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Stabilité de quelques problèmes d'évolution 

Dans cette thèse nous étudions la stabilisation de quelques équations d'évolution par rétro­
action (feedback). Tout d'abord, nous considérons la stabilisation de l'équation des ondes sur 
des réseaux 1-d par des feedbacks situés aux noeuds. Dans le premier chapitre, en supposant que 
le poids du feedback avec retard est plus petit que celui sans retard, nous donnons des condi­
tions spectrales pour obtenir la stabilité forte, exponentielle ou polynomiale en nous ramenant à 
l'étude d'une inégalité d'observabilité pour le problème conservatif. Dans le second chapitre, nous 
transférons des inégalités d'observabilité à poids déjà existantes pour un autre problème conser­
vatif en inégalités d'observabilité faibles pour le système dissipé sans retard. Grâce à une inégalité 
d'interpolation, nous obtenons des taux de décroissance explicites qui dépendent des propriétés 
géométriques et topologiques du réseau. Nous développons ensuite, dans le chapitre 3, une théorie 
abstraite pour les équations d'évolution du second ordre avec retard généralisant les résultats du 
chapitre 1. Nous étudions le cas où le retard dépend du temps pour les équations des ondes et 
de la chaleur dans le chapitre 4. En émettant certaines hypothèses sur ce retard et en utilisant 
une fonctionnelle de Lyapunov appropriée, nous prouvons que l'énergie est exponentiellement 
décroissante et nous donnons explicitement son taux de décroissance. Enfin, nous montrons dans 
le chapitre 5, qu'une technique de filtrage permet d'obtenir une décroissance quasi-exponentielle 
de l'équation des ondes discrétisée en espace par différences finies avec un amortissement interne. 

Mots-clés : Théorie du contrôle, stabilisation, équations d'évolution, terme de retard, réseaux, 
semi-discrétisation. 

Stability of sorne evolution problems 

In this PhD thesis we study the stabilization of sorne evolution equations by feedback laws. 
First we consider the stabilization of the wave equation on 1-d networks with nodal feedbacks. 
In chapter 1, assuming that the weight of the feedback without delay is smaller thau the one 
with delay, we give spectral conditions to obtain the strong, exponential or polynomial stability, 
by studying an observability inequality for the conservative system. In chapter 2 we transfer 
known observability results for another conservative system into a weighted observability estimate 
for the dissipative one without delay. Thanks to an interpolation inequality, we obtain explicit 
decay rates which depend on the geometrie and topological properties of the network. Then we 
develop, in chapter 3, an abstract theory for second order evolution equation with delay, which 
generalizes the results of chapter 1. \Ve study the case where the delay depends on time for 
the heat and wave equations in chapter 4. Using sorne assumptions about the delay and an 
appropriate Lyapunov functional, we prove that the energy is exponentially decreasing and we 
give explicitely its decay rate. Finally, we show, in chapter 4, that a filtering technique allows to 
obtain a quasi-exponential decay of a finite difference space discretization of the wave equation 
by pointwise interior stabilization. 

Key words : Control theory, stabilization, evolution equations, delay term, network, semi­
discretization. 

Spécialité : Mathématiques Appliquées 
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Introduction 

La Théorie du Contrôle des Equations aux Dérivées Partielles intervient dans différents 
contextes et de plusieurs manières. 

Les problèmes de contrôlabilité, d'observabilité et de stabilité des Equations aux Dérivées 
Partielles ont fait l'objet, récemment, de nombreux travaux. Dans cette thèse nous nous 
sommes intéressés à l'étude de la stabilisation de quelques équations d'évolution. 

Le problème de contrôlabilité peut se formuler simplement : considérons un système 
d'évolution décrit par des équations différentielles ordinaires ou par des équations aux 
dérivées partielles et un intervalle de temps [0, T]. Peut-on amener les solutions d'un état 
initial (au temps t = 0) à un état final (au temps t = T) en agissant par un contrôle 
approprié appliqué sur le bord ou dans une partie du domaine dans laquelle l'équation 
évolue? 

Il y a eu d'intensives recherches sur le sujet depuis les trois dernières décennies. Nous 
renvoyons par exemple aux livres de J.-1. Lions [70, 71], de Lasiecka et Triggiani [67] et de 
Fattorini [43], aux articles de Russell [100] et de Zuazua [111, 113] ... 

Dans un cadre fonctionnel approprié, le problème de contrôlabilité est équivalent à celui 
d'observabilité qui consiste à analyser si l'énergie totale des solutions peut être évaluée au 
moyen de mesures partielles sur un sous-ensemble du domaine ou du bord. Pour obtenir des 
estimées d'observabilité il existe diverses méthodes, comme la technique des multiplicateurs 
(par exemple [61, 70]), l'analyse microlocale ( (15,25]), les inégalités de Carleman ( (28,44, 
46, 69]) ou encore les critères fréquentiels ( [26, 77]), les critères spectraux ( [73, 95]) ou les 
inégalités d'lngham ( [53, 57, 62]). 

La stabilisation a pour but d'atténuer les vibrations par rétro-action (feedback); elle 
consiste donc à garantir la décroissance de l'énergie des solutions vers 0 de façon plus ou 
moins rapide par un mécanisme de dissipation. 

Plus précisément, le problème de stabilisation auquel on s'intéresse revient à déterminer 
le comportement a.c;;ymptotique de l'énergie que Pon note E(t) (c~est la norme des solutions 
dans respace d'état), à étudier sa limite afin de déterminer si cette limite est nulle ou 
pa.s, et, si cette limite est nulle, à donner une estimation de la vitesse de décroissance de 
l'énergie vers zéro. 

On peut noter des différences entre les problèmes de contrôlabilité et ceux de stabilité. 
D'une part, dans les premiers le temps varie dans un intervalle fini [0, T], alors que pour les 
problèmes de stabilisation le temps t tend vers l'infini. D'autre part, dans les problèmes de 
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contrôlabilité, le contrôle peut entrer dans le système librement en boucle ouverte, tandis 
que pour les problèmes de stabilisation, le contrôle est de la forme feedback ou en boucle 
fermée. 

Malgré cela, les liens entre les problèmes de stabilisation et de contrôlabilité sont étroits 
et l'on démontre certaines implications entre ces deux problèmes (voir par exemple [71,84, 
100]). Cependant, la stabilisation ne peut pas toujours être obtenue comme conséquence 
de la contrôlabilité, et c'est pour cela que son étude est souvent faite indépendamment et 
directement. 

Il existe plusieurs degrés de stabilité que l'on peut étudier. Le premier degré consiste à 
analyser simplement la décroissance de Pénergie des solutions vers zéro, i.e. : 

E(t) --* 0, lorsque t--* +oo. 

C'est ce que l'on appelle la stabilisation forte. 
Pour le second, on s'intéresse à la décroissance de l'énergie la plus rapide, c'est-à-dire 

lorsque celle-ci tend vers 0 de manière exponentielle, i.e. : 

où C et o sont des constantes positives avec C qui dépend des données initiales. 
Quant au troisième, il étudie des situations intermédiaires, dans lesquelles la décroissance 

des solutions n'est pas exponentielle, mais du type polynomial par exemple : 

E(t) :::; ~, Vt > 0, 

où C et a sont des constantes positives avec C qui dépend des données initiales. Dans ce 
cas, il faut prendre des données initiales plus régulières, dans le domaine de l'opérateur. 

Nos travaux s'orientent dans trois directions : la stabilisation sur des réseaux 1-d, la 
stabilisation avec un terme de retard, et l'aspect numérique. 

L'étude des équations aux dérivées partielles sur des structures en forme de réseau ou de 
graphe a connu de réelles avancées depuis le début des années 80 ( [4, 76,83]). Récemment, 
de nombreux auteurs se sont intéressés aux problèmes de contrôle sur les réseaux unidimen­
sionnels, nous pouvons citer par exemple les livres [38], [63], [64] et [65]. Ces études utilisent 
des résultats dans plusieurs domaines : séries de Fourier non-harmoniques, approximations 
Diophantiennes, théorie des graphes, techniques de propagation des ondes. Dans [38], il 
est démontré des résultats de contrôlabilité en fonction des propriétés d'irrationnalité des 
rapports des longueurs des cordes du réseau. Dans le ca..s des réseaux en forme d'étoile ou 
d'arbre, la contrôlabilité est prouvée en utilisant la formule de D'Alembert, tandis que pour 
les réseaux généraux (qui peuvent contenir des circuits), les auteurs utilisent le théorème 
de Beurling-Malliavin. Dans les deux premiers chapitres de cette thèse, nous nous sommes 
intéressés à la stabilisation de l'équation des ondes sur un réseau de cordes en utilisant 
deux méthodes différentes que l'on présentera plus tard. 
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Une recherche très active s'est amorcée récemment sur les problèmes de stabilisation 
avec effet retard. Les phénomènes de retard (en temps) apparaissent dans de nombreuses 
applications, par exemple en biologie [51], en mécanique [1] ou encore en automatique [101]. 
Il est bien connu que le terme avec retard dans le feedback peut être la cause d'instabilité 
[16-18] : un retard arbitrairement petit dans le feedback peut déstabiliser le système comme 
le montre [39-41, 75,85,98, 110]. Mais, a contrario, un terme de retard peut aussi améliorer la 
performance du système [1,101]. Les problèmes de stabilité de systèmes avec retard revêtent 
donc une importance non négligeable et les chapitres 1, 3 et 4 de ce travail traitent de ces 
questions. Pour régler les problèmes d'instabilité qui peuvent survenir dans les systèmes 
avec retard, nous avons considéré dans ces trois chapitres deux types de dissipation : un 
premier opérateur de feedback sans retard et un second avec retard. Pour avoir la stabilité 
de ces systèmes, nous avons supposé que le feedback avec retard est majoré par celui sans 
retard (dans un sens que nous préciserons plus tard) dans le but de compenser les effets 
d'instabilité qui peuvent intervenir. Cette idée a été introduite par Xu, Yung et Li [110] 
et Nicaise et Pignotti [85]. Dans le premier chapitre nous avons considéré l'équation des 
ondes sur un réseau 1-d avec un terme de retard dans les feedbacks. Dans le chapitre 3 
nous avons généralisé cette approche dans le cadre des équations d'évolution abstraites du 
second ordre avec un terme de retard dans les feedbacks (non bornés). Dans le chapitre 4, 
nous avons étudié le cas où le retard dépend du temps (et donc n'est plus constant) pour 
les équations unidimensionnelles de la chaleur et des ondes. 

Une autre question intéressante dans le domaine du contrôle et de la stabilisation porte 
sur l'étude des approximations numériques associées au système considéré. En pratique, 
le modèle continu est approché par un modèle discret en espace ou en temps (par la 
méthode des différences finies, des éléments finis ou des volumes finis). Dans de nombreux 
problèmes de contrôle, le schéma numérique a tendance à mal se comporter et, en général, 
le contrôle du problème discret ne converge pas vers le contrôle du problème continu. 
Ce phénomène est dû aux modes étrangers que le schéma numérique introduit à hautes 
fréquences; le schéma génère des oscillations à hautes fréquences qui n'existent pas dans le 
modèle continu. Par conséquent, contrôler un modèle numérique discrétisé ne garantit pas 
d'obtenir une bonne approximation numérique du contrôle du modèle continu. L'inégalité 
d'observabilité discrète n'est en fait pas uniforme par rapport au pas de discrétisation, 
en raison de l'existence des solutions à hautes fréquences dont la vitesse de groupe de 
propagation est de l'ordre du paramètre de discrétisation. Il se produit le même phénomène 
dans le cas de la stabilisation avec un taux de décroissance de l'énergie discrétisée non­
uniforme par rapport au pas de discrétisation [14, 96, 102, 103]. Ce phénomène a été mis 
en évidence dans les années 1990 ( [49, 50]), et ces auteurs ont proposé des techniques 
très efficaces afin de restaurer la convergence du contrôle discret, comme la régularisation 
de Tychonoff [49, 50], l'algorithme bi-grille [47, 79], la méthode des éléments finis mixtes 
[14,30,31,48, 78], la viscosité numérique [96, 102] ou le filtrage des hautes fréquences [56, 112]. 
Ces méthodes ont pour effet de redresser le spectre discret pour les hautes fréquences. Nous 
avons étudié, dans le dernier chapitre de cette thèse, la stabilisation de l'équation des ondes 
discrétisée en espace par différences finies avec un amortissement en un point intérieur et 
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avons prouvé une décroissance quasi-exponentielle en filtrant les hautes fréquences. 

Nous allons maintenant rappeler brièvement les principaux outils et méthodes employés. 
Nous utilisons principalement, dans les chapitres 1, 3 et 5, la méthodologie de Ammari et 
Thscnak [11] pour les équations d'évolution du second ordre. Les résultats de stabilité sont 
basés sur l'obtention d'inégalités d'observabilité pour le problème conservatif associé. 

Considérons donc l'équation d'évolution suivante 

{ 
w(t) + Aw(t) + BB*w(t) = o, t > o 

w(O) = Wo, w(O) = W1, 
(1) 

où A : D(A) --+ H est un opérateur positif, auto-adjoint avec inverse compact dans un 
espace de Hilbert H, U est un espace de Hilbert (identifié à son dual) et BE .C(U, D(A~)'). 
L'énergie de w(t) à Pinstant t est définie par 

Cest un système dissipatif, qui vérifie formellement 

E'(t) = -IIB*w(t)ll~:::; o. (2) 

Nous allons expliquer sur cet exemple la méthodologie employée dans les chapitres 1, 
3 et 5, sans faire aucune démonstration mais en donnant les outils principaux. La stabilité 
de cet exemple a déjà été étudiée dans [11] et nos rappels suivent celle-ci. 

Notre première préoccupation est rexistence et l'unicité des solutions de (1). Pour cela, 
nous réécrivons ( 1) comme un système du premier ordre 

{ 
U'(t) = AU(t), t > 0 
U(O) = U0 = (wo, wi), 

(3) 

où A : D(A) --+ 'H et 'H un espace de Hilbert. L'outil principal est alors la théorie des 
semi-groupes et en particulier le Théorème de Lumer-Phillips. Rappelons tout d'abord la 
définition d'un semi-groupe fortement continu (voir [74, 93] pour plus de détails) : 

Définition 0.0.1. Une famille S(t) (0 :::; t < oo) d'opérateurs linéaires bornés dans un 
espace de Banach H est appelée un semi-groupe fortement continu (ou C0 semi-groupe) si 

i) S(t1 + t2) = S(t1)S(t2), 'it1, t2 2:: 0, 
ii) S(O) = I, 
üi) Pour tout xE H, S(t)x est continuent sur [0, oo). 
La familleS( t) est appelée C0 semi-groupe de contractions (ou semi-groupe de contrac­

tions) si de plus IIS(t)ll:::; 1 pour tout t 2:: O. 
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Pour un tel semi-groupe, on définit un opérateur A de domaine D(A) qui est l'ensemble 
des points x tel que la limite 

A l
. S(h)x- x 

X= lffi h , 
h->0 

existe. L'opérateur A est alors appelé le générateur infinitésimal du semi-groupe S(t). Pour 
un opérateur A donné, si A coïncide avec le générateur infinitésimal de S(t), on dit alors 
qu'il génère un semi-groupe fortement continu S(t), t :2:: O. 

Le résultat suivant est connu sous le nom de Théorème de Lumer-Phillips : 

Théorème 0.0.1 (Théorème de Lumer-Phillips). Soit A un opérateur linéaire de domaine 
D(A) dense dans un espace de Hilbert H. Si 

i) A est dissipatif, i.e. Re (Ax, x) :2:: 0 pour tout xE D(A) 
ii) pour tout À > 0, ÀI- A est surjectif, 

alors A génère un C0 semi-gr-oupe de contractions sur H. 

Si un opérateur vérifie les conditions i) et ii), on dit aussi qu'il est rn-dissipatif. 
Dans notre exemple, nous devons donc vérifier que A est rn-dissipatif pour obtenir 

l'existence et l'unicité des solutions de (3). De plus, si U0 E 7-l, alors U E C([O, +oo), 7-l) 
et si U0 E D(A), alors U E C([O, +oo), D(A)) n C 1 ([0, +oo), 7-l). 

Cette méthode sera appliquée dans les trois premiers chapitres. Pour le chapitre 4 
(où nous étudions la stabilisation de l'équation des ondes et de la chaleur avec un retard 
dépendant du temps), l'opérateur A(t) de (3) dépendra du temps avec un domaine D(A(t)) 
qui sera lui indépendant du temps. Nous utiliserons alors la technique de normes variables 
de Kato (voir [59, 60] et le chapitre 4 pour plus de détails). 

Une fois l'existence et l'unicité des solutions de notre système (1) prouvées ainsi que la 
décroissance de l'énergie (qui est la norme des solutions dans 7-l), nous étudions la stabilité 
forte, c'est-à-dire nous donnons des conditions nécessaires et suffisantes pour que l'énergie 
tende vers zéro. Pour cela, nous utilisons dans les chapitres 1 et 5 le principe d'invariance 
de LaSalle et dans le chapitre 3 un résultat de Arendt et Batty [12}. 

Rappelons ce qu'est le principe d'invariance de LaSalle. Dans ce paragraphe, (Z, d) 
désigne un espace métrique complet. 

Définition 0.0.2. Un système dynamique sur Z est une famille {S(t)h?:o d'applications 
sur Z telle que S(t) E C(Z, Z), 'rit :2:: 0 et vérifiant i)-iii} de la Définition 0.0.1. 

Définition 0.0.3. Soit z E Z. L'ensemble 

w(z) = {y E Z : 3tn ---+ oo, S(tn)z ---+y lorsque n---+ oo} 

est appelé ensemble w-limite de z. 

Remarque 1. Pour tout z E Z et t :2:: 0, S(t)(w(z)) C w(z). 

De plus, si U{S(t)z} est relativement compact dans Z, alors S(t)(w(z)) = w(z) =10. 
t;?:O 
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Définition 0.0.4. Une fonction 1J E C(Z, IR) est dite fonction de Lyapounov pour {S(t)}t~o 
si on a 

qy(S(t)z) ::; c/J(z), Vz E Z, Vt 2:: O. 

Après ces quelques rappels, nous pouvons énoncer le principe d'invariance de LaSalle : 

Théorème 0.0.2 (Principe d'invariance de LaSalle). Soit cp une fonction de Lyapounov 
pour { S ( t)} et z E Z tel que Ut;:::o { S ( t) z} soit relativement compact dans Z. Alors : 

(i} L = limqy(S(t)z) existe 
t--oo 

(ii} cb(y) = L pour tout y E w(z). 

Dans notre exemple, nous appliquerons le principe d'invariance de LaSalle à l'ensemble 
relativement compact Ut;:::oS(t)U0 , où S(t) désigne le 00 semi-groupe de contractions généré 
par A et à la fonctionnelle de Lyapounov 1J = JJ.Jirc 

Il nous reste alors à examiner la stabilité exponentielle ou polynomiale de notre système 
dissipé (1). En suivant [11], cette étude est basée sur l'obtention d'une inégalité d'obser­
vabilité du problème conservatif associé à (1). Celui-ci est simplement obtenu en prenant 
comme opérateur de feedback B = 0, i.e. 

{ 
d>(t) + Aqy(t) .= 0, t > 0 
cp(O) = wo, cp(O) = w1, 

(4) 

et pour données initiales les données initiales de w solution de (1). Nous vérifions alors 
facilement que l'énergie des solutions de ce système est constante en temps t; c'est pour 
cela que nous parlons de système conservatif. Les inégalités d'observabilité sont alors de 
deux types 

et 

IIA~woll: + llw111~::; C 1T IJ(B*qy)'(t)JJ~dt 

llwoii~(A~) + llwiii~(r~) SC 1T IJ(B*cp)'(t)JJ~dt, 

(5) 

(6) 

amenant deux types de décroissance: exponentielle ou polynomiale. Ces inégalités d'obser­
vabilité sont prouvées, dans les chapitres 1, 3 (et 5 pour une version discrète) en développant 
les solutions du problème conservatif associé en séries de Fourier et en utilisant des critères 
spectraux associés à l'opérateur A~ et l'inégalité d'Ingham [57] : 

Théorème 0.0.3 (Inégalité d'Ingham). SoU (>-n)nEZ une suite de nombres réels vérifiant 
la condition suivante dite condition du gap 

(7) 

Alors pour tout T > 21r / r, il existe deux constantes positives C1 et C2 telles que la fonction 
f(t) = l:nEZ ané\nt satisfait l'inégalité d'Ingham suivante : 

cl L ianl2
::; fT lf(t)l 2 dt::; c2 L Janl 2

. 

nEZ la nEZ 
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Cependant il arrive dans de très nombreux cas que la condition du gap (7) des valeurs 
propres de l'opérateur At ne soit pas vérifiée, comme par exemple dans le cas de réseaux 
de cordes (voir chapitre 1). Nous pouvons alors utiliser l'inégalité d'Ingham généralisée qui 
est valable si la suite (Àn)n satisfait (7) par blocs, c'est-à-dire si nous avons 

3M > 0, 3-y > 0, 'ïfn E Z, Àn+M- Àn;::: M1 > 0 (8) 

(voir [13,62] et les chapitres 1 et 3 pour plus de détails). 
Une autre manière d'obtenir les inégalités d'observabilité (5) et (6) est d'utiliser la 

formule de D'Alembert (voir [38]). 
Une fois ces inégalités d'observabilité prouvées, pour obtenir les résultats de stabilisa­

tion, les auteurs de [11] et [6-9] décomposent la solution w de (1) sous la forme 

où cp est solution du problème conservatif ( 4) et 'lj; est solution de 

{ 
;f;(t) + Aw(t) = -j3B*w(t), t > o 

?/1(0) = 0, ?/1(0) = 0, 

avec données initiales nulles et pour laquelle ils montrent un résultat de régularité. 
Avec ce résultat de régularité et avec (5) et (2), ils obtiennent l'estimée suivante : 

E(O)- E(T) 2: CE(T), 

et donc 
E(T) ::::; 1E(O), avec 0 < 1 < 1, 

(9) 

(10) 

ce qui amène à la décroissance exponentielle de l'énergie en appliquant cette estimée sur 
des intervalles de temps [(m- 1)T, mT] (où mEN) successivement. Ceci est possible car 
le système ( 1) est invariant par translation en temps. 

Pour la décroissance polynomiale, une technique similaire est employée en utilisant le 
Lemme 5.2 de [10]. Une fois encore, le fait que le système soit invariant par translation en 
temps est essentiel. 

Cette méthode a été utilisée au cours des chapitres 1, 2, 3 et également dans une version 
discrète dans le chapitre 5. 

En revanche, nous ne pouvons pas appliquer cette méthode au problème de la stabili­
sation de l'équation des ondes (ou de la chaleur) avec un terme de retard dépendant du 
temps dans les feedbacks, puisque le système n'est alors plus invariant par translation en 
temps. Aussi, dans le chapitre 4, nous avons choisi une autre méthode et l'introduction de 
fonctionnelles de Lyapounov appropriées. 

Notons que les chapitres de cette thèse correspondent à des articles qui ont été publiés 
[89]) ou soumis ( [87, 88, 90, 106]). Nous avons donc gardé la structure générale de ces 

articles; seules les références ont été regroupées dans une bibliographie commune. 
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Nous allons maintenant présenter les différents chapitres de cette thèse. 

Dans le premier chapitre, nous étudions la stabilisation de l'équation des ondes sur un 
réseau unidimensionnel de N branches ei avec un terme de retard dans les feedbacks situés 
aux noeuds. Plus précisément, le déplacement Uj le long de la corde ei vérifie l'équation 
des ondes sur cette corde ej de longueur lj : 

a2uj . azuj { } 
at2 (x, t) - axz (x, t) = 0, 0 <x< lj, t > 0, Vj E 1, ... , N . (11) 

Nous supposons la continuité en tous les noeuds intérieurs, i.e. en tous les sommets de 
Vint: 

Uj(v, t) = Uz(v, t) = u(v, t) Vj, lE Ev, v E Vint, t > 0, (12) 

où ici Ev est l'ensemble des branches qui relient le sommet v. Nous fixons une partition des 
noeuds extérieurs : 

Vext =V uN u V~t' 
où nous imposons les conditions de Dirichlet aux noeuds de 'D 

ujJv,t) = 0 VvE 'D,t > 0, (13) 

où Jv est le seul élément de Ev pour v E Vext, les conditions de Neumann aux noeuds deN 

au-
a Jv (v, t) = 0 V v E N, t > 0, 

njv 

où auij an iv (v, . ) désigne la dérivée normale extérieure de Uj au sommet v. De plus nous 
considérons un sous-ensemble Vient de l'ensemble des noeuds intérieurs Vint· Pour tous les 
noeuds intérieurs qui ne sont pas dissipés la loi de Kirchhoff est vérifiée : 

L~~j (v, t) = 0 VvE Vint\Vfnt' t >O. 
jEEv J 

(14) 

Enfin pour tous les noeuds dissipés, c'est-à-dire pour tous les sommets de 

nous imposons deux types de dissipation, une sans retard et avec un poids o:~v) ~ 0, et une 
avec retard Tv > 0 et avec un poids o:~v) ~ 0 : 

~ auj ( ) ( (v) au ( ) (v) au ( ') ~an. V, t = - 0:1 8t V, t + 0:2 at V, t- Tv) 

jEEv J 

(15) 

Notons que o:iv): o:~v) et Tv dépendent du noeud v dissipé. Enfin les données initiales sont 

u(t = 0) = u(o), c;;; (t = 0) = u(l), 

12 
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ainsi que 

à cause du retard dans le système. 
En réécrivant ce système en un système du premier ordre (3) et en appliquant le 

théorème de Lumer-Phillips comme expliqué dans le début de l'introduction, nous prou­
vons que ce système est bien posé (c'est-à-dire qu:il admet une solution unique qui dépend 
continûment des données initiales) sous la condition 

,.,Cv) < "'(v) \.J E V 
u.2 - ""1 ' vV c· (17) 

Nous devons cependant restreindre cette hypothèse à 

(18) 

pour obtenir la décroissance stricte de Pénergie 

1 N [li ((Ô )2 (Ô )2) Ç(v) ( t (Ô )2 ) E(t):=2f;:Jo ;;: + â; dx+~T Jo ;:(v,t-TvP) dp, 

où çCv) est une constante positive satisfaisant (qui existe par (18)) 

T. a(v) < c(v) < T. (2a(v) - a(v)) 'ï!v EV 
v 2 <, v 1 2 ' c· (19) 

En utilisant le principe d'invariance de LaSalle et sous la condition (18), nous donnons alors 
une condition nécessaire et suffisante pour que l'énergie tende vers zéro quand t--+ oo, c:est­
à-dire pour avoir la stabilité forte. Cette condition est une condition spectrale associée au 
problème conservatif (4) (c'est-à-dire pour o:~v) = o:~v) = 0). Par exemple, dans le cas le 
plus simple où, si nous notons (.\Ük et (r.pk)k les valeurs propres et vecteurs propres du 
système conservatif associé, le gap simple (7) est vérifié et les valeurs propres sont simples, 
cette condition nécessaire et suffisante de stabilité forte s'écrit 

'ïlk EN, 2:: I'Pk(v)l2 >O. 
vEVc 

Nous avons des conditions similaires dans le cas où les valeurs propres sont multiples et où 
le gap généralisé (8) est vérifié. 

Dans le cas où (18) n:est pas vérifié: nous avons prouvé sur un exemple que le système 
est instable en exhibant une suite de retards et une suite de points où il y a dissipation 
pour lesquelles les solutions du système dissipé ont une énergie constante. 

L'étude de la stabilité exponentielle et polynomiale est basée, comme expliqué pré­
cédemment, sur l'obtention d'inégalités d'observabilité pour le problème conservatif en 
développant les solutions en séries de Fourier et en utilisant Pinégalité d'Ingham. Nous 
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donnons une condition nécessaire et suffisante~ de type spectral, pour obtenir l'inégalité 
d'observabilité correspondante à ( 5), c'est-à-dire 

(20) 

où <Pest la solution correspondant à ( 4) et C, T sont des constantes strictement positives. 
Dans le cas où le gap simple (7) est vérifié et les valeurs propres sont simples, cette condition 
nécessaire et suffisante devient : 

3a > 0, Vk EN, L i<pk(v)i2 ~a. (21) 
vEVc 

De la même manière la condition spectrale plus faible 

""' 2 a :lm EN, :la> 0, Vk EN, L.-i<r?k(v)i ~ pm (22) 
vEVc 

est équivalente à l'inégalité d'observabilité correspondante à (6), c'est-à-dire 

L,k;m (a~>.~+ IJ.) $ C 'L, t (:(v, t))' dt, 
k~l vEVc 0 

(23) 

où u(o) = I:k>l ak<pk, u(l) = Ek>l bk<pk~ 4> est la solution correspondant à ( 4), C, T sont 
des constantes strictement positives et m E N*. 

Pour obtenir les résultats de stabilité exponentielle et polynomiale il suffit alors de 
démontrer un résultat de régularité pour le système correspondant à (10) et d'utiliser, 
comme expliqué précedemment, la technique de [11]. Ce résultat de régularité pour le 
système correspondant à ( 10) est assez technique et utilise notamment des constructions 
locales. 

Ainsi la décroissance exponentielle de l'énergie provient de l'inégalité d'observabilité 
(20), et donc de (21) dans le cas où le gap simple (7) est vérifié et les valeurs propres sont 
simples. 

L'inégalité d'observabilité (23) (et donc (22) dans le cas où le gap simple (7) est vérifié 
et les valeurs propres sont simples) implique la décroissance polynomiale de l'énergie en 
utilisant en plus un lemme d'interpolation. 

Tous ces résultats sont illustrés d'exemples concrets. Nous remarquons que le type de 
stabilité dépend des conditions aux bords et des propriétés d'irrationnalité des rapports 
des longueurs du réseau. Pour des réseaux complexes, comportant par exemple des boucles, 
nous utilisons un résultat de [20, 81] qui donne explicitement le spectre de l'opérateur de 
Laplace via des propriétés algébriques du réseau dans le cas où les branches sont de mêmes 
longueurs. 

Dans le premier chapitre, les conditions suffisantes (et nécessaires) pour obtenir la 
stabilité sont des conditions spectrales ; elles requièrent le calcul explicite du spectre de 
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l'opérateur de Laplace sur le réseau, ce qui n'est pas évident pour des réseaux quelconques. 
De plus, notre analyse est limitée à des inégalités d'observabilité fortes (amenant à des 
résultats de décroissance exponentielle ou polynomiale), qui ont lieu pour une classe res­
treinte de réseau. Dans le chapitre 2, nous répondons à ces limites pour des réseaux ar­
bitraires dans lesquels nous pouvons démontrer des inégalités d'observabilité plus faibles 
amenant à des taux de décroissance plus lents. 

Dans le chapitre 2, nous étudions la stabilisation de l'équation des ondes sur des réseaux 
1-d en ne dissipant qu'en un seul noeud extérieur (que l'on suppose être vi) et nous 
considérons le même système que dans le chapitre 1, c'est-à-dire nous considérons (11)­
(16) mais sans retard (i.e. a~v1 ) = 0 et a~v1 ) = o:) et avec 

N=0, Vc={vi}, Vint=(/). 

Le but de ce chapitre est de développer une méthode systématique pour obtenir des taux 
de décroissance sur des réseaux quelconques et de donner un résultat général permettant de 
transformer un résultat d'observabilité pour un système conservatif en stabilisation pour le 
système dissipé. Contrairement au chapitre précédent, nous ne prenons pas pour le système 
conservatif le système correspondant à ( 4) (i.e. le système (11)-(16) avec a~vl) = a = 0 et 
a~v1 ) = 0), mais le système (11)- ( 14) avec la condition de Dirichlet au noeud VI : 

?/JI (0, t) = 0 (24) 

à la place de la condition de Neumann. 
L'étude de l'observabilité de ce problème est motivée par les problèmes de contrôle et 

a déjà été réalisée ( [33-38]). 
Le but est donc de montrer le lien entre les résultats d'observabilité existants pour la 

solution 1j; de (11)-(14) et (24) et la stabilisation du système dissipé. Plus précisement, 
notons (.>:.;)n>l la suite des valeurs propres correspondant au problème (11)-(14) et (24) 
et (rp;?)n~I 1~ vecteurs propres correspondants à (.>:.;) formant une base orthonormale de 
L2 (R). Sous des conditions sur la topologie du réseau et les longueurs des branches, Dager 
et Zuazua [33-38] ont prouvé des inégalités d'observabilité à poids pour (11)-(14) et (24) 
de la forme 

E;>(?f;, 0) := I~>~():.~'lf)5,n +'1/JÎ,n) ~ C {T~~~1 (0, t)l
2 

dt, 
n~l Jo 

(25) 

pour une constante positive C, où 1/Jo,n, 1/J1.n sont les coefficients de Fourier des données 
initiales de 1j; dans la base ( rp:?)n et avec des poids positifs ( Ç)n~l dépendants des propriétés 
du réseau. 

Cette inégalité d'observabilité à poids est prouvée de différentes manières : par la 
formule de D'Alembert (ce qui évite de calculer le spectre) pour les arbres ou par le 
développement en séries de Fourier des solutions et le théorème de Beurling-Malliavin 
pour les réseaux plus complexes, comprenant des boucles par exemple. 

La clé de ce chapitre réside dans le fait que l'on peut obtenir, de manière systématique, 
l'inégalité d'observabilité à poids pour la solution du problème dissipé directement par 
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( 25). Ceci nous évite de refaire toute l'analyse (en particulier en théorie des nombres), 
assez subtile, déjà effectuée sur les poids c~ dans [38]. 

Pour cela, nous décomposons la solution du système dissipé u comme la somme de w, 
une solution de (11)-(14) et (24) avec donnée initiale appropriée (u(o)- ui0)(0)<p, u(l)) (où 
<pest une fonction régulière donnée telle que <p1 (0) = 1), et d'un reste. Appliquant (25) à 
w, nous obtenons Pestimée d'observabilité à poids pouru solution du problème dissipé 

E~( w, 0) + ui
0

) (0) 2 S ?r 1T ( 8~1 
(0, t)) 2 

dt, (26) 

où Ef(w, 0) est défini par (25), avec des poids (c~)n dépendant du réseau. Si les poids c~ 
sont non nuls pour tout n E N*, l'énergie du système dissipatif tend vers 0 quand t -+ oo. 
Cependant, en général, les poids tendent vers 0 quand n-+ oo, la quantité est plus faible 
que la norme dans l'espace d'énergie et le taux de décroissance n'est pas exponentiel. 

Il est important de souligner que (26) est vrai sous les mêmes hypothèses sur le réseau 
que pour (25) pour le problème de Dirichlet (11)-(14) et (24). Nous n'avons donc pas besoin 
d'hypothèse supplémentaire sur le réseau. 

Pour obtenir les propriétés de décroissance à partir de (26), nous regardons cette 
inégalité comme une estimée d'observabilité faible dans laquelle Pénergie observée E_ (0) 
est égale, pour parler rapidemment, à Ef(w, 0) +ui0)(0) 2 . En pratique nous prenons sou­
vent, si nécessaire, des points situés sur l'enveloppe convexe de c~ au lieu des poids c~ 
eux-mêmes dans la définition de EP. L'énergie observée E_ est plus faible que la norme 
dans l'espace d'énergie des données initiales qui est nécessaire pour prouver la décroissance 
exponentielle, et par conséquent nous obtenons des taux de décroissance plus faibles (lo­
garithmique par exemple). Pour obtenir des taux de décroissance explicites à partir de 
l'inégalité d'observabilité faible nous utilisons une inégalité d'interpolation qui est une va­
riante de celle de Bégout et Soria [19] et une généralisation de l'inégalité d'Holder. Pour 
cela nous avons besoin de supposer plus de régularité des données initiales. Pour être plus 
précis nous considérons les données initiales ( u(O), u(1)) E Xs := [D(.A), D(.A0 )] 1_

8 
pour 

0 < s < 1/2. Nous en déduisons une inégalité d'interpolation de la forme 

où <î>s est une fonction croissante qui dépend des et de l'énergie E_ (et donc des poids c;). 
L'inégalité d'interpolation précédente entraîne 

E (0) >CE (0)<1>-1 ( Eu(O) ) 
- - u s C'll(u(o),u(l))ll~ •. 

Avec la dérivée de rénergie et (26), nous obtenons 

E (0)- E (T) >CE (O)<î>-1 ( Eu(O) ) 
u u, - . u s C'll(v.(o), u(ll)ll~. ' 
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ce qui implique, par la technique de Ammari et Tucsnak [11] 

Vt > 0, Eu(t)::; C<l>s (t~ 
1

) ll(uC0
), uC1))1\: .. (27) 

Evidemment. le taux de décroissance dans (27) dépend du comportement de la fonction 
<I>s près de O. Donc, dans le but de déterminer le taux de décroissance explicite nous avons 
besoin d'une description précise de la fonction <l>8 , qui dépend de s et des énergies E et 
E_ et donc, des poids (~)n de (26). Ces poids dépendent de la topologie du réseau et des 
propriétés de théorie des nombres des longueurs des cordes. 

Cette approche nous permet d'obtenir de manière systématique des taux de décroissance 
pour l'énergie des solutions régulières du système comme une conséquence des propriétés 
d'observabilité d'un système conservatif. 

Dans les deux premiers chapitres, nous avons démontré des résultats de stabilité sur des 
réseaux en utilisant des inégalités d'observabilité pour des systèmes conservatifs (différents 
dans ces deux chapitres). Le premier chapitre traite en plus de stabilisation de système avec 
retard. En mettant en parallèle ce premier chapitre et le travail de Nicaise et Pignotti [85] 
sur les problèmes avec retard pour l'équation des ondes sur des domaines de Rn, n ?: 1, 
nous avons remarqué que les méthodes développées pour démontrer l'existence de solution 
et trouver les taux de décroissance présentent des similarités. Cette observation nous a 
amenés à considérer un système abstrait et général qui contient une grande classe de 
problèmes avec des feedbacks avec retard, permettant de retrouver ces résultats et d'en 
obtenir d'autres, dans le même esprit que l'article de Ammari et Thcsnak [11}. 

Dans le troisième chapitre, nous considérons ainsi le système ( 1) mais avec un retard 
dans le feedback, c'est-à-dire 

{ 

w(t) + Aw(t) + B1B~w(t) + B2B;w(t- T) = o, t > o 
w(O) = Wo, w(O) = WI, 

B2w(t- T) = f 0(t- T), o < t < T, 
(28) 

où T > 0 est le retard, A : D(A) ---> H est un opérateur positif, auto-adjoint avec inverse 
compact dans un espace de Hilbert H, U1 , U2 sont des espaces de Hilbert (identifiés à leur 
dual) et Bi E C(U, D(A112 )'), i = 1, 2. Notons V= D(A112). 

La première question naturelle à se poser est rexistence et l'unicité des solutions. Pour 
cela, nous réécrivons ce système comme un système du premier ordre (3) et nous appli­
quons le théorème de Lumer-Phillips (comme expliqué dans le début de Fintroduction), en 
supposant la condition suivante 

(29) 

~ 

Cette condition est cohérente avec (17) en prenant B; cp = (\j a.~ v) cp( v) )vEVc pour cp E 

D(A 112
). Comme dans le premier chapitre, nous devons restreindre notre hypothèse à 

(30) 
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pour obtenir la décroissance stricte de Pénergie 

1( 1 
2 t ) E(t) := 2 IIA 2 wiL + llwll~ + rÇ Jo IIB;w(t- rp)ll~2 dp , 

où Ç est une constante positive satisfaisant 

2 
1<Ç<--L 

0: 

(31) 

(32) 

qui existe puisque 0 < o: < 1. De plus, cette hypothèse semble réaliste car, sans cette 
hypothèse, il existe des cas où des instabilités peuvent apparaître, comme nous r avons vu 
dans le chapitre 1 (voir aussi [85, 110]). 

Sous cette condition et en utilisant un résultat de [12] (voir aussi [105]) nous obtenons 
une condition nécessaire et suffisante pour la stabilité forte du système, qui est 

Pour tout vecteur propre non nul <p E D(A) de A, B;<p =/=O. 

Remarquons que cette dernière condition est indépendante du retard et par conséquent sous 
la condition (30), notre système est fortement stable si et seulement si le même système 
sans retard est fortement stable. 

Dans la troisième étape, sous la condition (30) et une hypothèse de borne venant de [11] 
entre la résolvante de A et les opérateurs B1 et B2 : 

si (3 > 0 est fixé et Cf3 = {.:\ E C ~~À= (3}, la fonction 

À E Cf3 ---t H(À) = ÀB*(À2 I + At1 BE L,(U) est bornée, (33) 

où B = (B1 , B 2 ) E L,(U, V') avec U = U1 x U2 , nous prouvons que la décroissance 
exponentielle du système (28) provient de l'estimée d'observabilité (5) pour le problème 
conservatif (4), en utilisant la décomposition (9) et la méthode de [11] comme expliqué dans 
le début de l'introduction. Une fois de plus, cette estimée d'observabilité est indépendante 
du terme avec retard B2B2w(t- r) et par conséquent, sous les conditions (30) et (33), la 
décroissance exponentielle de (1) implique la décroissance exponentielle de (28). Malgré 
tout nous donnons la dépendance de la décroissance par rapport au retard, en particulier 
nous montrons que si le retard augmente le taux de décroissance diminue. 

Une analyse similaire pour la décroissance polynomiale est effectuée en prenant l'estimée 
d'observabilité plus faible (6) et en utilisant le lemme technique 5.2 de [11]. Une fois de 
plus, nous montrons que si le retard augmente le taux de décroissance diminue. 

Pour pouvoir appliquer plus facilement ces résultats, nous donnons la preuve de ces 
estimées d "observabilité (5) et ( 6) en écrivant les solutions en séries de Fourier, en utilisant 
l'inégalité d'lngham (classique ou généralisée) et une réduction à des conditions entre les 
vecteurs propres de A et 1' opérateur de feedback B~. La condition nécessaire et suffisante 
pour obtenir (5), dans le cas où le gap simple (7) est vérifié et les valeurs propres sont 
simples, est exactement (21) dans le cas des réseaux (chapitre 1). 

Nous terminons ce chapitre en illustrant ces résultats d'exemples dans lesquels notre 
cadre abstrait s'applique. A notre connaissance, ces exemples, à l'exception du premier qui 
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reprend le chapitre 1, sont nouveaux: puisque en particulier notre cadre abstrait permet de 
considérer des opérateurs de feedback B1 et B2 différents, à condition qu'ils vérifient (30). 
Nous étudions par exemple l'équation des poutres d'Euler-Bernoulli avec des termes de 
damping internes et localisés en un point: l'équation des ondes avec des termes de damping 
répartis (1-d et multi-d) ou encore l'équation des ondes sur un réseau avec des termes de 
damping répartis. 

Dans le chapitre 4, nous étudions la stabilisation des équations de la chaleur et des 
ondes avec un terme de retard qui dépend du temps (et non plus constant comme au­
paravant). Les systèmes n'étant plus invariants par translation en temps, les techniques 
utilisées jusqu'alors (c'est-à-dire se ramener à une inégalité d'observabilité) ne sont plus 
applicables. Nous allons donc utiliser une méthode différente en introduisant des fonction­
nelles de Lyapounov appropriées. Plus précisément nous considérons l'équation des ondes 
suivante 

Utt(X, t) - aUxx(x, t) = 0, 
u(O, t) = 0, 

Ux(1r, t) = -alut(7r, t)- a2ut(1r, t- T(t)), 
u(x, 0) = u0(x), Ut(x, 0) = u1(x), 

Ut(1r, t- 7(0)) = f 0(t- T(O)), 

0 <x< 7!", t > 0, 
t > 0, 
t > 0, 

0 <x< 7!", 

0 < t < 7(0), 

(34) 

avec un paramètre constant a > 0 et où a 1 , a 2 sont des nombres réels positifs, où le retard 
T(t) est une fonction du temps qui satisfait 

Vt > 0, f ( t) -::;_ d < 1, 

3M > 0, Vt > 0, 0 < To -::;_ T(t) -::;_ M, 

et 
VT > 0, TE W2

•
00 ([0, T]). 

(35) 

(36) 

(37) 

Comme pour les chapitres précédents: nous nous intéressons tout d'abord à l'existence 
et l'unicité des solutions de ce système et pour cela nous réécrivons notre système en un 
système du premier ordre (3) et nous supposons que a1 et a 2 vérifient 

a~-::;_ (1- d)aî. (38) 

Cependant à cause du retard dépendant du temps, nous n'utiliserons pas le théorème de 
Lumer-Phillips car l'opérateur A de (3) dépend du temps. Mais comme le domaine de 
l'opérateur A(t) est constant en temps, nous employons la technique de normes variables 
de Kato [59:60] en prenant pour produit scalaire de 'H = {4> E H 1(0, 1r) : q)(O) = 0} x 
L2 (0, 1r) x L2 (0, 1) un produit scalaire qui dépend du temps 

\ ( ~), ( ~) ), = [(auxùx+wW)dx+qr(t) [ z(p)i(p)dp, 
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où q est une constante positive choisie telle que 

soit négative (ce qui est garanti par (35) et (38)), et avec norme associée 11-llt. 
Comme pour les chapitres 1 et 3, nous restreignons l'hypothèse (38) en 

a~< (1- d)aî. (39) 

pour obtenir la décroissance stricte de l'énergie E(t), qui correspond à 

(40) 

où q est une constante positive choisie telle que W q soit définie négative (ce qui est garanti 
par (35) ct (39)). Nous remarquons que dans le cas où le retard est constant en temps, i.e. 
T(t) = T pour tout t > 0 (et donc d = 0), nous retrouvons les résultats des chapitres 1 et 3 
et de [85] pour la même énergie. En effet, l'énergie est alors strictement décroissante sous 
la condition (18), ce qui correspond à (39) pour d =O. 

