operating region. Once the throttle
is fully open, the wastegate closes to track the boost pressure
which is approximately equal to the intake pressure in this
case. This switching strategy allows minimising the engine
pumping losses [4, 17]. Finally, the controller does not gen-
erate any overshoot in the considered operating range which
is also a very-important property for the driving comfort.

Remark 9: In low load region (Region 1), the wastegate is
fully open, that is, uy, = 100%. Note that this imposed con-
stant value does not agree with the one computed from the
feedback gains L} and K/, Vj € Q4. However, fortunately,
it can be observed from the matrices B!, Vi € Q, that this
constant control input will never act on the dynamics of the
closed-loop system in this region. The same remark can be

done for high load region (Region 2) with g, = 100%.

4.4.2 Test 3: vehicle transients: The closed-loop
responses during the vehicle transient are presented in Fig. 6.
It can be noted that the proposed controller is perfectly able
to guarantee a very-good tracking performance even with the

1
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Fig.6 Variation of engine speed (up) and pressure tracking performance (middle) with corresponding actuator commands (bottom) for

a vehicle transient
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Fig.7 Disturbance used for the simulation (top); Intake pressure trajectory tracking (middle); and actuators corresponding solicitation

(bottom) at N, = 2750 rpm

important variation of the engine speed (which represents the
vehicle transient).

4.4.3 Test 4: disturbance attenuation: This test aims
at showing the robustness performance (w.r.t the exogenous
disturbances) and the benefits of the integral action in the

12
© The Institution of Engineering and Technology 2014

control loop. For that, the intake pressure reference varies
largely at constant speed, and a special bounded noise w,
which is the combination of a sampled Gaussian noise with
a square wave, is also added (see Fig. 7 — top). Despite the
presence of noise as shown in Fig. 7 (middle), the tracking
is still guaranteed without any offset in steady-state phases
and the disturbance is also well attenuated. However, the
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Fig.8 Closed-loop performance comparison with different control approaches

wastegate solicitation is sensitive to noises Fig. 7 (bottom).
It is because of the non-minimum phase zero in the relation
between the wastegate behaviour and the boost pressure [5,
30].

4.4.4 Test 5: with and without saturation: Control
input saturation is a major control issue of industrial sys-
tems. It must be taken into account in the control design
to guarantee the closed-loop stability and improve the con-
trol performance. This fact will be pointed out in this part.
Our proposed method will be also compared to the existing
results in [7].

Fig. 8 shows the system responses with different con-
trol approaches: Controller 1 does not take into account
the actuator saturation in the control design, Controller 2 is
with the unsaturated control approach proposed in [7] and
Controller 3 is with our proposed method. Note that the ini-
tial states are taken as ¥(0) 2 [Ppan(0): X (0)] = [0.5;0] to
design Controller 2 and its decay rate is also decreased in
comparison with the one of Controller 3 to obtain the feasi-
bility solution. Some observations on the results in Fig. 8
can be remarked. Firstly, Controller 1 takes much more
time to stabilise the system and it leads to important pres-
sure overshoots which must be absolutely avoided to ensure
an acceptable driving comfort. Secondly, actuator responses
of the Controller 2 are over-constrained; control perfor-
mance is therefore rather poor in terms of time response.
Finally, Controller 3 achieves a very-satisfying performance
(no overshoots, quick time response) and fulfils our control
specifications.

5 Conclusions

The purpose of this work was to develop a new approach to
design robust controllers for switching uncertain T-S sys-
tems subject to both control input and state constraints.

IET Control Theory Appl., pp. 1-14
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Based on Lyapunov stability theory, a constructive con-
trol design procedure is provided. In this paper, the control
input saturation is dealt with by using a polytopic represen-
tation. The feedback gains can be efficiently computed with
some numerical tools since the control design is formulated
as an LMI optimisation problem. It has been proved that,
compared to existing results, the proposed approach pro-
vides less conservative design conditions and the guaranteed
domain of attraction is maximised. At the end, the control
of a turbocharged air system of an SI engine was consid-
ered to illustrate the effectiveness of the proposed method
in industrial context.
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