Sous les hypothèses (35), (36) et (39), nous prouvons la stabilité exponentielle de 
l'équation des ondes (34) en utilisant la fonctionnelle de Lyapounov suivante 

(41) 

oilr > 0 est un paramètre fixé suffisamment petit, E est l'énergie standard definie par (40) 
avec q une constante positive fixée telle que "W q soit définie négative et oil [ 2 est définie par 

avec o >O. 
La fonctionnelle de Lyapounov E(t) + 2r J

0
1r XUtUxdx est standard dans les problèmes 

avec conditions au bord avec mémoire (voir par exemple [86)). Nous avons ajouté deux 
termes à l'énergie standard E(t) pour prendre en compte la dépendance de T par rapport 
à t. De plus nous remarquons que les énergies E et [ sont équivalentes. 

De cette manière, sous les conditions (35), (36) et (39), nous prouvons que ce système 
est exponentiellement stable et nous donnons également le taux exact de décroissance de 
façon explicite. Il dépend du retard T(t) (et plus particulièrement de Jvf et d), de a 1 , a 2 , 

de a et de 8. Nous remarquons que nous pouvons choisir o tel que la décroissance soit aussi 
rapide que possible pour une fonction T fixée. Cependant notre taux de décroissance va 
diminuer si le maximum Af de T augmente, ce qui est cohérent avec l'étude du chapitre 3. 

Nous effectuons également dans ce chapitre 4 la même étude pour l'équation de la 
chaleur. 
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Dans le cinquième et dernier chapitre nous nous intéressons à la stabilisation de l'équation 
des ondes discrétisée en espace par différences finies avec un amortissement en un point 
intérieur. Le principal problème pour l'étude de la stabilisation des approximations numé­
riques d'un système est que le taux de décroissance n'est pas uniforme par rapport au pas 
de discrétisation. Il faut donc utiliser une méthode pour redresser le spectre discret pour 
les hautes fréquences. 

Plus précisément, nous considérons l'équation des ondes sur un intervalle de longueur 
1 avec un amortissement en~ E (0, 1) 

Ytt(X, t) - Yxx(x, t) = 0 
y(O, t) = 0, Yx(1, t) = 0 
y(~-, t) =y(~+' t) 
Yx(f._, t) - Yx(f.+, t) = -O:yt(Ç, t) 
y(t = 0) = y(O), Yt(t = 0) = y(l) 

0 <x< 1, t > 0: 
t > 0, 
t > 0, 
t > 0, 
0 <x< 1, 

( 43) 

où (y(0), y(1)) E V x L2(0, 1), V = {y E H 1(0, 1); y(O) = 0} et a est une constante 
positive. Ce système (43) est bien posé dans l'espace d'énergie V x L 2 (0. 1) (voir [6] ou le 
début de l'introduction). 

L'énergie de la solution du système ( 43) est donnée par 

1 t 2 2 
E(t) = 2 Jo (IYt(x, t)J + IYx(x, t)J )dx 

et vérifie la loi de dissipation suivante 

dE(t) 2 --;n- =-a !Yt(f., t)J · ( 44) 

De plus, nous savons que (voir [6]) lim E(t) = 0 pour toute donnée initiale dans V x L2 (0, 1) 
t-H)O 

si et seulement si 
2p 

Ç =f- 2q + 1 ' \:Jp, q E N (45) 

et, comme nous l'avons signalé précédemment, la décroissance exponentielle de la solution 
de ( 43) est équivalente à une estimée d'observabilité pour le système conservatif associé 
( 4). Dans ce cas, l'estimée d'observabilité est vérifiée si et seulement si ~ est un nombre 
rationnel qui admet une décomposition en fraction irréductible de la forme 

c p ' . . .., =-,ou pest 1mpmL 
q 

et par conséquent sous cette condition, le système ( 43) est exponentiellement stable dans 
respace d'énergie. Nous supposons donc que Ç est fixé et vérifie ces conditions. 

Dans ce chapitre nous nous intéressons à la discrétisation en espace par différences finies 
de (43). Soit NE N*, h = N~l et considérons la subdivision de (0, 1) donnée par 

0 = Xo < X 1 = h < ... < Xj-1 < Xj = jh < Xj+l < ... < XN < XN+l = 1, 
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i.e. xi = jh pour tout j = 0, ... , N + 1. Comme Ç n'est pas nécessairement égal à jh 
pour tout j, nous fixons ]N E N n (0, N + 1) tel que X]N -+ Ç quand N -+ oo. La semi­
discrétisation en espace de ( 43) est la suivante : pour l'équation des ondes, nous obtenons 

, _ YHl - 2yj + Y)-1 _ O 
Yi h2 - ' t > 0, j = 1, ... , N, j =!= JN, (46) 

les conditions au bord (Dirichlet et Neumann) deviennent 

Yo = 0, YN+l- YN = 0, t > 0, ( 47) 

l'approximation naturelle de la condition de transmission est 

( 48) 

et les données initiales du problème discrétisé sont 

Yj(t = 0) = YJ0
), yj(t = 0) = yjil, j = 1, ... , N. (49) 

Ici yj(t) est une approximation de y(xj, t), y étant la solution de (43), à condition que 
les conditions initiales (yj0l, yyl), j = 0, ... , N + 1 soient des approximations des données 

initiales dans (43). Notons Yh = (yj)j, y~o) = (yj0
))j et y~1) = (yY)k La stabilisation du 

même type de problème mais avec un amortissement au bord (en x = 1) a été effectuée 
dans [103] (ou avec un amortissement interne localisé dans [102]) en ajoutant une viscosité 
numérique. 

Nous introduisons l'énergie de ce problème discrétisé par 

(50) 

qui est une discrétisation de l'énergie continue E, qui est décroissante et qui vérifie 

En utilisant le principe d'invariance de LaSalle, nous montrons que l'énergie discrétisée Eh 
tend vers 0 quand t -+ oo si et seulement si 

. (2- h)l 
JN h--L k ,Vk=O ..... N-l.lEN. 

Î 2 + 1 ' . ' 

Nous remarquons que cette condition est une version discrète de ( 45) pour le modèle 
continu. 

Ensuite, nous montrons, comme pour ce type de problème (voir [14, 96, 102, 103] par 
exemple), que la décroissance exponentielle de l'énergie discrète de (46)-(49) n'est pas 
uniforme par rapport au pas de discrétisation, en prenant j N = N ~, où p est impair et N 
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est un multiple de q. Ceci est dû à l'existence des modes étrangers que le schéma numérique 
introduit à haute fréquence et qui n'apparaissent pas dans le modèle continu. 

Pour surmonter cet obstacle, nous filtrons les hautes fréquences et en conséquence nous 
introduisons la classe Chb) des solutions du problème discrétisé générées par les vecteurs 
propres du problème conservatif discrétisé 

t > 0, j = 1, ... , N 
t>O 
j = 1, ... , N, 

associés aux valeurs propres telles que )..h2 ::::; 'Y· Ainsi la classe Chb) est définie par 

(51) 

Nous supposons dans la suite que JN = [P(2~+l)J EN et donc XjN---> ~=~·Nous pouvons 

alors prouver une inégalité d'observabilité discrète uniforme (en h) pour les solutions uh 
de (51) dans la classe Ch('Y) 

(T- 2)EjN(uh, 0) ::S: C 1T jujN(t)j 2 
dt, 

pour un certain '"'/, puisqu'en filtrant nous pouvons utiliser l'inégalité d'Ingham. En effet, 
le gap (7) des valeurs propres entrant dans le développement de Fourier des solutions de 
(51) dans la classe Ch('"'!) est vérifié. 

Grâce à cette inégalité d'observabilité uniforme, nous pouvons prouver la décroissance 
quasi-exponentielle de l'énergie Eh de ( 46)-( 49), en effectuant la décomposition Yh = uh+wh 
et en prouvant certaines estimées par la technique des multiplicateurs. De plus, sans filtrer, 
la décroissance quasi-exponentielle n'est pas uniforme par rapport à h, ce qui montre 
l'avantage de cette technique. Nous parlons de décroissance quasi-exponentielle car nous 
pouvons majorer Eh(t) parK e-wt Eh(Yh, 0) (qui correspond à la décroissance exponentielle) 
plus un terme résiduel qui tend vers 0 quand h ---> 0, en prenant des données initiales 
suffisamment régulières. Par conséquent cette estimée tend vers la stabilité exponentielle 
E(y, t) ::::; Ke-wt E(y, 0) quand h ---> 0; c'est dans ce sens que cette estimée est quasi­
optimale. De plus, le membre de droite de notre estimée de décroissance quasi-exponentielle 
se comporte comme une fonction exponentielle décroissante pour t entre 0 et - 1:h + c et 
est constante (proportionnellement à h) pour t suffisamment grand. 

Afin d'illustrer ces résultats, nous avons effectué des tests numériques en considérant un 
schéma numérique complètement discrétisé qui est implicite. Ces tests numériques montrent 
que sans filtrer nous n'avons pas de décroissance exponentielle (nous prenons un "grand" 
vecteur propre) mais que filtrer (en prenant un "petit" vecteur propre) permet de rétablir 
une décroissance exponentielle. 
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Chapitre 1 

Stabilization of the wave equation on 
1-d networks with a delay term in 
the nodal feedbacks 

1.1 Introduction/Notations 

Time delay effects arise in many practical problems, see for instance [1, 51, 101] for 
biological, electrical engineering, or mechanical applications. Furthermore it is well known 
that they can induce sorne instabilities [39, 40, 42, 85, 110), or on the contrary improve the 
performance of the system [1, 101]. 

Recently, control problems on 1-d networks are paying attention of many authors, 
see [38, 65] and the references cited there. We here investigate the effect of time delay in 
boundary and/ or transmission stabilization of the wave equation in 1 - d networks. To our 
knowledge, the analysis of this effect to 1- d networks is not yet done. 

Before going on, let us recall sorne definitions and notation about 1 - d networks used 
in the whole chapter. We refer to [2, 3, 20-23~ 82, 91] for more details. 

Definition 1.1.1. A 1 - d network 'R is a connected set of Rn. n ~ 1 defined by 

N 

R= Uei 
j=l 

where ej is a curve that we identify with the interval (0, lj), lj > 0, and such thatfor k =/= j, 
ej n ek is either empty or a common extremity called a vertex or a node {here ej means the 
closure of ei)· 

For a function u : R --+ :IR, we set uj = u
1
ej the restriction of u to the edge ej. 

We denote by E = { ej ; 1 :S j :S N} the set of edges of 'R and by V the set of vertices 
of 'R. For a fixed vertex 'U. let 

Ev= {jE{L ... ,N};vEei} 
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be the set of edges having v as vertex. If card (&v) = L v is an exterior node, while if card 
(&v) ~ 2, v is an interior node. We set Vext the set of exterior nodes and Vint the set of 
interior nodes. For v E Vext, the single element of &v is denoted by Jv· 

We now fix a partition of Vext : 

Vext =V uN u V~t· 

Clearly we will impose Dirichlet boundary condition at the no des of V, Neumann boundary 
condition at the nodes of N and finally a feedback boundary condition at the nodes of V~xt· 
We further fix a subset Vint of Vint, where a feedback transmission condition will be imposed. 
For shortness, we denote by Vc the set of controlled nodes, namely 

We also suppose that V=/= 0; so that the H1 semi-norm becomes a norm. 
We can now formulate our initial/boundary value problem : 

Uj(v, t) = uz(v, t) = u(v, t) 
"'~(v t) = -(a:(v) au (v t) + a(v) ou (v t-T. )) L..J &nj ' 1 at ' 2 at ' v 
jEEv 

"'~(v. t) = 0 L..J anj · 
jEEv 

Ujv(v, t) = 0 
au· ( ) ~v t =0 
aniv ' 
u(t = 0) = u(o), &;:(t = 0) = u(l), 

a;: (V, t - Tv) = J~ ( t - Tv) 

0 <x < lj, t > 0, 
Vj E {1, ... , N}, 

V j, l E &v, v E Vint, t > 0, 
VvE Vc, t > 0, 

VvE V, t > 0, 
Vv EN,t > 0, 

(1.1) 

where a:~ v), a:~v) ~ 0 are fixed nonnegative real numbers, the delay Tv > 0 is also supposed 
to be fixed and ~(v, ·) means the outward normal (space) derivative of Uj at the vertex 

J 
v. 

Note that Uj represents the displacement of the string ej. 

Remark that the condition a;:(v, t- Tv)= f~(t- Tv) for v E Vc, 0 < t <Tv denotes an 
initial value in the past, but is necessary due to the delay equation. 

In the absence of delay, i.e. a:~v) = 0 for all v E Vc, the above problem has been 
considered by sorne authors in sorne particular situations, for instance Ammari and Tucsnak 
[11], Ammari, Henrot and Thcsnak [6}, Ammari and Jellouli [7, 8], Ammari, Jellouli and 
Khenissi [9] and Xu, Liu and Liu [109]. In these papers, sorne sufficient conditions are 
given in order to guarantee sorne stabilities of the system. On the contrary, if a:~v) = 0 
that is if we have only the delay part in the boundary /transmission condition, system (1.1) 
may become unstable. See, for instance Datko, Lagnese and Polis [42] for the example of 
a string. Therefore it is interesting to seek for stabilization results in general 1-d networks 
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when the parameters a~v) and a~v) are both nonzero. In the special case of one string and 
a feedback law at one extremity, this problem has been studied by Xu, Yung and Li [110], 
where the authors use a spectral analysis. For the wave equation in higher dimensional 
space domain, we refer to [85]. 

In accordance with [85. 110]. assuming that 

a~v) ::; ai v), 't/v E Vc, 

we show the decay of an appropriate energy. We further give a necessary and sufficient 
condition for the decay to zero of the energy. If the above condition does not hold, we 
conjecture that the energy does not decay. We do not investigate this problem in its full 
generality but study it in a particular case. 

Now if 
(v) (v) w V a 2 < a 1 , vv E c 1 

we first give a suffi.cient condition for the exponential decay of the energy. We secondly 
find a sufficient condition for the polynomial decay of the energy. 

Our method is based on the use of observability estimates of the problem without 
damping. Here we have chosen to obtain these observability estimates by a frequency 
domain method. The use of other techniques like the D'Alembert representation formula 
[7,38] may avoid the use of the frequency domain method but give quite often non optimal 
decay rates for the energy. Note finally that the observability estimate is independent of 
the delay term. 

The chapter is organized as follows. After the recall of sorne definitions and notation, 
we show in the second section that our problem is well posed. Then in section 1.3, we 
prove the decay of an appropriate energy and give a necessary and sufficient condition 
which guarantees the decay to 0 of the energy. Section 1.4 is devoted to the proof of a 
regularity result and an a priori estimate used for the stability results. In section 1.5 we 
give a sufficient condition for the exponential stability of our system. Similarly section 1.6 
is concerned with a sufficient condition for the polynomial stability of our system. Finally 
we end up with sorne illustrative examples in section 1.7. 

In the whole chapter the notation a ~ b means that there exists a positive constant C 
independent of a and b such that a ::; C b. The notation a "" b means that a ~ b and b ~ a 
hold simultaneously. 

1.2 Weil posedness of the problem 

Vve aim to show that problem (1.1) is well-posed. For that purpose, wc use semi-group 
theory and an idea from [85]. 

For future uses. we introduce the spatial operator associated with the system similar 
to (1.1) but without damping. Introduce 
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which is a Hilbert space for the natural inner product. lts associated norm will be denoted 
by Il· IIL2(R)· Let further V be the Hilbert space 

N 

V:= {q? E Il H 1 (0, lj) : q?j('v) = q?k(v) Vj, k E Ev, VvE Vint; cpiv(v) = OVv E 'D}, 
j=l 

equipped with the inner product 

N l -- "' 1 j âcp. âq? < q?, cp >v= ~ a: a: dx. 
j=l 0 

For shortness for u E L1(R) = {u : R -+ JR; Uj E L1 (0, lj), 'Vj = 1, · · · , N}, we often 
write 

1 N ll 
u = L 1 

Uj (x) dx. 
n i=l o 

Now we introduce the operator A from L2 (R) into itself by 

N 

D(A) := {u Ev n II H2(0, lj) : L~~j (v)= 0, VvE Vint; 
j=l jEEv J 

ââuiv (v)= 0, 'VvE NU V~t}, 
njv 

(Au)i = - ~:1 Vj = 1, · · · , N, VuE D(A). 

This operator is a positive selfadjoint operator since it is the Friedrichs extension of the 
triple (L2 (R), V, a), where the bilinear formais defined by 

N l "lj au· âv a(u,v) = ~ >::~ J J::~ J dx, 'Vu,v EV. 
j=l 0 uX uX 

N 

Let further set X= V n II H 2 (0, li), which is a Hilbert space with the inner product 
j=l 

where we have set 

( 
~~. ) f)2uj w . 1\- X 
u.u j = f)x2 vJ = 1, ... , t, u E . 

N ow we come back to our system ( 1.1) and transform it as follows. For all v E Vc let 
us introduce the au.'C.iliary variable zv(P, t) = ~~ (v, t- TvP) for p E (0, 1) and t > O. In this 
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manner, we eliminate the delay terrn in (1.1) and problem (1.1) is equivalent to 

EJ2u.( ) EJ2u·( ) '7iif x, t - axd x, t = 0 0 <x < li, t > 0, Vj E {1, ... , N}, 
Tv~(p, t) + ~(p, t) = 0 0 < p < 1, t > 0, \fv E Vc, 
uj(v, t) = Uz(v, t) = u(v,t) Vj, lE Ev, v E Vint.i > 0, 

L ~(v, t) = -(aiv) a;: (v, t) + a~v) Zv(L t)) Vt• E Vc, t > 0, 
jE Sv 

~~(v. t) = 0 L..J ani · 
jEEv 

uiJv, t) = 0 
&uiv (V' i) = 0 
&nj,, . 

zv(O, t) =&;:(v, t) 
u(t = 0) = uC0l, ~~(t = 0) = uC1l, 
Zv(p, 0) = f~( -TvP) 

Vv E Vint\ Vfnt• t > 0, 

V·u E 'D,t > 0, 
Vv EN,t > 0, 

Vv E Vc, 0 < p < 1. 

(1.2) 

Note that Zv satisfies a transport equation in the t, p variables, with an initial datum at 
t = 0 and p =O. 

If we introduce z = (zv)vEVc and 

U:= (u, a;, zf 
then U satisfies 

U' = (au ff2u az)T = (au ~ _ (I_ azv) )T 
ât ' &t2 ' &t &t ' u, a · Tv P vEVc 

Consequently the problem (1.2) may be rewritten as the first order evolution equation 

{ 
U'=AU. 
U(O) = (u(O), u(l), (/0 (-Tv.))v)T = Uo, (1.3) 

where the operator A is defined by 

with domain 
N 

D(A) := {(u, w, z) E (F n II H 2 (0, lj)) x F x H 1 (0, l)"Vc 
j=l 

L ~~J (v)=- (aiv1w(v) + a~v) Zv(1)) VvE Vc; 
jEEv J 

~~r,'-Qw. V \Vc. L..J &nj \ '11} - v 1.. E int int , 
jES,, 

&uiv (v)= 0\iv EN· z t'Q)' = w(v\ \11· EV} 
&ni" ' v\ J c , 
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where Vc is the number of nades of Vc. 
Now introduce the Hilbert space 

equipped with the usual inner product 

Lemma 1.2.1. D(A) is dense in H. 

Proof: Let (!, g, h)T EH be orthogonal to ali elements of D(A), namely 

\ ( 
u ) ( f ) ) N tj a a1 ( 0 = w ' g =Llo (a; a: + Wjgj)dx +Llo Zv(p)hv(p)dp, 
Z h J=l 0 vEVc 0 

for all (u, w, z)T E D(A). 
We first take u = 0 and w = 0 and z E 'D(O, 1)vc. As (0, 0, z) E D(A), we get 

L t Zv(p)hv(p)dp =O. 
vEVc Jo 

Since 'D(O, 1) is dense in L2 (0, 1), we deduce that h =O. 
N N 

In the same manner since Il'D(O, li) is dense in IJL2 (0, lJ), by taking u = 0, z = 0 
j=l j=l 

N 

and w E IJV(O, lj) we see that g =O. 
j=l 

The above orthogonality condition is then reduced to 

~ f 1
i au-ar 

0 =~Jo a: a: dx, '\/(u, w, z) E D(A). 
j=l 0 

By restricting ourselves to w = 0 and z =O. we obtain 

~ 1lj auj ajj -
~ -a -a dx = o, '\/(u, o, O) E D(A). 

0 x x 
j=l 

But we easily check that (u, 0, 0) E D(A) if and only if u E D(A). Since it is well known 
that D(A) is dense in V (equipped with the inner product < ., . >F). we conclude that 
f =o. • 
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Let us now suppose that 
cr(v) < a(v) Vv E V 

2 - 1 ' c· (1.4) 

Under this condition, we will show that the operator A. generates a C0-semi-group in H. 
For that purpose: we choose positive real numbers çv such that 

T a(v) < c(v) < T (2cr(v) - cr(v)) Vv E V. 
v 2 -'> -v 1 2' c (1.5) 

These constants exist due to the condition (1.4). 
We now introduce the following inner product on H 

This inner product is clearly equivalent to the usual inner product of H. 

Theorem 1.2.2. For an initial datum U0 E H, there exists a unique solution U E 

C([O, +oo), H) to problem (1.3}. Moreover, if U0 E D(A.), then 

U E C([O, +oo), D(A.)) n C1([0, +oo), H). 

Proof: By Lumer-Phillips' theorem, it suffices to show that A. is dissipative and maximal 
monotone. 

We first prove that A. is dissipative. Take U = (u, w, z)T E D(A.). Then 

(AU, U) = ( C(f~J , ( ~)) H 

- ~ rlj (ÔWj ÔUj + fj2u; Wj) dx + '"'Ç,(v) ( t-: ÔZv (p)zv(p)dp). 
~Jo ôx ôx ôx ~ Jo 'v Ôp 
;=1 vEVc 

By integrating by parts, we obtain 

N 1li fj2u· 
(AU, U) =L (-wj ô ; 

j=1 0 x 

n2 N ô Cl ( la ) + ~w-)dx + '"'[w-~]lj- '"'~ r Zv (p)zv(p)dp 
ôx2 3 ~ J 8x 0 ~ T Jo Ôp 

j=l vEVc v 0 

Again an integration by parts leads to 

11 

~;· (p)zv(p)dp = ~(z;(l)- z;(o)). 
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Moreover by the boundary/transmission conditions satisfied by (u, w, z)T E D(A)~ we 
have 

"'"' w ·(v) Ôuj (v) 
~~ J ân·' 
vEV jEEv J 

L L:wj(v)~(v) + LW]v(v)~~;~ (v)+ LWj,(v):~~~ (v) 
vEVc jEEv vE'D vEN 

+ L LWj(t')~(v) 
vEVint \ Vfn1jEE,, 

L(L~(v))wj(v) + L (L~(v))wj(v) 
vEVc jEEv vEV;nt \Vfnt jEE, 

L -(a:iv)w(v) + a:~v)zv(l))zv(O) 
v EVe 

- - L(a:iv)zv(0)2 +a:~v)Zv(l)zv(O)). 
vEVc 

These properties yield 

(AU, U) 

By Cauchy-Schwarz's inequality we have 

(v) (v) 

-a:(v)_ (1)- (0) < a:2 z2 (1) + 0:2 z2 (0) 
2-"v -"v - 2 v 2v 

and therefore 

with a:iv)- ~- a~") 2: 0 and ~- a~") 2: 0 because a:iv) and a:~v) satisfy condition (1.5). 
This shows that (AU, U) :::; 0 and th en the dissipativeness of A. 

Let us now prove that Ais maximal monotone, i.e. that >..!-Ais surjective for sorne 
À> o. 

Let (f, g, h)T EH. We look for U = (u. w, z)T E D(A) solution of 

(1.6) 
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or equivalently 
't/j E {1, ... , N}, 

Vj E {1, ... , N}, (1. 7) 
VvE Vc. 

Suppose that we have found u with the appropriate regularity. Then for all j E 
{1, ... , N}, we have 

Wj := Àuj- fiE H 1 (0, lj) (1.8) 

with Wjj1J) = Àuj,(v)- fiJv) = 0 for v EV. 
We can then determine z since w(v) = zv(O). Indeed, for v E Vc, Zv satisfies the 

differential equation 

and the boundary condition 

, 1 OZv h 
AZv + -- = v 

Tv Op 

zv(O) = w(v) = Àu(v)- f(v). 

Therefore Zv is explicitly given by 

Zv(p) = Àu(v)e-À'rvP- f(v)e-ÀTvP + Tve-ÀTvP 1p eÀTvahv(CJ)dCJ. 

This means th at once u is found with the appropriate properties, we can find z and w. 
Note th at in particular we have 

Zv(1) = Àu(v)e-ÀTv- J(v)e-ÀTv + Tve-ÀTv 11 eÀT,ahv(CJ)dCJ 

= Àu(v)e->-.7
, + z~(v) 

where z~(v) =- j(v)e->-.Tv + Tve->-.7
" J; e>-.T,uhv(CJ)dCJ is a fixed real number depending only 

on f and h. 
It remains to find u. By (1.7) and (1.8), Uj must satisfy 

Multiplying this identity by a test function C/Jj, integrating in space and using integration 
by parts. we obtain 

N il 0? N il 0 0 N 0 1 
2 -uj , .1 . 2 . Uj C/Jj Uj lj ~ (À u·- -)cp·dx ="' (À u cp + --)dx- ~[-cp·] 0 ~ J 8x2 J ~ J J ax ax ~ ax J 

j=l 0 j=l 0 j=l 

N ilj 0 0. 0 2 Uj (/)j. Uj , = "\:"""' (À u·cjJ· + --, )dx- ""'"'-(v)q;·(v). 
~ J J ax ax ~ ~an . J 
j=l 0 vEV jE[,, J 
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But using the fact that (u, w, z)T must belong to D(A), we have 

L L~(v)<f>j(v) L L~(v)<f>j(v) + L~~~: (v)<f>jv(v) 
vEV jEEv vEVc jE[, vE'D 

+ L~~~: (v)<Piv(v) + L L~(v)cpj(v) 
vEN vEVint \ VfntjEE,. 

L)L~(v))<f>(v) 
vEVc jEfv 

- - L(o:iv)wj(v) + o:~v)zv(l))<f>(v). 
vEVc 

Using the above expression for zv(l) we arrive at the problem 

N l· 

L 1 
1 

( 2 , ÔUJ· â<f>J· ) L ( (v) (v) ' ) ( ) ( ) À u·qy· + -- dx + o:1 + o:2 e-"'Tv Àu v cp v 
J J âx âx 

j=l 0 vEVc 
N l - t,; J.' (g; + >.J;)<f>;dx 

(1.9) 

+ L(o:~v) f(v)- o:~v)z~(v))cp(v),\fcp EV. 
v EVe 

This problem has a unique solution u EV by Lax-Milgram's lemma, because the left-hand 
N 

side of (1.9) is coercive on V. If we consider </> E Il'D(O, l3) CV, then u satisfies 
j=l 

N N 

This directly implies that u E IlH2 (0, lj) and then u E vn ITH2 (0, lj)· Coming back to 
j=l j=l 

(1.9) and by integrating by parts, we find 

L { L~(v) + (o:~v) + o:~v)e-h")Àu(v) + (o:~v)z~(v)- a~v) f(v))) cp(v) 
vEVc \;E[,, 

=-L~(v)<Pi(v)- L (L~(v))cp3 (v), 'V</> EV. 
vEN vE),'int \ Vfnt jEE" 

Consequently, by taking particular test functions </J, we obtain 

ÔUj, ( ) --v 
âx 

"âu3 (v) 
~ân· 
jEEv J 

0 'VvE N, 

0 'V v E Vint\ V~nt 
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-a~v)zv(1)- aiv)(Àu(v) + f(v)) 

-(a~v) Zv(l) + a~v)w(v)) '\lv E Vc· 

In summary we have found (u, w, z)T E D(A) satisfying (1.6). • 

1.3 The energy 

We now restrict the hypothesis (1.4) to obtain the decay of the energy. Namely we 
suppose that 

a~ v) < al v), '\lv E Vc· (1.10) 

Let us choose the following energy ( which corresponds to the inn er product on H) 

1 N flJ ((au-) 2 (au .) 2
) Ç(v) (11 au ) 

E(t) := 2 f; Jo a: + a: dx + ~ 2 0 ( 8t (v, t- TvP))2dp (1.11) 

where çCv) is a positive constant satisfying (that exists due to (1.10)) 

(1.12) 

1.3.1 Decay of the energy 

Proposition 1.3.1. For all regular solution of problem ( 1.1), the energy is non increasing 
and there exists two positive constants C1 and C2 depending only on çCv) ~ ai v), 
a~v) and Tv such that 

""" ((ou )2 (au )2

) -C2 ~ ôt (v, t) + at (v, t- Tv) ::; E'(t) 

S-C,~ ( c:(v, t))' +(;(v, t- Tv))} (1.13) 

Proof: Deriving (l.ll) and integrating by parts in space, we obtain 
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and then 

Now for all v E Vc, recalling that zv(P, t) = a;; (v, t- TvP), we see that 

11 Ô"' 

0 
Zv(p,t) ~v(p,t)dp 

1 11 
ÔZv - -- Zv(P, t)-Ô (p, t)dp. 

Tv 0 P 

By an integration by parts in p, we obtain 

1
1 

âu â2u 1 ( âu 2 âu 2) 
0 

ât (v, t- TvP) ât2 (v, t- Tvp)dp =-
2

Tv ( ât (v, t- Tv)) - ( ât (v, t)) . 

Therefore, we have 



Cauchy-Schwarz's inequality yields 

( 

ç<v) a/v) ôu ç<v) a(v) au ) 
E'(t) < -~ (aiv)- 2Tv - + )( ot (v, t))2 + ( 2Tv -+)(at (v, t- Tv)f 

( 

ç<v) a:(v) ôu çCv) a(v) au -)" 
E'(t) ~ -~ (a:lv)- 2Tv + T )( &t (v, t))2 + ( 2Tv + T )( 8t (v, t- Tv))2 . 

The first estimate leads to 

with 
- . { (v) ç<v) a~v) ç<v) Q:~v) • . } 

cl - mm (al - 2Tv - 2)' ( 2Tv - 2) . v E Vc 

which is positive according to the assumption (1.12). The second one yields 

E'(t) ~ -C2L ((~~(v, t)) 2 +(~~(v, t-Tv)) 2
) 

vEVc 

with 
- { (v) ç<v) a~v) ç<v) Q:~v) . } 

c2 - max (al - 2Tv + 2)' ( 2Tv + 2) . v E Vc 

which is also positive due to (1.12). • 
We have just shown that under the assumption (1.10), the energy decays. But we would 

like to obtain strong stability of the system, in other words, the decay to 0 of the energy. 
This is the goal of the remainder of this section, But before going on, let us make the next 
remark that will be usefullater on. 

Remark 1.3.2. Integrating the expression (1.13) between 0 and T, we obtain 

L 1T ((~~(v, t)) 2 +(:(v, t- Tv)) 2
) dt~ E(O)- E(T) ~ E(O)) 

vEVc 

and therefore 



1.3.2 Problem without damping 

In the sequel we need to consider the problem without damping 

0 < x < l1, t > 0, 'ij E {1, ... , N} 
'ij, l E Ev, v E Vint: t > 0, 

'iv E Vint, t > 0, 

VvE 'D, t > 0, 

VvE NuV~xt,t > 0, 

(1.14) 

It is well known that this problem is well posed in the natural energy space (see for 
instance [3]). 

N 

Lemma 1.3.3. Suppose that (uC0 l, u(1l) E 1/ x ITL2(0, Z1). Then problem (1.14) admits a 

unique solution 
j=l 

N 

qy E C(O, T; V) n C1(0, T; I1 L2 (0, Z1)). 
j=l 

This problem is obviously conservative, its energy is constant. 

1.3.3 Decay of the energy to 0 

Wc look at the spectral problem associated with problem (1.14), in other words 

0 <x < l1, Vj E {l. ... , N}. 
'ij, l E Ev, v E Vint, 

'iv E Vint: 

\;/v E 'D, 

VvE Nu v~xt· 

This system corresponds to an eigenvalue problem of the positive selfadjoint operator 
A defined above. Let us then denote by { Àkh::::: 1 the set of eigenvalues counted without 
their multiplicities, i.e. Àk =j:. Àz, \;/k =j:. l, where without any restriction, we may suppose 
that Àk > O. For all k E N*. let lk be the multiplicity of the eigenvalue À~ (remark tha.t 
lk :::; 2N, 'ik E N*) and let { i?k.ih::;i::;lk be the orthonormal eigenvectors associated with 
the eigenvalue À~. 
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Definition 1.3.4. For k > 1 and v E Vc, we denote by Mv(À~) the following matrix of 
size lk 

<f~.1 (v) 
'Pk, 1 (v )'Pk,z( v) 

'Pk, 1 (v)'Pk,z.,(v) 'Pk,z( v)'Pk.lk (v) 

Moreover, let M(,\D be the matrix of size lk 

M(,\~) := LMv(À~). 
vEVc 

'Pk, 1 (v )'Pk, lk (v) 
'Pk,z(v)'Pk,lk(v) 

Now we recall that the following generalized gap condition holds, namely from Propo­
sition 6.2 of [38], we have 

:lr > 0, \/k 2: 1, Àk+N+1 - Àk > (N + 1)/. (1.15) 

From this property we will deduce an inequality of Ingham's type. Namely fix a positive 
real number "(1 :s; "Y and denote by Ak, k = 1, · · · , N + 1 the set of natural numbers m 
satisfying (see for instance [13]) 

{ 

Àm - Àm-1 2: "(1 

Àn - Àn-1 < r' 1 for m + 1 :s; n :s; m + k - 1' 
Àm+k- Àm+k-l 2: / · 

Then one easily checks that the sets Ak+j, j = 0, · · · , k- 1, k = 1, · · · , N + 1, form a 
partition of N*. 

Now formE Ak, we recall that the finite differences em+j(t), j = 0, · · · , k- 1, corres­
ponding to the exponential functions ei>-m+jt, j = 0, · · · , k - 1 are given by 

m+j m+j 

em+j(t) = L II (Àp- Àq)-1é\Pt. 

p=m q=m, q-#p 

Write for shortness, e_n(t) the same finite differences functions corresponding to -Àn· 

Now we are ready to recall the next inequality of Ingham's type, see for instance Theo­
rem 1.5 of [13] : 

Theorem 1.3.5. If the sequence (Àn)n;::::I satisfies (1.15), then for all sequence (an)nEZ* 
(where Z* = Z \ {0} ), the function 

f(t) = L anen(t), 
nEZ' 

satisfies the estimates 

(1.16) 

forT> 27r /'Y· 
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Going back to the original functions ei>-nt, the above equivalence (1.16) means that, for 
T > 27ï /1, the function (from now on À_n = -Àn) 

j(t) = L ClneiÀnt, 

nEZ* 

satisfies the estimates 
T N+l 

fo1J(tW "' L 2::: IIB;;- 1 Cnll~, 
k=l iniEAk 

(1.17) 

where Il· ll2 means the Euclidean norm of the vector, fornE Ak, the vector Cn is given by 

and the k x k matrix Bn allows to pass from the coefficients an to O:n, namely 

Cn = Bn. (an, ... 'an+k-l)T, 

and is given by En= (En,ij)l<i .<k with - ,)_ 

n+j-1 rr (Àn+i-1- Àq)-
1 if i ~ j, (i,j) =1- (1, 1), 

En,ij = q=n, q#n+i-l 
1 
0 

if i = j = 1, 
if i > j. 

We proceed similarly for n ~ -1, but the indices being decreasing from n ton- k + 1. 

Remark 1.3.6. Notice that if the standard gap condition 

(1.18) 

holds, then A1 = IZ* and E1 = 1 and in that case the next equivalence holds (see [57]) : 

We are now ready to give a necessary and sufficient condition that guarantees the decay 
to 0 of the energy. 

Proposition 1.3. 7. For all initial data in H .. we have 

limE(t) = 0 
t-+oo 

(1.19) 

if and only if the operator A satisfies 

Àmin(M(>.~)) > 0, Vk EN*, (1.20) 

where Àmin(M) denotes the smallest eigenvalue of the matrix M. 
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Proof: 1 ~ 1 Let us show that (1.20) implies (1.19) : Let S(t) be the semi-group of contrac­
tions generated by the operator A. 

It suffices to show that 

limS(t) ( ~~~: ) = 0, 'i ( ~~~~ ) E D(A). 
t-oo (!0(-Tv.))v (!0(-Tv.))v 

Let us fix U0 = ( ~~~~ ) E D(A). Since D(A) is compactly embedded into H, the 
(!0(-Tv.))v 

set 
orb(Uo) = us(t)Uo 

t~O 

is precompact in H. Indeed, for any sequence (tn)n, since U0 E D(A), one has S(tn)Uo E 
D(A) and 

IIS(tn)Uollv(A) = IIS(tn)UoiiH + IIAS(tn)UoiiH = IIS(tn)UoiiH + IIS(tn)AUoll 
::; IIUoiiH + IIAUoliH =est. 

Therefore the sequence S(tn)U0 is bounded in D(A) and by the compact ernbedding of 
D(A) into H, there exists a subsequence, still denote by S(tn)U0 which converges in H. In 
this case, the w-limit of U0 defined by 

w(Uo) = {U E H : 3(tn), tn-+ 00, S(tn)Uo -+ U, t-+ 00} 

is non empty. 
On the other hand, if 4> E w(U0), then 

S(t)4> E w(Uo). 

Note further that one readily checks that S(t)4> is of the form 

( 
cp(., t) ) 

S(t)4> = ~~~; t) , 

for some cjJ E C([O, oo); V) n C1 ([0, oo); L2 (R,)) and 7); E C([O, oo); L2 (0, 1)Vc). 
Vve can now apply LaSalle's invariance principle [32] with the relatively compact set 

us(t)Uo and the Lyapounov functional <jJ = ll.llw Since rp(l) and S(t) rpCl) = 
( 

dJ(O) ) ( rp(O) ) 

t~O <!J(2) </J(2) 

( 

</J(., t) ) 
~~~ t) belong to w(U0 ), we find that 

( 

rp(O) ) 
q;(l) 

rp(2) H ( 

rjJ(., t) ) 
ôrJ; 
ôt (., t) 

?t· H 

= L 'it 2: O. 
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Therefore cp satisfies problem (1.2) with initial conditions cp(·, 0) - cp(o) and 
Wf(·, 0) = cp(1). Moreover by (1.13) we have 

In other words, it holds 

L 1t (~v(O, s)2 + ~v(1, s)2)ds = 0 
vEVc 0 

which implies that 
~v(O, t) = ~v(1, t) = 0 "ft ~ 0, "tv E Vc· (1.21) 

In particular, this implies that cp is solution ofproblem (1.14) with initial data cp(·, 0) = cp(o) 

and C::(·, 0) = cp(l) because 0 = '1/Jv(O, t) =~~(v, t) and 0 = 'l/Jv(1, t) = a;':(v, t- Tv), which 
means that in (1.2) the damping terms disappear. 

Let us now write 

k~l i=l 

k~l i=l 

Consequently by (1.21) for v E Vc and j E Îv 

f)(jy. lk 

o = at] (v, t) = 2::~ ( -ak.).ksin(Àkt) + bk,i cos(Àkt)) 'Pk.i(v). 
k~l t=l 

By grouping the terms corresponding to the same eigenvalue, we get 

f)dJ. 
0 = _._J (v. t) 

f)t . ~ (t- a,,,rp,,(v)) -l,sin(-l,t) + ~ (tb,,;rp,,(v)) cos(-l,t) 
- -
L O:n( V )ei>.nt, 
nEZ* 
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where 

a,(v) = ~ ( (tbk,i\'k,;(v)) +i (t,ak,i\'k,;(v)) À•) ,Vk 2 1, 

a_,( v) = ~ ( ( t bk,i\'k,;(v)) - i (t, ak,i\'k,;(v)) Àk) , Vk 2 1. 

Integrating this identity between 0 and T > 0 sufficiently large and using Ingham:s inequa­
lity ( 1.17), we ob tain ( with the notation introduced above) 

where Cn(v) is defined as Cn using an(v) instead of Œn. Summing on v E Vc: 

N+l 

0 ~ L L L I!B; 1 Cn(v)ll~ ~O. 
vEVc k=l lniEAk 

This implies that for all k = 1, · · · , N + 1 and all lnl E Ak, we have 

L IIB;1 Cn(v)ll~ =O. 
vEVc 

Since B;;1 is invertible, there exits rn > 0 such that 

From this estimate we deduce that for all k = 1, · · · , N + 1 and alllnl E Ak, we have 

L I!Cn(v)ll~ =O. 
vEVc 

Since Àk # 0, we necessarily have 

( 

b~c,l ) 
For a fixed k ~ 1, if we set b = : , th en 

bk,lk 
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As a consequence if Àmin(M(Àk)) > 0, we obtain that bk,l = ... = bk,lk =O. In the same 
mann er we have ak, 1 = ... = ak, zk = O. 

We have proved that fj;(o) = 0 = 4;(1). 

Moreover 4;(2
) = 0 because 7/Jv satisfies the transport equation 

for all v E Vc· 

{ 

!!:!b_ _ _1._ O'!j;v 
i:Jt - Tv Op ' 

7/Jv(O, t) = '1/Jv(l, t) .= 0, 
7/Jv(P, 0) = 4J(2

) • 

We have shown that for all (4J(0l,fj;(1),fj;(2))T E w(U0), we have fj;(o) = 0 = cj>(l) = cp(2l. 
Consequently lim S(t)U0 = 0 and then lim E(t) =O. 

t-->oo t->oo 
1:::::} 1 Let us show that (1.19) implies (1.20). For that purpose we use a contradiction 

argument. Suppose that there exists k > 0 such that Àmin(M(,\~)) =O. This means that 
there exists a= (ak, 1, · • · , ak.zk) T =!= 0, such that 

Let us set 

Th en u is solution of ( 1.1) and satisfies 

bec a use 

8 ( lk ) VvE Vc, Vt, ~j (v, t) = ~ak,i'Pk,i(r) ( -Àk) sin(>.kt) =O. 

This means that we have obtained a solution of problem (1.1) with a constant energy, 
which contradicts (1.19). • 

Remark 1.3.8. 1. Notice that the condition (1.20) is independent of the choice of the 
orthonormal basis of eigcnvectors associated with the eigenvalue À~. Indeed if { tPk, i}~:, 1 is 
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another orthonormal basis of eigenvectors associated with the eigenvalue ..\%, then there 
exists an orthogonal matrix 0 E JR1kxlk such that 

( 
'h. 1 ) ( 'Pk, 1 ) 

: =0 : . 

if;k.l~c 'Pk,lk 

Consequently the matrix M(..\%) built as M(..\~) by using {if;k,i}~~ 1 instead of {'Pk,i};~ 1 is 
given by 

M(..\%) = OM(..\%)OT, 

and therefore Àmin(M(..\~)) = Àmin(M(..\Ï)). 
2. If lk = 1, then the condition (1.20) is reduced to 

Vk EN*, L \r.pk(v)\2 > 0 
v EVe 

because M(..\~) is the matrix of size 1 equals to L jr.pk(v)l2
• 

vEVc 

1.3.4 Counterexample to the stability of the system 

In this section (and in the remainder of the chapter) we have made the hypothesis 
(1.10). As in [llO], we may expect non-stability results if this condition fails. 

In (110], the authors consider the wave equation on a string of length 1r and used 
a boundary control. They show that if (1.10) does not hold then non-stabilities appear. 
Since their problem enters in our framework, this is a first counterexample. As a second 
counterexample, we consider the wave equation on a string of length 1r but with an interior 
control. N amel y we consider the problem 

0 < x < 1i, t > 0, 
t > 0, 
t > 0, 
t > 0, 
t > 0, 
0 <x< 1i, 

Ü < t < T. 

(1.22) 

Lemma 1.3.9. A complex number ..\ E C is called an eigenvalue associated with system 
(1. 22) if and only if..\ satisfies 

(1.23) 
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Proof: Setting u(t, .) = e>..tr.p, we see that u is solution of (1.22) if and only if r.p satisfies 

>.Zr.p(x) -~(x) = 0 0 <x < 1r, 
~(ç_)- ~(Ç+) =-(al+ a2e->..')Àr.p(Ç), 
cp(Ç_) = r.p(Ç+), 
r.p(O) = 0, 

~(7r) =o. 
We then obtain 

{ 
Asinh(Àx) in(O,Ç) 

r.p(x) = A1 cosh(À(x- 1r)) in (Ç, 1r) 

where A, A1 are real constants. The continuity cp(Ç_) = r.p(Ç+) and ~(ç_) - ~(Ç+) -
-(al+ a2e->..')Àr.p(Ç) imply that 

( 
sinh(ÀÇ) - cosh(À(Ç- 1r)) ) ( A ) =O. 

cosh(ÀÇ) + (a1 + a 2e->..') sinh(ÀÇ) - sinh(À(Ç- 1r)) A1 

Therefore a non trivial solution exists if and only if 

clet ( sinh(ÀÇ) . - cosh(À(Ç- 1r)) ) = 0 
cosh(ÀÇ) + (a1 + a 2e->..') smh(ÀÇ) - sinh(À(Ç- 1r)) ' 

and simple calculations lead to the characteristic equation (1.23). 

The characteristic equation (1.23) is equivalent to 

~(À) :=( a1 + aze->..')e2>..(Ç-7r) - ( a1 + a 2e->..r - 2)e-2>..1r 

-(al+ a2e->..')e-2>..ç + a2e->.r + 2 + a1 =O. 

Take an interior control Ç and a delay T such that 

7r 

2m+ 1 
2n+ 1' 

2(2k + 1) 
T = 7r 

2n+ 1 

where n, m, k E Z. Now we look for À in the form 

. 2n+ 1 
À = 'TJ + t 

2 
, 'f} E "IR. 

For such a À, we have 

~(À) (a1 - aze-7JT)e21J(Ç-7r) +(al- aze-TJ'- 2)e-21J7r 
+(al- aze-TJ')e-21JÇ- a2e-77' + 2 + a1 

-· ~o(rJ). 

If we suppose that 
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Th en 

and 

By the mean value theorem, there exists 17 2:: 0 such that l:l.o(TJ) = O. Therefore À = 
TJ+ 2ni1 i, nEZ, is an eigenvalue of system (1.22) with Re(>.)= 17 2: O. The system is then 
unstable for the countable set of delays T and of control points f, in the above form. 

1.4 A regularity result and an a priori estimate 

We consider the following problem with non-homogeneous transmission conditions 

8
2

w · ( ) 8
2

w · ( ) 7iff x, t - 71$ x, t = 0 
wj(v, t) = wz(v, t) = w(v, t) 

L~(v, t) = kv(t) 
jE Ev 

~~(v t) = 0 
~Ônj ' 
jEEv 

Wjv(v, t) = 0 
ÔWjv (v t) = 0 
âniv ' 
w(t = 0) = 0, &; (t = 0) = 0 

0 < Xj < lj, t > 0, Vj E {1, ... , N} 
V j, l E Îv, v E Vint, t > 0, 

VvE Vc, t > 0, 

Vv E Vint\ Vfnt' t > 0, 

VvE V, t > 0, 

Vv EN,t > 0, 

(1.24) 

This system modelizes the vibrations of a network of strings with local forces at the nodes 
of Vc. The next proposition gives existence and regularity results for the solution of problem 
(1.24). 

Proposition 1.4.1. Let T > 0 be fixed. Suppose that kv E L2 (0, T) for all v E Vc· 
N 

Then the problem (1.24) admits a unique solution w E IJH1((0, lj) x (0, T)). Moreover 
j=l 

w(v, .) E H 1 (0, T) for ali v E Vc and 

L iiw(v, .)IIHl(O,T) ;S L l!kv!IP(O,T) VvE Vc· (1.25) 
vEVc 

The proof of this proposition is relatively technical and requires sorne preliminary re­
sults. 

We first consider the following problem 

{ 

Wtt(X, t) - Wxx(x, t) = 0 
w(l, t) = 0 

Wx(O, t) = k(t) 
w(x, 0) = 0, Wt(x, 0) = 0 
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in (0, 1) x (0, T), 
on (0, T), 
on (0, T), 
on (0, 1). 

(1.26) 



Lemma 1.4.2. Assume that k E L 2 (0, T). Then problem (1.26) has a unique solution 
w E H 1((0, 1) x (0, T)) which satisfies 

\\w\\Hl((O, l)x(O, T)) ;S \\k\\L2(0, T) · 

Moreover w(O, .) E H 1(0, T) and satisfies 

llw(O, .)\\Hl(ü,T) ;S \\k\b(o,T)· 
Proof: \"Ve extend k by 0 on IR.\ [0, T] because (1.26) is reversible in time. 

Let w(x, À) where À= Î'+iT!, 'Y> 0, Tl E IR., be the Laplace transforrn of w with respect 
to t. Then w satisfies 

{ 

À2w(x, ~)- f!i(x, À) = 0 in (0, 1), 
w(l, À)= 0, 

~: (0, À) = k(À), 

where RÀ > O. Consequently w(x, À) = acosh(À(x- 1)) + bsinh(À(x- 1)), with two 
complex numbers a and b. 
Since w(1, À) =a= 0 and ~: (0, À) = bÀ cosh(À) = k(À), we deduce that 

~( ') = sinh(À(x -l))k~(') 
w x, .1\ À cosh(À) .1\ • 

because cosh(À) =1- O. 

• Existence of w: w(x, t) = .c- 1 Ci~J~~c~?) *k where .c-1 denotes the inverse Laplace 
transform. 

• Uniqueness of w : if w1 , w2 are two solutions of (1.26), then w = w1 - w2 satisfies 
the wave equation in (0, 1) with homogeneous boundary and initial conditions. Therefore 
w1 - W2 = 0, which proves the uniqueness of the solution of (1.26). 

• Regularity: Let 'Y> 0 be fixed and set C"~ :={À E C; ~À= 'Y}· Define H(x, À) = 
sinh(.>.(x-1)) f , C n~ l l 1 

coshl>.) , or A E 'Y. v\ e c ear y 1ave 

IIHIILoo((o, l)xC-r) :S coth(r). 

Therefore 

1\ûJ(x, À)IIL2((o, l)x!Rry) =Il H(x, À) k(À)II ::; coth(r) llk(À)II 2 ' ' 

À L2((0, l)xJR
17

) l L (lRryJ 
(1.27) 

which implies that w E L2 ((0, 1) x (0. T)) with 

llwi\L2((0,1)x(O.T)) ;S l\ki\L2(0.T) · (1.28) 

Indeed, we have 

l
oo l+oo w{x, À) = e-("!+i'TI)tw(x, t)dt = e-oyte-i11tw(x, t)dt 

0 -oo 

=:F(e-"~·w)(T!) = :F(wl)(T!) 
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where :F denotes the Fourier transform and where we have set w1 = e-'"'l·w. Therefore 

llwiiP((O, l)x(O, T)) ""' 

< 
llwlliL2((0, l)x(O, T)) 

llw1IIL2((o, l)xR) 

"' II:F(wl)(TJ)\\L2((0.1)xlR'7) by Plancherel's formula 

1\w(x, .>..) IIP((o, l)xJR'l) 

while 

These two equivalences and the estimate (1.27) lead to (1.28). 
Sin ce 

we deduce that w E H 1(0, T; L2(0, 1)) and 

\lw\1Hl(O,T;L2(0,1)) ;S \\kiiL2(0,T) · 

Indeed 

Il~ IIL2((0, l)x(O, T)) < 
by Plancherel's formula 

and 

Therefore 
IJ 8~1 11L2((0,l)x(O,T)) ;S ii.>..w(x, .>..)IIL2((0,l)xJR11 ) 

;S lik(.>..) IIL2(JR'7) ;S llkiiL2(Q, T). 

We finally conclude that 

Il a; IJL2((0, l)x(O, T)) 

In a similar manner we have 

Jje'~· 8~1 
+-ywjjL2((0,l)x(o,T)) 

;S Il 
8~1 

IIL2((0, l)x(O, T)) + llwiiL2 ((0, l)x(O, T)) 

;S ilkliL2(0,T) · 
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which implies that w(O, .) E H1(0, T) and satisfies 

Finally ~w (x. >.) - cosh(>.(x- 1)) k(>.). But the standard estimate jcosh zj 
8x , cosh(,X) 

:::; cosh(Re z), Vz E C implies that 

l

cosh(>.(x -1)) 1 < cosh("y(1- x)) < cosh('y) = coth')" 
cosh (À) - sinh (r) - sinh ( 1) ' 

therefore 

Il 
âw(x, >.)Il < coth(r) llk(>.) Il 

âx L2((0, l)xlR7)) - L2(JR71) 

which leads to ~: E L2 ((0, 1) x (0, T)) with 

ll
âwll - ;S lik!IL2(0 T). 
ÔX L2((0,l)x(O,T)) , 

Indeed 

~~~~~L2 ((0,l)x(O,T)) "' ~~~~~L2((0,l)x(O,T)) 
"' IIF( ~ )( 77) IIL2((0, l)xlR ) 

Il~~ IIL2((0, l)xlR71 ) • 

71 

< ~~~~~L2((0,l)xlR) 
by Plancherel' s formula 

It remains to check the initial conditions. We remark that 

r- 1 (sinh(>.(x- 1))) 4L+oo (-1)n+1 
. ((2n -1)1r(x- 1)) . ((2n- l)1rt) 

.~...- =- Sin Sln 
>.cosh(>.) 1r 2n- 1 2 2 

n=1 

=F(x, t). 

Note further that FE L00 ([0, T]; L2 (0, 1)). Therefore 

w(x, t) =lot F(x, t- s)k(s)ds. 

Consequently we directly see that 
w(x, 0) = 0 

(the trace having a meaning because w E H 1((0, 1) x (0, T))). Moreover 

âw ( âF ( âF 
[jt(x, t) = F(x, O)k(t) +Jo a;(x, t- s)k(s)ds =Jo &t(x, t- s)k(s)ds. 

Consequent! y 

11~7(., t)llfn - jjJ~ a:(x. t- s)k(s)dsjjf'' 

< J~ 11 ~, c x, t - s) 11,~" 1 k ( s) 1 ds, 
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where V' is the dual space of V with V= {u E H 1(0, 1); u(l) = 0}. But we may write 

fJF( . 
&t x, t) 

47ïL+oo( l)n+l. ((2n-l)7ï(x-l)) ((2n-l)7ït) -- - sm cos 
7ï 2 2 2 n=l 
~ () . ((2n -l)1r(x- 1)) 
~an t sm 

2 
, 

n=l 

where an(t) = 2(-l)n+1 cos((2n-;l)7rt) and {sin((2n-l);(x-l))}n is an orthogonal basis of 
L2 (0. 1). This implies that 

with a~(t) s; 4. Therefore 

and consequently 

This shows that 
8w -at E C([O, T]; V') 

and moreover 
8w at(x, 0) =O. 

This ends the proof of the Lemma. • 
We now make a local construction. Namely for a fixed v E Vc, we consider iù(v) solution 

of 
é)2 -(v) &2 -(v) 

;; (X, t) - é):2 (X, t) = Ü Ü < X < lv, t > Ü, V j E Ev, 
wjv)(v, t) = wrv)(v, t) Vj, lE Ev, t > 0, 
"""'a-(v) 
~ ;~i (v, t) = kv(t) t > 0, (1.29) 
jEEv 

w)v)(lv,t) = 0 Vj E Ev, t > 0, 
ii)(v)(t = 0) = 0, a~v) (t = 0) = 0, 

where lv = miniEEv li (without loss of generality we may identify v with the extremity 0 
for all edges of Ev)· 

The unique solution of this system is simply û>)v)(x, t) = w(x/lv, t/lv), where w is 
solution of problem (1.26) with k(t) = - ~;, kv(lvt), when Ev is the cardinal of Ev· By 
Lemma 1.4.2. we directly obtain the 
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Lemma 1.4.3. The system (1.29) admits a unique solution w)vl E H 1((0, lv) x (0, T)), 
j E Ev such that 

liw)v) IIHI((O,lv)x(O, T)) ;S \\kviiL2
( 0, T) · 

Moreover wjvl(v, .) E H 1 (0, T) with the estimate 

II
WJ(v) (V, ·)Il ;S Il kv IJL2(0 T) · 

H 1 (0,T) ' 

Let us now set ( assuming for the moment that w exists) 

w(x, t) := w(x, t)- L'Tl(v)(x)w(v)(x, t) 
vEVc 

where iiJ(v) is solution of problem (1.29) and 77(v) is a eut-off function such that supp 
'T](v) = &v, 'T](v) is equal to 1 in a neighborhood of v and is 0 outside a larger neighborhood 
of v. Then we easily see that w is solution of the following system 

â2w · ( éPw ( ) ( ) '7if x, t) - 7;;i x, t = hj x, t 0 < Xj < lj, t > 0, 't/j E {1, ... , N}, 
Wj(v, t) = wz(v, t) 't/j, lE &v, v E Vint, t > 0, 

L~(v, t) = 0 VvE VcUVfnt' t > 0, 
jEE:v 

wiJv, t) = 0 
ÔWjv (v. t) = 0 
ân· · 

't/v EV, t > 0, 
VvE N, t > 0, 

JV Ô 
w(t = 0) = 0, ; (t = 0) = 0, 

where hi is given by 

(
fP (v) fj (v) f)W(v) ) 

. ·- ____!!L_ , -.(v) _3_ _J_ h3 (x, t) .- L âx2 (x)w1 (x, t) + 2 âx (x) âx (x, t) . 
vEVc:JEEv 

(1.30) 

We have then transformed the system with nonhomogeneous transmission conditions to 
a system with nonhomogeneous right-hand sides. This system can be written in the form 

&w 
ât2 +Aw = h, 

wherc the operator A was defined before. Since A is a positive selfadjoint operator on 
L2 (R), we directly obtain the 

Lemma 1.4.4. The solution w of (1.30) has the regularity 

w E C(O, T; F) nC1 (0. T; L 2 (R)) 

and is gi'IJen by the so-called constant variation formula 
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N 

Lemmas 1.4.3 and 1.4.4 guarantee the existence of a unique solution w E II H 1
( (0, li) 

j=l 

x (0, T)) of problem (1.24) given by 

w(x, t) = w(x, t) + L77(ul(x)w(ul(x, t), 
vEVc 

and satisfying 
N 

L JJwJJIHl((O,lj)x(O,T)) ;S L llkviiL2(0,T)· (1.31) 
j=l vEVc 

It remains to show the regularity at the nodes of Vc. Fix one vertex v E Vc and a eut-off 
function x(v) such that 

x)v) = 1 on [0, lv/3], XJv) = 0 on [2lu/3, li], Vj E Eu, 

w here we have identified v to 0. Let us now set 

w = x(v)w. 

This function V\1 is solution of the following wave equation : 

&2vv. &2vv. -7 (x, t) - ~ (x, t) = hi (x, t) 0 < x < lv, t > 0, V j E Ev, 
Wi(O, t) = VVi(O, t) Vj, l E Eu, t > 0, 

L~(O, t) = kv(t) t > 0, (1.32) 
jEEv 

Wj(lv, t) = 0 
W ( t = 0) = 0, 8Ji' ( t = 0) = 0, 

According to the estimate (1.31) satisfied by w, we have 

JIÎ1JJIL2 ((0,lv)x(o,T)) ;S L JJkv'IJL2(o,T)· 
v1 EVc 

Recalling that Ev is the cardinal of Ev, we then may write 

Ev = {ji}i=l,-.. ,Ev· 

Introduce 
Ev 

V1 - I:wj;, 
i=l 
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We rernark that Vi, i = 2, · · · , Ev is solution of the wave equation with Dirichlet boundary 
condition at 0 and lv, while V1 is solution of the wave equation with Dirichlet boundary 
condition at lv and Neumann boundary condition at 0, namely 

\ 

~( ) 8
2

V1 ( ) ( ) cff>:2 X, t - ôx2 X, t = g X, t 
1f:(O, t) = kv(t) 
V1(lv, t) = 0 
V1(t = 0) = 0, ~(t = 0) = 0, 

0 < X < lv, t > 0, 
t > 0, 
t > 0, 

where g = EjEEv hj and then satisfies 

II9IIL2((0,!,.)x(O,T)) ;S L llkv' IIL2(0,T)· 
v' EVe 

But Lemma 1.4.5 below shows that 

IIVi(O, ·)IIH1 (0,T) ;S II9IIL2((0,!11 )x(O,T)) + llkviiL2(0,T)· 

Sin ce 

1 Ev 

wj1 - E(V1- L: Vi), 
v i=2 

Wj; - Vi + Wj1 , "r:/i = 2, · · · , Ev, 

we conclude that 

IIWj;(O, ·)!IH1 (0,T) ;S IJgiiL2((0,!v)x(O,T)) + Jlkv!!L2(0,T)' "r:/i = 1, · · · 'Ev· 

Using (1.34), we obtain the estimate (1.25) from Proposition 1.4.1. 

(1.33) 

(1.34) 

Lemma 1.4.5. Let V1 E H1 ( (0, lv) x (0, T)) be a solution of (1.33) with g E L2 ( (0, lv) x 
(0, T)) and kv E L2 (0, T). Then 

8Vi 
Il at (0, ·)IIL2(0,T) ;S II9IIL2((0,!v)x(O,T)) + llkviiL2(0,T)· 

Proof: Let us denote by V the solution of 

{ 

~X (x, t) - ~:~(x, t) = g(x, t) 
~~ (0, t) = kv(t) 
V(lv, t) = 0 
V(·, t = 0) = 0, ~~ (·, t = 0) = 0, 

0 < X < lv, t > 0, 
t > 0, 
t > 0, 

(1.35) 

where g (resp. kv) means the extension of g (resp. kv) by zero outside (0, T). Since 1-l = V1 

on (0, lv) x (0, T), it suffices to show that 

(1.36) 
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For that purpose we use a multiplier technique. Namely we multiply the wave equation 
satisfied by V by (lv- x)(2T- t)Vx(x, t) (here and below for shortness we write Vx = ~~) 
and integrate the result on (0, lv) x (0, 2T). This yields 

t" rT Jo Jo g(x, t)(lv- x)(2T- t)Vx(x, t) dxdt = I 1 - I 2 , (1.37) 

where 

tv {2T 
Jo Jo Vtt(lv- x)(2T- t)Vx dxdt, 

tv rr 
I2 - Jo Jo Vxx(lv- x)(2T- t)Vx dxdt. 

For the first term I 1 an integration by parts in time yields (no boundary terms occur 
because vt(t = 0) = 0) 

tv {2T 
I1 =Jo Jo Vt(lv- x)v~(x, t) dxdt- /s, 

where tv {2T 
I3 = Jo Jo Vt(lv- x)(2T- t)Vxt(x, t) dxdt. 

For I 3 , an integration by parts in space and Leibniz's rule lead to 

This shows that 

/s = ~ 1lv 12

T \vt\ 2 (2T- t) dxdt- l; 12

T (2T- t)\vt(O, t)\ 2 dt. 

Inserting this expression in (1.38) we find that 

{lv {2T 
I1 = Jo Jo vt(lv- x)Vx(x, t) dxdt 

_! t" rr lvt\ 2 (2T- t) dxdt 
2 Jo Jo 

+; 12

T (2T- t)jvt(O, t)j 2 dt. 
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Similarly for the second term h an integration by parts in space yields 

12 = -11

v 127 

Vx(2T- t)! ((lv- x)Vx) dxdt 

This means that 

+ [[r (2T- t)(lv- x)IV.I' d{ 

t'' rr 
-12 +Jo Jo 1Vxi2 (2T- t) dxdt 

-lv 127 

(2T- t) IVx(O, t)l 2 dt. 

~ 1lv 127 

1Vxi2 (2T- t) dxdt 

_l; 127 

(2T- t) IVx(O, t)l 2 dt. 

(1.40) 

Inserting (1.39) and (1.40) into the identity (1.37), we have obtained that 

tv rr tv rr Jo Jo g(x, t)(lv- x)(2T- t)Vx(x, t) dxdt = Jo Jo V't(lv- x)Vx(x, t) dxdt 

-~ tv rr lvti 2(2T- t) dxdt 
2 Jo Jo 

+lv {
27 

(2T- t) lvt(O, t) 1
2 dt. 

2 Jo 
-~ {lv {

27 
1Vxi2(2T- t) dxdt 

2 Jo Jo 
+lv rr ( 2T - t) 1 Vx ( 0, t) 12 dt. 

2 Jo 
Re min ding the Neumann boundary condition satisfied by V we get 

z rT ; Jo (2T- t) IV't(O, t) 12 dt = 1lv12T 
g(x, t)(lv- x)(2T- t)Vx(x, t) dxdt 

0 0 

t'' {2T -Jo Jo V't(lv- x)Vx(x, t) dxdt 

+~ llv rr IV'ti 2 (2T- t) dxdt 
2 o Jo 

+~ tv rr lt~J 2 (2T- t) dxdt 
2 Jo Jo 

_l; 1T (2T- t)\kv(t)l 2 dt. 
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By Cauchy-Schwarz's inequality we obtain finally 

12

T (2T- t)ivt(O, t)l
2 

dt ;S llglli2((o,z,,)x(O,T)) + 11VIItl((O,lv)x(o,2T))· 

This leads to the conclusion due to the estimate (1.34) and the estimate (consequence of 
our previous considerations, see (1.31)) 

IIVIIH1 ((0,lv)x(0,2T)) ~ II9IIL2((0,l11 )X(O,T)) + llkviiL2(0,T), 

and since 2T- t 2: Ton (0, T). • 
Now we prove an a priori estimate which uses the trace regularity result of Proposition 

1.4.1 and that will be useful to prove our stability results for problem ( 1.1). 
Let u E C(O, T; V) n C1 (0, T; L2 (R)) be the solution of (1.1). Then it can be splitted 

up in the form 

u=c/Y+'l/J 
where cp is solution of problem without damping (1.14), and '!j; satisfies 

&2'1/J &21/J· 
7iff(x, t)- ~(x, t) = 0 0 <x < lj, t > 0, Vj E {1, ... , N}, 
'1/Ji(v, t) = '1/Jz(v, t) V j, l E Ev, v E Vint, t > 0, 
'"'~(v t) = -(a(v)au(v t) + a(v)&u(v t-T)) 
~ Brtj ' 1 at ' 2 &t ' v 

VvE Vc, t > 0, 
jEt:, 

""'~(v. t) = 0 ~Ôrtj ' V v E Vint\ Vfnt• t > 0, 
jEE:v 

'1/Jjv(v, t) = 0 
f)olo 

~(v. t) = 0 on· . Jv r 

'lj;(t = 0) = 0, 0:: (t = 0) =O. 

In other words 'lj; is solution of problem (1.24) with 

VvE TJ, t > 0, 
VvE N, t > 0, 

_ ( (v) âu (v) OU ~ ) kv(t)-- a 1 8t (v, t) + a 2 8t (v, t- 'v) . 

For all 'V E Vc, we may write 

Il: (t', )t(O,TI :Ç Il; (v, lJL,(o,T) +Il: (v, )t(o,T). 

(1.41) 

(1.42) 

Now by Remark 1.3.2, kv = -(a~v)~~(v, ·) + a~v)~(v, ·-Tv)) E L2 (0, T) for ail v E Vc. 
Then we can apply Proposition 1.4.1 to 'l/J and obtain 
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The two above estimates yield 

vEVc vEVc 

;S L)JJ~~(v, .)JJL2(0,T) +~~~(v,·- 7v)IIL2(0,T)). 
vEVc 

This directly leads to the next a priori bound : 

Lemma 1.4.6. Suppose that (uC0l, uCll, (!0 (-Tv·))vEVJ EH. Then the solutionsu of {1.1) 
with initial data (uC0l, uC1l, (!0 (-Tv·))vEVJ and cp of (1.14) with initial data (u(o), u(ll) 

{which belongs to V x L2 (R)) satisfy 

fT (ô cp ) 
2 1T ( âu âu ) L Jo ât (v, t) dt ;S L ( ât (v, t))

2 + ( ât (v, t- Tv))2 
dt. 

vEVc 0 vEVc O 

1.5 The exponential stability 

Our approach is based (as for the polynomial stability) on a trace regularity result 
(Proposition 1.4.1 and Lemma 1.4.6) and on an observability inequality of problem without 
damping (1.14). 

1.5.1 An observability inequality 

Proposition 1.5.1. Let ('Pk.i)l:S:i:S:lk,k~l be the orthonormal basis of the operator A. Let cp 
be the solution of (1.14) with (uC0l, uC1l) EV x L2 (R). Then there exists a time T > 0 and 
a constant C > 0 ( depending on T) such that 

if and only if 

::la: > 0, 'ï/k = 1, · · · , N + 1, Vn E Ak, Àmin(Mn) 2: a:, 

where the matrix ;Vtn is defined by 

_Mn= .2: <I>n(v)TB;;:-TB;;:-l<I>n(v), 
vEVc 

(1.43) 

(1.44) 

the matrix <I>n(v) of size k x Ln.· where Ln = 2:7=1 ln+i-1, is given as follows : for all 
i = 1. · · · , k. we sei 

where Ln,O = 0 and for i 2:: 1, Ln.i = I:~'=l ln+i'-l· 
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Proof: Vve first show that (1.44)=Hl.43). Writting u,(O) = Ek>l 2::~:, 1 ak,i'Pk,i and u,(l) = 

Ek>l L:::,l bk,i'Pk.i where (>.kak,i)i,kl (bk,i)i,k E l2(N*), then the solution cP of problem 
( 1.14) is given by 

Consequently for any v E Vc, we get 

Putting together the terms corresponding to the same eigenvalue, we obtain 

U sing the notation introduced in Proposition 1.3. 7, this is equivalent to 

Integrating the square of this identity between 0 and T > 0 and using Ingham's inequality 
(1.17) forT large enough, and summing on v E Vc, we get 

But for all nE Ak, setting 

Àn = (.Xnan,1,··· ,Ànan,ln,Àn+lan+l,l,··· ,Àn+lan+l,ln+I'···, 

Àn+k-lan+k-1, 1, · · · , Àn+k-lan+k-1, ln+k-J T, 

Ên (bn, 1, ''' 'bn,ln' bn+l,ll' '' 'bn+l,ln+l,''' 1 bn+k-1,1,''' • bn+k-Lln+k-J T' 

we readily check that 

L //B~ 1 Cn(v)//~ = ~(Ê:MniJn + À~.MnAn)· 
v EVe 

Renee the assumption (1.44) yields (because JVIn is a symmetric matrix) 

L //B~1 Cn(v)l/~ 2, 1/Ên/1~ + 1/Àn/1~. 
v EVe 
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Therefore under our hypothesis, we have 

because ( 'Pk,i)k,i is an orthonormal basis associated with the operator A. 
It remains to show that (1.43):::?-(1.44). 
Let k = 1, · · · , N + 1 and n E Ak be fixed. Take u.C0) = l:~~kn- 1 2:~:1 am,i'Pm,i and 

u(l) = 2:~~:- 1 2:~:1 bm,i'Pm,i· Then the solution cp of problem (1.14) is given by 

Then for v E Vc 

Be/> n+k-1 lm . 

at (v, t) = 2::: 2::( -am,iÀm sm(Àmt) + bm,i cos(Àmt))<t?m,i(v). 
m=n i=1 

Applying again Ingham's inequality, we get forT large enough 

By (1.43), we obtain 

for sorne C > O. Renee we conclude that 

This ends the proof. • 
Remark 1.5.2. If the standard gap condition (1.18) holds, then the condition (1.44) 
reduces to 

3a > 0, Vk ~ L Àmin(M(À%)) ~ 0:. (1.45) 

In particular if lk = 1, then the condition (1.45) becomes 

Vk ~ L L I'Pk(v)l
2 ~a. 

v EVe 
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1.5.2 The stability result 

We are now ready to give a sufficient condition that guarantees the exponential stability 
of (1.1). 

Theorem 1.5.3. The system (1.1} is exponentially stable in the energy space if (1.43) 
holds. 

Proof: Let u be a solution of (1.1) with initial data (u(0l, u(1l. (!0(-Tv·))vEvJ E D(A). 
Integrating the inequality (1.13) of Proposition 1.3.1 between 0 and T where T is 

sufficiently large, we obtain 

"" 1T OU 2 OU 2 E(O)- E(T) 2; ~ [( 8t (v, t)) + ( 8t (v, t- Tv)) ]dt 
vEVc 0 

> 1'"' fT[(OU( )2 (OU 2] 1'"' fT OU( ))2 '""2~Jn 8t v,t) + f)t(v,t-Tv)) dt+2~Jn (0t v,t-Tv dt 
vEVc 0 vEVc 0 

1T f}c/J 1T OU 2: L (at (v, t)?dt + L ( 8t (v, t- Tv)) 2dt by Lemma 1.4.6 
vEVc 0 vEVc O 

> Il (0)112 Il (1)112 ""1T(f)u 2 "'u v+ u L2(n)+~ 
0 

f)t(v,t-Tv))dt 

by assumption 

~ llu(O)II~ + llu(l)ll~2(n) + LTv t (:(v, -TvP))2dp. 
vEVc Jo 

Indeed, forT> Tv, by changes of variables, we have 

fT O'U 1T-Tv OU Jo (8t'(v,t-Tv))
2
dt -Tv ( 0t(v,t)) 2dt 

10 ou 11 ou ( 1.46) 
> -Tv ( f}t (v, t))

2
dt =Tv O ( f}t (v, -TvP)?dp. 

The previous inequality directly implies that 

E( 0) - E(T) ;G ~ (fi uiO) ~~~ + llull) fli'(R) + ~ Ç~) [ (: (v, -TvP) )2dp) , 
This means that for T large enough 

E(O)- E(T) ~ CE(O) 

for sorne C > O. Since our system is invariant by translation and the energy is decreasing, 
it is well kno\\rn that the above estimate implies the existence of cl > 0 and c2 > 0 such 
that 

(1.47) 

Renee the energy decays exponentially. By density of D(A) into H, we deduce that (1.47) 
holds for any initial data in H. 11 
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1. 6 The polynomial stability 

1.6.1 An observability estimate 

Proposition 1.6.1. Let ('Pk. i)I-:;i-:;z., k2':l be an orthonormal basis of eigenvectors of the 
operatorA. Letm EN*. Let<j; be the solution of {1.14) with (uC0l, u(ll) E VxL2('R). Then 
there exists a time T > 0 and a constant C > 0 such that 

(1.48) 

lk lk 

where u(o) = LLak,i'Pk,i and u(l) = LLbk,i'Pk,i if and only if 
k2':li=l k2':li=l 

:3m EN*, :3n > 0, 'ïlk = 1, · · · , N + 1, 'ïln E Ab Àmin(Mn) 2:: ~. 
n 

(1.49) 

Proof: The proof is similar to the one of Proposition 1.5.1 and is therefore omitted. • 

Remark 1.6.2. As before, if the standard gap condition (1.18) holds, then the condition 
(1.49) reduces to 

3m E N*, 3n > 0, 'ïlk 2:: 1, Àmin(M(,\~)) 2:: k~m' 

and if lk = 1, then condition (1.50) is nothing else than 

~ 2 Q 
3n > 0, 'ïlk 2:: 1, L-i'Pk(v)l 2:: k2m. 

v EVe 

(1.50) 

Let (u(o), uC1), (!0(-Tv.))) E D(A). By the so-called Weyl's formula (see for instance 
[20, 82]), we have 

where L = 2:~1 li. This implies that 

lk 

, br 
/\k l'V-

L 

lk 

L kim L (a~.)\~ + b~) "" ~~(a2 . . ,\2(1-m) + b2 .,\ -2m) L-L- k.t k k,1 k 
k2':1 i=l k>li=l 

rv ll~co)II~(A.Lyll + l!u(l)ll~cA-~l 

because, for u = I::k2':1 I:;:,l uk,i'Pk,i: we have llull~rA•) rv Ek2':1 2:::;~1 Xf/u~.i for all s E R 
Therefore the observability estimate (1.48) is equivalent to 

<fJ , > (O) 2 (1) 2 1T (f) • )2 
~ 0 at (v, t) dr f'V liu IID(Af) +liu llv(A-~). 
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Now using Lemma 1.4.6, we obtain 

On the other hand integrating the inequality (1.13) of Proposition 1.3.1 between 0 and T 
where T is sufficiently large, we have 

Therefore 

E(O)- E(T) 2: llu(O)II~(A~) + [[u(l) II~(A-~) + L fT ca; (v, t- Tv)ldt 
vEVc Jo 

2: [[(uC0l, uC1l)[[~-m + LTv f\o; (v, -TvP))2dp, 
vEVc Jo 

where X_m = D(A
1
2m) x D(A-1'-) and due to (1.46). This finally shows that the observa­

bility estima te ( 1.48) implies that 

for sorne K 1 > O. 
N ow we recall the following interpolation result. 

Lemma 1.6.3. FoT ( uC0), u(ll) E D(A) x F, we have 

[[uCol[[~~~1l ~ [[uCo)li~cAl [[uCol[[D(AlTl' 

[[u(ll[[~~ol ~ [[uCll[f~cA1) [[uClliiDCA~) · 

(1.51) 

Proof: Direct consequence of the equivalence lluii;(As) "' Ek~l 2:!~1 juk,il
2 >..'fs for all s E 

JR, when u = Ek~l 2.::~~ 1 uk,i'Pk,i and of Hëlder's inequality. • 

Corollary 1.6.4. For all u E X, it holds 

(1.52) 
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Proof: We fix a sequence of eut-off functions rJv, v EV satisfying 

L TJv = 1 on R, TJv = 1 near v, 
v EV 

and such that the support of TJv is included into Sv, where Sv is the star-shaped network 
made of the edges ej, j E Ev. 

Denote by Av the Laplace operator defined on Sv with Dirichlet boundary condition 
on all nades of Sv except at v, where we impose Neumann or transmission conditions. Let 
us show that if (1.52) holds on Sv for TJvU, then it holds on R. Indeed a convex inequality 
yields 

llull~+l S 2::: llrJvuiJV+l. 
v EV 

Now using (1.52) on Sv for TJvU, we get 

(1.53) 

the norm Xv being defined as the norm X but on Sv· By Leibniz's rule, we directly have 

Therefore it remains to estimate IITJvUII 1-m • For that purpose, we use a duality argu-
D(A;r-) 

ment, namely 

fs. TJvUW sup --'-'.::...__ __ 

wED(A;21) llwiiD(A;'21) 

fs. UTJvW 
su p .,.,.--.::..;''----

wED(A,~;;1) llwiiD(A:'21) 

fn UTJvW 
sup Il ' 

m-1 llw m-1 
wED(A;r) D(A;r) 

by extending TJvW by zero outside Sv· Using the duality in R~ we obtain 

But again Leibniz's rule yields 

sup 
m-1 

wED(A;r) 
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which shows that 

II7Jvu!ID(A7) ~ llui!D(AlT) · 

This estimate in (1.53) shows that (1.52) holds. 
We are reduced to show that (1.52) holds on Sv for 7JvU. For that purpose~ without loss 

of generality. we may assume that v is identified with 0 for all edges of Ev and that su pp 
7Jv C UjEt-JO, 2lj/3]. For shortness write U = fJvU. Now for any j E Ev, we introduced the 
following extension of uj : 

where U is extended by zero outside its support and the real numbers vi are the unique 
solution of the system 

{ 

"'n-1 1 
L-ti=O lli = 
~n-12i 1 

- L-ti=O lli = 
~n-122i . _ 1 
L-ti=O lit -

2::~,:0
1 2-2kivi = 1, Vk = 1, · · · , n- 3, 

and finally n = mt5 if m is odd and n = mt4 if m is even. 
With the help of these extension operators, we obtain an extension of U E Xv to a func­

tion EU, which belongs to D (Av) (due to the three first properties of the vi), where Av is the 
positive Laplace operator on the star shaped network Sv = UjE&v (0, lj) U UjE&v ( -2-(n-l)[j, 0), 
with interior vertex v and Dirichlet boundary conditions at ali other vertices. Applying 
Lemma 1.6.3 to EU on the network Sv, we may write 

- 1 
Now using the fact that the norm in D(Aî) is equivalent to the H 1 semi-norm and since 
EU is equal toU on Sv, we obtain 

!IU!Im+l~ ;S IIEUII~(À ) IIEUII _1-m • 
D(Av ) v D(A;;-r) 

(1.54) 

This means that it remains to estimate the right-hand side of this estimate. First by 
construction, we easily check that 

!IEUIID(Àv) ~ IIU!Ixv · (1.55) 

As before to estimate the second factor, we use a duality argument. First we remark that 
_m-l 

for w E D(A~), we have 
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where for shortness we write w_j the restriction of w to the edge (-2-(n-l)[j~ 0). By changes 
of variables, we obtain 

( Euw = L tj Uj(x)(Fw)j(x) dx, 
Jsv jE&v Jo 

where 
n-1 

(Fw)j(x) = wj(x) + Xj(x) L vi2-iUj( -2-ix), Vx E (0, li), 
i=O 

the cut-offfunction Xi being fixed such that Xj = 1 on [0, 2lj/3] and Xi= 0 on [5li/6, lj] (re­
minding that Uj(x) = 0 for x> 2li/3). Now we notice that the conditions on vi guarantees 

n1-l 

that Fw belongs to D(A;r) and by Leibniz's rule we have 

IIFwll m-1 < llwll m-1 • 
D(A;;r) ,....., D(À;;-r) 

By duality we conclude that 

This estimate and (1.55) in (1.54) show the requested estimate (1.52) on Sv for rJvU· • 

Now let (uC0l, uC1l, (1°(-Tv.))) E D(A) be fixed (and different from 0). By a convexity 
inequality and since V x L2(R) = D(A~) x D(A0 ), we have 

ll(uco)~ uCll)II~=~2CR) ;S !luco) li~~~)+ lluCllll~~o) · 

Using Lemrna 1.6.3 and Corollary 1.6.4, we get 

This inequality is equivalent to 

Il . (0) (1) 112m+2 
ll
(u(o).u(ll)ll2, > (u ,u ) VxL2(R) 

. X-m "' Il (u(O) u(1J) 112m 1 
' XxD(A~) 

Using the trivial inequality 

ll(u(O) u(l))ii 1 
' XxD(A~) 
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we finally obtain 

Il ( (O) (1)) 112m+2 

Il (0) (1) 112 > U ' U VxL2 (R) 

(u 'u ) X-rn"' li(u(O), u(ll, (JO(-Tv.)))li~A). (1.56) 

1.6.2 Polynomial decay of the energy 

The proof of our stability result requires the next technical Lemma proved in Lemma 
5.2 of [10]. 

Lemma 1.6.5. Let (ck)k be a sequence of positive real numbers satisfying 

(1.57) 

where C > 0 and o: > -1. Then there exists a positive constant M ( depending on o: and 
C) such that 

Jvf 
Ek ::; 1 , \::/k 2: 0. 

(1 + k) l+ct 

Theorem 1.6.6. Letu be a solution of (1.1) with (uC0), uCl), (/0 (-rv·))) E D(A). If (1.48) 
holds, then the energy decays polynomially, i.e. 

for some C >O. 

Proof: Introduce the modified energy 

Ë(t) = ~IIU(t)!l~cA) = ~(IIU(t)ll~ + IIAU(t)ll~). 
As in Proposition 1.3.1, this energy is decaying. 

Combining the estimates (1.51) and (1.56), we obtain 

(
Il( (0) (1))112m+2 1 ) 

E(T) <; E(O) - K, u ' ~(O)m>.xL'I7<I + ~ 1 ( ~~ (v, -T.p) )2 dp , 

for sorne K 2 > 0, or equivalently 

(Il( (0) (1))112m+2 ) 
. U ' U VxL2(R) 0 2 

E(T)::; E(O)- K2 - + 11Uv(-rv.))IIL2(o l)vc · ' E(o)m ' · · 

Using the trivial estimate 

ll(f~(-Tv.))ll~~(;,
2

l)Vc < ll(f~(-Tv.))II~2(0,l)"c 11(!~(-Tv.))lj~(O,l)Fc 
;S Il(!~( -Tv.) )11~2(0, l)Vc Ë(O)m, 
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the above inequality becomes 

E(T) 

with K3 > O. Since the energy of our system is decaying, we obtain 

E(T) < E(O) - K E~T)m+l. 
- 3 E(Q)m (1.59) 

We now follow the method used in [10]. The estimate (1.59) being valid on the intervals 
[kT, (k + 1)T], for any k;::: 0, we have 

Vve set 

E((k + 1)T) < E(kT)- K E((k_+ 1)T)m+l 
-

3 E(kT)m 

E(kT) 
Ek = È(O) . 

By dividing (1.60) by È(O), we obtain 

(1.60) 

(1.61) 

because È(kT) < È(O). By Lemma 1.6.5 with a:= m -1 > -1 (since m > 0), there exists 
a constant M > 0 such that 

M 
Ck:::; 1 'Vk;::: 0, 

(1 + k)-m 

or equivalently 
M -

E(kT) ~ . 1 E(O). 
(1 + k)-m 

This estimate and again the decay of the energy lead to the estimate (1.58). • 

1. 7 Examples 

Our aim is to give sorne concrete examples that illustrate our stability results. 

1. 7.1 One string with an interior damping 

We considera homogeneous string oflength 1r with an interior damping at Ç. Two types 
of boundary conditions will be considered. 
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Mixed boundary conditions 

We study the following problem (see Fig. 1.1) 

ô
2
u ( ) â

2
u ( ) 0 pt2 x' t - Eif...2 x' t = 

~~(Ç_, t)- a;u(Ç+, t) _ -(al &;;(ç, t) + a2a;;(Ç, t-T)) 
u(O, t) - 0, 8 (1r, t)- 0 
u(t = 0) = ut6\, a;;(t = 0) = uCll 
~~(Ç~ t-T) = j 0(t- T) 

Here contrary to subsection 1.3.4, we suppose that a 2 < a 1 . 

0 <x< 7r, t > 0, 
t > 0, 
t > 0, 
0 <x< 7r, 

0 < t < T. 

0··~--------~e.-------------· N 
0 

FIG. 1.1-

(1.62) 

It is well known that the eigenvectors associated with problem (1.62) without damping 

are 'Pk(x) = ~ sin((k +~)x) of eigenvalue (k+ ~) 2 , k 2: 0 of multiplicity 1. We then have 
to look at 

For the exponential decay we will use the next result proved in Lemma 2.9 of [97]. 

Lemma 1.7.1. s is a rational number with an irreducible fraction 

s = !!. , where p is odd 
q 

if and only if there exists a: > 0 such that 

l sin ( ( ~ + k1r) s) ) > a, V k E N. 

(1.63) 

(1.64) 

Applying Proposition 1.3.7 and Theorem 1.5.3 (and the above Lemma), we obtain 

Theorem 1.7.2. 1) The energy of system {1.62) tends ta 0 for all initial data in H if and 
only if 

ç 2p 
- ...t 

2 
. Vp. q E N. 

7rÎ'q+l' . 

2) The system ( 1. 62) is exponentially stable in the energy space if~ is a rational number 
with an irreducible fraction 

~ = !!. , where p is odd. 
7r q 

If we consider the system (1.62) without delay (i.e. a 2 = 0), we find the results of [6] 
obtained by a similar method. 
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Dirichlet boundary conditions 

·we here consider the problem (see Fig. 1.2) 

0 <x< rr, t > 0, 
t > 0, 
t > 0~ 
0 <x< rr, 
0 < t < T. 

D··r---------~·.-------------· D 0 

FIG. 1.2-

(1.65) 

The eigenvectors of problem without damping associated with problem (1.65) are 

'Pk(x) = ~ sin(kx) of eigenvalue k2, k ~ 1 of multiplicity 1. We then have to consider 

Denote by S the set of all real numbers p such that p r:}. Q and if [0, a1, ... , an, ... ] is 
the expansion of p as a continued fraction, then the sequence (an) is bounded. It is well 
known that Sis uncountable and that its Lebesgue measure is zero. Roughly speaking, the 
set S contains all irrational numbers which are badly approximated by rational numbers. 
In particular, by the Euler-Lagrange theorem, S con tains all irrational quadratic numbers 
(i.e. the roots of a second arder equation with rational coefficients). By a classical result, 
we have the 

Lemma 1. 7 .3. ff s E S, th en there exists a positive constant C such th at 

. c 
!sm( krrs )1 ~ k, Vk ~ 1. 

By Proposition 1.3.7 and Theorern 1.6.6, we then obtain 

Theorem 1.7.4. 1) The energy of system (1.65) decays to 0 for all initial data in H if 
and only if 

2) ft ~ E S, th en for· all initial data in D( A), the energy of system ( 1. 65) decays polyno­
mially like 1/ t. 

\Vithout delay. we find the results of [11]. 
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Remark 1. 7.5. These two examples show that the boundary conditions influence the 
stability of the system because we do not have the same hypotheses for the decay to 0 of 
the energy; moreover for mixed boundary conditions, we may have an exponential stability, 
while for Dirichlet boundary conditions: we cannat have an exponential stability but have 
a pol:-;rnomial stability. 

1.7.2 A star shaped network 

Dirichlet boundary conditions at ali extremities 

We take Dirichlet boundary conditions at all extremities and put a damping at the 
interior node (see Fig. 1.3). 

D 

D 

• 

D D 

FIG. 1.3-

In appropriated coordinates, any eigenvector of the problem without damping is of the 
form 

<pj(x) = aj sin(>.x), 1 :::; j :::; N, 

for sorne constants aj. The transmission conditions at the in teri or node th en lead to 

We now suppose that 

N 

l:aj cos(>.lj) =O. 
j=l 

Vi, j E {1, ... , N}, i -# j, ;i rf. Q. 
J 

(1.66) 

(1.67) 

(1.68) 

In that case we cannot have sin(>.li) = sin(Àlj) = 0 for i -1 j. Indeed if >.li= p7L p E Z and 
>.lj = q'lf. q E Z, then t = ~ E Q, which contradicts our assumption. 

Therefore, there exists jE {1, ... , N}, say j = 1 such that sin(>.lj) #O. But then a1 #O. 
Indeed if a1 = 0, then 

a2 sin(>.l2 ) = ... =aN sin(>.ZN) =O. 

As we cannat have sin(>.li) = sin(Àlj) = 0 for i # j, all aj are equal to zero except one, say 
ax for example and then sin(ÀlN) =O. By the last transmission condition (1.67) we would 
have ax cos(>.lN) = 0 and then aN = 0, which is impossible. 
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Under the assumption (1.68), we have 

sin(>..!·) ...L 0 'r!J. = 1 · · · N 
J r ' ' ' ' 

and the transmission condition ( 1.67) yields the characteristic equation 

N 

L cot(>..lj) =O. (1.69) 
j=l 

From this equation, we deduce that all eigenvalues are simple. Hence 

L I'Pk(v)J2 
= aîsin2 (>..h) > 0, 

vEVc 

when 'Pk is the eigenvector associated with >.. and by Proposition 1.3. 7 we directly conclude 
the 

Proposition 1.7.6. If (1.68) holds, then the energy of our system tends to 0 for all initial 
data in H. 

Without delay we find the result of Proposition 2.1 of [7]. 
After calculations and norrnalization, we find that 

aî sin2 (>..ll) = N 
2 

Lsi)[>.lj) 
j=l 

In its full generality, it is difficult to find the behavior of aî sin2 (>..l1 ) from the characteristic 
equation (1.69). vVe therefore restrict ourselves to sorne particular cases. 

We first suppose that the lengths of the edges are equal to 1. Then easy calculations 
allow to show that the set of eigenvalues of the operator A is made of two sequences : First 
>..~ = ( ~ + br )2, k E N is an eigenvalue of multiplicity 1 with associated eigenvector 

Secondly, >..~ = k2r.2 , k E N"' is of multiplicity N - 1 with orthonormal eigenvectors given 
by 

1 
-1 

i.?k, 1 = sin(kr.x) 0 

0 

2 0 

, 'Pk, 2 = .J3 sm( br x) 
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l 
1 
i 

v'2l . 
'Pk,i = ~sm(kr.x) 

t yi2(N- 1) . 
_ 1 , · · · , 'Pk,N-1 = v'N sm(kr.x) 

0 

0 

1 
N-1 

1 
N-1 

1 
N-1 
-1 

where for shortness we write 'Pk,1 as a vector with N components, the lh component 
corresponding to the restriction of <pk,l to the edge j. 

If the feedback law is applied only at the interior node, as for the eigenvalue ,\~ = k2r.2, 
Mvint ( k2r.2) = 0 (because sin( kr.) = 0), the eigenvalues of Mvint ( k2r.2) are O. Therefore 
Proposition 1.3. 7 yields 

Proposition 1. 7. 7. If the lengths of the star shaped network are one and the feedback law 
is applied at the interior node, the energy does not decay ta O. 

We then need to add sorne interior controls to stabilize the system. On each edge ej 

except one (for instance the first one), we put a control at é,j (see Fig. 1.4). 

D 

D 

• D 

FIG. 1.4-

• • 

D 

Then for the eigenvalue Àt = k2r.2, we readily check that 

satifies 

N 

M(k2r.2) = Mvint (k2r.2) + LMçj (k2r.2) 
j=2 

N 

TJ TM ( k2r.2)TJ = L sin2 ( krré,j) (xJ TJ )2, 
j=2 

where the vectors xj = ((xj)i){:,2, j = 2, ... , N are non zero vectors, which are independent 
of k and of Çj,j = 2, ... , N and satisfy 
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Consequently if for all jE {2, ... , N}, Çj ES, then sin2 (k1rÇj) ;::: -b and therefore 

1 N 
rJT M(k27r2)17;::: k2 2)xJ77)2. 

j=2 

The above properties of Xj imply that (2:f=2(xJ 17) 2) 1/ 2 is a norm on JRN- 1 and therefore 

or equivalently .Àmin(M(k2
7ï

2)) ;::: ~2 • 
On the other hand for Àk = ~ + k7i, we see that 

We then conclude the 

Proposition 1. 7 .8. If the lengths of the star shaped network are one and the feedback law 
is applied at the interior node, and at N - 1 interior points Çj and if 

Çj ES, 'v'j E {2, ... , N}, 

then for any ( u(O), u(1), (!0( -Tv.))) E D(A), the energy of the system decays like i. 
Now we assume that N = 2n is even and that 

l 
li= l, 'ii= 1, · · ·, n, li= l', Vi= n + 1, · · ·, 2n and z; rf. Q. (1.70) 

Under this assumption, (1.69) is equivalent to 

cot(.>..Z) + cot(.\l') = 0, 

and then to 
sin(.\(Z +l')) = O. 

This means that a first set of eigenvalues is given by 

k1r * 
Àk = l + l', k E N . 

A second set is made of the roots of sin(.>..Z) =O. Since b rf. Q, we deduce that ai = 0, 
for all i = n + 1, · · · , 2n. Consequently for all k E N*, k~;

2 

is of multiplicity n - 1. its 
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associated orthonormal eigenvectors being given by : 

<Pk,l(x) 1 . (k1ix) T vrz sm -l- (1, -1, 0, ... '0, 0, ... '0) ' 

2 k7ïx 1 1 
( ) ( )

T 

-sin - -. -. -1 0 .. · . 0 0 .. · 0 V3i l 22 '' ''' ' 

<Pk,n-l(x) J2(n -1) sin (k1iX) (-1-, _1_ .... • _1_. -l.O ... o)T 
.Jiïi l n-1 n-1 ·n-1' ·' ' 

By symmetry a third set of eigenvalues is made of the numbers (;,): of multiplicity n- 1 
for ali kEN*. 

Note that for this example, the standard gap condition holds. 
Since the eigenvectors associated with the eigenvalues of the second and third sets are 

zero at the interior node, if we impose a damping only at this interior node, the energy will 
not tend to zero. Therefore sorne interior control points have to be added. More precisely 
we impose a feedback law at sorne points Çi of the edge ei, for i = 2, · · · , n and for 
i = n + 2, · · · , 2n. By direct calculations, the matrix 

satisfies 

ry TM ( k~n ry = /-1 t, sin' ( k~f,;) (xj ry)', 

where the vectors Xj = ((Xj)i)i=2 , j = 2, ... , n satisfy the same property than before. Hence 
if for all j E { 2, ... , n}, Sf E S, th en sin2 

( k~çi) ;::: iz and therefore Àmin ( M ( k~;
2

)) ;::: i2. 
By symmetry if for all jE {n + 2, ... ,2n}, ~ ES, then the matrix M((;,);) satisfies 

' 'M(kz'lrz)) > 1 
Amin( (1')2 rv k2 · 

Finally for the eigenvalue À~ = (~:;;z, k E N*, since we have sin( Àkl') = ( -1 )k+1 

sin(Àkl), we deduce that 

2 • 2 . 2sin
2 (Àkl) 2 . 2 ( k1il) 

al sm (,\kll) = n(l +l') = n(l +l') sm l +l' . 

B L 7 f 1 S . . d . M ( k
2

1r
2 

) • fi ' (M y emma 1. .3 i l+l' E , then 1ts assoc1ate matnx (l+/') 2 satls es Amin 

( k27r2 )) > 1 
(l+l')2 !"V k2. 

Theorem 1.6.6 then leads to the 

Theorem 1. 7.9. Considera star shaped network with Dirichlet boundary condition satis­
fying ( 1. 70) and feedback laws at the interior· node as well as at the point Çi of the edge ei, 
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for i = 2, · · · , n and for i = n + 2, · · · , 2n. If ii E S, for alli = 2, · · · , n, f, E S, for all 
i = n + 2, · · · ,2n and 1: 1, ES, then for all (uC0), u(1), (!0(-Tv.))) E D(A), the energy of 

our system deeays polynomially like i. 
Note that the two previous examples do not enter into the setting of [7]. 

Mixed boundary conditions 

We suppose that the star shaped network is made of 4 edges, with e1 and e4 of same 
length l, and e2 and e3 of same length l'. At the extremities of e 1 and e2 , we impose 
Dirichlet condition and at the extremities of e3 and e4 , Neumann condition. We control at 
the interior node. In this case the eigenvalues of the problem without damping are 4(~:~:) 2 
of multiplicity 1. 

D 

N 

l' 

D 

FIG. 1.5-

Similar considerations as above allow to show the following results : 

Proposition 1.7.10. 1) If f, ~ Q, then the energy of our system tends to O. 
l d l l' 2) Suppose th at z; 'F Q and th at l+l' E S and l+l' E S, th en for all 

(!0
( -Tv.))) E D(A), the energy decays as )t. 

Remark 1.7.11. For instance if l = v'2 and l'= 1-v'2, then f, tf. Q, 1: 1, ES and 1!1, ES. 

1. 7.3 More complex networks 

In this subsection, we assume that Ris a network whose edges are all of same length, i.e. 
li= 1. for ali j E {1, ... , N}. In that case, the spectrum of the Laplace operator is explicitly 
know via the algebraic properties of the network [20, 81]. More precisely, introduce the 
adjacency matrix C of the vertices of the network 

where 

{ 

card(EsnEt) 

Vs, tE V\ V, Cs.t = Jcard(Es~Jcard(Et) 
otherwise. 

·we may now recall the following result proved in [81] : 
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Theorem 1.7.12. Under the above assumption, we have 

Sp(A) = 81 u 82 , where 

S1 = {k2~t2 with multiplicity N- #(V\ V), k EN*} of associated eigenvector 'Pk,j(x) = 
Cj sin(kr.x), for sorne constants cj, and 
S2 = {,\2 

: éos .À E Sp(C)n]- 1, 1[}. Moreover cp is a eigenvector of A associated with .À2 

if and only if ( <p( v) )vEV\V is an eigenvector of the matrix C of eigenvalue cos .À. 

Note that this Theorem implies that the standard gap condition holds for networks 
with edges which are of length one (or more generally rational numbers). 

Before going on, let us make a more precise relation between the orthonormal eigen­
vectors of an eigenvalue ).2 from 82 and the eigenvectors of the matrix C of eigenvalue 
cos .À : 

Lemma 1.7.13. Let ).2 E S2 . There exists a positive definite symmetric matrix E(À) E 

IRmxm, where m is the cardinal of V\ V, su ch th at for all eigenvectors rp, <p1 associated with 
.À2

, we have 
(1. 71) 

Moreover this matrix E(.À) is uniformly positive definite and uniformly bounded, in the 
sense that there exists a positive constant C (independent of À) such that 

Proof: For all j = 1, · · · , N we may write 

'PJ(x) = aj sin(Àx) + bJ sin(À(1- x)), '<ix E (0, 1), (1.72) 

where 
. _ rp(v) . _ r.p(v') 

a1 - . , , b1 - . , , (1.73) 
SlllA SlllA 

when v (resp. v') is the vertex corresponding to the extremity 1 (resp. 0) of the edge eJ. 
We use the same relations for rp' using aj and bj. 

N ow by direct calculations, we see that 

v.'here the 2 x 2 matrices B(.À) and Br(À) are given by 

B(,X) = ( 1 -cos). ) . 
-cos .À 1 . 

B (À)= 2_ ( sin~2.À) 2sin.À ) 
r 2À 2 sm .À sin(2.À) · 

This proves the identity ( 1. 71) due to the relation ( 1. 73). 
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Let us now re mark that B (À) depends only on cos À and th en on cos Ào with Ào E ( 0, r.) , 
when À= Ào + 2kr. or À= -Ào + 2(k + l)r., for sorne kEN. The eigenvalues of B(À) being 
1 ± cos À, this matrix is uniformly positive definite, i.e. there exists a positive constant C 
( independent of À) su ch that 

(a b)B(À) ( ~ ) 2:: C(a2 + b2
), 't/a, bER 

Vve further remark that the matrix Br(À) is a remainder since 

Therefore we introduce the matrix :F(Ào) E JRmxm as follows : 

with the relation 

CevlJEv1,F(Ào)(e~lvEV\" =~ t,(a; b;)B(À) ( ~~ ) , 

't/(Çv)vEV\'Dl (Ç~)vEV\'D E ]Rm' 

a·=~ b· = _k_, (1.74) 
J sin À ' 3 sin À 

From the uniform positiveness of B(À) and the above relations between aj, bi and Çv, we 
directly deduce that :F(Ào) is uniformly positive definite. 

The previous considerations clearly show that 

with 

II:Fr(À)II2 ;S ±· 
Therefore there exists A> 0 such that E(À) is uniformly positive definite, for all À > A. 

It remains to consider the case 0 < À :::; A. But in that case we see that 

(Çv):EV\'DE(À)(Ç~)vEV\'D = (r.p, r.p')L2(R)' 't/(Çv)vEV\'D, (Ç~)vEV\'D E JRm, 

when <.pis given by (1.72) when ai, bj are defined by (1.74) (and similarly for r.p'). As the 
above right-hand side is an inner product on L2(R). the left-hand side is also an inner 
product in ll:~m. Renee the matrix E(À) is positive definite. The uniformness follows from 
the fact that the interval (0, A] contains a finite number of À such that À2 E S2 . 

The uniform boundedness of E(À) is proved in the same manner. • 

Corollary 1.7.14. Assume that Vc =V\ D. Then joT any À2 E S2, its associaied matrix 
M (À 2 ) is uniformly positive definite, i.e. 
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Proof: Assume that .À2 is of multiplicity l and denote by 'Pi, i = 1. · · · : l the associated 
orthonormal eigenvectors. N ow we introduce the vectors 

(<f?i(v))vEV\'D = E(.À) 112(r..pi(v))vEV\'D, Vi= 1: · · · , l. 

According to the relation ( 1. 71) these vectors are orthonormal : 

(<f?i(v))~EV\v(<f?j(v))vEV\'D = bij, Vi,j = 1, · · ·, l. 

N ow we sim ply remark that 

(Çi)T M(.À2)(Çi) = LÇiÇj('Pj(v))~('Pi(v))v, 
i,j 

and consequently 

i,j 

(<f?(v))~E(.À)- 1 (0(v))v, 

where (0(v))v = "L:iÇi(0i(v))v· By the uniform boundedness of &(.À), we deduce that 

(Çi)T M(.À2)(Çi) 2: (<f?(v))~(<f?(v))v 

2: LÇiÇj(0j(v))~(0i(v))v = Lç;, 
i,j 

this last identity following from the orthonormality of the vectors (<Pi( v) )v· • 
From this Corollary we see that if we control at least at all nodes of V \ 'D then the 

assumption for the exponential stability (and obviously polynomial stability) holds for all 
eigenvalues of 52 . In that case wc only need to manage the eigenvalues of 51. Note further 
that if 81 is not empty, then sorne additional interior controls are necessary since the 
eigenvectors associated with such eigenvalues are zero at the nodes. 

N ow if we want to control on a subset of V\ D th en the assumption for the exponential 
stability does not necessary hold for the eigenvalues of 82 . Let us then describe how we 
proceed in that case. For a fixed .À 2 E 52 , we denote by ( r..p~PP (v) )vEV\'D E Rm, i = 1, · · · , l, 
the eigenvectors of C of eigenvalue cos .À such that their corresponding eigenvectors on the 
network are approximated orthonormal, namely 

(r..p~PP(v))~EV\'DF(.Ào)(r..pjPP(v))vEV\'D = Oij• 

This basis can be computed for all .À sin ce it depends only on .Ào ( which form a fini te set). 
Denote by MaPP(.ÀÔ), the matrix build as M(.À2 ) by replacing (r..pi(v))vEVc by (r..p~PP(v))vEVc, 
nam ely 

N mv wc can state the 
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Lemma 1. 7.15. Let .\2 E s2 be fixed. If MaPP(.\6) is positive definite and if c has no 
eigenvector associated with cos Ào identically equal to zero at the nades of Vc, then M (.\2

) 

is uniformly positive definite. 

Proof: As before we show that 

where 

IIMr(À
2

) ll2 ;S ±· 
Consequently for À large enough, the uniform positive definiteness follows from the positive 
definiteness of MaPP(À5). On the contrary for small À, it suffices to remark that M(.À) has 
an eigenvalue equal to zero if and only if Chas an eigenvector associated with cos À = cos Ào 

identically equal to zero at the nodes of Vc. Since we have assumed that such eigenvectors 
do not exist, M (À 2 ) is positive defini te and the conclusion follows by finiteness. • 

Note that our above Lemma has only to be used for multiple eigenvalues. lndeed assume 
that .\2 E 82 is simple, then denote by (cp(v))vEV\V its eigenvector such that 

Now consider any computed eigenvector ('1/Jv)vEV\V of C that depends only on cos À and 
then on .\0 . This eigenvector then satisfies 

with J.l E IR such that J.L2 = c(~), when 

Since c(>,) remains uniformly bounded from below and from above, it is equivalent to check 
the uniform definite positiveness of M(.\2

) using (cp(v))vEV\V or using (?j;v)vEV\V· 

A first example 

Consider the tree described by figure 1.6. 
By Theorem 1. 7.12, the eigenvalues of A are k21r2 of multiplicity 5-4 = 1. and À2 such 

that cos(.\) E Sp(C)n]- 1. 1[. 
1st case : We easily check that the eigenvector associated with k21r2 is given by 

'-Pk(x) =JI sin(kr.x) 
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Since the eigenvector is zero at all nodes of the network, feedbacks at the nodes are not 
sufficient to stabilize the system. But if we take a control at 6 on the edge e1 for instance, 
we have 

2( ) 2 . 2 1 
tp1 ~1 = 3 sm (k7if.I) ~ k2 for 6 ES. 

2d case : The eigenvalues of the matrix 

0 1 1 0 v'3 3 
1 0 0 0 

C= v'3 
1 0 0 1 
3 v'3 
0 0 1 ·0 v'3 

are -g + gJï3, -g- gvTI, g + gJï3, g- gJï3 E]-1, 1[ (of multiplicity 1) of associated 
eigenvectors 

( 

-0.75 ) ( 1.3 ) ( 1.3 ) ( -0.75 ) 
(l'(v))vEV\""' (;~5 , ~13 ' 1~3 , -~75 , 

respectively. Then we can consider a feedback at any node of V \ V, for instance at the 
node number 4 ( see Fig. 1. 7). 

'1 ;; l l 

FIG. 1.7-

We then have the next result. 
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Proposition 1.7.16. If we control at 6 ES on the edge e1 and at one of the vertices of 
V \ 'D, for all ( u(O), u(l), (1°( -Tv·))) E D(A), the energy decays like t. 

A second example 

Consider the tree as described in figure 1.8. 

FIG. 1.8-
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By Theorem 1.7.12, the operator A has only the eigenvalues ;\2 such that cos;\ E 

Sp(C)n]-1, 1[. Therefore by Corollary 1.7.14, if we control at all nodes except the Dirichlet 
one, then we obtain an exponential decay. Without delay we find the result of [109]. 

Note that it suffices to control at the nodes 5, 6 and 7. Indeed the eigenvalues of the 
matrix 

0 1 1 0 0 0 0 3 3 
1 0 0 1 1 0 0 3 V3 V3 
1 0 0 0 0 1 1 
3 V3 V3 

C= 0 1 0 0 0 0 0 v'3 
0 1 0 0 0 0 0 V3 
0 0 1 0 0 0 0 v'3 
0 0 1 0 0 0 0 v'3 

are approximatively 0.9, -0.9, 0.8, -0.8, 0, 0, 0 E [-1. 1] of eigenvector 

1.15 1.15 0 0 -1.7 
1.6 -1.6 -1.4 1.4 0 
1.6 -1.6 1.4 -1.4 0 

( <.p( V) )vEV\D ~ 1 1 -1 -1 1 
1 1 -1 -1 () 

1 1 1 1 1 
1 1 1 1 0 
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-1.7 0 
0 0 
0 0 
1 -1 
0 1 
0 0 
1 0 

respectively. Therefore if we control at the nodes 5, 6 and 7 the assumption for the exponen­
tial stability holds for the simple eigenvalues corresponding to 0.9, -0.9, 0.8, 
-0.8. Now for cos À = 0, i.e. À = % +br, we see that C has no eigenvectors which are zero 

at the nodes 5, 6 and 7. Furthermore we easily check that F(~
2

) is the diagonal matrix 
with entries (3/2, 3/2, 3/2, 1/2, 1/2, 1/2, 1/2) and then 

0 -1 -2/9 
0 0 0 
0 0 0 

cp~pp = J2 -1 cpapp- J2 
' 2 - 1/2 ' cp~pp = J2 1/9 

1 1/2 1/9 
0 1 -7/9 
0 0 1 

By direct calculations we obtain 

M"W(:)=2 u 1 

-~:~ )-2 
Q 
4 

13 131 
-18 -81 

Since this matrix is positive definite, by Lemma 1.7.15 we deduce the uniform positive 
definiteness of M ( ( ~ + br )2

). 

In other words, we have proved the 

Proposition 1. 7.17. If the feedback law is at the vertices 5, 6 and 7, then the energy 
decays exponentially in the energy space. 

Note that if we impose Dirichlet boundary conditions at the nodes 4 and 6, then the 
system is no more exponentially stable. 

A network with a circuit 

Similar considerations than before allow to prove the following result : 

Proposition 1.7.18. Consider the network described by figure 1.9. If the feedback law is 
at 6 E S on the edge e2 , at 6 E S on the edge e3 , at 6 E S on the edge e4 and at the 
vertex 6 or 7. thenfor all (u(o), u(1l, (!0(-Tv.))) E D(A), the energy decayslike t· 
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Chapitre 2 

Weak stabilization of the wave 
equation on 1-d networks 

2.1 Introduction and main results 

In this chapt er, we consider a planar network of elastic strings that und er goes small 
perpendicular vibrations. Recently, the control, observation and stabilization problems of 
these networks have been the abject of intensive research (see [38: 65] and the references 
therein). 

Here we are interested in the problem of stabilization of the network by means of a 
damping term located on one single exterior node. The aim of this chapter is to develop a 
systematic method to address this issue and to give a general result allowing to transform 
an observability result for the corresponding conservative system into a stabilization one 
for the damped one. 

Before going on, let us recall sorne definitions and notation about 1- d networks used 
in the chapter. We refer to [2, 20, 82] for more details. 

A 1 - d network R is a connected set of ~n, n ;:::: 1: defined by 

"\Vhere ej is a curve that we identify with the interval (0, lj), lj > 0, and such that for k f- j, 
ej n ek is either empty or a common end called a vertex or a node (here ej stands for the 
closure of ej ). 

For a function u : R -- JR, we set Uj = u!eJ the restriction of u to the edge eJ. 
We denote by E = { ej ; 1 :::; j :::; N} the set of edges of R and by V the set of vertices 

of R. For a fixed vertex v, let 

Ev = {jE {l, ... ,N}; v E eJ} 

be the set of edges having v as vertex. If card (Ev) = 1, v is an exterior node, v.rhile if card 
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(Ev) 2:: 2, v is an interior one. We denote by Vext the set of exterior nodes and by Vint the 
set of interior orres. For v E Vext, the single element of Sv is denoted by Jv· 

Vv-e now fix a partition of Vext : Vext ='DU { vl}. In this way, we distinguish the conser­
vative exterior nades, 'D, in which we impose Dirichlet homogeneous boundary condition, 
and the one in which the damping term is effective, v1 . To simplify the notation, we will 
assume that v1 is located at the end 0 of the edge e1 . 

Let Uj = Uj(t, x) :IR x [0, Zj] __.IR be the function describing the transversal displace­
ment in time t of the string ei of length li. Let us denote by L the sum of the lengths of 
all edges of the network, the total length of the network. 

We assume that the displacements Uj satisfy the following system 

&2u . ( ) éPu · ( ) rz x, t - 'Fxt x, t = o 
uj(v, t) = ul(v, t) 
~~(v t)=O 
L.J&nj ' 
jEEv 

Uj,(V, t) = 0 
~(0 t) = ~(0 t) 
8x ' &t ' 

u(t = 0) = u(0l, ~~(t = 0) = u(ll, 

0 < x < lj, t > 0, \lj E {1, ... , N}, 
\lj, l E Sv, v E Vint' t > 0, 
\lv E Vint, t > 0, 

\lv E 'D,t > 0, 
\lt > 0, 

(2.1) 

where 8uj/8nj(v, .) stands for the outward normal (space) derivative of Uj at the vertex 
v. We denote by u the vector u = (uj)j=l, ... ,N· 

The above system has been considered by several authors in sorne particular situations. 
We refer, for instance, to (11], (61, [7,81, [9] and (109], where explicit decay rates are obtained 
for networks with sorne special structures. We also refer to chapter 1 or [89] where the 
problem is considered in the presence of delay terms in the feedback law. 

The abject of this chapter is not to give an additional result in a particular case, but 
rather to develop a systematic method allowing to address the issue in a general context. We 
do this transfering known observability results for the corresponding conservative system 
into stabilization results for the dissipative one. This provides a new proof for the existing 
results mentioned above and allows getting new ones. 

As mentioned above, in this chapter, we consider the case where the dissipation is 
located on an external node of the network, but the method can be adapted to treat the 
case where the damping term is located in several nades, both exterior and interior ones. 

In arder to study system (2.1) we need a proper functional setting. \Ve define the Hilbert 
spaces 

and 

N 

V:= {d> E IlH1 (0, li) C/Jj(v) = 9k(v)\lj, k E Sv, VvE Vint: d>iv(v) = 0\lv E 'D}, 
j=l 
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equipped with the natural inner products 

respectively. 
It is well known that system (2.1) may be rewritten as the first order evolution equation 

{ 
U'=AU, 
U(O) = ( u<0>: uC1)) = Uo, 

in the Hilbert space 
H :=V x L2 (R), 

equipped with the usual inner product 

Here U is the vector U = ( u, a;: f, the operator A is defined by 

(2.2) 

~ being the Laplace operator : ~u = ( ~;~) j=l, ... ,N' and where the domain D(A) of the 

operator A is defined by 

N 

TI 2 ôu1 ""'Ôuj 1 

D(A) := {(u, w) E (V n H (0, lj)) x V : ôx (0) = w1(0); ~&n· ~v)= 0, \:fv E Vint}· 
j=l jE&v J 

Therefore, we know that for an initial datum U0 E H, there exists a unique solution 
U E C([O, +oo), H) to problem (2.2). Moreover, if U0 E D(A), then 

U E C([O, +oo), D(A)) n C 1([0, +oo), H). 

We define the natural energy of u by 

1 N t ((Ô )2 (Ô )2) Eu ( t) := 2 ~ Jo J ;: + &; dx. (2.3) 

This energy satisfies 

E~ ( t) = - ( &~ 1 
( 0, t)) 

2 

s; 0, (2.4) 

and therefore it is decreasing. 
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Remark 2.1.1. Integrating the expression (2.4) between 0 and T, we obtain 

Consequently, this estimate implies that ~(0, .) belongs to L2 (0, T) for finite energy solu­
tions. This is a "hidden" regularity property in the sense that it is not a direct consequence 
of the regularity of finite energy solutions. 

In [6-9, 11, 89] and in chapter 1, the method to obtain the stabilization of (2.1) in 
particular cases is based on the use of observability estimates for the solutions cp of the 
conservative problem without damping, with Neumann boundary condition at the node 
x= 0: 

éP,p · ( &2 q; ( 7Jf x, t) - 7Rf x, t) = 0 
cPj(v, t) = cPz(v, t) 
""'.0b.( v. t) = 0 L.....i &nj . 

jEEv 

cPj,(v,t) = 0 
&tPl (0 t) = 0 
&x ' . 

cj;(t = 0) = u(o), C::Ct = 0) = u(l). 

0 <x < li, t > 0, 'ï/j E {1, ... , N}, 
'ï/j, l E Ev, v E Vint, t > 0, 

'ïfv E Vint, t > 0, 

'ï/v E 'D,t > 0, 
'ïft > 0, 

(2.5) 

It is well known that this problem is well posed in the natural energy space. If we suppose 
that ( u(o), u(1)) E H, then problem (2.5) admits a unique solution 

This system is obviously conservative and its energy is constant : Ect>(t) = Ecb(O) for all 
t > O. Let us then denote by (>.~)n~I the sequence of eigenvalues of (2.5) and let ( <pn)n~l 
be the corresponding eigenvectors forming an orthonormal basis of L2 (R). In particular 
cases, in [6-9, 11, 89], under appropriate conditions, observability inequalities of the form 

(2.6) 

are proved for system (2.5), where an, bn are the Fourier coefficients of the initial data 
of cf; in the basis ( <pn)n, and with weights Ç > 0 depending on the network. To obtain 
the stabilization result from the observability inequality (2.6), the authors decompose the 
solution u as the sum of c/J, solution of (2.5) with the same initial data than u, and a 
rest with vanishing initial data. Then they show regularity results of trace type for this 
rest (see section 1.4). However, in these articles and in chapter 1, the analysis is limited 
to strong observability inequalities (leading to exponential or polynomial decay results) 
which hold only for a restricted class of networks. In the present chapter we are able to 
deal with arbitrary networks in which weaker observability inequalities may hold leading 
to arbitrarily slmv decay rates. 
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Our analysis is based on the existing observability results for the following system with 
Dirichlet boundary condition at all exterior nodes 

0 <x < li, t > 0, Vj E {1, ... , N}, 
V j, l E Ev, v E Vint, t > 0, 
Vv E Vint, t > 0, 

VvE 'D, t > 0, 
t >o. 

(2.7) 

The study of the observability of this system is motivated by control problems ( see [33-38]). 
The difference between systems (2.5) and (2. 7) is the boundary condition at the end 0 

of e1 : Dirichlet boundary condition for (2.7) and Neumann boundary condition for (2.5). 
If we suppose that (7j;C0), 7j;(1)) E fi= V x L2 (R) where 

N 

V= {'lj; E TIH1(0, lj) : 'lj;j(v) = '1/Jk(v)Vj, k E Ev, VvE Vinti 'lj;iv(v) = 0, VvE 'D; 'lj;I(O) = 0}, 
j=l 

then problem (2.7) admits a unique solution 

This system is obviously also conservative. 
In this chapter, we show the link between the existing observability results for (2.7) 

and the stabilization of (2.1). To be more precise, let us denote by (X;)n~l the sequence 
of eigenvalues corresponding to problem (2. 7) and let ( 'P:?)n~l be the corresponding eigen­
vectors forming an orthonormal basis of L2 (R). Under sorne conditions on the topology of 
the network and the lengths of the strings entering in it, Dager and Zuazua [33-38] proved 
weighted observability inequalities for (2.7) of the following form 

(2.8) 

for a positive constant C, where 'lj;0 ,n, 'l/J1.n are the Fourier coefficients of the initial data of 
~·in the basis ('P;?)n and with positive ~eights (c~)n~l depending on the properties of the 
network. 

To obtain this weighted observability estimate (2.8), several methods have been deve­
loped in th ose articles. The first one, that uses the D'Alembert representation formula, 
applies to tree-shaped networks. Its main advantage is that it does not require computing 
the spectrum of the network. This method has been later adapted in [7] and [9] to analyze 
the stabilization of stars and trees. A second method uses the Fourier expansion of solu­
tions and the Beurling-Malliavin Theorem (see for instance [37, 38, 89]). This applies for 
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general networks and avoids the difficulties related to applying the D'Alembert formula to 
more complex networks that may contain circuits. 

The key observation of this chapter is that the weighted observability estimates for u 
solution of (2.1) can be obtained directly from (2.8). This method is of systematic appli­
cation and avoids remaking all the fine analysis already carried out in [33, 38], that uses, 
in particular, tools from Number Theory, to analyze the properties of the weights { c;J n>l 

in terms of those of the network under consideration. -
Let us now explain how (2.8) can be applied directly in our context. For that we 

decompose u as the sum of w, a solution of (2.7) with appropriate initial data (u(O) -

ui0)(0)cp, u(l)) (where r.p is a given smooth function such that cp1(0) = 1), and a rest. 
Applying (2.8) to the solution w of (2.7), we obtain the following weighted observability 
estimate for u solution of (2.1) 

E;'(w, 0) + u\01 (0)2 5, CT J,T ( ~1 
(0, t) )'dt, (2.9) 

where Ef(w, 0) is defined by (2.8), with weights (c;)n depending on the network. If the 
weights c~ are non-trivial for ali n E N*, the energy of the dissipative system tends to 0 
as t--+ oo. However, in general, the weights tend to 0 as n--+ oo, the observed quantity is 
weaker than the V x L2 ('R)-norm and the decay rate is not exponential. 

It is important to underline that (2.9) holds under the same assumptions on the network 
needed for (2.8) to hold for the Dirichlet problem (2. 7). Thus, no further analysis is required 
to establish the existence of the weights { c~} n>l in terms of the properties of the network. 

To derive decay properties out of (2.9), we -view this inequality as a weak observability 
estimate in which the observed energy E_(O) is equal, roughly speaking, to Ef(w, 0) + 
ui0

) (0) 2
• In practice we often take, if necessary, the lower convex envelop of c~ instead of 

the weights c~ in the definition of Ef (see Section 3.1). The observed energy E_ is weaker 
than the V x L2 (R)-norm of the initial data that would be required to prove exponential 
decay and, consequently, we obtain weaker decay rates. To obtain explicit decay rates out 
of this weak observability inequality we use an interpolation inequality which is a variant of 
the one from Bégout and Soria [19] and which is a generalization of Holder's inequality. For 
this to be done we need to assume more regularity of the initial data. To be more precise 
we shall consider initial data (u(0l, u(1)) E Xs := [D(A), D(A0 )] 1_

8 
for 0 < s < 1/2. In 

this way we deduce an interpolation inequality of the form 

< ( E_(O) ) li(u(o), u(ll)ll~. 
1

- q)s CEu(O) C'Eu(O) ' 

where q)s is an increasing function which depends ons and on the energy E_ under consi­
deration. 

The previous interpolation inequality implies 

E (0) > CE (O)q}-1 ( Eu(O) ) 
- - u s C' ll(u(o), u(ll)ll~. . 
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With (2.4) and (2.9), we obtain 

E (0) - E (T) >CE (0)4>-1 ( Eu(O) ) 
u u - u s C'll(uCo), u(ll)ll~.. , 

which implies, by the semigroup property (see Ammari and Thcsnak [11]) 

(2.10) 

Obviously, the decay rate in (2.10) depends on the behaviour of the function <l>s near O. 
Thus, in arder to determine the explicit decay rate we need to have a sharp description 
of the function <1>5 , which depends on s and on the energies E and E_ and thus, on the 
weights (Ç)n of (2.9) in an essential way. These weights depend on the topology of the 
network and the number theoretical properties of the lengths of the strings entering in it. 

This approach allows getting in a systematic way decay rates for the energy of smooth 
solutions of the damped system as a consequence of the observability properties of the 
undamped one. 

The analysis in this chapter is limited to networks of strings with damping in one single 
end but the same methods, combined with the tools developped in [38], can be applied in 
other situations as, for instance : 

a) networks of strings with damping in several end points; 
b) networks with damping on end points and internai nodes ; 
c) networks of beams. 
The chapter is organized as follows. In the second section, we show how to pass from 

the observability inequality for the conservative problem (2. 7) with Dirichlet boundary 
conditions at ali exterior nades to the weighted observability inequality (2.9) for (2.1). In 
section 2.3 we give an interpolation inequality which is a variant of the one by Bégout and 
Soria [19] and we apply it to obtain the explicit decay estimate of the energy. Finally wc 
end up discussing sorne illustrative examples in section 2.4. 

2.2 The weighted observability inequality 

In this section. we prove that we can obtain a weighted observability estimate for u 
solution of (2.1) directly from (2.8). First of ail, we recall sorne results about system (2. 7) 
with Dirichlet boundary conditions at ail exterior nades. 

2.2.1 Preliminaries about the Dirichlet problem 

Recall that if we suppose that (~)0l, 1jJC1l) E fi. then problem (2.7) admits a unique 
solution 
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Denote by (.\.;)n~l the sequence of eigenvalues corresponding to problem (2.7) and let 
( r.p;?)n~l be the corresponding eigenvectors forming an orthonormal basis of L2 ('R). We 
assume now that ( '1/J(o), 'lj;(l)) E il and we set 

oi;(O) = "'"'"1'0 , _.,D and ?[,(1) = 'Ç"' Wl u-,D. '+ L-t'+" ,n'rn ~ L....J. ,nrn, 
n~l 

where (5 .. n7/Jo,n)n, ( '1/Jl,n)n E l2 (N*). 
In [38], a weighted observability inequality is derived, motivated by control problems. 

More precisely, it is shown that, under sorne conditions on the topology of the network 
and the lengths of the strings entering in it, for all T > T0 (where T0 > 0 is large enough), 
there exists a sequence of positive weights { Ç} n>l and a positive constant C such that for 
all solution 'lj; of (2. 7) it holds -

(2.11) 

Notice that, for this to be true, it is essential that the time T0 > 0 to be large enough. More 
precisely, in [38] inequality (2.11) is proved in the case of general networks for T > 2L, 
where L is the total length of the network. In the case of tree-like networks, (2.11) is 
obtained by the D'Alembert representation formula and the weights Ç are strictly positive 
for every n E N* if the tree is non-degenerate. In the case of stars, this cornes down to 
impose irrationality conditions on the ratio of each pair of lengths. In the case of trees, 
the condition of non-degeneracy of the network is a natural extension of the irrationality 
one for stars and is also generically true (see [33, 36, 38] for more details). In the case of 
general networks, (2.11) is established by means of the Beurling-Malliavin Theorem under 
the assumption that all eigenfunctions have a non-trivial Neumann trace at the observation 
node. This condition is generically satisfied. 

We set 

(2.12) 

the weighted energy for 'lj; at time O. Note that (Ef)~ defines a norm on il because the 
weights c;, according to the results in [38]. are assumed to be positive. In the sequel, we 
assume that the network under consideration is such that the solutions 'lj; of (2.7) satisfy 
(2.11). 

2.2.2 The weighted observability inequality 

In this section, we prove that we can obtain a weighted observability estimate for u 

solution of (2.1) directly from (2.11). Thus, we assume that the network is such that (2.11) 
holds and (u(Ol, uCl)) EH. 
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We introduce w solution of (2.7) with initial data (w(0), w(l)) = (u(o)- u~0)(0)tp, u(1)), 

w here tp is a given smooth function satisf}ring 

(2.13) 

In this mann er, the initial data ( w(o), w(l)) belong to fl, i.e. w(o) satisfies the Dirichlet 
boundary condition at the end 0 of e1 . Therefore, by hypothesis, w satisfies (2.11). 

We also consider E, the solution of the following non-homogeneous Dirichlet problem : 

't/x E (0, lj), t > 0, 't/j E {1, ... , N}, 
't/j, lE Ev, v E Vint, t > 0, 

't/v E Vint, t > 0, 

't/v E 'D,t > 0, 
t > 0, 

(2.14) 

Note that E satisfies a non-homogeneous Dirichlet boundary condition at x = O. Actually 
it coïncides \\rith the value of the solution u1 of (2.1) at that point. By Remark 2.1.1, 
we notice that outfot(O, .) E L 2(0, T), so that the non-homogeneous Dirichlet boundary 
condition belongs to H 1(0, T). 

In this way we have the decomposition 

u = w+ E. (2.15) 

In this section, we prove the following theorem 

Theorem 2.2.1. Assume that the network is such that the weighted observability inequality 
{2.11) is satisfied for the conservative system {2. 7) with Dirichlet boundary conditions at 
all exterior nades. We split up u, solution of {2.1), as {2.15) where w is solution of {2. 7) 
'With initial data (u(D)- u~0)(0)<,o, uC1)) andE is solution of {2.14). We define E*(u, 0) by 

(2.16) 

where Ef ( w, 0) is defined by ( 2.12). Then for all T > T0 , there exists Cr > 0 su ch th at 
all solution u of {2.1) satisfies the weighted observability inequality 

E.(u, 0) 5o CT [ (a~, (0 t) )'dt, (2.17) 

provided ( u(o), u(l)) EH. 
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Remark 2.2.2. Note that, according to Theorem 2.2.1, we transform the observability 
inequality for the Dirichlet problem (2. 7) into a similar one for the dissipative one {2.1). 
Thus, in particular, estimate (2.17) holds under the same assumptions on the network that 
are needed for the Dirichlet problem and that are discussed in {38}. Sorne examples will be 
discussed in Section 4. 

Note also that (E*(u, 0))! defines a norm in the space of initial data (u(0), uC 1)) EH. 
Indeed, when E*(u, 0) vanishes, u~0)(0) =O. Thus (uC0), u(1)) E ii and then E*(u, 0) = 

1 -
Ef(u, 0), and, by assumption, (Ef(u, 0)) 2 defines a norm in H. 

2.2.3 Proof of Theorem 2.2.1 

Let (uC0>, u(l)) E H. We decompose u as in (2.15) where w and E solve (2.7) and 
(2.14) respectively. Therefore, w is solution of (2.7) with initial data (w(0), w(l)) = (u(O)­

u~0>(o)'P, u(1>), and thus, by hypothesis, it satisfies (2.11). 
First, we have the following lemma 

Lemma 2.2.3. For all T > 0 there exists Cr> 0 such that the solutions u of (2.1) andE 
of (2.14) satisfy the following estimate 

{ ( ~~ (o, t)) 2 

dt :; cT ({ ( 
8~1 

(o, t)) 2 

dt+ ( u(0
l(o)) 

2

) . (2.18) 

Remark 2.2.4. Note that {2.18) holds for all networks since, in fact, it holds locally near 
the boundary of a single string. In this context we apply it along the string containing the 
extreme x= 0, getting (2.18). 

Proof: First of all, we easily show that the energy Ef. of the solution E ( defined as in (2.3)) 
satisfies 

and then for all t > 0 

Therefore, by using Cauchy's inequality, we obtain 

E,(t) :; E,(O) + ~ 1' ( ~~ (0, s) )' ds + [ ( 
8~1 

(0, s) )' ds. (2.19) 

Secondly, for all tE (0, T], multiplying the wave equation satisfied by E1 by (l1 - x)~ 
and by integrating on (0, h) x (0, t), we have 
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By integration by parts, we have 

1t1h OE fJ2E 
(l1- x)-1 -

1 dxds = 
0 0 ox Ot2 1t1ll fJ2E OE 

- (h- x)-1
-

1 dxds 
0 0 oxt fJt . 

1
11 OE1 OE1 lt + 

0 
( h - x) ox ( s, x) &t ( s, x) dx 

0 11t1h (fJE )
2 

z 1t (ou )2 
-2 o o Otl dxds+ ~ o Otl(O, s) ds 

1
11 OE1 OE1 + 

0 
(h- x) ox (t, x)Bt(t, x)dx, 

because ~~(t = 0) = 0, and 

1t 111 OE fJ2E 
(h- x)-1 -

1 dxds 
0 0 ox ox2 11t 1~1 a ((ôE )2) - (h- x)- --1 dxds 

2 0 0 ox ox 

~ 1t 111 (OE1 )2 dxds- h 1t (ÔE1 (0, s))2 ds. 
2 0 0 ox 2 0 ox 

Therefore, we obtain 

11t 111 (OE )
2 

l 1t (Ôu )2 111 OE 8E -2 0 0 {): dxds + ~ 0 {)tl (0, s) ds + 0 (h- x) a~ (t, x) Ot
1 

(t, x)dx 

11t 1h ( OE ) 
2 

l lt ( OE ) 
2 

-- -
1 dxds + -..!:. -

1 (0, s) ds = 0, 
2 0 0 ox 2 0 ox 

and thus l ( ~~ (0, s))' ds ~ ~ l E,(s)ds + 2E,(t). (2.20) 

By grouping (2.19) and (2.20), we find 

That is to say 

By Gronwall's lemma, we obtain that, for all tE (0, T], 
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where CT depends onT. By inserting this expression into (2.20), we find 

But 

where C is a constant, since r.p is given as in (2.13), independently of the solution under 
consideration. This proves (2.18). • 

Let us now return to the proof of Theorem 2.2.1. 
Since w satisfies (2.11), we have 

D D UWI 1T (~ )2 
E* (w, 0) = E* (w, t) ~ C 

0 
fJx (0, t) dt, (2.21) 

where Ef( w, 0) is defined as in (2.12) for w solution of (2.7) with initial data ( u(o) -

ui0)(0)r.p, u(l)). 
Moreover, we have 

{(~'co, tl) 2 

dt sc { ( (a;: co, tl) 2 

+(~~co, tl) 2 ) dt 

Therefore, with (2.18) and (2.21), we obtain 

D D fT ((fJu1 )

2 (fJu1 )

2

) ( (O) )2 E* (w, 0) = E* (w, t) ~Cr Jo fJt (0, t) + fJx (0, t) dt+ Cr u1 (0) . 

(2.22) 
We recall that E*(u, 0) is given by (2.16) where Ef(w, 0) is defined by (2.12). Then, 

(2.22) becomes 

fT ((8u1 )

2 (8u1 )

2

) ( (O) )2 E*(u, 0) ~Cr Jo 8t (0, t) + Bx (0, t) dt+ Cr u1 (0) . (2.23) 

In fact, wc can remove the last term in the right hand side of (2.23). 

Lemma 2.2.5. ForT large enough, the solutions u of (2.1} satisfy 

for a positive constant CT depending on T. 
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Proof: In view of (2.23) it is sufficient to show that there exists a positive constant C > 0 
such that 

Vve argue by contradiction. If this is not the case, there exists a sequence of solutions Un 

such that 
(2.24) 

and 

[ ( ( 
8

':;:·
1 

(0, t) )' + ( ~: 1 (0, t)) ') dx ~ 0, as n ~ +oo. (2.25) 

In view of this and (2.23), we deduce that E*(un, 0) are uniformly bounded. Passing weakly 
to the limit in the Hilbert space H, defined as the closure of V with respect to the norm 

1 

(E*(un, 0))2, we obtain a limit solution u such that 

(2.26) 

and 

[ ( ( 
8~1 (0, t)) 2 

+ (a;;(o, t)) ') dx ~o. (2.27) 

The fact that (2.26) holds is a consequence of the compactness of the trace operator from 'R 
to JR (it is in fact an operator of rank one). On the other hand, (2.27) holds as a consequence 
of the weak lower semicontinuity. But, by unique continuation, it is ea..<>y to see, in view 
of (2.27), that for all T > 2L, the whole limit solution u vanishes. Indeed, we obtain by 
(2.27) 

8u1 8u1 
at(O, t) = a;(O, t) = 0, 

and therefore 8ujfJt solves system (2.7) with initial data (u(1J, 82u(0)j8x2 ). Then, we can 
apply (2.11) to obtain 

82u(o) 
u(l) = 8x2 =O. 

Consequently, fJujfJt = 0 on R x (0, T), and thus u is independent of t. Thus u = 0 on 
R x (0, T) since it is harmonie on the network and fulfills the Dirichlet boundary condition. 
This contradicts (2.26). • 

This lemma proves Theorem 2.2.1, because u is solution of (2.1). 

2.3 The stabilization result 

2.3.1 An interpolation inequality 

In this subsection, we give an interpolation result similar to the one of [19]. 
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Let m E (0, 1), 0 < s < 1/2 and assume that 

w: (m, oo)--+ (0, w(m)) is a convex and decreasing function with w(oo) = 0, 

<Ps: (0, w(m))--+ (0, oo) is a concave and increasing function with <1> 8 (0) =O. 

'Vt E [1, oo), 1 :::; <P8 (w(t))t2 8
, 

1 
The function t f---t t<P;1(t) is nondecreasing on (0, 1). 

(2.28) 

(2.29) 

(2.30) 

(2.31) 

Before stating the needed interpolation inequality, we recall the inverse Jensen's in­
equality, which is the inverse version of the classical Jensen's inequality (see Lemma 2.4 
from [19] and Rudin [99]). 

Lemma 2.3.1 (Inverse Jensen's inequality). Let (0, Y, v) be a measure space such that 
v (0) = 1 and let -oo :::; a< b < oo. Assume that 

1) cp : (a, b) --+ :IR. is a concave function, 
2) gE L1(0, Y, v) is such that for almost every xE n, g(x) E (a, b). 
Then cp(g)+ E L 1 (0, T, v) and 

ln cp(g)dv:::; cp (ln gdv). 

Under the conditions (2.29)-(2.30), we have the following result which is a generalized 
Holder's inequality, a variant of Theorem 2.1 given in [19] : 

Theorem 2.3.2. Let (w, <Ps) be as above satisfying (2.29)-(2.30). Then for any f = 
Un)nEN* E l1(N*), f =/= 0, we have 

1
:::; <I?s (~Ifni w(n)) ~Ifni n''' 

L Ifni L Ifni . 
n;:::l n;:::l 

as saon as Unw(n))n E l1(N*) and Unn28 )n E l1 (N*). 

(2.32) 

Proof: The proof is similar to that of Theorem 2.1 of [19]. We give it for the sake of 
completeness. By (2.30) and Cauchy-Schwarz's inequality, we have 

1= 
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1 : [ l 1) ~Jn 

~ ~" r \ r1?_lL\.Jr, 
\ 7 2:; 

Exan1ple 2.3.3. 1. If 
c 

for somf Ji 2: 1. wr can takc <P_, of thr form 

1 T • ·z tl t · '" t · r · · · ., 0 
· • ) 'Y9 ·t;· 1 ' · · ·)o · ) ·) 1 f f cm1 WSI .. fJ prOI'I .w 1..-..·. '±\ sa t8 . .il r:::..,:.b,l-1.~--~ J w1. 1 7ll = d ona ( !.·) )-( .... j~ ;. 

2. If 
..;_:(t) = C't-/\l 

U'11r rr A. > 212s ~ 1' and C >O. tUE C07i tokr <P, of thr form 

~ s (t) = (\ lll -~Q) ) 2s 

\ T J 

!·\·( ca?, t.USiiy pmur tlwt <Ps 1· un inueasnuj funr:/10n 011 ((J . .... :(())). r. concan funct1o:, 
rm 1 (J. -··1 12;' ihu:aus~ -~ > '2:2.'- l) /. thal tf--'- lcfl~ 1 (t is nonr!ecrfuszn.c m, ',(J. ~, oii/ 

- 1 1' 1 c 

fltui Tllf pair(..-... <4J 5 ; sahsfie.~ ,..;' .. W.' on ;1. X:. T!ms ,_ .. c:. 1) 5 ) saitsft,- 12.28)-12.31) U':T!: 

nz = 1 "'"'· 

Il: th, applicatior: uf the imerpolatiu:: illequalit\· of Theorew ~.3.2 :<.·our srahilizatim: 
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The proof of this lemma can be found in [19). 
N ow ~ we show how to construct the weight w satisfying ( 2. 28) from (Un) nEN C ( 0, oo) 

such that liminfn-+oo Un = O. Let E E C([O, oo); JR) be such that 0 < E(n) ~Un, for any 
n E N. Let r..p E C ( [ 0, oo); JR) be a decreasing and convex function su ch th at for any t ~ 0, 
0 < cp(t) ~ E(t) (which exists by the previous lemma) and consider C c [1, oo) x [0, oo) 
the clos ure of the convex envel op of the set { ( n. un); n E N}. Finally, fix arbitrarily t ~ 1. 
Th en the set Ct = C n ( { t} x JR) is nonempty, closed and the previous lemma ens ures th at 
for any St E JR such that (t, St) E Ct. 

0 < r..p(t) ~ St. 

So by compactness, we may define the function w as 

Vt ~ 1, w(t) =min { Bt; (t, St) E Ct}. 

Finally we extend w as a decreasing, continuous and convex function on [0, 1]. Therefore, 
w satisfies (2.28) with m = O. This function w is called the lower convex envelop of the 
sequence ( un)n· 

In the sequel, assuming that the weights in (2.11) are such that liminfc, = 0 and Cn =/::. 0 
n-+oo 

for all n E N*, we choose the function w as follows 

w is the lower convex envelop of the sequence (1, (c;)n~ 1 ) . (2.33) 

2.3.2 The main results 

In this subsection, we assume that the network is such that the weighted observability 
inequality (2.11) holds, for every solution of problem (2.7). Therefore~ by Theorem 2.2.1, 
u satisfies (2.17). Let us make sorne remarks : 

Remark 2.3.5. 1. ff for all n E N*, we have ~ > 0, then the energy Eu tends to 0 as 
t-+ 00. 

2. If there exists a positive constant c such that for all n E N*, ~ ~ c > 0, then 
the energy of u solution of (2.1) is exponentially decreasing. Unfortunately this does not 
hold in general except, for example, for the simplest network which consists simply of a 
single string and for trees with all but one damped ends ( see section 1. 7. 3), but ne ver for 
non-trivial networks with one single damped end. 

The first point can be proved by the La Salle 's invariance principle and the second one 
by a classical energy method combining the observability inequality ( 2.17) and the energy 
dissipation law (2.4) (see for instance chapter 1 or [89}). 

Before stating the main result of this chapter, let us give a technical lemma which will 
be used in the sequel. For that, we need to define Xs the interpolation space between D(A) 
and D(A0 ): 

Xs := [D(A), D(A0 )L-s, 

where 0 < s < 1/2. Note that ifs = 0 then X 0 = D(A0
) = V x U(R) and ifs = 1 then 

X 1 = D(A). More preciscly we can identify the space Xs : 

100 



Lemma 2.3.6. For 0 < s < 1/2, 

X,= (V nI} Hl+'(O, l;)) xI} H'(O, l;). 

Proof: First D(A) is a dense subset of V x L2 (R) and (V n fl.f=1 H
2(0, li)) x Vis a dense 

subset of V x L2 (R) with D(A) c (v n flf=1 H
2 (0, li)) x V. Then [D(A), V x L2 (R)] 1_ 8 

is a subset of 

[(V n fr H2 (0, l;)) x V, V x L2 (R)l 
J-1 1-s 

with the same norms. 
But 

[ (V nD; H2(0, l;)) x V, V x L2 (R.)l ,_, = (v nD; Hl+'(O, l;)) x D; H'(O, l;), 

and thus, if D(A) is dense in (v n flf=1 Hl+s(o, li)) x fl.f=1 H
8 (0, li), then, by a classical 

result of [104], 

X,= [ (V nD; H2 (0, l;)) x V,V x L2 (R.)t_, = (V nD; Hl+'(O, l;)) x D; H'(O, l;). 

To verify that D(A) is dense in (V n Tif=1 Hl+s(o, li)) x TI.f=1 H
8 (0, lj), let 

(f, g)T E (V n flf=1 Hl+s(o, li)) x flf=1 H
5 (0, lj) be orthogonal to all elements of D(A), 

nam ely 

o = ( ( ~ ) • ( ~ ) ) = tt ca;; a;: + w;g; )dx, 

for all (u, w)T E D(A). \Ve first take u = 0 and w E Tif=1 V(O, li), where D(O, li) is the 
space of coo functions with compact support in (0, lj). As (0, w) E D(A), we get 

Since fl~~ 1 V(O, li) is dense in flf= 1 H
8 (0, li) (because 0 < s < 1/2), we deduce that 

g =o. 
The above orthogonality condition is then reduced to 

]\' 1[· a at J u. . 
0 = L ~a J dx, 'ïi(u, w) E D(A). 

0 ox x 
j=l 

101 



By restricting ourselves to w = 0 we obtain 

~ tj 8u·aJ· 
Lt Jo a: a: dx = 0, V(u: 0) E D(A). 
j=l 0 

But we easily check that ( u, 0) E D(A) if and only if u E D(~), where 

N 

II 2 . """aui âu1 
D(~):={uEVn H(O,li): Ltan·(v)=O,VvEVint; âx(O)=O}. 

j=l jEEv J 

We can verify that D(t.) is dense in v n TI~=l Hl+s(o, lj)· Indeed, let ç E v n 
TIS:1 Hl+s(o, li)· For jE {1, ... , N}, we take 

€j = çj- Çj(O)rJj- Ç,j(lj)'P}j, 

where r]j, TJi are coo functions satisfying 

rJj(O) = 1 near 0, rJi(lj) = 0 near li and fjj(O) = 0 near 0, ijj(lj) = 1 near li. 

Then €j E HJ+s(o, li)· As V(O, li) is dense into HJ+s(o, lj), there exits a sequence €n,j E 

'D(O, li) such that €n,j -+ ~j in HJ+s(o, li) when n-+ oo. Setting 

f.n,j := €n,j + Çj(O)rJj + Ç,j(lj)ijj, 

we see that f.n = (f.n,j)i=l, ... ,N E D(b.) and f.n-+ Ç in fiS:1 Hl+s(O, lj)· 

As D(b.) is dense in V n TI.7=1 Hl+s(o, lj), we conclude that f = 0, which proves that 

D(A) is dense in (v n TI~=l Hl+s(o, lj)) x nf=l H8 (0, lj) and finishes the proof. • 

Then we have the following lemma : 

Lemma 2.3.7. Assume that (uC0), u(l)) belongs to X 8 , whereO < s < 1/2, and (wC0), wC1)) = 
(uCO) -ui0)(0)cp, uC 1)) where cp is a given smoothfunction satisfying (2.13). Then there exists 
a positive constant C such that 

where D(Ab) is the domain of the operator As with Dirichlet boundary conditions at all 
exterior nades. 

Proof: First, we know that there exists C > 0 such that 

by interpolation (see [104] for example). 
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This estimate leads to the existence of a positive constant C such that 

Il ( co) ,(1)) 11 2 cIl ( co) (l)) 11 2 

w , u D(.Ab) S w , w (vnnf=1 Hl+•(o,zj))xnf=1 H•(o,zj)' (2.34) 

because w(O) EV n V. 
The Sobolev's injection theorem and the fact that ( wC0), w(l)) = ( uC0) - u~o) (O)<p. uCl)) 

imply that there exists C > 0 such that 

(2.35) 

By definition of wC 1), we have also 

Il (l) 11
2 

- Il (1) 11
2 

W Jlf=1 H•(O,lj) - U Jlf=1 H•(O,lj). 
(2.36) 

Moreover, by the continuous injection of 

in 

lù H2
(0, l;) x fi H1 (0, l;), fi H1 (0, l;) x L'(n)] ~->~fi Hl+'(O, l;) x fi H'(O, l;), 

there exists C > 0 such that 

(2.37) 

The estimates (2.34)-(2.37) prove this lemma. • 
The main results of the chapter are the following 

Theorem 2.3.8. Assume that the weighted observability inequality (2.11} holds for every 
solution of (2. 7) with lim infn-.oo Cn = 0 and Cn =/= 0 for all n E N*. Let w be defined by 
(2.33). Assume that the initial data (uC0), u(l)) belong to Xs, characterized by Lemma 2.3.6, 
where 0 < s < 1/2. Let él>s be a function such that the pair (w, él>s) satisfies {2.28)-{2.31). 
Then there exists a constant C > 0 such that the corresponding solution u of (2.1) verifies 

( ( 
1 ) Il, co) (1) 112 Vt ~ 0, Eu t) s C<Ps t + 

1 
( u , u ) x • . (2.38) 

Remark 2.3.9. We see that the decay rate of the energy directly depends on the behaviour 
of the interpolation function <Ps near 0 and thus of w and of the weights c; as n -4 oo. 
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Proof: Vve split up u as in (2.15) and we decompose w(O) = u(O)- ui
0)(0)<p and w(l) = u(l) 

as 

E_(O) = Lunw(n), 
n2:1 

where (un)nEN* E l1 (N*; JR.) is defined by 

and 
u1 = ui0)(0)2. 

Observe that, by the construction (2.33) of w, we have 

Then, by (2.4) and (2.17) of Theorem 2.2.1, we have 

Eu(O)- Eu(T) = 1T ( ~1 (0, t)) 
2 

dt 2: CK(O). 

Assume further that ( u(O), u(1)) E X 8 • We define 

E+(O) = Lunn25
• 

n2:1 

(2.39) 

(2.40) 

(2.41) 

It follows from Theorem 2.3.2 ( applied to the function f = u and the weight w) that 

By the so-called Weyrs formula (see for instance [2, 20, 82]), we have 

- kr. 
À)- rv-. L, 

and th us, there exist c1 , c2 > 0 such that, for n large enough, we have 

(n + 1)r. \ (n + 1)r. 
c1 <An < c2 . L - - L 
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Therefore, we have 

E+(O) - ~ (~ )2s L (>.;w5,n + wî,n) ((n :l)11)2s + \u~O) (0)12 
n>l 

< C (2: (>-~w6,n + wî,n) :\~s + \ui
0
l(o)1

2

) 

n>l 

< C (ll(wco), w(ll)II~CAnl + luio)(o)l2). 

Consequently, by Lemma 2.3.7, we obtain that there exists C > 0 such that 

Moreover, 

'"'u = !'"" (:\2w2 +w2) +u(o)(0)2 = llw(O)II: +u(0)(0)2+ llu(l)ll2 L....J n 2W n O,n l,n 1 V 1 L2('R) · 
n::?::l n::?::l 

Furthermore, there exists C' > 0 such that 

bec a use r..p is given and wC0l E V. Therefore, there exists C' > 0 su ch that 

LUn 2: C'll (uCO), uCll) ll~xL2('R). 
n::?::l 

Consequently, (2.42) becomes, by the increasing character of <Ps 

which yields 

E (0 > C' (0) (1) 2 q,-1 ' V xL2('R) (Il 
(u(o). u(l)) 112- ) 

-, ) - 1\(u , u )\IFxL2('R) s C ll(uCO), u(ll)ll~s ' (2.44) 

with C, C' >O. From (2.40) and (2.44), it follows that there exist C, C' > 0, 

E (T) < E (0)- C' \\(u!0l. u(ll)\\ 2
. q,- 1 ' V"xL2('R) . (ll (u(o) uC1l)jj 2 

) 

u. - u . VxL2('R) s C ll(u(O), u(ll)ll~s , 
(2.45) 
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for any (u<0l, u<1l) E X 5 • 

We follow now the proof of Ammari and Thcsnak [11]. We rewrite (2.45) as follows: 

This estimate remains valid in successive time-intervals [lT, (l + 1)T]. Notice that there 
exists C > 0 such that 

(2.46) 

for 0 < s < ~ by interpolation, because it is true for s = 0 and s = 1 (see Theorem 5.1 
of [72]). By (2.46) and the fact that the energy is decreasing by (2.4) and that <I>_;- 1 is 
increasing, we obtain that 

ll(u((l + 1)T), Ut((l + 1)T))II~xL2(R) ~ ll(u(ZT), Ut(lT))II~xL2(R) 
-C' Il (u(ZT) U (ZT)) 112 <I>-1 ( ll(u((l+l)T), ut((l+1)T))II~xL2(n)) 

' t VxL2(R) s cll(u(O),u{l))ll:. ' 

for every l E N U { 0} . 

(2.47) 

Our expression (2.47) coincides with (4.16) in Ammari and Thcsnak [11] (with Q = <I>_;- 1 

and e = 1/2). The rest of the proof follows as in [ 11], w he re ( 2. 31) is used, by noticing th at 

ll(u((l + 1)T), Ut((l + 1)T))II~'xL2(R) 
2 < 1. 

C ll(u(Ol, u(1l)llx. . 

taking a higher constant C if necessary. Then (2.38) follows. • 
In addition, using (2.38) and making a particular and explicit choice of the concave 

function 4> 5 , we obtain a more explicit dependence of the weights on the decay rate of the 
energy: 

Theorem 2.3.10. Assume that the weighted observability inequality (2.11) holds for every 
solution of (2. 7) with lim infen = 0 and en =J 0 for all n E N*. Let w be defined by (2.33). 

n->:x> 

We set 
w(t) 

Vt > 0, r.p(t) = 7 . 

Then there exist'i a constant C > 0 such thatfor any initial data (u<0l, uC1l) E Xs (0 < s < 
1/2).. the corresponding solution u of (2.1) verifies 

c Il (0) (ll) 112 Vt ~ 0, Eu(t) ~ (r.p-1 c~l))2s (u· 'u Xs. 
(2.48) 
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Proof: We set 
<I> (t) - 1 

s - (<p-l(t))2s 

where 0 < s < 1/2. Then the pair (w, <I>s) verifies (2.28)-(2.29) on (0, oo ). Indeed, as <I>s 
is the composition of the functions t f-t 1/<p-1 (t) and t f-t t 28 which are increasing and 
concave functions (by Lemma 2.6 of [19]), <I>s is an increasing and concave function. 

Moreover, we easily check th at 

1 1 
-...,.--,--...,.--,----,->-
<p-1(w(t)) - t 

on [1, oo). As a consequence, (2.30) holds on [1, oo). 
Finally, we have 

~<I>:;l(t) = t 1-;s W (~) ' 
t t~ 

which is an increasing function on (0, oo) because 0 < s < 1/2, and therefore (w, <I>s) 
satisfy (2.28)-(2.31). We apply now (2.38) of Theorem 2.3.8 with 

( 
1 )2s 

<I>s(t) = <p-l(t) 

to obtain the result. • 

2.4 Examples 

In [38] the authors proved observability inequalities of type (2.11) on which our analysis 
is based. In the case of star-shaped networks, the weights in ( 2.11) depend on the irrationa­
lity properties of the ratios of the lengths of the strings. In the case of tree-shaped networks, 
the observability inequality is proved under a condition ( that is fulfilled generically within 
the class of tree-shaped networks) that generalizes the condition on the irrationality of the 
ratios of the lengths of the strings arising in the case of stars. Finally, in the case of general 
networks, the observability inequality holds under the condition that ail eigenfunctions of 
the network are observable. This last result is a generalization of the previous one for stars 
and trees. 

To illustrate the wide range of applications of the main result of this chapter, in this 
section, we apply our previous results to sorne examples of particular networks : a star­
shaped network and a particular tree. We obtain the weights ( cn)n directly by [38] and 
deduce an explicit decay rate for the corresponding dissipative system. 

2.4.1 The star-shaped network with lv strings 

The star-shaped network with IV strings is formed by N strings connected at one point 
1..:, which constitutes a particular tree. Recall that the damping term is located on the vertex 
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FIG. 2.1 -- A star-shaped network with N strings 

v1 ~ the origin of the controlled edge e1 of length h. The remaining N - 1 exterior nod es 
are denoted by vi, i = 2, ... , N, the string that contains vi by ei and its length by li. 

In [38], the authors proved the observability inequality (2.11) for the conservative system 
(2. 7) with Dirichlet boundary conditions at ali exterior nodes with the following weights 

ck = i~~NTI lsin(~kzj) 1 , vn 2:: 1. 
j=fi 

First, if the ratio of any two of the lengths of the uncontrolled strings is an irrational 
number, i.e. ldli rf:. Q for alli =1- j, then for all k E N, we have ck > O. ln this case, the 
energy of u solution of the dissipative system (2.1) tends to 0 as t---+ oo. This can be easily 
proved with LaSalle's invariance principle. using the energy as Lyapunov functionaL but 
it does not yield any explicit decay rate. 

Thus assume that ld lj rf:. Q for all i =/= j. Denote by S the set of all real numbers 
p such that p tf: Q and so that its expansion as a continued fraction [0, a1 , ... , an, ... ] is 
such that (an) is bounded. lt is well known that S is uncountable and that its Lebesgue 
measure is zero. Roughly speaking, the set S contains all irrational numbers which are 
badly approximated by rational numbers. In particular, by the Euler-Lagrange theorem, 
S contains all irrational quadratic numbers (i.e. the roots of second order equations with 
rational coefficients). 

\Ve use also a well-known result asserting that, for all E > 0 there exists a set Be C JR., 
such that the Lebesgue measure of lR.\B€ is equal to zero, and a constant CE > 0 for which. 
if Ç E BE, then 

IIIÇm 1112:: 71~:E' 
whcrc 11177 Ill is the distance from TJ to the set .Z : 

Il bIll = min 1 x 1 · 1)-xEZ 
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In particular, Sis contained in the sets B( for every E > 0 (see [38] for more details). 
Then, by Corollary A.lO of [38], we have 

Lemma 2.4.1. 1. If for all values i, j = 2, ... , N, i :/:- j, the ratios ldlj belong to S, then 
there exists a constant c > 0 such that 

Ck~ ;,.:-2,'ï/kEN*. 
k 

2. rf for all values i, j = 2, ... , N, i :/:- j, the ratios li/ lj belong to B(, then there exists 
a constant Ce: > 0 such that 

Ck ~ )..N~2+E' 'ï/k E N*. 
k 

With more restrictive assumptions on the lengths of the uncontrolled strings, we have 
another bound for ck. Let us recall a definition of [38]. 

Definition 2.4.2. We say that the real numbers lt, ... , lN verify the conditions (S) if 
•lb ... , lN are linearly independent over the field Q of rational numbers; 
• the ratios ldlj are algebraic numbers for i, j = 1, ... , N. 

In this case, we have the following result (see Corollary A.lO of [38]) : 

Lemma 2.4.3. If the numbers l2 , ... , lN verify the conditions (S), then for every E > 0, 
there exists a constant Ce: > 0 such that 

Ck ~ )._ ~:( , 'ï/ k E N*. 
k 

Consequently, we have 

Proposition 2.4.4. 1. Assume that for all values i, j = 2, ... , N, i :/:- j, the ratios ldli 
belong to S. Then there exists a constant C > 0 such that for any initial data (u<o), u(1

)) E 

Xs (0 < s < 1/2), the corresponding solution u of (2.1) verifies 

Eu(t) ~ C -• JJ(u(o), u(ll)JJ2 . 
(f+1)N-2 Xs 

2. Assume that for all values i, j = 2, ... , N, i :/:- j, the ratios ldli belong ta Be: for 
E >O. Then there exists a constant Ce:> 0 such that for any initial data (u<0l, u(ll) E Xs 
(0 < s < 1/2), the corresponding solution u of (2.1) verifies 

Eu(t) ~ c_._ IJ(u(o), u(ll)i12- . 
(t + 1) N-2+< X, 

3. Assume that the numbers l2, ... , lN verify the conditions (S). Let E > O. Then there 
exists a constant Cé > 0 such that for any initial data (u<0), u<1)) E Xs (0 < s < 1/2), the 
corresponding solution u of {2.1) verifies 

Eu(t) ~ c( _s IJ(u(o), u(ll)ll2- . 
(t + 1) l+< Xs 
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Proof: We set a: = N - 2 and Ca = c in the first case~ a: = N - 2 + E and Ca = cE in the 
second one and a = l + E and Co. = cE in the third one. For a: ;:: 1 ~ we take 

(1) 2
a 

w(t)=d; t 

where da verifies d;_ :::; 1 and Ç~;;:_:~ ;:: d';n-2a for all n E N* ~ which is possible because of 
Weyl's formula (2.43). 

We are in the situation 1 of Example 2.3.3 with p = 2o: ;:: 1. Therefore, we take 

~,(t) = u~r 
Then (w~ <I>s) satisfy (2.28)-(2.31) and we apply Theorem 2.3.8 to finish the proof. • 

Finally, if the lengths l2, ... , lN verify Zd li tt Q for ali i # j ~ but the conditions 1, 2 and 
3 of Proposition 2.4.4 are not verified, it can be proved that cn verify 

Cn;:: '1/J(n) > 0, Vn EN*, (2.49) 

where 'ljJ is a positive convex and decreasing function which can be smaller than c~~a, with 
a> O. Indeed, we know by Appendix A of [38], that if we set 

N 

a(.~) =LIT lsin(Àlj)l, 
i=2 j#i 

we have 

a( À) ;:: ci=rr~.~NIJ.III :; mi(-\) Ill, 
Jr2 

where 

mi(-\)= E (~À): 
E(77) being the closest integer number to 77: 177- E(77)l = 11177111· Therefore, it is sufficient 
to bound by below Ill ~mIll for all m E N and i # j to get a lower bound of Cn· 

J 

i\1oreover, we know that Liouville's numbers Ç are such that for ali n EN, there exists 
q E N, q > 1 su ch that 

1 
o < Ill ç q Ill < qn+ 1 · 

That is why, when ldli is a Liouville's number (see [29]), the function win (2.49) is smaller 
than any negative power of ~n (for example of the arder of e-n), and thus the decay rate of 
the energy of u is slower than polynomial. Indeed, for instance, it is possible to construct 
real numbers Ç of the form 

ç = L 10-ak, 

kEN 
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where ( ak)k is an increasing sequence of natural numbers~ which are approximated by 
rational orres faster than any given positive increasing function p : 

forE> 0 (see [38], p.66 for more details). 
Let us construct an irrational number x which is approximated by rational ones at an 

exponential speed. The aim is to find an irrational Xa such that 

1 

li~~flllxaq 1 W = e-a, where ais a positive constant. (2.50) 

This construction uses the theory of continued fractions (see [94]). We recall here sorne 
results about the continued fractions which are used in the sequel and we refer to [29,54,66] 
for more details. Let [a0 , a1, ... , an, ... ] be the expansion as a continued fraction of x E IR.\Q. 
We set Xn = [ao, a1, ... , an] = ~ where Pn, qn are integers. The integers Pn, qn are relatively 
prime and satisfy the following relations : 

P-1 = 1, Po= ao, Pn+l = an+lPn + Pn-1 (2.51) 

and 
(2.52) 

We have the following theorem which is a result of best approximation (see [29, 54~ 66, 94]) : 

Theorem 2.4.5. Let x f/:. Q. Then, with the notation introduced before, we have 
(i) qn ~ 2(n-1)/2 

(ii) lllqnX Ill= lqnX- Pnl and 2q:+l :s; lllqnx Ill :s; qn~l' 
(iii) If 0 < q < qn+l, then lllqx Ill~ lllqnX Ill· 
First, we show 

1 1 

lim inf lllxq lllç = lim inf a:~Î. 
1 _ _l_ 

Set l(x) = liminflllxqlllç and À(x) = liminfan~Î· By the relation (2.52), we have 

Then, by (ii) of Theorem 2.4.5, we obtain 

ln lllqnX Ill < ln(l/qn+l) < ln(l/an+l) + ln(l/qn) 
- - ' qn qn qn 

and thus 

l. . f lnlllqxlll < 1. . f ln(1/an+d nn m _ 1m m , 
q qn 
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w hi ch leads to l (x) ~ À (x). For an arbitrary q 2 1, let n be an integer such that qn ~ q < 
Qn+l· As lnlllqx Ill< 0 and by (ii) of Theorem 2.4.5, we have 

w hi ch leads to 

l. . f lnlllqxlll > 1. . f ln(1/an+l) 1m 1n _ 1m m , 
q qn 

and to l(x) 2 >.(x). Therefore, (2.53) holds. 
Thus finding Xa E R\Q such that (2.50) is equivalent to finding Xa E R\Q such that 

1 

l . · f - Qn -a 
lm ln an+ 1 = e . 

We construct a such Xa by induction. Set a0 = 0, which determines p0 and qo. Then, if 
ao, ... , an, Po, ... , Pn, Qo, ... , qn are found, we choose an+l by 

Then, Pn+I and qn+I are imposed by the relations (2.51) and (2.52). 
Therefore, for all a > 0, we have found an irrational number Xa such that there exists 

a positive constant 6 such that, 

(2.54) 

Consequently, if Zdlj are reals of the form Xa;,j for ai,j > 0, which verify (2.54), then there 
exists a positive constant C su ch that for all k E N, 

- 1 

> C -b(N -2)>.k-ck _ e ", 

where b = maxi#j(ai,j) > 0 and l = m~(lj)· By the Weyl's formula, there exists c2 > 0 
J 

such that ~k ::::; c2 kn / L, and thus, we obtain 

where A= 2c2b(N- 2). 
Consequently, we have 

Proposition 2.4.6. Assume that for all values i, j = 2, .... N, i #- j, the ratios ldlj are 
reals of the .form Xa;,j for ai,j > 0 which verify (2.54). Then there exist constants C, C' > 0 
such that for any initial data ( u(O), u(l)) E Xs (0 < s < 1/2)~ the corresponàing solution u 
of (2.1) verifies 

\ft> O. E (t) < C' IICu(o) u(l))li2 . 
- . u - (ln(C(1 + t)))2s ' Xs 

(2.55) 
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Proof: We apply Theorem 2.3.8 with 

w(t) =Ce-At, 

for C > 0 and A > 2(2s + 1), and 

<P,(t) = (ln (f)) '' 
\'\Te are in the situation 2 of Example 2.3.3 and we simply apply (2.38) to obtain (2.55) . 

• 

2.4.2 A non star-shaped tree 

Now let us consider a tree, which is not star-shaped, having the simple structure in 
figure 2.2. 

ez 

FIG. 2.2- A non star-shaped tree 

Recall that the damping term is on the vertex v1: the origin of the damped edge e1 of 
length [r. We will assume, in addition, that l4 = l2• 

Recall that in [38], the authors proved the observability inequality (2.11) for the conser­
vative system (2.7) with Dirichlet boundary conditions at all exterior nodes with the weights 
Ck given by 

where 
d5(,\) =- sin(,\l2) sin(,\l4), d4 (,\) =- sin(,\l2) sin(,\l5), 

d2(,\) = -(cos(,\l3 ) sin(,\l5 ) sin(,\l4 ) + sin(,\l3 ) cos(Àl5) sin(Àl4) + sin(,\l3 ) sin(,\l5 ) cos(,\l4)). 

First, if ck = 0: then jd5(5.k) j = )d4(5.k) J = jd2(5.k) 1 = O. As l4 = l2: we obtain 

sin(,\l4 ) = 0 and sin(,\l3 ) sin(,\l5 ) =O. If sin(.\l3 ) = 0 (resp. sin(,\l5 ) = 0), then, necessarily 
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l3/l2 (resp. Z5 /b) is a rational number. Consequently, ck =J. 0 if l3 /l2 and Z5/l2 are irrational 
numbers and then, in this case, the energy of u solution of (2.1) decays to O. 

Secondly, applying Appendix A of [38], we know that there exists a positive constant c 
such that for every k E N*, 

c 
Ck > -=-­- )._O: 

k 

if one of the following three conditions holds 
• the ratios Z5 /l2 , l3 /Zz and l3/l5 belong to S and a > 4 
or 
• the ratios l5 /l2, l3 /l2 and l3 jl5 belong to sorne Be and a > 4 + E 

or 
• the numbers Z3 , Z5 , Z2 satisfy the conditions (S) and a > 2 + E. 

Consequently, by using (2.38) of Theorem 2.3.8 and the first statement of Example 2.3.3, 
there exists a constant C > 0 such that for any initial data (uC0), uC1)) E Xs (0 < s < 1/2), 
the corresponding solution u verifies 

E(t)< CE ll(u(o).u(l))ll2. 
u - ( t + 1) ~ ' x. 

Finally, if these previous conditions do not hold, we can apply Theorem 2.3.8 to obtain 
a decay rate of the energy of u with an admissible pair (w, cl> 8 ), or Theorem 2.3.10 to obtain 
a more explicit decay rate of the energy. 

As we have seen in these examples, our method to obtain decay rates of the dissipative 
system (2.1) is of systematic application: 

First, we find the weights ( Ç) of the observability inequality (2.8) for the conservative 
problem (2. 7) with Dirichlet boundary conditions at all exterior nodes. 

Then we take, for the weight w, the lower convex envelop of the sequence (1, (c~)n)· 
Finally we choose cl>s such that (w, <I>s) satisfy (2.28)-(2.31) to obtain the decay rate of 

the energy, given by 

<l>s(l~t)· 
Note that the study of the observability inequality (2.8) for (2.7) and the weights (Ç) 

have been already done in sorne works (see [38]). Consequently we canuse directly these 
results and it is not necessary to show another observability inequality. In addition, notice 
that the weighted observability inequality (2.17) holds under the same assumptions on the 
network that are needed for the Dirichlet problem (2. 7). This method allows to treat an 
important class of networks. 

Moreover we can extend this general principle to networks of strings with damping in 
several exterior vertices, or with damping in interior nodes. 
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Chapitre 3 

Stabilization of second order 
evolution equations with unbounded 
feedback with delay 

3.1 Introduction 

Time-delay often appears in many biological~ electrical engineering systems and mecha­
nical applications [1, 51, 101], and in many cases, in particular for distributed parameter 
systems, even arbitrarily small delays in the feedback may destabilize the system, see 
e.g. [39-41, 52, 75, 85, 89, 98, 110]. The stability issue of systems with delay is, therefore, of 
theoretical and practical importance. 

We further remark that sorne techniques developed recently in [85] and in chapter 1 in 
order to obtain sorne existence results and decay rates have sorne similarities. We therefore 
propose to consider an abstract setting as large as possible in order to contain a quite 
large class of problems with time delay feedbacks. In a second step we prove existence and 
stability results in this setting under realistic assumptions. Finally in order to show the 
usefulness of our approach, we give sorne examples where our abstract framework can be 
applied. For a similar approach, we refer to the paper in preparation [5]. Without delay 
such an approach was developed in [11]. 

Before going on, let us present our abstract framework. Let H be a real Hilbert space 
with nor rn and inn er prod uct denoted respectively by JJ.JJ H and (., . ) H. Let A : D (A) ---+ H 
be a self-adjoint positive operator with a compact inverse in H. Let V := D(A~) be the 
domain of AL Denote by D(A~)' the dual space of D(A~) obtained by means of the inner 
product in H. 

Further, for i = 1, 2, let Ui be a real Hilbert space (which will be identified to its 
dual space) with normand inner product denoted respectively by J!.Jiui and(., .)ui and let 

Bi E 1:-(Ui, D(A~)'). 
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We consider the system described by 

{ 

w(t) + Aw(t) + Blul(t) + B2.u2(t- T) = 0, t > 0 
w(O) = wo, 0(0) = w1 , 

u2(t- T) = j 0(t- T)~ 0 < t < T, 
(3.1) 

wherc t E [0, oo) represents the time, T is a positive constant which represents the delay, 
v.) : [0, oo)----" His the state of the system and u1 E L2([0, oo), U1), u2 E L2([-T, oo), U2) 
are the input functions. Most of the linear equations modelling the vibrations of elastic 
structures with distributed control with delay can be written in the form (3.1), where w 
stands for the displacement field. 

In many problems, coming in particular from elasticity, the input ui are given in the 
feedback form ui(t) = B;w(t), which corresponds to colocated actuators and sensors. We 
obtain in this way the closed loop system 

{ 

w(t) + Aw(t) + B1B~w(t) + B2B2w(t- T) = o, t > o 
w(O) = Wo, w(O) = WI, 

B2w(t- T) = f 0(t- T), o < t < T. 
(3.2) 

The first natural question is the well posedness of this problem. In section 3.2 we will 
give a sufficient condition that guarantees that this problem (3.2) is well-posed, where we 
closely follow the approach developed in [85] for the wave equation. Secondly, we may ask 
if this system is dissipative. We show in section 3.3 that the condition 

(3.3) 

guarantees the strict decay of the energy; under this condition, using a result from [12] 
(see also [105]) we pertain a necessary and sufficient condition for the decay to zero of the 
energy. Note that this last condition is independent of the delay and therefore under the 
condition (3.3), our system is strongly stable if and only if the same system without delay 
is strongly stable. Note further that if (3.3) is not satisfied, there exist cases where sorne 
instabilities may appear (see [85, 110] and chapter 1 for the wave equation). Hence this 
a..<;sumption seems realistic. 

In a third step, again under the condition (3.3) and a certain boundedness assumption 
from [11] between the resolvent operator of A and of the opera tors B1 and B2 , see condition 
(3.20), we prove that the exponential decay of the system (3.2) follows from a certain 
observability estimate. Again this observability estimate is independent of the delay term 
B2B2w(t- T) and therefore, under the conditions (3.3) and (3.20), the exponential decay 
of the system (3.2) follows from the exponential decay of the same system without delay. 
Nevertheless we give the dependence of the decay with respect to the delay, in particular 
we show that if the delay increases the decay decreases. This is the content of section 3.4. 
A similar analysis for the polynomial decay is performed in section 3.5 by weakening the 
observability estimate. Again we show that if the delay increases the decay decreases. In 
view of sorne applications, section 3.6 is devoted to the proof of thesc two observability 
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estimates by using a frequency domain method and a reduction to sorne conditions between 
the eigenvectors of A and the feedback operator B~. 

Finally we finish this chapter by considering in section 3. 7 different examples where our 
abstract framework can be applied. To our knowledge, ail the examples, with the exception 
of the first one, are new. 

3.2 Well posedness of the problem 

We aim to show that problem (3.2) is well-posed. For that purpose, we use semi-group 
theory and an idea from [85] (see also chapter 1 or [89]). Let us introduce the auxiliary 
variable z(p, t) = B;w(t- Tp) for p E (0, 1) and t > O. Note that z verifies the transport 
equation for 0 < p < 1 and t > 0 

{ 

7 az + oz = 0 at ap 
z(O, t) = B2w(t) 

z(p, O) = B2w( -Tp) = f 0(-Tp). 

Therefore, the problem (3.2) is equivalent to 

{ 

w(t) + Aw(t) + B1B~w(t) + B2z(1, t) = 0, t > 0 
T~ + ~; = 0, t > 0, 0 < p < 1 

w(O) = Wo, w(O) = W1, z(p, 0) = j 0( -Tp), 0 < p < 1 
z(O, t) = B2w(t), t > O. 

If we introduce 
U := (w, w, zf, 

then U satisfies 

( 
1 âz)T 

U' = (w, w, z{ = w, -Aw(t)- B1B~w(t)- Bzz(l, t), --;. âp 

(3.4) 

(3.5) 

Consequently the problem (3.2) may be rewritten as the first order evolution equation 

{ 
U' =AU 

U(O) = (wo, u.JI, jO( -T.) ), 
(3.6) 

where the operator Ais defined by 

with domain 
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Now, we introduce the Hilbert space 

1-l =V x H x L2 ((0, 1), U2 ) 

equipped with the usual inner product 

( ( ~·) , ( ~ ) ) = ( Alw, AlW) H + (u, U)H + [ (z(p), Z(p))u, dp. (3.7) 

Let us suppose now that 

:JO <a :::; 1, 'Vu E 1/, IIB;ull~2 :::; a IIB~ull~1 . (3.8) 

Under this condition, we will show that the operator A generates a C0-semigroup in 7-l. 
For that purpose, we choose a positive real number Ç such that 

2 
1 :::; ç :::; - - 1. (3.9) 

Q 

This constant exists because 0 < a :::; 1. 
We now introduce the following inner product on 1-l 

( ( ~ ) , ( ~ ) ) "= ( Alw, AlW) H + (u, U)H + T~ [ (z(p), ii(p))u, dp. 

This new inner product is clearly equivalent to the usual inner product on 1-i (3.7). 

Theorem 3.2.1. Under the assumption (3.8), for an initial datum U0 E 7-l, there exists a 
unique solution U E C([O, +oo), 7-l) to system (3.6). Moreover·, if U0 E D(A), then 

U E C([O, +oo ), D(A)) n C1 ([0, +oo ), 7-l). 

Proof: By Lumer-Phillips' theorem, it suffices to show that Ais rn-dissipative (see Defi­
nition 3.3.1 and Theorems 1.4.3 and 1.4.6 of [93]). 

We first prove that Ais dissipative. Take U = (w, u, z)T E D(A). Then 

(AU. U)" = ( ( -Aw- B~;z:- B,z(l)) , ( ~))" 
( A~u. AL.J) - (Aw + B 1Bîu + B2z(l), u)H- Ç t (aaz (p). z(p)) dp. 

H h p ~ 
Since Aw + B 1Bîu + B2z(l) E H, we obtain 

(AU, U)H = ( A~u, AL:) H- (Aw, u)v', v- (B1B~u, u)v'.v- (B2z(l). u)v'. v 

-( t (~z (p). z(p)) dp Jo P Uo 

(Aw, u)v', 11 - (Aw, uh;,, v- IIB;'ul!~ï1 - (z(l), B;·u)u2 

-Ç 11 (~z (p), z(p)) , dp, 
0 p Ch 
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by duality. By intregrating by parts, we obtain 

( (~z (p), z(p)) dp = - ( ( z(p), ~z (p)) dp + (llz(l) 11~2 - llz(O) 11~2 ), Jo P u2 Jo P u2 

and thus 

1
1 (âz ) 1 2 * l 2 ) a(p), z(p) dp = 2(11z(1)iluz -IIB2u lu2 . 

o P u2 
Therefore, by Cauchy-Schwarz's inequality, we find 

(AU, U)'H -IIB;ull~1 - (z(1), B;u)u
2

- ~ llz(1)JI~2 + ~ IIB;ull~2 
< -IIB;ull~1 + (~- ~) llz(1)1l~2 + (~ + ~) IIB;ull~2 • 

By (3.8), we obtain 

with I + SfJ - 1 :::; 0 and ~ - ~ :::; 0 because Ç satisfies condition (3.9). This shows that 
(AU, U)rt :::; 0 and then the dissipativeness of A. 

Let us now prove that )..J - A is surjective for sorne À > O. 
Let (f, g, h)T E 'H. We look for U = (w, u, z)T E D(A) solution of 

or equivalently 

{ 

Àw-u= f 
Àu + Aw + B1B~u + B2z(l) = g 
Àz + l8z = h. 

T 8p 

Suppose that we have found w with the appropriate regularity. Then, we have 

u=-f+ÀwEV. 

Vve can then determine z, indeed z satisfies the differentiai equation 

1 âz 
)..z + -- = h 

. TÔp 

(3.10) 

and the boundary condition z(O) = B2u = -B2f + >-B2w. Therefore z is explicitely given 
by 
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This means that once w is found with the appropriate properties. we can find z and u. In 
particular, we have 

z(l) = >.B;we->.-r- B;Je->.-r + re->.-r 11 

e>.-ruh(a)da = >.B;we->.-r + z0 , (3.11) 

where z0 = - B;, f e->.-r + re->.-r J; e>--ru h( a )da is a fixed element of U2 depending only on f 
and h. 

It remains to find w. By (3.10), w must satisfy 

..\
2w + Aw + ..\B1B;w + B2z(l) = g + B1B;J + ..\j, 

and thus by (3.11), 

À2w + Aw + ..\B1B;w + ..\e->.-rB2B;w = g + B1B;J + Àj- B2z0 =: q, 

where q E V'. We take then the duality brackets (., .)V',v with cb E V : 

Moreover: 

(>.2w + Aw + ÀB1Biw + ..\e->.-r B2B;,w, cp)v, v 
= ..\2 (w, cf;)v', v+ (Aw, cp)v', v + ..\( (B1Biw, cj;)v', v + e->.-r '(B2B2w, cj;)v', v) 

= À2 (w, cp) H + (A ~w, A~ cp) H + ..\( (Biw, Bief; )u
1 
+ e->.-r (B;,w, B2cf;)u

2
) 

because w EV CH. Consequently, we arrive at the problem 

..\
2 (w, cf;)H + ( A~w, A~<P) H + ..\((B;w, B;cp)u

1 
+ e->.T (B;w, B;cp)u

2
) = (q, cf;hn. v. (3.12) 

The left hand side of (3.12) is continuous and coercive on V. Indeed, we have 

1>-2 (w, cj;)H + ( A~w, A! cp) H + ..\((Bîw, Bîcf;)u
1 
+ e->.-r (B;w, B;cf;)u

2
)1 

:::; À2 11wiiH llcbiiH + IIA~wll~ ~~A~ çi>IIH + >-(IIB;wllu1 I\B;<t>llu1 + e->.-r IIB;wllu2 IIB;ç&llu2 ) 

:::; C..\
2 \lwllv llc/JIIH +liA! llfllwllv llcbllv 

+>-(11Bîll~w,u1 ) llwllv llcbllv + e->.-r IIB;II~(V,u2 ) llwllv llcbllv) 
:::; C llwllv llcbllv, 

and for cp = w E 1l 

>-2 llwll~ + ( A~w, A~w) + >-(IIBiwl\~1 + e->.-r liB2wl\~2 ) 
2 H 

~ IIA~wiiH ~ C llwl\~. 
Therefore, this problem (3.12) has a unique solution w E \/ by Lax-Milgram's lemma. 
Moreover Aw+B1Biu+B2z(1) = g+Àj-À2w EH. In summary, we have found (w, u, zf E 
D(A) satisfying (3.10). 11 

Remark 3.2.2. 11/e àed'uce fmm Theor·crn 3.2.1 that D(A) is dense in H (see (93}). 
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3.3 The energy 

We now restrict the hypothesis (3.8) to obtain the decay of the energy. Namely, we 
suppose that (3.3) holds, namely 

30 < a< 1, VuE V, IIB;ull~2 $a IIB~ull~1 • 

Let us choose the following energy ( which corresponds to the inner product on H) 

E(t) := ~ (1\A~wll: + llwll~ +Te 11 

IIB;w(t- TP)II~2 dp), (3.13) 

where Ç is a positive constant satisfying 

that exists because 0 < a < 1. 

3.3.1 Decay of the energy 

2 
1 < e <- -1, 

Oô 
(3.14) 

Proposition 3.3.1. If (3.3) holds, then for all (w0 , w11 f 0
( -T.))T E D(A), the energy of 

the corresponding regular solution of (3.2) (i.e. (w, w, B 2w(t-Tp))T E C([O, +oo ), D(A))n 
C1 ([0, +oo), H)) is non-increasing and there exist two positive constants C1 and C2 depen­
ding only on a and Ç such that 

-C2 (IIB~w(t)ll~l + IIB;w(t- T)ll~2 ) ::; E'(t)::; -C1 (IIB~w(t)ll~l + IIB;w(t- T)II~J. 
(3.15) 

Proof: Deriving (3.13), we obtain 

E'(t) - ( A~w, A!w) H + (w, w)H +re 11 

(B;w(t- rp), B;w(t- Tp))u2 dp 

(Aw, w)v, v- (w, Aw + B1B~w + B2B;w(t- T))H 
1 , 

+eT 1 (B;w(t- rp), B;w(t- Tp))u
2 

dp 

(Aw, w)V'.V- (w, Aw + BlB~w + B2B;w(t- r))v,, V' 
1 . 

+Çr1 (B;w(t- rp), B;w(t- Tp))u
2 

dp, 

because Aw + B1Bîw + B2B2w(t- T) E H. Then 

E'(t) = (Aw, w)V',V- (w, Awh..·. V'- (w, BlB~w}r..r, V'- (w, B2B;w(t- T))v, V' 

+Çr11 

(B;w(t- rp), B;w(t- Tp))u
2 

dp 

-IIB~wiiZr1 - (B;w, B;w(t- T))u2 

+er1
1 

(B;ù.!(t- rp), B;w(t- Tp))u2 dp. 
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Moreover, recalling that z(p, t) = B2w(t- rp), we see that 

[ (BiW(t ~ rp), BiW(t ~ rp))u, dp ~ [ ( z(p, t), ~~ (p, t)) u, dp 

- -~ ( (z(p, t), ~z (p, t)) dp, r Jo up U2 

az az because ap(p, t) = -rat (p, t). Then, we have 

t 1 t fj Jo (B;w(t- rp), B;w(t- rp))u2 dp = -
27 

Jo op llz(p, t) 11~2 dp 

1 2 2 ) - -
27 

(1\z(l, t) l\u
2 

- llz(O, t) \lu2 

- - 2~ (IIB;w(t- r) 11~2- IIB;w(t) 11~2). 
Consequently, 

Cauchy-Schwarz's inequality yields 

and 

E'(t) 2: -IIB~wll~l + (-~ + ~) IIB;w(t)\1~2- (~ + ~) IIB2w(t- r)ll~2. 
Therefore, by (3.3), these estimates leads to 

with 

cl = min { ( 1 - ç 0: - ~) ( ~ - ~)} 
2 2 ' 2 2 

which is positive according to the assumption (3.14). and to 

with 

C2 =max { 1, ç; 1 } 

which is also positive. • 
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Remark 3.3.2. Integrating the expression (3.15) between 0 and T, we obtain 

1T (IIB;w(t)ll~l + IIB;w(t- r)ll~2) dt:::; ~1 (E(O)- E(T)):::; ~1 E(O). 

This estimate implies that Biw(.) E L2 ((0, T), U1 ) and B2w(.- r) E L2 ((0, T), U2). • 

Remark 3.3.3. If (3.3) is not satisfied, there exist cases where instabilities may appear, 
see chapter 1 and [85, 110] for the wave equation. Renee this condition appears to be quite 
realistic. • 

3.3.2 Decay of the energy to 0 

We give a necessary and sufficient condition that guarantees the decay to 0 of the 
energy. 

Proposition 3.3.4. Assume that (3.3) holds. Then, for all initial data in 1t, we have 

limE(t) = 0 
t-H~O 

if and only if for any (non zero) eigenvector <p E D(A) of A, we have 

B;cp =f.O. 

(3.16) 

(3.17) 

Remark 3.3.5. Notice that this necessary and sufficient condition is the same thau in the 
case without delay (see [105]) and therefore, the system (3.2) with delay is strongly stable 
(i.e. the energy tends to zero) if and only if the system without delay (i.e. for B2 = 0) is 
strongly stable. • 

Proof: 1 ~ 1 Let us show that (3.17) implies (3.16). For that purpose we closely follow [105]. 
First, we show that A has no eigenvalue on the imaginary axis. If it is not the case, let 

iw be an eigen value of A where w E lR. Let <p be an eigenvector associated with iw. Th en 
<p is of the form 

( 
z ) cp== 'lWZ , 

iwe-iwrp B2z 

with 
(3.18) 

It is an immediate consequence of the identity (iwl- A)cp =O. 
First we notice that w =f. 0 since for w = 0, the above identity reduces to Az = 0 with 

z E D(A). Since by hypothesis A is invertible, we get z = 0 and therefore 0 is not an 
eigenvalue of A. 

We now take the duality bracket (.,·lv', V" between (3.18) and z EV: 

0 - ( -w2 z + Az + iwB1Biz + iwe-iwr B2B2z, z)~n. v 

(( -w2J + A)z, z/v'. v+ iw I!Bizll~1 + iwe-iwr IIB2zll~2 • 
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We look at the imaginary part of this expression to obtain 

w (IIB~zll~1 + cos(wr) IIB;zii~J = 0, 

which implies, because w =/= 0, 

IIB~zll~1 + cos(wr) IIB;zll~2 =O. 

We deduce that 

0 = IIB~zll~1 + cos(wr) IIB;zll~2 2: IIB~zll~1 - IIB;zll~2 2: (1- a) IIB~zll~1 2: 0: 

by (3.3) with a< 1. Consequently 

which implies 
B~z =O. 

Moreover~ by (3.18), (3.19) and (3.3), we have 

Az = w2z. 

Therefore, z is an eigenvector of A of associated eigenvalue w2 such that 

B~z = 0, 

which contradicts (3.17). Thus, A has no eigenvalue on the imaginary axis. 

(3.19) 

Now, we can apply the main theorem of Arendt and Batty [12] : As o-(A) n ilR is 
countable (because o-(A) is countable and what we have clone previously) and a..s A has no 
eigenvalue on the imaginary axis, we obtain (3.16). 

1:::} 1 Let us show that (3.16) implies (3.17). For that purpose we use a contradiction 
argument. Suppose that there exists an eigenvector 'P of A of associated eigenvalue >.2 such 
th at 

Let us set 
w(., t) = ((JCOs(>.t). 

Then w is solution of (3.2) and satisfies 

E(t) = E(O) 

because 

and 
À

2 sin2(>.(t- r)) IIB;'PII~2 

< aÀ2 sin2 (>.(t- r)) IIB~'PII~1 = 0, 

by (3.3). This means that we have obtained a solution of problem (3.2) with a constant 
energ.y, which contradicts (3.16). • 
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3.4 The exponential stability 

3.4.1 A priori estimate 

In arder to obtain the characterization of decay properties of the damped problem via 
observality inequalities for the conservative problem we will use the following assumption 
from [11] : 
If ;3 > 0 is fixed and C8 ={À E C \~À= ,6}, the function 

À E C8 -+ H(À) = ÀB*(À2 1 + A)-1 BE .C(U) is bounded, (3.20) 

where BE .C(U, V') wîth Ua Hilbert space. 

We consider the evolution problem 

{ 
jj(t) + Ay(t) = Bv(t) 

y(O) = y(O) = 0, 

and the following conservative system 

{ 
~(t) + Acp(t) = 0 

cf>(O) = wo, ~(0) = w1. 

Let us recall the two following results proved in [11] : 

(3.21) 

(3.22) 

Lemma 3.4.1. Suppose that v E L2 (0, T; U) and that the solutions cp of {3.22) are such 
that B*c/J(.) E H 1(0, T; U) and there exists a constant C > 0 such that 

Then the problern {3.21) admits a unique solution having the regularity 

y E C(O, T; V) n C1 (0, T; H). 

Proposition 3.4.2. Suppose that v E L2(0, T; U) and that the problem {3.21) admits a 
unique solution having the regularity 

y E C(O, T; V) n C 1(0, T; H). 

Then hypothesis {8.20) holds if and only if B*y(.) E H 1 (0, T; U) and there exists a constant 
C > 0 independent of T such that 

\\(B*y)'(.)I\L2(0,T;U) :S Cef3T \lv\\L2(o.T;U) · 

125 



Let w E C(O, T; V) n C 1 (0, T; H) be the solution of (3.2) with (w0 , w1, f 0 ( -r.)f E 
D(A). Then it can be split up in the form 

w = <P+'l/J, 

where <Pis solution of the problem without damping (3.22), and 'ljJ satisfies 

{ 
;f;(t) + A1f;(t) = -E1E~.~(t)- E2E2w(t- r) 

'1/J(O) = 0, w(O) =O. 
(3.23) 

We now set E = (E1 E2 ) E .C(U, V') where U = U1 x U2. It is easy to verify that E* = 

( ~~ ) E .C(V, U). Therefore 'lj; is solution of 

{ 
~(t) + A'ljJ(t) = Ev(t) 

1/1(0) = 0, 1/1(0) = 0, 
(3.24) 

where v(t) = ( -~:3(~~) r) ) . In other words, 1/J is solution of problern (3.21) with 

B = (E1 B2) 

and by Rernark 3.3.2 

( 
-E~w(·) ) 2(( ) v= E*·· ( ) EL 0, T , U). 

- 2 w ·- T 

Then 1/J = w- cp E C(O, T; V) n C1(0, T; H). Suppose that the hypothesis (3.20) is satisfied 
forE= (E1 E 2 ) and U = U1 x U2 . By applying Proposition 3.4.2, we obtain 

1T II(E*1f))'l\~dt::; Ce2
BT 1T llv(t)ll~dt, 

which is equivalent to 

1r (ii(B;?J;)'II~~ + ii(B21,&)'1\~2 )dt::; Ce213
T 1r (IIE;w(t)ll~~ + IIB;w(t- r)ll~-2 )dt. 

In particular, we have 

1r ii(Eî1/Y)'II~~ dt:::; Ce2
f3T 1r(IIE;w(t)ll~1 + IIE;w(t-r)ll~2 )dt. 

Therefore, since w = <P + '1/', we have 

1T I!(E;<P)'(t)i\~1 dt < 2 (1T II(B;w)'(t)i1~1 dt+ 1T li(E;1f;)'(t)il~-1 dt) 

< Ce237 for (II(Bîw)(t)\\~1 + li(E;w)(t- 1)ii~J dt. 

Thus, we have proved the following result : 
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Lemma 3.4.3. Suppose that the assumption (3.20} is satisfied for B = (B1 B2), U = 
U1 x U2. Then the solutions w of (3.2} and <P of (3.22} satisfy 

for II(B~<P)'(t)il~1 dt< Ce28r 1r(IIB~w(t)i!~1 + I!B2w(t- T)il~2 )dt, 
with C > 0 i'ndependent of T. 

3.4.2 The stability result 

Theorem 3.4.4. Assume that the hypotheses (3.3} and (3.20} are verifiedfor B = (B1 B2), 

U = U1 x U2 . If the re exist a ti me T > 0 and a constant C > 0 su ch th at the observability 
estimate 

(3.25) 

holds: where <P is solution of (3.22), then the system (3.2} is exponentially stable in the 
energy space : there exist C > 0 independent of T and v > 0 such that, for all initial data 
in 'H., 

E(t)::::; CE(O)e-vt, \ft> O. (3.26) 

Proof: Let w be a solution of (3.2) with initial data (w0, w1 , f 0( -T·)) E D(A). 
Without loss of generality, we can always assume that (3.25) holds with T > T and C 

independent of T. 

Integrating the inequality (3.15) of Proposition 3.3.1 between 0 and T, we obtain 

By assumption (3.25), we obtain 

with C independent of T. Since T > T, by change of variables, we have 

1r IIB2w(t- 7)11~2 dt - 1:-T IIB2w(t)ll~2 dt 

> 1: IIB2w(t)il~2 dt= T fo
1

\\B2w(-7p)\1~2 dp. 
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The two previous inequalities and (3.14) directly imply that 

with C' = C/(2/a -1). This means that forT> T, we have 

E(O)- E(T) 2:: C'e-2f3T E(O). 

This estimate is equivalent to 

E(O)- E(T) 2:: C'e-2
f3T E(T), 

because the energy is decreasing, which leads to 

E(T) ~ 'YE(O), 

where 'Y = l+C'~_213r < 1. Applying this argument on [(m- 1)T, mTL for m = 1, 2, ... 
( which is valid bec a use the system is invariant by translation in time), we will get 

E(mT) ~ 'YE((m- 1)T) ~ ... ~ 'Ym E(O). 

Therefore, we have 
E(mT) ~ e-vmT E(O), m = 1, 2, ... 

with v = ~ln~ = ~ ln(1 + C'e-28T) > 0 which depends on T and thus on T (because 
T > T). For an arbitrary positive t, there exists mEN* such that (m-l)T < t ~mT and 
by the non-increasing property of the energy, we conclude 

1 
E(t) ~ E((m- 1)T) ~ e-v(m-l)T E(O) ~ -e-vt E(O). 

. 'Y 

Renee the energy decays exponentially with the decay rate v=~ ln~=~ ln(l+C'e-2BT) < 
~ ln(1 + C'e-2BT), because T > T. Notice that the constant C of (3.26) can be chosen such 
that C 2:: 1 + C' ( which is independent of T) because ~ = 1 + C' e-2f3T ~ 1 + C'. 

By density of D(A) into 'H, we deduce that (3.26) holds for any initial data in 1t. • 

Remark 3.4.5. In the previous theorern, we have seen that the decay rate is v= ~ln~ = 
~ ln(l + C'e-2BT) < ~ ln(l + C'e-28T) because T > T and where C' is independent of T. 

Therefore, when T becornes larger, the decay is slower. • 

Remark 3.4.6. Notice that the sufficient condition (3.25) for the exponential decay of 
the energy is the sarne th an the case without delay ( see [11]). Therefore, if the hypothesis 
(3.20) holds and if the dissipative system without delay (i.e. with B 2 = 0) is exponentially 
stable, then the s~rstem (3.2) is exponentially stable. • 
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3.5 The polynomial stability 

In sorne cases, the decay of the energy is not exponentiaL but can be polynomial. Our 
aim here is to give a sufficient condition that yields the explicit decay rate. 

The proof of this stability result requires the next technical Lemma proved in [10, 
Lemma 5.2]. 

Lemma 3.5.1. Let (ck)k be a sequence of positive real numbers satisfying 

(3.27) 

where C > 0 and J..L > -1 are constants. Th en there exists a positive constant ]\;f ( depending 
on f.L and C) such that 

M 
Ck :::; 1 ' Vk 2:: 0, 

(1 + k)l+p 

with M > ( (l+~)C) 1~" • 

Moreover we recall the following interpolation result. 

Lemma 3.5.2. For (w0 , w1) E D(A) x V, we have 

where C >O. 

JJwoJI~~:~) < C JJwoJI~cA) llwollvcA~)' 
JJwd';;+1 

< C l!wriJ~(A~) JlwiiivcA-~), 

Proof: If we denote by { .Àkn} n the eigenvalues of A~ counted without multiplicity, ln 
the multiplicity of the eigen value .Àkn and { 'Pkn+j} O$j:Sln _ 1 the orthonormal eigenvectors 
associated with the eigenvalue .Àkn, this lemma is a direct consequence of the equivalence 
JJuJJ~(As) "'.En~! ,E~:,~1 

Jukn+jl
2 .Àt~ for all s E :IR., when u = l:n~l,E~r;:Q1 

Ukn+i'Pkn+j and 
of Holder's inequality vvith p = 1 + ~ and q = m + 1. • 

Since for (w0 , w1, f 0 ( -T.)) E D(A), w0 is not necessarily in D(A), we can not apply 
Lernma 3.5.2 to w0 , and therefore we need to make the following hypothesis : there exists 
C > 0 such that for all (w0 , w1 , z) E D(A), we have 

llwoll~+l :SC IJ(wo, w1, z)JI~(A) llwoiiD(A~) · (3.28) 

Theorem 3.5.3. Let:» be a solution of (3.2) with (w0 , w1, jû(-T·)) E D(A). Assume that 
the hypotheses (3.3/ (3.20) and (3.28) are verified for B = (B1 B2 ), U = U1 x Uz. If there 
exist a positive real number m, a time T > 0 and a constant C > 0 such that 

1T II(B;ct>)'(t)JI~1 dt 2:: C (llwoii~(Al.yl) + llwiii~cA-~)) 
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holds where cp is solution of (3.22), then the energy decays polynomially, i.e. there exists 
C > 0 depending on m and T such that, for all initial data in D(A), 

(3.30) 

Proof: Sincè the hypothesis (3.20) is satisfied for B = (B1 B2 ), U = U1 x Uz, by using 
Lemma 3.4.3, we obtain 

On the other hand, integrating the inequality (3.15) of Proposition 3.3.1 between 0 and T* 
for T* large enough : T* 2:: max(T, T), we have 

by change of variable (because T* > r). Therefore 

E(T*)::; E(O)- K1e-Zf3T* (llwoii~(A~) + llwii!~(A-~) + rÇ, 11 
!IB;w( -rp)i!~2 dp), 

(3.31) 
for sorne K 1 > 0 independent of T* and r. 

Therefore, by (3.28), the previous interpolation result of Lemma 3.5.2 and a convexity 
inequality, we have : 

!l(wo, wi)!I~~1 < C (l!wo!l~+l + !lw1!1;;+1) 

< C (ii(wo, w1, /0 (-r.))li~(A) !lwo!ID(A~) + !lw11l~(A1) !lw1!1D(.4-~)) 
< Cii(wo, w1, /0 (-r.))ii~(A) (llwo!ID(A~) + !lwli!D(A-~)) · 

1-m rn 
Denoting by X_m = D(A---:r-) x D(A-2), we have shown that 

Il( ) 11
2 > C !l(wo, wi)!I~~"ji 

Wo, W1 X-m _ · Il ( JO( )) j12m · Wo, W1, -T. ID(A) 
(3.32) 

Now introduce the modified energy 

È(t) = ~ IIU(t)II~(AJ = ~(!IU(t)ll~ + IIAU(t)!l~). 
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As in Proposition 3.3.1, this energy È is decaying. 
Combining the estimates (3.31) and (3.32), we obtain 

E(T•) :" E(O) - K,e _,pr• c ( Wo~~~~~t':~ + Çr [ il B;W( -T p) il~, dp) , 

for sorne K 2 > 0 independent of T* and T, or equivalently 

E(T*) < E(O) - K2e-2f3T* (Il (wo,_ wi) ~~~~ji + ÇT llfo( -T.)ji~2((o 1) u )) . (3.33) 
E(O)m , , 2 

Using the trivial estimate 

(ÇT)m+1 llf0 (-T.)II~c7;l),u2 ) = ÇT llf0 (-r.)lli2((o,I),U2) (ÇT)m llf0 (-T.)IIi~cco,I),u2) 
< TÇI!f0 (-T.)JJi2((0,1),U

2
)È(O)m 

the above inequality (3.33) becomes 

E(T*) < E(O) _ K e-2f3T* (ll(wo, w1)jj~~ii + (ÇT}m+l ilf0 (-T.)IIi~c1~ 1),u2)) 
- 2 E(O)m 

< E(O)- K'e-2f3T* E~O)m+l 
E(O)m ' 

with K' > 0 independent of T* and T. Since the energy of our system is decaying, we 
ob tain 

E(T*) < E(O)- K'e-2f3T* E~T*)m+l. 
- E(O)m 

(3.34) 

We now follow the method used in [10]. The estimate (3.34) being valid on the intervals 
[kT*, (k + 1)T*], for any k ~ 0, we have 

E((k + 1)T*) < E(kT*)- K'e-2f3T*E((k_+ 1)T*)m+l. (3.35) 
- E(kT*)m 

Set ting 
E(kT*) 

ék = È(O) ' 

and dividing (3.35) by È(O), we obtain 

< K I -2(3T* m+l ék+l - ék - e ék+l ' (3.36) 

because È(kT*) :S È(O). By Lemma 3.5.1 with fJ = m-1 > -1 (since m > 0), there exists 
1 

a constant M' > 0 ( depending on m and K' e-2f3T*, and verifying lvi' > ( 4~a;,·) ;:n) such 

th at 
lvf' 

ék :S , 1 , 'ïfk ~ 0, 
(1 + k)m 
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or equivalently 

E(kT*) ~ A1' 
1 

E(O). 
(1 + k)m 

This estimate and again the decay of the energy lead to the estimate (3.30), where C = 

Af'(1 + T*)~. • 

Remark 3.5.4. Since the proof of the above theorem reveals that C = }v.f'(1 + T*) ~ with 
l 

(
4 213r*) ;n M' > ~K' and T* > 7~ the constant C depends on 7 and when 7 becomes larger, 

the decay becomes slower. • 

3.6 Checking the observability inequalities 

In this section, we show how to obtain the observability inequalities used in Theorems 
3.4.4 and 3.5.3. Our method is based on the generalized gap condition. Before giving 
spectral conditions to obtain exponential or polynomial decay, we recall sorne results about 
Ingham's inequality. 

3.6.1 Preliminaries about lngham's inequality 

Let p.k}k~ 1 be the set of eigenvalues of A~ counted with their multiplicities (i.e. we 
repeat the eigenvalues according to their multiplicities). We further rewrite the sequence 
of eigenvalues { >.k} k~l as follows : 

where k1 = 1, k2 is the lowest index of the second distinct eigenvalue~ k3 is the lowest 
index of the third distinct eigenvalue, etc. For all i E N*, let li be the multiplicity of the 
eigenvalue Àk;, i.e. 

We have k1 = 1, k2 = h, k3 = l1 + l2 , etc. Let {'Pk;+j}os;js;l;-l be the orthonormal eigen­
vectors associated with the eigenvalue Àk;. We assume that the following generalized gap 
condition holds : 

(3.37) 

Fix a positive real number rb ~ ro and denote by Ak, k = L ... , Af the set of natural 
numbers km satisfying (see for instance [13]) 

{ 

Àkm - Àkm-1 ~rb 
Àkn - Àkn-1 < '"'rb 
À -À >,../ 

km+k km+k-1 - IO· 

for m + 1 ~ n ~ m + k - 1, 
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Then one easily checks that the sets Ak + j, j = 0, ... , k- 1, k = 1, ... ,NI form a partition 
of N*. Notice that sorne sets Ak may be empty because, for the generalized gap condition, 
the choice of M takes into account multiple eigenvalues. 

Now for km E Ak, we recall that the finite differences em+i(t), j = 0, · · · , k- 1, corres­
ponding to the exponential functions ei>..km+J t, j = 0, · · · , k - 1 are given by 

m+jm+j 
em+j(t) = 2:: II (Àkp- Àkq)-leiÀkpt_ 

p=m q=m 
q:/:p 

Write for shortness, e_n(t) the same finite differences functions corresponding to -Àkn. 

Now we are ready to recall the next inequality of Ingham's type, see for instance Theo­
rem 1.5 of (13] : 

Theorem 3.6.1. If the sequence (>..n)n~l satisfies (3.37), then for all sequence (an)nEZ* 
(where Z* = Z \ {0} ), the function 

satisfies the estimates 

forT> 2
7!". 

'"YO 

f(t) = L anen(t), 
nEZ* 

(3.38) 

Going back to the original functions ei>-k.,t, the above equivalence (3.38) means that, 
forT> 2

7!", the function (from now on À-kn = ->..kJ 
'"YO 

j(t) = L O:nei>.knt, 

nEZ* 

satisfies the estimates 
T M 

jlf(t)l
2
dt"' L L 11Bk"n1Ckn Il~, 

O k=l !kn!EAk 
(3.39) 

where Il · 11 2 means the Euclidean norm of the vector, for kn E Ak the vector Ckn is given 
by 

and the k x k matrix Bkn allows to pass from the coefficients akn to CY.kn, namely 
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and is given by Bkn = (Bkn,iih~i,j~k the matrix of size k x k such that 

n+j-1 

II (Àkn+i-1 - Àkq)-
1 if i ~ j, (i, j) =/= (1, 1), 

q= n 
q=/=n+i-1 

1 
0 

More explicitly, we have 

0 0 

1 

0 

if (i, j) = (1, 1), 
if i > j. 

1 

1 

We proceed similarly for n < -1, the indices being decreasing from n to n - k + 1. 

Remark 3.6.2. If the standard gap condition 

(3.40) 

holds, then A1 = Z* and B1 = 1 and in that case f(t) =EnEZ* O:nei>-~cnt satisfy Ingham's 
inequality (see [57]) : 

forT> 2
71". • 

1'0 

(3.41) 

Now let U be a separable Hilbert space (in the sequel, U will be U1). For a vector 

c = ( 2) in um, we set ll·llu,2 the norm in um defined by 

m 

llcll~',2 = L llczllt · 
1=1 

Then we obtain the inequality of Ingham's type in U : 

Proposition 3.6.3. If we have the standard gap condition (3.40 ), then for all sequence 
( an)n in U. the function 

u(t) = :L anei>.knt 

nEZ* 
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satisfies the estimates 

forT> 2-rr. 
'YO 

{T llu(t)ll~ dt rv 2.: lian il~, 
lo nEZ* 

Proof: Since U is a separable Hilbert space, there exists a Hilbert basis ( 'lj;k)k?:. 1 of U. 
Therefore, an E U can be written as 

K K 

Wetruncate an as follows: for KEN*, let a~K) = I,:a~'lj;k and set uK(t) = L(La~ei>-knt)'lj;k. 
k=l k=l nEZ* 

Since ('if'kh?. 1 is a Hilbert basis, we have by Fubini's theorem 

K 2 

!luK(t)ii~ = L L a~ei>-knt 
k=l nEZ* 

Thus, by applying Ingham's inequality (3.41), we have 

Therefore 

Since uK --+ u and a~K) --+an when K--+ +oo, we obtain the result. • 
ln the same way, we obtain an lngham's type inequality in a Hilbert space U in the 

case of the generalized gap condition (3.37). 

Corollary 3.6.4. If the sequence (>.n)n?.l satisjies (3.37), then for all sequence ( o:n)nEZ* 
in U, the function 

j(t) = L O:nei>-knt, 
nEZ* 

13.5 



satisfies the estimates 

for T > 2rr, where 
1'0 

3.6.2 A first observability inequality 

(3.42) 

Proposition 3.6.5. Assume that the generalized gap condition (.'3.37) holds and that U1 is 
separable. Let 4J be the solution of (3.22) with (w0 , w1 ) E V x H. Then there exists a time 
T > 0 and a constant C > 0 ( depending on T) such that (3.25) holds if and only if 

where the matrix <Pkn with coefficients in U1 and size k x Ln, where Ln = L:~=1 ln+i-1- 1, 
is given as follow : for all i = 1, · · · , k, we set 

where 
Ln,O = 0, 

i 

if Ln,i-1 < j :::; Ln,i' 
else, 

Ln,i = Lln+i'-1- 1, Vi ~ 1. 
i'=1 

Proof: We first show that (3.43)::::;..(3.25). Writting 

and 

l;-1 

Wo = LLak;+i'Pk;+i 
i~1 j=O 

l;-1 

w1 = LLbk;+j'Pk;+j 
i~l j=O 

(3.44) 

where (>'k;ak;+j}i,j, (bk;+j)u E l2 (N*), then the solution <P of problem without damping 
(3.22) is given by 
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Consequent! y 

l;-1 

(Bîc!>)'(t) = LL ( -ak;+jÀk; sin(Àk;t) + bk;+j cos(Àk;t)) B;rpki+i· 
i~l j=O 

By grouping the terms corresponding to the same eigenvalue, we get 

(Bî cp)' (t) 

where 

L O:nei.>.knt, 

nEZ* 

1 ( (ln-1 ) (ln-1 ) ) 
a;_n = 2 f;bkn+iBÎ'Pkn+j - i f;akn+iBÎ'Pkn+j Àkn , Vn 2: 1. 

Integrating the square of the norm of this identity between 0 and T > 0 and using 
Ingham's inequality (3.42) in U1 , for T large enough, we get 

where ckn =(an, ... , O:n+k-I)T is a vector of Uf. 
But for all kn E Ak, setting 

Akn - (>..knakn'" · 'Àknakn+ln-1' Àkn+1akn+1'" · 'Àkn+1akn+1+l11+1-l'"' ' 

Àkn+k-1 akn+k-1' ' ' ' 'Àkn+k-1 akn+k-1 +ln+k-1-1) T' 

Bkn - (bknl"' ,bkn+ln-1,bkn+l'"' ,bkn+l+ln+l-1,"' ,bkn+k-Jl"' l 

bkn+k-1 +ln+k-1-1) Tl 

we readily check that 
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Renee the assumption (3.43) yields 

because (cp kn +i )n,i is an orthonormal basis associated with the opera tor A~. 
It remains to show that (3.25)::::}(3.43). 
Let k = 1, · · · , M and kn E Ak be fixed. Take w0 = L:~,;;:-l L:~;,:~ ak;+j'Pk;+j and 

w1 = E~,;;:-l E~;,:t bk;+i'Pk;+j. Then the solution 4> of problem (3.22) is given by 

n+k-ll;-1 ( b . ) 
</>(-, t) = ~ ~ ak;+j cos(..\k;f) + ~:1 

sin(Àk1t) 'Pk;+j, 

and then 
n+k-ll;-1 

(B~<j>)'(t) = L L (-ak;+jÀk; sin(Àk,t) + bk,+j cos(..\k;i)) B~'Pk;+i· 
i=n j=O 

Applying again Ingham's inequality, we get for T large enough and Akn, Èhn define above 

1T Il (B~ </> )'(t) ~~~~ dt rv IIBknl<J?knAkn 11:,
1

,
2 
+ 11Bkn1<J?k,Bkn ~~~J,2 • 

By (3.25), we obtain 

IIBkn
1
<J?knAkn 11:

1
,
2 

+ IIBkn
1
<I>knBkn 11:

1
,
2 
~ C IIA!woll: + llw11i~ 

n+k-ll;-l 

= c 2: L)a~;+j.Àt + bt+j), (3.45) 
i=n j=O 

for sorne C > O. Renee we conclude that 

This ends the proof. • 
Remark 3.6.6. If the standard gap condition (3.40) holds, then A1 = N* and B1 = 1. In 
this case, the assumption (3.43) becomes 

::lr > 0, Vkn 2 1, 'if, E IR1n, I\<I>knf,\\u
1 

2 Î' \\Ç\\2 · 

I\·1oreover, if the standard gap condition (3.40) holds and if the eigenvalues are simple, the 
assumption (3.43) becomes 

• 
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Remark 3.6. 7. The above Proposition 3.6.5 yields a time T > 0 and a constant C > 0 
depending on T su ch that (3.25) holds but the time T and the constant C do not depend 
on the delay T. Renee if the minimal time T is not strictly great er than T, by choosing 
T'> max{T, T }, we still have 

with the same constant C as bef ore and that does not depend on T. This means that un der 
the generalized gap condition (3.37), the condition (3.43) is equivalent to the sufficient 
condition of Theorem 3.4.4. • 

3.6.3 A second observability inequality 

Proposition 3.6.8. Assume that the genemlized gap condition (3.37) holds and that U1 

is separable. Let cp be the solution of (3.22) with (w0 , w1) E V x H. Then for- a fixed r-eal 
number m > 0, the re exist a ti me T > 0 and a constant C > 0 such that ( 3. 29) holds if 
and only if 

3)' > 0, 't/k = 1, .. · , M, 't/kn E Ak, '1:/f, E RLn, jjBkn1<l>knf,llu
1
,2 2: À: Jjf,jj2 · 

kn 

Proof: The proof is similar to the one of Proposition 3.6.5 because 

ln-1 

L À;m L(at+jÀt + b~n+j) -
n;:_::l kn j=O 

The details are therefore omitted. 

n;:_::l j=O 

""' llwoll 2 
l-m + IJwiJiv2 

(A-Ilf) · D(A-r) 

(3.46) 

• 
Remark 3.6.9. If the standard gap condition (3.40) holds, the assumption (3.46) becomes 

3)' > 0, 'ikn 2: 1, 'if, E ]Rln, JJ<hnf,IJu
1 

2: À: Jjf,jj2 · 
kn 

Moreover, if the standard gap condition (3.40) holds and if the eigenvalues are simple, the 
assumption (3.46) becomes 

• 
A remark similar to Remark 3.6. 7 can be made for polynomial stability. 
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3. 7 Examples 

We end up this chapter by considering different examples for which our abstract fra­
mework can be applied. To our knowledge, all the examples, with the exception of the first 
one, are new. 

3.7.1 A wave equation on 1-d networks with nodal feedbacks 

In this section we show that the result obtained in chapter 1 (see also [89]) enter in 
the framework of this chapter. Obviously we will use the same notation for a network that 
in chapter 1 that we briefiy recall. We denote by E = { ei; 1 ::; j :::; N} the set of edges 
ei of length li > 0 of a given network R and V the set of vertices of R. For a function 
u : R-+ R, we set Uj = uiei the restriction of u to ei. For a fixed vertex v, we set 

Ev = {j E { 1, ... , N} ; v E ej}. 

If card(Ev) 2: 2, vis an interior node. Let Vint be the set of interior nodes. If card(Ev) = 1, 
v is an exterior node. Let Vext be the set of exterior nodes. For v E Vext: we set Ev= {jv}· 

We now fix a partition of Vext : 

Vext = Vu Nu V~t' where V =1 0. 

We actually will impose Dirichlet boundary condition at the nodes of V, Neumann boun­
dary condition at the nodes of N and finally a feedback boundary condition at the nodes 
of V~t· We further fix a subset V~t of Vint where a feedback transmission condition will be 
imposed. By shortness, we denote by Vc the set of controlled nodes, namely 

We here consider the following initial and boundary problem : 

â
2
u ( ) â

2
u · ( ) 7if x, t - 7;-;f x, t = 0 

Uj(v, t) = u1(v, t) = u(t·, t) 
"~(v t) = -a(v)au(v t)- a(v)au(v t- r) 
~ Ônj ' 1 ât ' 2 ât ' 
jE&v 

"au ( ) ~'fr(;\v,t =0 
jE&v 

uj)v, t) = 0 
~uj"(v. t) = 0 
aniv ' . 
u(t = 0) = u(o), ~~(t = 0) = u(l) 

âu(v. t- r) = f 0(t- r) at . v. 

0 <x < li, t > 0, 'ï!j E {L ... , N} 
t > 0, 'ï!j, l E Ev, v E Vint 

t > O. 'ï!v E Vc 

i > 0, 'ï!v E Vint\ Vfnt 

t > 0, 'ï!v EV 
t > 0, 'ï!v EN 

(3.47) 

where a~v) 2: 0 are fi.xed non-negative real numbers and the delay T is positive. 
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To rewrite this problem in the form (3.2), we introduce 

and the operator 

(3.48) 

where 

IT
N 2 "\""' Or.p . 

D(A) = {<p EV n . H (0, li);~ on; (v)= 0, 'ï!v E Vinti 
J=l JEEv 

aa'Piv (v)= 0, 'ï!v E Nu v~t}, (3.49) 
njv 

and 

N 

V:= {<p E IJH1(0, lj): <f'j(v) = 'Pk(v)'ï!j, k E Ev, 'ï!v E Vint; 'PjJv) = 0, 'ï!v EV}. 
j=l 

The operator A is self-adjoint and positive with a compact inverse in H. Moreover 

1 
D(A:ï) =V. 

We now define U = U1 = U2 = JRVc , where Vc is the cardinal of Vc, with norm 11-\lu = 11-11 2 
and the operators Bi for i = 1, 2 as 

D(A~)' 

l:MkvOv 
vEVc 

(3.50) 

It is easy to verify that BT(r.p) = (Mr.p(v))'{;EVc for tp E D(A~) and thus BiBi(r.p) = 
EvEVc a;v)r.p(v)Ov for r..p E D(A.b). Renee the system (3.47) can be rewritten in the form 
(3.2). 

We notice that (3.8) is here reduced to 

vEVc v EVe 

and therefore, the system (3.47) is well posed for a~v) :::; o:iv) for all v E Vc by Theorem 
3.2.1. and the energy is decreasing for a~v) < o:iv) for all v E Vc by Proposition 3.3.1. 

By Proposition 6.2 of [38], the generalized gap condition (3.37) holds with M = N + 1. 
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We know, by chapter L that the hypothesis (3.20) is satisfied. Moreover, the hypothesis 
(3.28) is verified because 

llwoll~+l < C IJwoJI'Z! JlwoJID(A~) 
< C ll(wo, w1, z)II~(A) llwoiiD(A~)' 

_,.., 

where X= V n (ITH2 (0, lj)), by using Corollary 1.6.4. 
j=l 

Now we define Wkn(v) the matrix of size k x Ln by: for ali i = 1, ... , k, we set 

(W (v))··= { 'Pkn+i-l+j-Ln,;- 1 (v) if Ln,i-l <j < Ln,i, 
kn tJ 0 else, 

i 

w here Ln, o = 1 and Ln, i = 2) ln+i'-l - 1) for i 2: 1. Th en, for all Ç E JRLn, we have 
i'=l 

La~ 11Bk"n1 Wkn(v)ÇII~ 
vEVc 

2:aiÇTwkn(v)T BknT B;;:wkn(v)Ç 
vEVc 

çT (2:aiwkn(v)TBknTB;;:wkn(v)) Ç. 
v EVe 

Therefore by setting 

vEVc 

we see that the assumption (3.43) becomes 

and the assumption (3.46) becomes 

:lm E :IR:, :J1 > 0, Vk E {1, ... , M}, Vkn E Ak, Àmin(Mkn) 2: >,Jm 
kn 

which corresponds respectively to the conditions (1.44) and (1.50) from chapter L because 
>.k "' 7_, where L = l::f=1 lj. 

Note that if the standard gap condition (3.40) holds and if all eigenvalues are simple 
(i.e. lk = 1), then the condition (3.43) becomes 

:J1 > 0, Vk 2: 1, Lalv) I'Pk(v)l 2 2: /, (3.51) 
v EVe 
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while the conditions (3.46) becomes 

3m E ffi.~, 3; > 0, 'ik ~ 1, I:C10iv) i'Pk(v)l 2 2 ÀJm · 
vEVc k 

(3.52) 

Consequently, we find ag ain all the results from chapter 1 ( see for instance the examples 
treated in section 1. 7), here we can even precise the dependence of the decay with respect 
to the delay 7. 

3. 7.2 One Euler-Bernoulli bearn with interior damping 

We consider an Euler-Bernoulli bearn of length 1 with interior damping and a delay 
term at Ç. Two types of boundary conditions will be considered. Without delay, these two 
problems were analyzed in [10, 11], where sorne decay rates similar to the ones proved below 
were obtained. 

Mixed boundary conditions 

We consider the following initial and boundary problem : 

{ 

~~(x, t) +~:~(x, t) + a:1 :(Ç, t)b~ + a:2 ~~(Ç, t- 7)6~ = 0 
w ( 0' t) = ~~ ( 1' t) = ~:~ ( 0' t) = ~:~ ( 1' t) = 0 

w(x, 0) = wo(x), :(x, 0) = w1(x) 
: ( Ç, f - T) = j 0 ( t - T) 

0 <x< 1, t > 0 
t > 0 

O<x<1 
Ü < t < T, 

(3.53) 

where Ç E (0, 1), a:1, a:2 > 0 and T > O. To enter into the framework of section 1, we 
rewrite this problern in the forrn (3.2). For that purpose, we introduce H = L2 (0, 1) and 
the operator 

d4 
A: D(A) ~ H : r.p f-+ dx4 r.p (3.54) 

where D(A) ={cp E H 4 (0, 1); r.p(O) = ~(1) = â(O) = ~(1) = 0}. The operator Ais 
self-adjoint and positive with a compact inverse in H. We now define U = U1 = U2 = lR 
and the operators B 1 and B 2 as 

Bi : U ~ D(A~)' : k f--7 .jQi k 6~, i = 1, 2. (3.55) 

It is easy to verify that BJ(r.p) = y'ëiir.p(Ç) for r.p E D(A~) and thus BiBJ(r.p) = a:ir.p(Ç)c:5~ 
for r.p E D(A~) and i = 1, 2. Then the system (3.53) can be rewritten in the form (3.2). 
We notice that (3.8) is equivalent to 

and consequently, this system is well posed for a:2 :::; a:1 by Theorern 3.2.1, and the energy 
is decreasing for a:2 < a:1 by Proposition 3.3.1. 

Let us now state the next well known results about the spectral properties of A. 
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Proposition 3.7.1. The eigenvalues of the operator A defined in (3.54) are simple and are 
given by À~= eki11ï)4 of associated eigenvector 'Pk(x) = J2sin(Zk;t"1 7ïx), for all kEN. 
Consequently the standard gap condition (3.40) holds, i.e. there exists a constant ')'o > 0 
such that 

Àk+1 - Àk ~ ro > 0, Vk ~ 0, 

and moreover for all k 2: 0, I!Br'Pkllu
1 

= ~ lsin((k7ï + ~)Ç)I. 

The hypothesis (3.20) was verified in [10]. Moreover, we have by Lemma 2.9 of [97] : 

Lemma 3.7.2. Ç is a rational number with an irreductible fraction 

ç = E, where pis odd 
q 

if and only if there exists a constant 1 > 0 such that 

Therefore, by applying Proposition 3.3.4 and Theorem 3.4.4, we obtain the following 
results : 

Proposition 3. 7 .3. Assume that a:2 < a:1 . Then 
(i) The energy of system (3. 53) decays ta 0 if and only if 

2m 
Ç ::/:-

2
k , m, kEN. 
~+1 

(ii) The energy of system (3.53) decays exponentially if Ç is a rational number with an 
irreductible fraction 

Ç = E, where p is odd. 
q 

Remark 3.7.4. As mentioned before, in the case a:2 = 0 we recover the results from [10] . 

• 
Other boundary conditions 

We here consider the follmving initial and boundary problem : 

{ 

~(x, t) + ~:':t(x, t) + a1 ~~(Ç, t)6ç + a2 ~(Ç, t- T)oç = 0 0 <x< 1, t > 0 
()2 2 

W ( 0, t) = W ( L t) = ax':f ( (), t) = %x':f ( 1, t) = 0 t > 0 
w(x, 0) = w0 (x), ~~(x, 0) = w 1(x) 0 <x< 1 

~~ (Ç, t- r) = f 0(t- r) 0 < t < T, 

(3.56) 

where Ç E (0, 1), a 1, a 2 > 0 and T > O. This system (3.56) is not exponentially stable if 
a 2 = 0 as shown in [11]. Renee we only consider the polynomial decay of system (3.56). 
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As before we rewrite this problem in the form (3.2) by introducing H = L2 (0, 1) and the 
opera tor 

d4 
A : D(A) ~ H : r.p r-t dx4 r.p (3.57) 

with D(A) = { r.p E H 4 (0, 1) n V; ~(0) = â(1) = 0}, V H 2(0, 1) n HJ(O, 1). 
The operator A is self-adjoint and positive with a compact inverse in H. We then define 
U = U1 = U2 = lR and the operators B 1, B 2 by (3.55). 

Then the system (3.56) can be rewritten in the form (3.2) and consequently, this system 
is well posed for a 2 :S o:1 by Theorem 3.2.1, and the energy is decreasing for o:2 < a:1 by 
Proposition 3.3.1. 

The spectral properties of A are well known and can be summarized as follows : 

Proposition 3.7.5. The eigenvalues of the operator A defined in (3.57) are simple and 
given by À~= k41r4 of eigenvector r.pk(x) = v'2sin(k1rx), for all kEN*. Therefore there 
exists a constant ro > 0 such th at the standard gap condition ( 3. 4 0) is verified and moreover 

The hypothesis (3.20) was verified in [11]. Let us prove that the condition (3.28) is 
satisfied. 

Lemma 3. 7 .6. Let m E lR~. Then there exists C > 0 such that for all w0 E X = 
{ u EV: u lco,~) E H 4 (0, Ç), u lcç, 1) E H 4 (Ç, 1), ~(0) = ~:~(1) = 0 }, we have 

llwoll~+l :SC llwoll~ llwoiiD(AlT)' 

where the natural norm in X is given by llull~ = llull~4(o,ç) + llull~4(ç, 1 )· 

Proof: Let us fix a eut-off function TJ E V(O, 1) such that rJ = 1 in a neighbourhood of Ç, 
rJ = 0 on U + ~, 1] and rJ = 0 on [0, ~]. Since (1- rJ)w0 E D(A), by Lemma 3.5.2, we have 

11(1- rJ)wol\~+1 :SC 11(1- rJ)wol\~ 11(1- rJ)woiiD!A~) · 

Sin ce 
11(1- T))woll I-m ' D(A---r) 

sup ((1-ry)wo,t,:>) 

1 !l'Pli m-1 
tpED(A m.r) D(A ---r) 

SU (wo, (1-ry)tp) r;. 1 !l'Pli m-1 
tpED(A -T-) D(A ---r) 

< C \lwoiiD(AlT)' 
for sorne C > 0 ( depending on rJ) we get 

(3.58) 
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In a second step, we set 

w1(x) = 7J(Ç -x)wo(Ç -x) ifO <x< h := Ç 
w2(x) = 7J(X + Ç)wo(x + Ç) if 0 <x< l2 := 1- Ç. 

For any j = 1, 2, we introduce the following extension of Wj : 

(Ew)j(x) = wj(x) 
(Ew)-j(x) = 2:~,:; viwj(-2ix) 

if x E (0, lj), 
if X E ( -2-(n-1)lj, 0), 

where Wj is extended by zero outside its support and the real numbers vi are the unique 
solution of the system 

""'n-1 1 L..i=O Vi= 
""'n-1 2i 1 - L..i=O vi= 

""'n-1 22i . _ 1 
L..i=O l/~ -
_ ""'n-1 23i . _ 1 L..i=O Lit-
""'n-1 2-2ki 1 wk 1 4 
L..i=O Vi = ' v = ' . . . ' n - ' 

and finally nE N* is choosen large enough such that n > m + 3. 
We obtain an extension of w to a function Ew, which belongs to V(À) (due to the 

four first properties of the vi), where À is the positive operator 1:4 on the star shaped 
network S = Uj=1, 2 (0, lj) U Uj=1, 2 ( -2-(n-1)lj, 0), with interior vertex Ç (identified to 0) 
and Dirichlet boundary conditions at all other vertices. ~ 

Therefore, we can apply the interpolation lemma 3.5.2 to A and then write 

IIEwllm+_\ < C IIEwllmD(Â) IIEwll -l:;!n). 
D(A"2")- D(A '" 

But we easily check that 

Consequently, we have 

Moreover, sin ce E is an extension operator, we have 

and thus 
II7J..uollm+\ < C llwoll'; IIEwll - 1-m) · 

D(A-:1) - D(A-r 

To estimate the last factor, we use a duality argument. We write 

I(E""·, 'P)I 
IIEwll _l-m) = sup Il Il D(A-r -m-1 cp -m-1 

<pED(A -r) D(A ---:1) 
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-m-l 
For 'P E D(A-2- ), we have 

1 Ew<p = ,r;,,l' w,(x)<p;(x) dx + ,r;,,l:-<"-"'' (Ew)-;(x)'P-;(x) dx. 

By changes of variables, we obtain 

where 
n-1 

(F'P)i(x) = I.Pi(x) + Xi(x) L vi2-i'Pi( -2-ix), Vx E (0, li), 
i=O 

the cut-offfunction Xi being fixed such that Xi= 1 on [0, 2li/3] and Xi= 0 on [5Zi/6, li] (re­
minding that wi(x) = 0 for x> 2li/3). Now we notice that the conditions on vi guarantees 
that F'{J belongs to D(A m;-

1
) and by Leibniz's rule we have 

II Ftfljj m-l < C jjt(ljj -m-1 • 
r D(A-r) - r D(A-r) 

Therefore 

f Ew'{J < C jjwjj 1-m il 'Pli -m- 1 ) · ls - D(A-r) D(A-r 

By duality, we conclude that 

jjEwjj -l-m < C jjwjj l-m • 
D(A-r) - D(A-r) 

Consequently, with the previous inequalities, we obtain 

IITJwoll~t~~)::;; C llwll~ llwiiD(A~) · 

The conclusion follows from (3.58) and (3.59). 

This lemma leads to (3.28). Indeed for (w0 , w1, z) E D(A), we have 

llwoll~+l < C llwoll~ llwoiiD(A~) 
< C ll(wo, w1, z)I!;(A) llwoiiD(A~) · 

(3.59) 

• 

Now, we denote by S the set of all real numbers p such that p fj. Q and if [0, a1 , ... , an, ... ] 
is the expansion of p as a continued fraction, then the sequence (an) is bounded. It is well 
known that S is uncountable and that its Lebesgue measure is zero. Roughly speaking, the 
set S contains all irrational numbers which are badly approximated by rational numbers. 
In particular, by the Euler-Lagrange theorem, S contains all irratîonal quadratic numbers 
(i.e. the roots of a second order equation with rational coefficients). By a classîcal result, 
we have: 
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Lemma 3.7.7. Ifs ES, then there exists a positive constant 'Y such that 

lsin( br s) 1 2:: ~, Vk 2:: 1. 

Therefore, by applying Proposition 3.3.4 and Theorem 3.5.3 with m = ~' we obtain the 
next results : 

Proposition 3.7.8. Assume that 0:2 < o:1 . Then 
(i) The energy of system (3.56) decays to 0 if and only if Ç is irrational. 
(ii) The energy of system {3.56) decays polynomially like (11t)2 if Ç belongs to S. 

Remark 3.7.9. Again in the case a2 = 0 we recover the results from [10, 11]. • 

3. 7.3 Examples with distributed damping terms 

A non homogeneous string with distributed damping terms (1-d) 

We consider the following initial and boundary problem : 

( 

~~(x, t) - ~:~(x, t) + a1 &;: (x, t)XJh + a2: (x, t- T)XJI2 = 0 
w(O, t) = w(1, t) = 0 

in (0, 1) x (0, oo) 
t>O 

w(x, 0) = wo(x), ~~(x, 0) = w1(x) 
a; (X, t - T) = j 0 (X, t - T) 

in (0, 1) 
in I 2 x (0, T), 

(3.60) 
where here and below XII denotes the characteristic function of the set I. In the remainder 
of this subsection we assume that a 1 , o:2 > 0, T > 0 and 

I2 c I1 c [0, 1]. 

Later we will need that 

:3c5 E [0, 1] andE> 0: [c5, c5 + E] C I 1 . (3.61) 

We rewrite this problem in the form (3.2). For that purpose, we introduce H = L2 (0, 1) 
and the operator 

d2 
A: D(A) --. H : <pt-t - dx

2 
'P (3.62) 

where D(A) = HJ(O, 1) n H 2 (0, 1) and V = D(A~) = HJ(O, 1). The operator A is self­
adjoint and positive with a compact inverse in H. Vve then define Ui = L2 (Ii) and the 
operators Bi as 

Bi : ui --. H c \;T' : k f-t foi k: XJI; (3.63) 

where k is the extension of k by zero outside Ii (which defines an element of L2(0, 1)). 
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It is easy to verify that Bi ( tp) = Jëii'PII; for <p E V and thus BiBi ( tp) = O:i'PII1XII; = 
O:i'PXII; for rp E V and i = L 2. Then the system (3.60) can be rewritten in the form (3.2). 
Moreover 

Therefore, we notice that (3.8) is equivalent to 

::10 < Q :::; 1, 0:2 r \:p\ 2 dx :::; a:a:l r \:p\ 2 dx, 
112 1h 

and consequently, this system is well posed for a:2 :::; a:1 by Theorem 3.2.1, and the energy 
is decreasing for a:2 < a:1 by Proposition 3.3.1. 

Proposition 3.7.10. The eigenvalues of the operator A defined in {3.62) are simple and 
given by >..~ = (k7r)2 of associated eigenvector 'Pk(x) = v'2sin(k7rx), for all kEN*. Hence 
there exists a constant '"Yo > 0 such that the standard gap condition {3.40) holds. Moreover 
if (8.61) holds, then there exists 1 > 0 such that Yk 2: 1, I!Bi:Pkllu

1 
2: '"Y· 

Proof: It is well known that the eigenvectors of the operator A are 'Pk (x) = J2 sin ( k1rx) 
of eigenvalue (k1r) 2 , k 2: 1 of multiplicity 1. Renee, the standard gap condition (3.40) is 
verified. 

From the definition of Bi we have 

\\Birpk\\~1 = a:1 Jh \rpk(x)\2 
dx 

2 f8+€1"(k )\2d [ sin(2k7rx)J
8

+E 2: a:1 J 8 sm 1rx x = a:1 x- 2k1r 
8 

> a:1 (c- .1..) > a:l.f· - k7r - 2' 

for k 2: E(;7r) + 1 =: k€, where E(x) is the entire part of x. This leads to the conclusion 
because for k E {1, ... , k€}, we have 

{8+€ 

18 jsin(k7rx)\2 dx >O. 

• 
Lemma 3.7.11. The operators A and B = (B1B2 ) E C(U, V') where U = U1 x U2 satisf'IJ 
assumption (3.20). 

Proof: Let i E {L 2} and cp E L2 (Ji)· It can be easily checked that v = (),2 + A)- 1 Birp 
satisfies 

{ 
À 

2v - ~~ = ylai0XII; 
v(O) = v(1) =O. 

Since v E L2 (0, 1), v can be written as 

00 

v= Lck'Pk· 
k=l 
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By replacing v in (3.64), ck must satisfy 

and therefore 
oc ;;::;:-: 

"'"' v Ûi v = L.i À2 + ~2 ( ~' 'Pk) 'Pk· 
k=l k 

Moreover 

IIAvlliz(o, 1) = f 1 À2 ~ À2 1

2 

ai 1( ~' 'Pk) 1
2 

· 
k=l k 

Now, we set z = >.22>.2 and, if À= /3 + iy, with y ER then 
k 

/32 + y2 
lzl

2 
= (j32 _ y2 + À~)2 + 4j32y2 ~ C(/3), 

where C(/3) is a positive constant depending only on /3. Indeed, if y2 ~ (3
2 ;>.%, then 

/32 + y2 /32 + f32 +À~ 
lzl2 < < 2 - ({32;>.%) 2 - ((32;>.%) 2 

which is bounded uniformly in k, and if y2 2 f3
2;>.b, then 

/32 + y2 
lzl

2 
::; 4j32y2 ' 

which is a decreasing function with respect to y and thus 

/32+~ 
lzl

2 
~ ((32:>.2), 

4/32 ~ 

which is again uniformly bounded in k. Therefore, we have 
oc 

11Àvlli2(o, 1) :S C(6)ai2: 1(~, cpk)l
2 :S C(/3)ai II'PIIi2(J;), 

k=l 

which leads to 

jjÀBjvjj~2 (Ij)::; Oj 11Àvlli2(0,l)::; C(6)aiaj II'PIIiz(J;), 'Vj E {1, 2}. 

Consequently. the operator À ---+ ÀBj(ÀI + A)-1 Bi is bounded on Cf3 and the lemma is 
proved. • 

Therefore, by applying Theorem 3.4.4, we obtain : 

Proposition 3. 7.12. ff Œ2 < a 1 and (3.61) holds, then the energy of system (3.60) decays 
exponentially. 
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The wave equation with distributed damping terms 

Let 0 be an open bounded domain of "!Rn, n ~ 1, with a boundary I' of class C2 . We 
assume that fis divided into two parts lD and fN, i.e. f = fv U lN, with f'v n f'N = 0 
and rD =1- 0. Let 

o2 c o1 c n 
such that 0 1 is an open neighborhood of rN (i.e. rN C 801). Moreover, we assume that 
Xo E "!Rn is such that 

(x- xo) · v(x) :S: 0, \lx E fv. 

We consider the following initial and boundary problem : 

a;~ (x, t) - Llw(x, t) + a1 a; (x, t)Xio1 + a2 a; (x, t-T )Xio2 = 0 
w(x, t) = 0 
~~(x, t) = 0 

(3.65) 

inn x (0, oo), 
on fv x (0, oo), 
on rN x (0, oo), 

inn, w(x, 0) = w0 (x), :(x, 0) = w1(x) 
a; (X, t - T) = j 0 (X, t - T) in 0 2 x (0, T), 

(3.66) 
where ~~ is the normal derivative of w and a 1, a::2 > 0, T >O. In order to reformulate this 
problem in the form (3.2), we introduce H = L2 (0) and the operator 

A: D(A) --+ H : cp~ -~cp (3.67) 

where D(A) ={cp EV n H2(0) : ~(x)= 0 on I'N} and V= D(A~) ={cp E H 1(0) : 
cp = 0 on fv}. The operator A is self-adjoint and positive with a compact inverse in H. 
We then define Vi= L2 (0i) and the operators Bi as 

(3.68) 

where k is the extension of k by zero outside Oi (which defines an element of L2 (0)). 
It is easy to verify that Bi (cp) = A 'PlO; for cp E V and thus BiBi (cp) = O::i'PIO;XIO; for 

r.p E V and i = 1, 2. Then the system (3.66) can be rewritten in the form (3.2). Moreover 

and therefore (3.8) is equivalent to 

30 <a:: ::; 1, a2Jlcpl2 dx ::; 0::0::1 r )cpl2 dx. 
o2 Jo1 

Consequently, this system is well posed for a 2 ::; a 1 by Theorem 3.2.1, and the energy is 
decreasing for a::2 < a::1 by Proposition 3.3.1. 

To obtain the exponential decay of problem (3.66), we simply check the observabi­
lity inequality (3.25) and the hypothesis (3.20), which are the aim of the two following 
propositions. 
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Proposition 3. 7 .13. There exists a ti me T0 su ch that for all times T > To there exists 
a positive constant C ( depending on T) for which the observability inequality (3. 25) holds 
for any regular solution of problem (3.22}. 

Proof: This proposition is proved in [85] and [68]. • 
Proposition 3.7.14. The operators A and B = (B1B2) E C(U, l'') where U = U1 x U2 
satisfy the assumption (3.20}. 

Proof: Let i E {1, 2} and <.p E L2 (0i)· It can be easily checked that v = (À2 + A)- 1 Bi<.p 
satisfies 

inn, 
(3.69) 

Since v E L2 (0), it can be written as 
00 

v = 2::>k<.pk. 
k=l 

By replacing v in (3.69), ck must satisfy 

foi 
Ck = À2 + ~~ ( tp, <.pk) , 

and therefore 

v= f À2~2 (tj;, <.pk) <.pk· 
k=l k 

Moreover, by Parseval's identity, we have 

11Àvlli2(0) = f 1 À2 ~ À21

2 
O:i l(tj;, <.pk)l

2 
· 

k=l k 

Now, for À= (3 + iy, with y E IR., we have checked in the previous subsection that 

1 A'~ ,d' s, C(/3), 

where C(/3) is a positive constant depending only on /3. Therefore, we have 
00 

11Àvlli2(o) :::; C(;'3)ai:L l(<p, <.pkW:::; C(f3)ai ll<.plli2(o;), 
k=l 

which leads to 

IIÀBjvii~2 (0j) :::; aj 11Àvlli2(0) :::; C(8)a:ia:j II'PIIi2(0;), Vj E {1, 2}. 

Consequently, the operator À --+ ÀBj(ÀI + At1Bi is bounded on C13 and the lemma is 
proved. • 

Thereforc, by applying Theorem 3.4.4, we obtain : 
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Proposition 3.7.15. If a 2 < o:1, then the energy of system (3.66) decays exponentially. 

Remark 3. 7 .16. This result is a generalization of [85] because in [85] the authors supposed 
that 02 = 01. • 

A bearn with distributed damping terms 

Vv·e consider the following initial and boundary problem : 

{ 

~:~(x, t) + î:':i (x, t) + 0:1 :(x, t)Xih + o:2~~(x, t- 7)Xih = 0 
w(O, t) = w(1, t) = %:~(0, t) = %:~(1, t) = 0 

w(x, 0) = wo(x), ~~(x, 0) = w1 (x) 
: (X, t - 7) = j 0 (X, t - 7) 

in (0, 1) x (0, oo), 
t > 0, 
in 0, 

in 12 x (0, 7), 
(3.70) 

We rewrite this problem in the form (3.2) by introducing H = L2(0, 1), the operator A by 
(3.57) and the operators B 1 and B2 by (3.63). Renee this system is weil posed for o:2 :s; o:1 

by Theorem 3.2.1, and the energy is decreasing for o:2 < o:1 by Proposition 3.3.1. 
By the results of the previous subsections, we know that the standard gap condition 

holds and if (3.61) holds that the eigenvector 'Pk(x) = J2sin(k7rx) of A associated with 
>.% = k4

1r
4 satisfies 

for sorne 'Y > O. 

Lemma 3.7.17. The operators A and B = (B1 B2 ) E L(U, V') where U = U1 x U2 satisfy 
assumption (3.20). 

Proof: The proof is the same than in the previous subsection. • 
Therefore, by applying Proposition 3.3.4 and Theorem 3.4.4, we obtain : 

Proposition 3.7.18. If o:2 < o:1 and (8.61) holds. then the energy of system (3. 70) decays 
exponentially. 

A wave equation on 1-d networks with internai damping terms 

In this last subsection we consider again a wave equation on a given network R but 
we suppose that the feedbacks are located in the edges. N amely with the notation from 
section 3.7.1 we consider the problem : 
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&
2
u· ( ) 8 2

u ( ) (j)&u· ( '7Rf x, t - ~ x, t + a 1 · ::.g;- x, t)x11ij) 
,Ul~( ) . -0 +a2 8t x, t-T XII~Jl -

uj(v, t) = u1(v, t) = u(v, t) 
0 <x < lj, t > 0, 'tfj E {L · · · , N}, 
t > 0, 'tfj, l E Ev, v E Vint, 

L~·(V, t) = 0 t > 0, 'tfv E V\'D, 
jEEv 

Ujv(v, t) = 0 t > 0, 'tf v E 'D, 
u(t = 0) = u<0l, &;:(t = 0) = u(ll, 
&u ( ) 0 ) Tt X, t-T = jj (x, t-T in I~j) x (0, r), 'tfj E {1, · · · , N}, 

(3.71) 
where a~j) are fixed non-negative real nurnbers, the delay T is positive and the intervals 
Ii(j) satisfy 

I~j) c Iij) c ej. 

As before we can rewrite this problern in the forrn (3.2), by introducing H = L 2 (R), 
the operator A defined by (3.48), Ui = L2(uf=1Ji(j)) and the operators Bi for i = 1, 2 as 

{ 

U ~ D(A~)' 

B,: k "" t,Vaflkxlr~' (3.72) 

where k rneans the extension of k by zero outside uf=1J?l. It is easy to verify that 

for r.p E D(A~). Renee the system (3.71) can be rewritten in the forrn (3.2). 
As before it is easy to see that the system (3.47) is well posed for a~j) ~ alj) for 

all j = L · · · , N by Theorem 3.2.1, and the energy is decreasing for a~) < a~) for all 
j = 1, · · · , N by Proposition 3.3.1. 

As rnentioned before by Proposition 6.2 from [38], the generalized gap condition (3.37) 
holds with A1 = N + 1, but in this general setting, the conditions (3.43) or (3.46) seern 
difficult to check. Renee, for the sake of sirnplicity, if we suppose here that the standard gap 
condition (3.40) holds and that all eigenvalues are simple (i.e. lk = 1). then the condition 
( 3.43) be cornes 

N 

:J1 > 0, 'tfk ~ 1, L aPl JUl !fk(x)2 dx ~ /, 
j=l JI 

(3.73) 

while the conditions (3.46) becomes 

N 

::lm E JR:. ::J1 > 0, Vk ~ L """alj) j .. ~k(x? dx ~ ,Jm. L-t UJ /\ 
j=l Il k 

(3.74) 
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For instance using an argument like in Proposition 3.7.10, we easily see that (3.73) 
(resp. (3.74)) holds if (3.51) (resp. (3.52)) holds and if uf=1J?) contains a neighborhood of 
the set of control points Vc. 

In the same mann er~ we have : 

Proposition 3.7.19. If there exists c > 0 and for all j E {1~ · · · , N}, there exists 6j E 
(0, lj) such that 

then (3. 13) holds. 

Proof: For any k E N*, let 'Pk be the eigenvector of A associated with the eigenvalue À~. 
Then its restriction 'Pk,j to the edge ej can be written in the form 

for sorne real numbers ck,j and dk,j. Renee the normalization of 'Pk yields 

(3.75) 

On the other hand by the above expression of 'Pk,j and direct calculations, we see that 

Therefore for k large enough such that 

é 1 s 
--->-
2 Àk- 4' 

which is equivalent to k ;::: kê, for sorne kê E N*, we deduce that 

By summing this estimate on j and using the normalization estimate (3.75), we obtain 
(3.73) for k ;::: kê. The proof is complete since for k ::::; k<:, 
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• 
The analysis of the condition (3.73) in sorne particular cases reveals that the condition 

of the above Proposition is far from being optimal but in its full generality we cannat easily 
obtain a weaker condition. 

As in the previous subsection one easily shows (see the proof of Lemma 3.7.11) that 
the operators A and B = (B1B2 ) E C(U, V') where U = U1 x U2 satisfy the assumption 
(3.20). 

In conclusion applying either Theorem 3.4.4 or Theorem 3.5.3, we obtain : 

Proposition 3. 7 .20. Assume that a~j) < a~j) for all j = 1, · · · , N and that the standard 
gap condition {3.40) holds and that all eigenvalues are simple {i.e. lk = 1). Then 

{i) The energy of system {3. 71) decays exponentially if {3. 73) holds. 
(ii) The energy of system (3. 71) decays like r~ if (3. 74) holds. 
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Chapitre 4 

Stability of the heat and of the wave 
equations with boundary 
time-varying delays 

4.1 Introduction 

Time-delay often appears in many biological, electrical engineering systems and me­
chanical applications, and in many cases, delay is a source of instability [52]. In the case 
of distributed parameter systems, even arbitrarily small delays in the feedback may des­
tabilize the system (see e.g. [39, 75, 85, 98]). The stability issue of systems with delay is, 
therefore, of theoretical and practical importance. 

There are only a few works on Lyapunov-based technique for Partial Differentiai Equa­
tions (PDEs) with delay. Most of these works analyze the case of constant delays. Thus, 
stability conditions and exponential bounds were derived for sorne scalar heat and wave 
equations with constant delays and with Dirichlet boundary conditions without delay 
in [107, 108J. Stability and instability conditions for the wave equations with constant 
delay can be found in [85] and in chapter 1. The stability of linear parabolic systems with 
constant coefficients and internai constant delays has been studied in [55] in the frequency 
domain. 

Recently the stability of PDEs with time-varying delays was analyzed in [27, 45, 92] 
via Lyapunov method. In the case of linear systems in the Hilbert space, the conditions 
of [27,45,92] assume that the operator acting on the delayed state is bounded, which means 
that this condition can not be applied to boundary delays. These conditions were applied 
to PDEs without delays in the boundary conditions (to 2D Navier-Stokes and to a scalar 
heat equations in [27], to a scalar heat and to a scalar wave equations in [45, 92]). 

In the present chapter we analyze exponential stability of the heat and wave equa­
tions with time-varying boundary delay. Our main novel contribution is an extension of 
previous results from [85. 89] and chapter 1 to time-varying delays. This extension is not 
straightforward due to the loss of translation-invariance. In the constant delay case the ex-
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ponential stability was proved in (85] and in chapter 1 by using the observability inequality 
which can not be applicable in the time-varying case (since the system is not invariant by 
translation). Hence we introduce new Lyapunov fuuctionals with exponential terms and 
an additional term for the wave equation, which take into account the dependence of the 
delay with respect to time. For the treatment of others problems with Lyapunov technique 
see [45,86,92]. Note further that to the best of our knowledge the heat equation with boun­
dary delay has not been treated in the literature. Contrary [85~ 89] (and chapter 1): the 
existence results do not follow from standard semi-group theory because the spatial ope­
rator depends on time due to the time-varying delay. Therefore we use the variable norm 
technique of Kato [59, 60]. Finally for each problem we give explicit sufficient conditions 
that guarantee the exponential decay and for the first time we characterize the optimal 
decay rate that can be explicitly computed once the data are given. 

The chapter is mainly decomposed in two parts treatiug the heat equation (section 
4.2) and the wave equation (section 4.3). In the first subsection, we set the problem under 
consideration and prove existence results by using semigroup theory. In the second subsec­
tion we fiud sufficient conditions for the strict decay of the energy and finally in the last 
subsection we show that these conditions yield an exponential decay. 

4.2 Exponential stability of the delayed beat equation 

First, we consider the system described by 

Ut(X, t) - aUxx(x, t) = 0, 
u(O, t) = 0, 

Ux(1L t) = -f.J,oU(1f, t)- f.J,JU(1f, t- r(t)), 
u(x~ 0) = u0 (x), 

u(1r, t- r(O)) = f 0(t- r(O)), 

0 < x < 'lf, t > 0, 
t > 0, 
t > 0, 

O<x<1r, 
0 < t < r(O), 

(4.1) 

with the constant parameter a > 0 and where f.J,o, f.i,I > 0 are fixed nonnegative real 
numbers, the time-varying delay r(t) satisfies 

7-(t) < 1, Vt >O. ( 4.2) 

and 
3M > 0: 0 < r0 ::.:; r(t) ::.:; Jvf, Vt >O. ( 4.3) 

Moreover. we assume th at 
r E ~'2 ' 00 ([0, T]), VT > O. (4.4) 

The boundary-value problem ( 4.1) describes the propagation of heat in a homogeneous 
one-dimensional rod \Vith a fixed temperature at the left end. Here a stands for the heat 
conduction coefficient, u(x, t) is the value of the temperature field of the plant at time 
moment t and location x aloug the rod. In the sequel. the state dependence on tirne t and 
spatial variable x is suppressed whenever possible. 
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4.2.1 Weil posedness of the problem 

We aim to show that problem (4.1) is well-posed. For that purpose, we use semi-group 
theory and adapt the ideas from [85]. 

We introduce the Hilbert space 

V= {<ji E H 1 (0, 1r) : cj>(O) = 0}. 

We transform our system (4.1) as follows. Let us introduce the auxiliary variable z(p, t) = 
u(rr, t- T(t)p) for p E (0, 1) and t > O. Note that z verifies the transport equation for 
0 < p < 1 and t > 0 

{ 

T(t)Zt(p, t) + (1 -_T-(t)p)zp.(p, t) = 0, 
z(O, t)- u(1r, t), 

z(p, 0) = J0 ( -T(O)p). 

Therefore, the problem (4.1) is equivalent to 

Ut(X, t) - auxx(x, t) = 0, 
T(t)zt(P, t) + (1- i(t)p)zp(p, t) = 0, 

u(O, t) = 0, ux(?r, t) = -f.J,oU(?r, t)- p1z(1, t), 
z(O, t) = u(1r, t), 
u(x, 0) = u0(x), 

z(p, 0) = J0
( -T(O)p), 

If we introduce 

then U satisfies 

0 < x < 7r, t > 0, 
0 < p < 1, t > 0, 

t > 0, 
t > 0, 

0 <x< 7r, 

O<p<l. 

T ( f(t)p-1 )T 
Ut= (ut, Zt) = auxx' T(t) Zp 

( 4.5) 

(4.6) 

Consequently the problem (4.1) may be rewritten as the first arder evolution equation 

where the time dependent operator A( t) is defined by 

with domain 

( U) ( aUxx ) A(t) ., = +(t)p-1 , 
"" T(t) Zp 

V(A(t)) := {(u, z) E (V n H 2 (0, rr)) x H 1 (0, 1) : 
z(O) = u(rr), ux(rr) = -pou(?r)- p1z(l)}. 

Notice that the domain of the operator A(t) is independent of the time t, i.e. 

V(A(t)) = V(A(O)), Vt >O. 
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Now, we introduce the Hilbert space 

equipped with the usual inner product 

\ ( ~ ) , ( ~ ) ) = 1n uudx + 11 

z(p)z(p)dp. 

A general theory for equations of type ( 4. 7) has been developed using semigroup theory 
[59, 60, 93]. The simplest way to prove existence and uniqueness results is to show that the 
triplet {A, H, Y}, with A= {A(t) : t E [0, T]}, for sorne fixed T > 0 and Y = D(A(O)), 
forms a CD-system (or constant domain system, see [59, 60]). More precisely, the following 
theorem give the existence and uniqueness results and is proved in Theorem 1.9 of [59] (see 
also Theorem 2.13 of [60] or [3]) 

Theorem 4.2.1. Assume that 
(i) Y = D(A(O)) is a dense subset of H, 
(ii) (4.8) holds, 
(iii) for all t E [0, T}, A(t) generates a strongly continuous semigroup on H and the 

family A= {A(t) : t E [0, T]} is stable with stability constants C and m independent of t 
(i.e. the semigroup (St(s))s;:::o generated by A(t) satisfies !ISt(s)uJIH :::; Cemsllu!IH, for all 
u E H and s ~ 0), 

(iv) 8tA belongs to L~([O, T], B(Y, H)), the space of equivalent classes of essentially 
bounded, strongly measure functions from [0, T] into the set B(Y, H) of bounded opemtors 
from Y into H. 

Then, pmblem (4. 7) has a unique solution U E C([O, T], Y) n C1 ([0, T], H) for any 
initial datum in Y. 

Lemma 4.2.2. D(A(O)) is dense in H. 

Proof: Let (!, h)T EH be orthogonal to all elements of D(A(O)), namely 

0 = ( ( ~ ) , ( ~ ) ) = 1n ufdx + 11 

z(p)h(p)dp, 

for all (u, z)T E D(A(O)). 
We first take u = 0 and z E V(O, 1). Since (0, z) E D(A(O)), we get 

11 

z(p)h(p)dp =O. 

Sincc V(O, 1) is dense in L2 (0, 1), we deduce that h =O. 
In the same manner, by taking z = 0 and u E 'D(O. 7i) wr see that f =O. • 
Let us suppose now that the speed of the delay satisfies 

7 ( t) :::; d < 1, 'ïlt > 0 (4.9) 
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and that f.Lo~ f.Ll satisfy 
( 4.10) 

Under these conditions, we will show that the operator A(t) generates a C0-semigroup in 
H and using the variable norm technique of Kato from [59], that problem (4.6) (and then 
( 4.1)) has a unique solution. 

For that purpose, we introduce the following time-dependent inner product on H 

\ ( ~), ( ~) )t =ln uudx + qT(t) 11 

z(p)z(p)dp, 

where q is a positive constant chosen later on, with associated norm denoted by \\.\lt. 

Theorem 4.2.3. For an initial datum U0 E H, there exists a unique solution U E 
C([O, +oo), H) to problem (4.7). Moreover, ifU0 E D(A(O)), then 

U E C([O, +oo), D(A(O))) n C1([0, +oo), H). 

Proof: We first prove that 

1\<PIIt < e 2~o !t-s! Vt sE [0 T] 
II<PIIs - ' ' ' 

(4.11) 

where <P = (u, z)T and c is a positive constant. For all s, tE [0, T], we have 

II<P\1;- il <Pl\; e;~ !t-s! = (1- e:a !t-s!) 1-;r u2dx + q (7(t) - T(s )efo-!t-s!) 11 

z(p) 2dp. 

We notice that 1- e:alt-si::; O. Moreover T(t)- T(s)e~it-s!::; 0 for sorne c >O. Indeed, 

T(t) = T(s) + +(a)(t- s), where a E (s, t), 

and thus, 

T(t) < 1 + l+(a)l\t- s\. 
T(s) - T(s) 

By ( 4.4), f is bounded and therefore, 

T(t) C l \ ..E..it-sl - ::; 1 +- t- s ::; e-ro , 
T(s) To · 

by (4.3), which proves (4.11). 
Now we calculate (A(t)U, U)t for at fixed. Take U = (u, z)T E D(A(t)). Then 

(A(t)U, U), ~ ( ( ti$~:~ zp ) , ( ~ ) ), 

a 1-;r Uxxudx- q 11 

Zp(p)z(p)(1- i(t)p)dp. 
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By integrating by parts in space in the first terrn of this right hand side, we have 

(A(t)U, U)t -a 11r u;dx + a[uux}~- q 11 

Zp(p)z(p)(l- f(t)p)dp 

- -a 1' u;dx- af-lou(rr, t)2 ~ af-l1u(r., t)u(r., t- r(t)) 
01 

-q 1 zp(p)z(p)(1- f(t)p)dp. 

Moreover, we have by integrating by parts in p : 

11 

zp(p)z(p)(1- f(t)p)dp 

Therefore 

We can see that this inequality can be written 

where 
/'i,(t) = (f(t) 2 + 1)~ 

2r(t) 

and where \li q is the 2 x 2 matrix defined by 

\]1 q = ~ ( q - 2aJ.Lo -ai-L1 ) 
2 -ŒJ.L1 -q(1 - d) . 

(4.12) 

( 4.13) 

Since -q( 1 - d) < 0, we notice that the rnatrix W q is negative (in the sense that 
X\llqXT::; 0, for all X= (x1 , x2 ) E ~_2) if and only if 

( 4.14) 
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The discriminant of this second arder polynomial (in q) is 

6. = 4a2 (,,2 - _cl__) 
ro 1- d ' 

which is non negative if and only if (4.10) holds. Therefore, the matrix Wq is negative 
for sorne q > 0 if and only if (4.10) is satisfied. Renee, we choose q satisfying (4.14) or 
equivalently such that 

Such a choice of q yields 
(A(t)U, U)t- ~(t) (U, U)t < 0, (4.15) 

which proves the dissipativeness of A(t) = A(t)- ~(t)J for the inner product (-, ·)t· 
l 

Moreover ~'(t) = f(t)+(t) - +(t)(+(t)
2i 1)

1 is bounded on [0, T] for ali T > 0 (by (4.4)) 
2r(t)(+(t)+1)1 2r(t) 

and we have 

d
dtA(t)U = ( f(t)r(t)p-+(~(+(t)p-1) ) 

r(t)2 Zp 

with f(t)r(t)p:~i;~(+(t)p-l) bounded on [0, T] by ( 4.4). Thus 

d -
dtA(t) E L~([O, T], B(D(A(O)), H)), ( 4.16) 

the space of equivalence classes of essentially bounded, strongly measurable functions from 
[0, T] into B(D(A(O)), H). 

Let us prove that A(t) is maximal, i.e., that )..J- A(t) is surjective for sorne)..> 0 and 
t >o. 

Let (!, hf EH. We look for U = (u, zf E D(A(t)) solution of 

or equivalently 

(>..!- A(t)) ( ~ ) = ( ~ ) 

{ 

ÀU- aUxx = f 
\ 1-+(t)p- - h 
/\Z+~-"p- . 

( 4.17) 

Suppose that we have found u with the appropriate regularity. \Ne can then determine 
z, indeed z satisfies the differentiai equation 

\- 1 - i-(t)p- - h 
/\,.;; + T(t) '"'P-
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and the boundary condition z(O) = u( 1r ). Therefore z is explicitly given by 

z(p) = u(1r)e->.T(t)p + T(t)e->.T(t)p 1P e>.T(t)uh(cr)dcr, 

if 7(t) = 0, and 

z(p) = u( 71 )i~ ln(l-+(t)p) + e.>..~ ln(l-+(t)p) [P h( cr ).7( t) e -.>..~m ln(l-+(t)u) dcr, 
} 0 1-T(t)cr 

otherwise. This means that once u is found with the appropriate properties, we can find z. 
In particular, we have if 7(t) = 0, 

z(1) = u('7r)e->.T(t) + r(t)e-.>..T(t) 11 e>.T(t)uh(cr)dcr = u(7r)e->.T(t) + zo, 

where z0 = r(t)e-.>..T(t) J
0
1 e>.T(t)uh(cr)dcr is a fixed real number depending only on h, and if 

7(t) =1- 0 

z(1) ( ) À:Fffi ln(l-f(t)) + À~ ln(l-f(t)) fl h(u)T(t) -À~ ln(1-f(t)u)d 
u 7r e e Jo 1-+(t)u e cr 
u( 7r )e>.fffi In(1-+(t)) + zO, 

where z0 = e>.flli ln(l-+(t)) f 1 h(u(-r(t) e ->.fffi ln(l-f(t)a) der depends onlv on h. 
Jo 1-T(t)u J 

It remains to find u. By ( 4.17), u must satisfy 

Au - aUxx = j. 

Multiplying this identity by a test function c/>, integrating in space and using integration 
by parts, we obtain 

171: (Au- auxx)r/Jdx = 171: (Aurp + auxcpx)dx- aux(1r)cjJ(1r) + aux(O)c/>(0). 

But using the fact that (u, z)T must belong to D(A(t)), we have 

171: (Au- auxx)c/>dx = 1" (Aue/>+ auxcPx)dx + a~-toU(7r)rp(7r) + a~-t 1 z(l)c/>(r.). 

Therefore 

Using the above expression for z(1), we arrive at the problem 
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if 7-(t) = 0, or otherwise 

r ~ lw Jo (Àuc/; + auxcf;x)dx + a(J.Lo + J.L 1 e>-~(t) ln(l-7-(t)))u(n-)<p(n) = 
0 

Jcpdx- aJ.L1z0cjJ(n), VcjJ EV. 

(4.19) 
These problems have a unique solution u E V by Lax:-Milgram's lemma, because the left­
hand side of·(4.18) or (4.19) is coercive on V. 

If we consider cjJ E D(O, n) CV, then u satisfies 

Àu- auxx =fin V'(O, n). 

This directly implies that u E H 2 (0, n) and then u E VnH2 (0, n). Corning back to (4.18) 
and by integrating by parts, we find, for f(t) = 0, 

and then 

a (ux(n) + (J.Lo + f.Lle-,>,r(t))u(n)) c/J(n) = -aJ.L1z0cjJ(n), 

Ux(n) - -(J.Lo + f.Lle-,>,r(t))u(n)- J.L1Z0 

-J.Lou(n)- f.Ll(e->-r(t)u(n) + z0) 
-J.Lou(n)- J.L1z(1). 

We find the same result if f(t) =J.O. 
In summary we have found (u, z)T E D(A(t)) satisfying (4.17) and thus >..J- A(t) is 

surjective for sorne >.. > 0 and t > O. Since K(t) > 0, we directly deduce that 

)..J- A(t) =(À+ K(t))J- A(t) is surjective (4.20) 

for sorne >.. > 0 and t > 0. 
Then, (4.11), (4.15) and (4.20) irnply that the family A= {A(t) :tE [0, T]} is a stable 

family of generators in H with stability constants independent of t, by Proposition 1.1 
from [59]. Therefore, the assumptions (i)-(iv) of Theorem 4.2.1 are verified by (4.8), (4.11), 
(4.15), (4.16), (4.20) and Lemma 4.2.2, and thus, the problem 

{ 
Qt = .Â(t)û 
U(O) = Uo. 

has a unique solution Û E C([O, +oo), H) and [rE C([O, +oo), D(A(O)))nC1 ([0, +oo), H) 
if U0 E D(A(O)). Setting 

U(t) = ef3Ct)U(t) 

with f3(t) = J~ K(s)ds, we remark that it is a solution of (4.7) because 

Ut(t) K(t)e!3(t)û(t) + e8(t)[;t(t) 
Ko(t)ef3(t)[J(t) + e8(t))(t)Û(t) 
e8(t) (K(t)Û(t) + A(t)Û(t)) 
e8(t) A(t)Û(t) = A(t)e8(t)[T(t) 
A(t)U(t), 

which concludes the proof. 
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4.2.2 The decay of the energy 

We here suppose that 
J.LÎ < (1 - d)f.L~· 

Let us choose the following energy 

1 {7r qT(t) [ 1 

E(t) = 2 Jo v2 (x, t)dx + -
2

- Jo u2(11, t- T(t)p)dp, 

where q is a positive constant chosen later. 

(4.21) 

( 4.22) 

Proposition 4.2.4. Let (4.9) and (4.21) be satisfied. Then for all regular solution of 
problem ( 4.1), the energy is decreasing and satisfies 

E'(t) :s; -a 1-rr u;,(x, t)dx + (u(1r, t), u(1r, t- T(t))) Wq (u(1r, t), u(1r, t- T(t)))T < 0, 

( 4.23) 
where Wq is the matrix defined in (4.13). 

Proof: Differentiating (4.22) and by (4.1), we obtain 

E'(t) = 
1

-rr i(t) 11 UUtdX + _q- u 2 (1r, t- T(t)p)dp 
0 2 0 

+qT(t) 11 

u(1r, t- T(t)p)ut(1r, t- T(t)p)(1- i(t)p)dp 

r-rr qi(t) ( 
a Jo UUxxdx + -

2
- Jo u

2 (1r, t- T(t)p)dp 
0 1 0 

+qT(t) 1 u(1r, t- T(t)p)Ut(1r, t- T(t)p)(1- i(t)p)dp. 

By integrating by parts in space, we find 

a 1-rr UUxxdx = -a 1" u;dx + a[u(x, t)ux(x, t)]0 
0 

= -a 1" u;dx- a}'0u2(1r, t)- a}'1u(1r, t)u(1r, t- r(t)). 

Setting z(p, t) = u(1r, t- T(t)p), we see that zp(p, t) = -T(t)ut(1r, t- T(t)p), and by 
integrating by parts in p, we get 

Jd u(11, t- T(t)p)ut(1r, t- T(t)p)(1- i(t)p)dp - rtt) J0
1 

z(p, t)zp(p, t)(1- i(t)p)dp 

- 2rCt) J; 8p(z(p, t)2)(1- i(t)p)dp 

2rCt) fol z(p, t)2( -i(t))dp 
- 2r

1
(tJ [z2 (p, t)(l- i(t)p)J6 

- - ;;!}) J; u2 (1r, t- T(t)p)dp 
1-+'(t) 2( t (t)) 1 2( t) 

- 2r(t) U 7'i, - T + 2r(t) U 1r. · 
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Therefore, we obtain 

We can see that this inequality can be written as 

E'(t)::; -a 1rr u;dx + (u(1ï, t), u(1L t- T(t)))wq(u(7r, t). u(1r, t- T(t)))T. 

Since -q(l - d) < 0, W q is negative definite if and only if 

(4.24) 

The discriminant of this second order polynomial is ~ = 4a2 (116 - tJd) , which is positive 

if and only if ( 4.21) holds. Therefore, the matrix w q is negative defini te for sorne q > 0 if 
and only if ( 4.21) is satisfied, and in that case, we choose q such that 

( 4.25) 

which concludes the proof. • 

4.2.3 Exponential stability 

In this section, we prove the exponential stability of the heat equation ( 4.1) by using 
the following Lyapunov functional 

E(t) = E(t) + 1E2(t), ( 4.26) 

where 1 > 0 is a parameter that will be fixed small enough later on, E is the standard 
energy defined by ( 4.22) and E2 is defined by 

E2 (t) = q ft e 2o(s-t)u2 (7r, s)ds = qT(t) t e-2or(t)pu2 (1r, t- T(t)p)dp, 
t-r(t) Jo 

( 4.27) 

where 8 > 0 is a fixed positive real number. 

Remark 4.2.5. Let us notice that the energies E andE are equivalent, since 

E(t) ~ E(t) ~ (21 + l)E(t). 

The result about the decay of the energy E is the following one : 
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Theorem 4.2.6. Let (4.3), (4.9) and (4.21) be satisfied. Then the energy E decays expo­
nentially, more precisely there exist two positive constants n and C such that 

E(t) < Ce-ad E(O), Vt >O. 

Proof: First, we differentiate E2 to have 

d . f(t) ) t . 28 (t) .., 
dt E2(t) = r(t) E2(t) + qr(t Jo ( -2or(t)p)e- 7 Pu~(r., t- r(t)p)dp + J, 

where 

J = 2qr(t) 11 

e-28-r(tlPu(r., t- r(t)p)ut(r., t- r(t)p)(l- 7-(t)p)dp. 

Moreover, by noticing one more time that z(p, t) = u(r., t- r(t)p) and by integrating by 
parts in p, we have 

J -q t e-28-r(t)p~(z(p, t) 2)(1- 7-(t)p)dp 
lo op 

- q 11 

z2 (p, t)( -2or(t)(l- 7-(t)p)- 7-(t))e-28-r(t)pdp 

-qe-28-r(t)z2(1, t)(l- 7-(t)) + qz2 (0, t) 

Therefore, we have 

q 11 

( -2or(t)(l- i-(t)p)- f(t))u2(r., t- r(t)p)e-28-r(t)Pdp 

-qe-28-r(t)u2 (r., t- r(t))(l- f(t)) + qu2 (r., t). 

7-(t) t 
r(t)E2(t) + q Jo (-2or(t)- 7(t))u2(r., t- r(t)p)e-28-r(t)pdp 

-qe-28r(t)u2(r., t- r(t))(l- f(t)) + qu2(r.. t) 
-2oE2(t)- qe-28-r(t)u2(r., t- r(t))(l- f(t)) + qu2 (r.. t). 

Since f(t) < 1 (see (4.2)), we obtain 

:tE2(t) ~ -2oE2(t) + qu2 (r., t). 

Consequently, gathering (4.23), (4.26) and (4.28), we obtain 

or equivalently 

::::; -(al-lo-*- q1)u2 (r., t)- ~(1- d)u2 (1r, t- r(t)) 

-af-l1 u(r.,~t)u(r., t- r(t))- a 11r u;(x, t)dx- 21oE2(t), 

( 4.28) 

:tE(t)::::; (u(r., t), u(r., t-r(t)))~q(u(r., t), u(r., t- r(t)))T -a 1n u;(x, t)dx-21oE2 (t), 

(4.29) 
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where W q is the 2 x 2 matrix defined by 

,;:,q = ~ ( q(1 + 21)- 2aJ-to -af.L1 ) ( q 0 ) 
'±' 2 -af.L1 -q(1 - d) = W q + 1 0 0 · 

Now fix q > 0 such that Wq is negative definite (consequence of the assumption (4.21)). 
By a perturbation argument, we deduce that for 1 > 0 small enough, ~ q is negative. More 
precisely, we take Î' = -q>., when À is the greatest negative eigenvalue of W q, or equivalently 

X'lrqXT::; ÀIXI 2 , for all XE IR2 . We can easily check that 

À=~ (-2af.Lo + dq + J 4a2 (f.L5 + f.Lî) + 4a(d- 2)f.LoQ + (d- 2) 2q2) <O. ( 4.30) 

Therefore. for ,...., = ->.. we find 
' 1 q ' 

(4.31) 

Since u(O, t) = 0 for all t > 0, by the min-max principle, we have 

because the first eigenvalue of the Laplace operator with Dirichlet boundary condition at 
0 and Neumann boundary condition at 7r is -~. Therefore 

-a u;(x, t)dx::; -- u2(x, t)dx. l
n: a ln: 

0 4 0 

This estimate in (4.31) and by the definition (4.27) of E2 , we obtain 

:t E(t) ::; -~ 1n: u2 (x, t)dx- 2qbiT(t) 11 

e-2<'i•(t)pu
2 (7r, t- T(t)p)dp. 

Since 7(t) ::; A1 (see (4.3)) and in view of the definition (4.22) of E(t), there exists a 
constant 1' > 0 (depending on 1 and b, namely 1' ::; min(~, 4ble-28M)) such that 

By applying Remark 4.2.5, we obtain 

d l' 
dt E ( t) ::; - 21 + 1 E ( t). 

This implies that 
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with 
'V

1 
1 (aq ) a= ' < min -, -4À8e-28M . 

2, + 1 - q - 2-À 2 

Remark 4.2.5 leads to 

E(t) ::; E(t) ::; E(O)e-at::; (21 + 1)E(O)e-at. 

• 
Remark 4.2.7. In the proof of Theorem 4.2.6, we notice that we have explicitely calculated 
the decay rate of the energy, given by 

n = 
1 

min (aq -4À8e-28·M) 
q- 2-À 2 ' ' 

where À is given by (4.80), q by (4.25) and 8 is a positive real number. Therefore, we can 
choose 8 so that the decay of the energy is as quick as possible. For that purpose, we notice 
that the function 8 --t -4À8e-28M admits a maximum at 8 = 

2
1- and that this maximum 

is ~;; . Thus the larger decay rate of the energy is given by 

1 . (aq -2À) 
amax = q - 2-À mm 2, Me . 

Obviously, ~his quantity can be calculated if the data f-Lo, /-Ll and T are given. 

4.3 Exponential stability of the delayed wave equa­
tion 

We now consider the system described by 

Utt(X, t) - aUxx(X, t) = 0, 
u(O, t) = 0, 

Ux(1r, t) = -JloUt(Tt, t)- J.llUt(Tt, t- T(t)), 
u(x, 0) = u0 (x), Ut(x, 0) = u1(x), 

Ut ( 7r, t - T ( 0)) = j 0 ( t - T ( 0)) , 

0 <x < 7ï, t > 0, 
t > 0, 
t > 0, 

0 <x< 71", 

0 < t < T(O), 

( 4.32) 

whith the constant parameter a > 0 and where J.Lo, /-Ll ::2: 0 arc fixed nonnegative real 
numbers, the time-varying delay T(t) still satisfies (4.2), (4.3) and (4.4). 

The boundary-value problem ( 4.32) describes the oscillations of a homogeneous string 
fixed at 0 and with a feedback law at r.. 
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4.3.1 Weil posedness of the problem 

We airn to show that problern (4.32) is well-posed. For that purpose, we use the same 
ideas than before. 

Vve transform our system ( 4.32) as follows. Let us introduce the auxiliary variable 
z(p, t) = Ut(r., t - r(t)p) for p E (0, 1) and t > O. Note that z verifies the transport 
equation for 0 < p < 1 and t > 0 (compare with (4.5)) 

{ 

T(t)zt(P, t) + (1- 7-(t)p)zp(p, t) = 0, 
z(O, t) = ut(1f, t), 

z(p, 0) = J0
( -r(O)p). 

Therefore, the problern ( 4.32) is equivalent to 

Utt(X, t)- aUxx(x, t) = 0, 
T(t)zt(p, t) + (1- +(t)p)zp(p, t) = 0, 

u(O, t) = 0, Ux(1f, t) = -f,LoUt(7r, t)- ft1Z(1, t), 
z(O, t) = ut(1f, t), 

u(x, 0) = u0(x), Ut(x, 0) = u1(x), 
z(p, 0) = J0

( -r(O)p ), 

If we introduce 

then U satisfies 

0 <x < 7r, t > 0, 
0 < p < 1, t > 0, 

t > 0, 
t > 0, 

0 <x< 7r, 

O<p<l. 

T ( f(t)p- 1 )T 
Ut= (ut, Utt, Zt) = Ut, auxx' r(t) Zp 

(4.33) 

(4.34) 

Consequently the problem ( 4.32) may be rev>'ritten as the first order evolution equation 

where the time dependent operator A(t) is defined by 

with domain 

'D(A(t)) := {(u, w, z) E (1/ n H 2 (0, r.)) x V x H 1(0, 1) : 
z(O) = w(r.), Ux( 7r) = -f-loW( 7r) - J-llz(1 )}, 

where we recall that 
V= {6 E H 1 (0, 1r) : çi>(O) = 0}. 
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Ag ain, we notice th at the domain of the operator A( t) is independent of the time t, i.e. 

V(A(t)) = V(A(O)), 'Vt >O. ( 4.36) 

Now, we introduce the Hilbert space 

equipped with the usual inner product 

( ( ~) , ( ~)) ~ [(au,ù, + wW)dx + [ z(p)Z(p)dp. 

Lemma 4.3.1. D(A(O)) is dense in H. 

Proof: The proof is the same as the one of Lemma 1.2.1, we give it for the sake of 
completeness. Let (!, g, h)T EH be orthogonal to all elements of D(A(O)), namely 

o~ ( ( ~), ( f)) = [(au.j,+wg)dx+ [ z(p)h(p)dp, 

for all (u, w, z)T E D(A(O)). 
We first take u = 0 and w = 0 and z E V(O, 1). As (0, 0, z) E D(A(O)), we get 

11 

z(p)h(p)dp = O. 

Since V(O, 1) is dense in L2 (0, 1), we deduce that h =O. 
In the same manner, by taking u = 0, z = 0 and w E V(O, rt) we see that g =O. 
The above orthogonality condition is then reduced to 

0 =a 1-:r Uxfxdx, 'V(u, w, z) E D(A(O)). 

By restricting ourselves to w = 0 and z = 0, we obtain 

11 

uxfxdx = 0, V(u, 0, 0) E D(A(O)). 

But we easily check that (u, O. 0) E D(A(O)) if and only if u E D(L:::..) ={v E H 2 (0,rt): 
v(O) = 0, v'(l) = 0}, the domain of the Laplace operator with mixed boundary conditions. 
Since it is well knmvn that D(L:::..) is dense in V (equipped with the inner product < ., . >v), 
we conclude that f = O. • 
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As before we suppose that the speed of the delay satisfies (4.9) and (4.10). Under these 
conditions, we will show that the operator A(t) generates a 00-semigroup in H and the 
unique solvability of problem ( 4.35). 

For that purpose, we introduce the following time-dependent inner product on H 

( ( ~ ) , ( ~)) t = [ (auxûx + wW)dx + qT(t) [ z(p)Z(p)dp, 

where q is a positive constant chosen such that w q is negative (guaranteed by the assump­
tions (4.9) and (4.10)), with associated norm denoted by li· lit. 

Theorem 4.3.2. For an initial datum U0 E H, there exists a unique solution U E 

C([O, +oo), H) to problem (4.35). Moreover, if U0 E D(A(O)), then 

U E C([O, +oo), D(A(O))) n 0 1([0, +oo), H). 

Proof: We first notice that 

ll4>11t < e 2~o lt-sl Vt sE [0 T] 
ll4>11s - ' ' ' 

( 4.37) 

where </J = ( u, w, z) T and c is a positive constant. Indeed, for all s, t E [0, T], we have 

and we conclude as in the proof of Theorem 4.2.3. 
Now we calculate (A(t)U, U)t for at > 0 fixed. For an arbitrary U = (u, w, z)T E 

D(A(t)), we have 

(A(t)U, U)t 

By integrating by parts in space, we have 

(A(t)U, U)t a[wux]~- q 11 

zp(p)z(p)(l- T-(t)p)dp 
0 1 

-aJLoz(Of- athz(O)z(l)- q 1 zp(p)z(p)(l- T-(t)p)dp. 
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Moreover, we have by integrating by parts in p : 

11 

zp(p)z(p)(1 - 1-(t)p)dp 

These two identities yield 

We can see, that this identity implies that 

(A(t)U, U)t:::; (z(O), z(l))wq(z(O), z(1))T + ~(t) (U, U)t, 

where Wq is the matrix defined by (4.13) and ~(t) is given by (4.12). Since we have chosen 
q such that the matrix W q is negative, we have 

(A(t)U, U)t- ~(t) (U, U)t :::; 0, 

which proves the dissipativeness of À(t) = A(t) - ~(t)I for the inner product (·, ·)t· 
As in the proof of Theorem 4.2.3, we see that ( 4.4) implies that 

d -
dtA(t) E L:;o([O, T], B(D(A(O)), H)). 

( 4.38) 

( 4.39) 

Let us finally prove that A(t) is maximal, i.e., that ).J- A(t) is surjective for sorne 
À> 0 and t >O. 

Let (!, g, h? EH. We look for U = (u, w, z)T E D(A(t)) solution of 

or equivalently 

{ 

ÀU- W = j 
Àw- auxx = g 

ÀZ + l~~~~)p Zp = h. 
( 4.40) 

Suppose that we have found u with the appropriate regularity. Then, we have 

W = - f + ÀU E 1/. 

We can then determine z, indeed z satisfies the differentiai equation 

\ ~ 1- 1-(t)p - h 
A"'+ ( , Zp-

T t) 
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and the boundary condition z(O) = w('rr) =- j(1r) + .-\u(1r). Therefore z is explicitly given 
by 

z(p) = Àu( 7i )e->.r(t)p - f ( 7i )e ->.r(t)p + 7( t)e->.r(t)p 1P e>.r(t)u h( Œ )dŒ, 

if f(t) = 0, and 

z(p) .Àu( 7i )e>.ffit ln(l-f(t)p) _ j( 1r)i1ffi ln(l-f(t)p) 

+e>. ~i!; ln(l-f(t)p) [P h( Œ )7( t) e ->.rffi ln(l-f(t)u) dŒ, 
} 0 1- f(t)Œ 

otherwise. This means that once u is found with the appropriate properties, we can find z 
and w. ln particular, we have if f(t) = 0, 

z(1) = Àu(1r)e->.r(t)- j(1r)e->.r(t) + 7(t)e->.r(t) 11 
e>.r(t)uh(Œ)dŒ = .-\u(1r)e->.r(t) + z0 , 

where z0 = - f ( 1r )e->.r(t) + 7( t )e->.-r(t) J; e>-r(t)u h( Œ )dŒ is a fixed real number depending 
only on f and h, and if f(t) =f; 0 

where 

z(1) = .Àu(7r)e>.~ln(l-+(t)) _ f(7i)i~ln(l-+(t)) 

+i;ffiln(l-f(t)) t h(Œ)7(t) e->.$ln(l-f(t)u)dŒ 

} 0 1- +(t)Œ 
\ ( ) >.~ ln(l-f(t)) + 0 Au 1r e TTt! z , 

ZO = -j(7r)e>.ffitln(l-f(t)) + e'>..fffiln(l-f(t)) t h(Œ~7(t) e->.fffiin(l-f(t)u)dŒ 

} 0 1- 7(t)Œ 

depends only on f and h. 
It remains to find u. By (4.40), u must satisfy 

À2u- aUxx = g + Àj. 

Multiplying this identity by a test function <f;, integrating in space and using integration 
by parts, we obtain 

17r (.-\2u- auxx)<Pdx = 17r (À2u<f; + auxc/Jx)dx- aux(1i)<f;(7i) + aux(O)<f;(O). 

But using the fact that (u~ w, z)T must belong to D(A(t)), we have 

l'Ir (À2u- auxx)dJdx =l'Ir (.-\ 2ucb + aux<Px)dx + af1oW(7i)<f;(7i) + af1lz(l)cb(7i). 
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Therefore 

Using the above expression for z(1) and w = À.u- j, we arrive at the problem 

1rr (À2ur/;+aux<Px)dx+a(J.Lo+J.Lle->.T(t))Àu(r.)cj;(7i) = 1rr (g+Àf)cpdx+a(J.Lof(7i)-J.L 1 z0 )cjJ(n)~ Vcp E tr 
(4.41) 

if f(t) = 0, or otherwise 

{rr (> .. 2u<P + aux<Px)dx + a(J.Lo + f.Ll i~ ln(l-f(t)p))Àu( 7i )<P( r.) 
Jo rr ( 4.42) 

= 1 (g + Àf)<jldx + a(J.Lof(7i)- J.L 1z0 )cp(n), V<P EV 

These problems have a unique solution u EV by Lax-Milgram's lemma, because the left­
hand si de of ( 4.41) or ( 4.42) is coercive on V. 

If we consider <P E V(O, n) CV, then u satisfies 

À2u- auxx = g + Àj in V'(O, r.). 

This directly implies that u E H 2 (0, 11) and then u E VnH2(0~ r.). Coming back to (4.41) 
and by integrating by parts, we find, for f(t) = 0~ 

and then 
ux(7i) -(J.Lo + f.Lle->.T(t))J\u(7i)- (J.LIZ0 - J.Lof(7i)) 

- -J.Lo(Àu(7i)- j(1r))- JL1(e->.T(t))..u(r.) + z0 ) 

- -J.LoW(7i)- J.Llz(1). 

We find the same result if f(t) =1 O. 
In summary we have found (u, w, z)T E D(A(t)) satisfying (4.40) and thus ;\]- A(t) 

is surjective for sorne À. > 0 and t > O. Again as n,(t) > 0, this proves that 

)..J- .À.(t) = (À+ n,(t))I- A(t) is surjective ( 4.43) 

for sorne À. > 0 and t > O. 
Then, (4.37), (4.38) and (4.43) imply that the family A = {A(t) : t E [0~ T]} is a 

stable family of generators in H with stability constants independent of t, b~v Proposition 
1.1 from [59]. Therefore, the assumptions (i)-(iv) of Theorem 4.2.1 are verified by ( 4.36), 
(4.37), (4.38), (4.39), (4.43) and Lemma 4.3.1, and thus, the problem 

{ 
ût = A(t)û 
Û(O) = Uo. 
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has a unique solution [JE C([O, +oo), H) and [JE C([O, +oo), D(A(O)))nC1 ([0, +oo), H) 
if U0 E D(A(O)). As before, the requested solution of ( 4.35) is given by 

U(t) = e!3(t)[J(t) 

with j3(t) = r; ~(s )ds. • 

4.3.2 The decay of the energy 

As for the heat equation, we restrict the hypothesis ( 4.10) to obtain the decay of the 
energy. N arnely we suppose that ( 4.21) holds. 

Let us choose the following energy ( which corresponds to the time-dependent inn er 
product in H) 

l11r 7 (t) 11 

E(t) = 2 0 
(u;(x, t) + au;(x, t)) dx + ~ 

0 
u;('1r, t- 7(t)p)dp, ( 4.44) 

where q is a positive constant chosen such that Wq is negative definite (possible if (4.9) and 
(4.21) hold). 

Proposition 4.3.3. Let the assumptions (4.9) and (4.21) be satisfied. Thenfor all regular 
solution of problem (4.32}, the energy is decreasing and verifies 

E' ( t) < (Ut ( 1ï, t) , Ut ( 1f, t - 7 ( t)) ) W q (Ut ( 1f, t) , Ut ( 1f, t - 7 ( t)) ) T < 0, ( 4 .45) 

where Wq is the matrix defined in (4.13}. 

Remark 4.3.4. In the case where the delay is constant in time, i.e. 7(t) = T for all t > 0 
and thus d = 0, we recover the results from {85, 89} and chapter 1. Indeed in {85, 89}, the 
energy is decreasing under the assumption JL1 < JLo. 

Proof: Differentiating (4.44) and integrating by parts in space, we obtain 

{1r qi(t) t 
E'(t) = Jo (utUtt + auxUxt)dx + -

2
- Jo u;(1r, t- 7(t)p)dp 

0 1 0 

+q7(t) 1 Ut(1f, t- 7(t)p)utt(7î, t- 7(t)p)(1- i(t)p)dp 

11r 1r qi(t) 11 2 . 
Ut(Utt- auxx)dx + a[uxut]o + -. -' ut(1r, t -7(t)p)dp 

0 2 0 

+q7(t) 11 

Ut(1f, t- 7(t)p)utt(7î, t- 7(t)p)(1- i(t)p)dp 
0 1 

' qi ( t) 1 2 ( ( ) ) aux(1î. t)ut(1f, t) + -- ut 1r, t- 7 t p dp 
2 0 

+q7(t) 11 

ut(7î, t- 7(t)p)utt(7î, t- 7(t)p)(l- i(t)p)dp. 
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Recalling that z(p, t) = Ut(n, t- T(t)p), we see that 

1l Ut(1r, t- T(t)p)utt(Ti, t- T(t)p)(l- f(t)p)dp 

Therefore, we obtain 

qi(t) t 
E'(t) = aux(r., t)ut(r., t) + -

2
- Jo ui(r., t- T(t)p)dp 

qi(t) t 2 1- 7-(t) 2 q 2 
--

2
- Jo ut(r., t- T(t)p)dp- q 

2 
ut(r., t- T(t)) + 2ut(r., t), 

which implies 

E'(t) = -ap,ou;(r., t)- ap,1ut(n, t- T(t))ut(Ti, t)- ~(1- i(t))u;(1r, t- T(t)) + ~u;(1r, t). 

By the condition ( 4.9) we can see that this identity yields 

This concludes the proof a..s W q is negative defini te. • 

4.3.3 Exponential stability 

In this section, under the assumptions (4.9) and (4.21), we prove the exponential sta­
bility of the wave equation ( 4.32) by using the following Lyapunov functional 

E(t) = E(t) + ~~ ( 21rr XUtUxdx + E2(t)) , ( 4.46) 

where 1 > 0 is a parameter that will be fixed small enough later on, E is the standard 
energy defined by ( 4.44) with q a positive constant fixed such that W q is negative definite 
and E2 is defined by 

E2(t) = qlt e2o(s-t)u;(1r, s)ds = qT(t) t e-2t5T(t)pu;(r., t- T(t)p)dp, (4.47) 
~Tw ~ 

where c5 > 0 is a fixed positive real number. 
The Lyapunov functional E(t) + 2r J

0
rr XUtUxdx is standard in problems with boundary 

conditions with mernory (see for instance [86]). Vve have added the two terms to the 
standard energy E(t) in order to take into account the dependence of T with respect tot. 

First we notice that the energies E andE are equivalent. 
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Lemma 4.3.5. For 1 small enough, there exist two positive constants C1(J) and C2(r) 
such that 

Proof: We have 

2)' 1-rr xuxutdx::; 11r 1-rr (u; + u~)dx::; 11rc 1-rr (au;+ u;)dx, 

where c = max(l, ~) and 

1qr(t) 11 

e-2or(t)pu;(r., t- r(t)p)dp:::;; 1qr(t) 11 

u;(1r, t- r(t)p)dp. 

Sin ce c > 1, these estima tes yield 

E(t) ::; (1 + 2rcr)E(t). 

Moreover, by definition we have 

and by Cauchy-Schwarz's inequality 

2r 1-rr xuxutdx 2 -11r 1-rr ( u; + u;)dx. 

Th en 

E(t) 2 E(t) - c-yn 1-rr (au;+ u;)dx, 

and therefore, for 1 small enough ( 1 < 2~), we ob tain 

E(t) 2 (1 - 2cr1)E(t). 

We are ready to state our result about the decay of the energy E : 
• 

Theorem 4.3.6. Let (4.3), (4.9) and (4.21) be satisfied. Then the energy E decays expo­
nentially, more precisely there exist two positive constants a and C such that 

E(t) ::; ce-at E(O), Vt >O. 

Proof: First we remark that 

:t ( 21" XUtUxdX) 
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But by integrating by parts in space and by (4.32), we have 

1-;r XUtUxtdX = -1-;r XUxtUtdX- 1r. u;dx + 1ru;('rr. t), 

that is to say 

Th us 

:t (21r. XUtUxdx) =-11r(u;+au;)dx+1ru;(1r, t)+a1ru;(1r, t). 

By the boundary conditions in ( 4.32) and Cauchy-Schwarz's inequality, we finally find 

:t (21rr XUtUxdx) ~ -11r (u; + au;)dx + 1r(l + 2aJ.L6)u;(1r, t) + 2a1rJ.LÎu;(1r, t- T(t)). 

( 4.48) 
Then, we differentiate E2 to have 

where 

lw= 2qT(t) 11 

e-2or(t)put(1r, t- T(t)p)utt(1r, t- T(t)p)(l- t(t)p)dp. 

As in the proof of Theorem 4.2.6, by integration by parts, we have 

lw = q 11 

( -20T(t)(l- 7-(t)p)- t(t))ut(1r, t- T(t)p)e-20r(t)pdp 

-qe-215T(tluz(1r, t- T(t))(l- t(t)) + quz(1r, t). 

These identities yield 

~~~~ E2(t) + q 11 

( -2(5T(t)- f(t))u;('r., t- T(t)p)e- 215r(t)pdp 

-qe-28r(tluz(1r, t- T(t))(l- t(t)) + qu;(r., t) 

~~~~ E2 (t) + -207~lt) t(t) E2(t)- qe-215r(tlu;(1r, t- T(t))(l- t(t)) + quz(1r, t). 

Since t(t) < 1 (see (4.2)), we obtain 

:tE2(t):::; -28E2(t) + qu;,(~., t). ( 4.49) 

Consequently, gathering ( 4.46), ( 4.48) and ( 4.49), we obtain 

d rr 
dtE(t) ~ -Î/ Jo (uz + au;)dx- 2)bE2 (t) 

. 0 - T 
+ (Ut ( 'Tr, t), Ut ( 'Tr. t - T ( t))) cp q (Ut ( 7r, t), Ut ( 'Tr, i - T ( t))) , 
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where ~q is the matrix defined by 

~q 1 ( q(l + 21)- 2aJ1o + 211r(l + 2af15) 
2 -a/11 

_ W + , ( q + 1r(l + 2aJ15) 0 ) 
q 

1 0 2a7rf1Î · 

Noticing that max (q + 1r(1 + 2aJ15), 2a7rf.LÎ) = q+7r(l+2aJ15) by (4.21): for r sufficiently 
s_mall, i.e. r ~ q+71"(;-+~a.u&), where À is the grea test negative eigenvalue of W q given by ( 4.30): 

4> q is negative and therefore 

d {71" 
dtE(t) ~ -1 Jo (u; + au;)dx- 28rE2 (t). 

By the definition ( 4.4 7) of &2 : this estima te becomes 

:tE(t) ~ -1 171"(u; + au;)dx- 28rqT(t)e-28
T(t) 11 

u;(1r, t- T(t)p)dp. 

Since T(t) ~ NI (see (4.3)), in view of the definition of E, there exists a constant 1' > 0 
( depending on 1 and 8 : 1' ~ 21 min ( 1, 28e-215M)) such that 

!E(t) < -1'E(t). 

By applying Lemma 4.3.5, we arrive at 

d 
dtE(t) < -aE(t), 

where a is explicitely given by a: = 1+2~=. Therefore 

and Lemma 4.3.5 allows to conclude the proof: 

E(t) < 1 E(t) < 1 E(O)e-at < 1 + 2rC1ï E(O)e-at. 
- 1 - 2c1r1 - 1 - 2C7rr , - 1 - 2C7rr 

• 
Remark 4.3.7. In the case where the delay is constant in time and a = 1, we recover 
some results from (85, 89} and chapter 1. Moreover, in (85, 89}, the energy is defined by 

E(t) = t 171" (u;(x, t) + u;(x, t))dx + ~ 11 

u;(1r, t- Tp)dp, 

wherc Ç is a positive constant satisfying 

TJ11 ~ Ç:::; T(2J1o- I.Lt), 

under the condition (4.21), which corresponds to the definition (4-44) of E with q = ~-
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Remark 4.3.8. In the proof of Theorem 4.3.6, we notice that we can explicitely calculate 
the decay rate a: of the energy, given by 

with 
1 -À r < - and 'Y < ----,-----::;-:-

2cr ' - q + 7i"(1 + 2aJ.L6) 

{by Lemma 4.3.5 and Theorem 4.3.6) and c =max (1, ~) where À is given by (4.30), q by 
(4.25) and o is a positive real number. Therefore, we can choose o such that the decay of 
the energy is as quick as possible. By Remark 4.2. 7, we get that the larger decay rate of the 
energy is given by 

21 . ( 1 ) 
O:max = 1 + 2rC7r mm 1, Me . 
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Chapitre 5 

Quasi exponential decay of a finite 
difference space discretization of the 
1-d wave equation by pointwise 
interior stabilization 

5.1 Introduction 

Recently boundary (or internai) controllability and stability results for the wave equa­
tion have been obtained using different methods, like the multipliers method, the frequency 
domain method, the microlocal analysis, the differentiai geometry or a combination of 
them [61, 70, 114, 115]. Usually these results are based on an observability estimate. On 
the other hand, similar results at a discrete level, namely when the continuous operator 
is replaced by a discrete one ( obtained by a finite difference, a finite element or a fini te 
volume scheme, for instance) are less developed. In their pioneer works, R. Glowinski et 
al. in [47-50] considered the boundary controllability of the numerical approximation of 
the wave equation using the so-called HUM method. They observed a bad behavior of the 
control of the numerical scheme, due to the spurious modes that the numerical scheme 
introduces at high frequencies. The main idea is that, in general, any discrete scheme 
generates spurious high frequency oscillations that do not exist at the continuous level. 
Therefore the discretization and the control processes do not commute ; in other words, 
the control of the discrete madel do not converge to the control of the continuous model. 
Sorne remedies are then necessary to restore the convergence of the discrete control to the 
continuous one. In these papers different remedies were proposed, like a Tychonoff regu­
larization [49, 50], a bi-grid algorithm [47] or rnixed finite element method [48], providing 
good numerical results. For the wave equation, rigorous convergence analyses of these cures 
for sorne schemes, like finite differences (in space and intime), finite elements and mixed 
finite elements, are made in [30,31,56,78,80,102,112,114,115]. For internai stability results 
this phenomenon was underlined numerically in [14], where numerical simulations suggest 

183 



that the exponential decay of the discrete energy might be not uniformly exponential with 
respect to the mesh and step sizes. As remedy the authors propose without any proof to 
use a mixed method. More recently the stabilization of a locally damped wave equation 
in [102} and for a boundary damping in [103] were rigourously analyzed by adding a nu­
merical viscosity term. But to our knowledge such results are not yet proved for pointwise 
internai damping. 

Consequently the main goal of our chapter is threefold : 
i) As for the continuous madeL we furnish a necessary and suffi.cient condition that gua­
ramees the decay to zero of the discrete energy. 
ii) We show that the exponential decay of the discrete energy of the discretization of the 
wave equation with a pointwise internai damping by finite difference is not uniform. 
iii) We show that a filtering technique allows to restore a quasi-optimal uniform exponen­
tial decay. 
iv) We prove that without filtering we cannat expect quasi-exponential decay. 

The schedule of the chapter is as follows : Section 5.2 is devoted to the introduction of 
the one-dimensional wave equation with an internai pointv.rise damping and its discretiza­
tion. Then in section 5.3 we give a necessary and sufficient condition that guarantees the 
decay to zero of the discrete energy. The non uniform exponential decay of this energy is 
proved in section 5.4. Finally the filtering method is described in section 5.5 and the quasi­
optimal uniform exponential decay is established. Sorne numerical results are presented 
that show the advantage of the filtering technique. 

5.2 The continuous and discrete problems 

We consider the wave equation on an interval of length 1 v.rith an interior damping at 
Ç, in other words we study the solution y of the following problem 

Ytt(X, t)- Yxx(x, t) = 0 0 <X< 1, t > 0, 
y(O, t) = 0, Yx(l, t) = 0 t > 0, 
y(f,_, t) = y(Ç+, t) t > 0, (5.1) 
Yx(f,_, t) - Yx(Ç+, t) = -ŒYt(Ç, t) t > 0, 
y(t = 0) = y(O), Yt(t = 0) = yCl) 0 < x < 1, 

where (yC0), yC1)) EV x L2 (0, 1), V= {y E H 1 (0, 1); y(O) = 0} and ais a fixed positive 
constant. It is easy to check [6} that this system (5.1) is well-posed in the energy space 
V x L2 (0, 1 ). More precisely, for any (yC0J, y(1)) E V x L2 (0, 1) there exists a unique solution 
y E C((O, T), V) n C1((0, T), L2 (0, 1)) of (5.1). 

The energy of the solution of system (5.1) is given by 

E(t) = ~ 11 

(IYt(X, t)l
2 + IYx(x, t)l

2
)dx 

and obeys the following dissipation law 

d~~t) = -Œ IYt(Ç, t)i2
. 
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This implies that the energy is decreasing. Moreover, we know that (see [6] and chapter 1) 
limE(t) = 0 for any initial data in V x L2 (0, 1) if and only if 
t->oo 

2p 
Ç =/= 2q+ l' Vp,q EN. 

Moreover, as it was proved in [6] and in chapter 1, the exponential decay property of the 
solution of (5.1) is equivalent to an observability estimate for the corresponding conservative 
system 

{ 

Utt(x, t) - Uxx(x, t) = 0 
u(O, t) = 0, Ux(1, t) = 0 
u(t = 0) = y(O), Ut(t = 0) = y(l) 

0 <x< 1, t > 0, 
t > 0, 
0 <x< 1, 

(5.3) 

where (yC0), yCl)) EV x L2 (0, 1). In this case, the observability estimate holds if and only 
if Ç is a rational number with an irreductible fraction 

Ç = E, where pis odd, 
q 

and therefore under this condition, the system (5.1) is exponentially stable in the energy 
space. In the remainder of this chapt er, Ç is fixed and is supposed to satisfy these two 
conditions. 

We now introduce the finite difference scheme used later on. For this purpose, let N be 
a nonnegative integer. Set h = N~l and consider the subdivision of (0, 1) given by 

0 = Xo < X1 = h < ... < Xj-1 < Xj = jh < Xj+l < ... < XN < XN+l = 1, 

i.e. Xj = jh for all j = 0, ... , N + 1. As Ç is not necessarily equal to jh for sorne j, we fix 
JN EN n (0, N + 1) such that xJN -t Ç when N-t oo. 

The finite-difference space semi-discretization of system (5.1) that we consider is the 
following 

t > 0, j = 1, ... , N, j =!= JN, 
t > 0, 
t > 0, 
j = 1, ... , N. 

(5.4) 

Obviously, yj(t) is an approximation of y(xj, t), y being the solution of (5.1), provided 

the initial data (yj0>, y?)), j = 0, ... , N + 1 are approximations of the initial data in (5.1). 

Note further that the condition Yh.:+l-2Y~N +YJt.;-l = ayjN is a natural approximation of the 
condition Yx(Ç_, t) - Yx(Ç+, t) = -D!Yt(Ç, t). Alternatively (see [24]) we could chose the 
approximated condition 
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but this choice did not allow us to prove any positive results. 
We now set Yh = (yj)j, Yho) = (yj0))j and Yh1

) = (y?)k 
The system (5.4) may be equivalently written 

(5.5) 

where vh = ( ~t ) , vhO = ( ~i:~ ) and Ah is a 2N x 2N matrix. This system is therefore 

uniquely solvable (as a differentiai system). Let us now show that it is dissipative : introduce 
its energy given by 

(5.6) 

which is a discretization of the continuous energy E. 

Lemma 5.2.1. The energy of system (5.4) is a nonincreasing function of the time t and 
its derivative is given by 

E~(t) = -a(yjN(t))2
. (5.7) 

Proof: Deriving (5.6) and using (5.4), we obtain 

N N N * L yj(Yj+l- Yj)- * L (yj- Yj-l)yj + *L(Yj+l- Yj)(yj+l- yj) 
j=lJ=hN j=lJ=/=jN j=O 

N N N * L yj(Yj+l- Yj)- * L (Yj+l- Yj)yj+l + *L(Yj+l- Yj)(yj+l- yj) 
j=O,j=hN j=O,j-l=jN-l j=O 

* yjN (yjN - YjN-1) - * yjN (yjN+l - YjN) 

This proves ( 5. 7) and, therefore, the energy is nonincreasing. • 

Observe that (5.7) is the serni-discrete analogue of the dissipation law (5.2). 

186 



We also need to consider the finite-difference space semi-discretization of problem wi­
thout damping (5.3) 

t > 0, j = 1, ... , N 
t>O 
j = 1, ... , N. 

Vve observe that the system (5.8) can be re\vritten in the following simplified form 

U~ + AhUh = 0, t > 0 

where uh stands for the column vector (ul, ... , uNf' Ah denotes the matrix 

2 
-1 

1 
Ah= h2 

0 

0 
0 

-1 0 
2 -1 0 

0 
0 

2 -1 
-1 1 

(5.8) 

entering in the finite difference discretization of the Laplacian with Dirichlet boundary 
condition at the left endpoint, and Neumann one at the right endpoint. The eigenvectors 
of the matrix Ah satisfy the eigenvalue system 

{ 

- 'PHl-2'/}+'Pi-1 = À<pj j = 1, ... , N, 

'Po= 0, 'PN+l- 'PN = Ü. 
(5.9) 

It was shown in [58] (see also [103]) that 

'"k,h _ · ((2k+l)rrjh) , _ Q l N 
'1-'j -Sin 2_h , J - , , ... , , 

(5.10) 
\ _ 4 · 2((2k+l)rrh) k-0 1 N 1 
Ak,h- h2 sm 2(2-h) ' - ' , ... , - · 

\Ve have the following property of the eigenvectors of (5.9) : 

Lemma 5.2.2. For any eigenvector <p with eigenvalue À of (5.9 ), the following identity 
holds 
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Proof: This result is well known (see [56]), we give its proof for the sake of cornpleteness. 
Multiplying the first identity of (5.9) by t.pj and by adding on j = 1, ... , N, we obtain 

N N 

-ÀL: I'Pil2 L: ('"Hl-20j+'Pj-J )t.pj 

j=l j=l 
N N 

L("'H~2"'j)t.pj- L(rpj-~j-1 )t.pj 
j=l j=l 
N N-1 

""('>'i+l-'Pi)tn-- ""('Ph·l-'Pi)tn· L.-t h2 YJ L.-t h2 rJ+l· 
j=l j=O 

and we conclude by the boundary condition 'PN+l- 'PN =O. • 
The solution of (5.8) adrnits a Fourier development in the basis of eigenvectors of system 

(5.9). More precisely, every solution uh = (uj)j of (5.8) can be written as 

for suitable coefficients ak, bk E IR, k = 0, ... , N- 1, that can be computed explicitely in 
terms of the initial data. 

The energy of the problem without damping (5.8) is given by 

(5.11) 

Obviously, this energy EJN(uh, .) is constant (proved like Lemma 5.2.1). 

5.3 Decay of the energy to 0 

Proposition 5.3.1. We have 

if and only if 

)Nh -j:c (~k-+h;l, \;/k = 0, .... N- L l EN. 

Proof: We use the same kind of proof that in the continuous case (see [61 or chapter 1). 
1 {::: 1 Let S(t) = eAht be the exponential of the matrix Ah· It suffices to show that 
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For U = ( Yi ) we set 
Yl ' 

J j 

N N 2 

\\Uif' = ~ i=t;iN \yj\' + ~ ~ 1 Y;+lh- Y; 1 

Let us fix U0 = ( y~~~ ) E JR2N. The set orb(U0 ) = US(t)Uo is precompact in lR2
N 

Yh t;::o 
because~ for any sequence (tn)n 

l\S(tn)Uoll + IIAhS(tn)Uol\ = l!S(tn)Uoll + lJS(tn)AhUolJ 
:::; IIUoll + llAhUoll =est. 

Therefore, there exists a subsequence, still denote by S(tn)U0 , which converges in JR2N. In 
this case, the w-limit of U0 defined by 

w(Uo) = {U E lR2
N; ::ltn, tn-+ oo, S(tn)Uo-+ U, t-+ oo} 

is non empty. On the other hand, if <l'> = ( :J ) ; E w(U0), then S(t)<l'> = ( ~~:~ ) E 

w(U0 ). We can now apply LaSalle's invariance principle [32] with the relatively compact 

set ~S(t)U0 and the Lyapounov functionalll\\. As ( :J ) and S(t) ( :J ) = ( :;m ) 
belong to w(U0 ), we find that 

Il ( :j ) Il = Il ( :~~~j ) Il = L, Vt? o. 

Therefore <P(t) satisfies the problem (5.4) with initial condition <P~ and </J}. Moreover~ it 
holds 

o = L- L =Il ( :;m) 11-11 ( :l) Il= -a [ 1(b;N1' dt, 

which implies that 
<P~N(t) = 0, Vt >o. (5.12) 

In particular, this implies that <P is solution of problem (5.8) with initial data cbJ and <P] 

because the damping term disappears and <P'JN =O. 
Let us now write 

N-1 N-1 

dJO =~a tnk,h , L...J kr ' 
<Pl= l:bki.pk,h. 

k=O k=O 

Then <P is given by 

(b(t) = ~ ( ak cos( A.tl + k sin( A.t)) r/ h 
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Consequently by (5.12) 

N-1 N-1 

0 = c/JjN (t) = 2) -ak~'P7~h) sin( ~t) + L/bk<p~~h) cos( ~t). 
k=O k=O 

As the size h of the discretization is fixed~ we canuse Ingham's inequality (see [57]) because 
the gap condition is verified. We find that 

T N-1 

0 = r lc/JjN 1
2 dt~ C(h) L[(ak~'P~:? + (bk'f/~~h) 2 ] ~ 0, 

Jo k=O 

for T large enough and for a constant C(h) > 0 which depends on the size h of the 
discretization. Consequently 

k, h - 0 d b k, h - 0 wk - 0 N 1 ak'PjN - an k'PjN - , v - , •.• , - . 

But for all k = 0, ... , N- 1, 

k,h _j_ 0 . ((2k + l)7rjNh) _j_ 0 . h _j_ (2- h)l wz N 
<pJN -r <=> sm 2 - h -r <=> JN -r 2k + 1 ' v E . 

Therefore, if )Nh =/= <;;;!{1
, for alll EN, k = 0, ... , N- 1, we will have ak =bk = 0, for all 

k = 0, ... , N - 1 and therefore c/;0 = c/;1 = 0. We have shown that all ( c/;0 , c/;1 f E w ( U0 ) is 
equal to zero and consequently limE(t) =O. 

t-+oo 
1 ==> 1 vVe use a contradiction argument. Suppose that there exists k E {0, ... , N -1} such 

that )Nh = (;;;!{1
, so that 'P~~h =O. Then 

is solution of (5.4) with a constant energy. • 
Remark 5.3.2. Our previous result is a discrete version of the continuous one [6] that 
says that the energy of the solution of system (5.1) tends to zero if and only if 

2p 
c -t . Vp. q E N. 
':, Î 2q +l' ' 

5.4 Non exponential decay of the discrete energy 

In this section~ our goal is to prove the non exponential decay of solutions of (5.4). 
First. we need the two following lemmas. 
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Lemma 5.4.1. If there exist positive constants A1 and w such that for all y~o) and y~1 ) in 

(5.13) 

holds, then there exist positive constants T and C such that for all y~o) and y~1 ) in RN, one 
has 

EJN(uh, 0) < C 1T lujNI 2 
dt+ Ch2 1T I(Ahuh))NI 2 dt, 

where uh is solution of (5.8) and EJN(uh, .) is defined by (5.11). 

(5.14) 

Proof: Let us suppose that (5.13) holds. It follows from the dissipation law (5.7) that for 
all T > 0, 

(5.15) 

ln( 4
M) 3 

By (5.13), forT large enough (any T 2: w3 suffices), one has Eh(T) ~ 4 Eh(O), and so 

{T 1 1 12 3 1 1 
a: Jo Y)N dt> Eh(O)- 4 Eh(O) = 4 Eh(O) = 4 Eh(uh, 0). (5.16) 

Now, we split up Yh solution of (5.4) as follows 

( 5.17) 

where uh = (uj)j is solution of problem without damping (5.8) and the difference wh = 
(wj)j solves 

Denote by 

t > 0, j = 1, ... , N, j -1- JN 
t>O 
t>O 
j= 1, ... , N. 

Eh( wh, t) = ~ t lwj(tJI' + ~ t lw;+I(t)h- w;(t) l' 
j=O,j=FJN j=O 

We easily check, like in the proof of Lemma 5.2.1, that 

E~(wh, t) = -wjN(o:yj"- h(Ahuh)jN). 

Therefore 

-Q 1t wjNyjNdt + h 1t wjN (Ahuh)jNdt 

(5.18) 

(5.19) 

(5.20) 

-Q 1t wjNujNdt- Q 1t(wjN)2dt+ h 1t wjN(Ahuh)jNdt, 
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by (5.17), which implies that 

Eh(wh, t) +a lt (wjN) 2dt =-a 1t wjNujNdt + h 1t wjN(Ahuh)jNdt. 

By Cauchy-Schwarz's inequality, we deduce that 

o: 1t ( wj,J2dt < -o: 1t wjN ujNdt + h 1t wjN (Ahuh)JNdt 

< (1' (wjN) 2dt) l (a (l (ujN)2dt) l + h (1' I(Ahuh);N l'dt)} 
and therefore 

By a convex inequality, we obtain that 

o:2 1t(wjN?dt::; 2a2 1t(ujN)2dt+2h2 1t I(Ahuh)jNI 2 dt. 

By the estimate (5.16) and by (5.17), we find that 

Eh(uh, 0) ::; 4o: 1T JyjN 1
2 

dt::; 8a (1T lujN 1
2 

dt+ 1T JwjN 1
2 

dt) 

and so, by the estimate (5.21), we obtain 

Eh(uh, 0) < 8a1T JujNJ 2 
dt+ 16o: 1T JujN J2 

dt+ 
16 

h2 1T I(Ahuh)jNI 2 dt 
o o a o 

< C 1T JujNJ 2 
dt+ Ch2 1T I(Ahuh)JNI 2 dt. 

(5.21) 

(5.22) 

The difference between (5.22) and (5.14) relies on the left-hand side, i.e. the energ}' 
Eh(uh, 0) instead of EJN(uh, 0). To solve this problem, we notice that 

EJN(uh, t) = Eh(uh, t) + ~(ujN(t)) 2 , Vt >O. (5.23) 

Deriving the previous identity (5.23), we have 

and therefore 

(5.24) 
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Moreover, since EJN(uh, .) is constant, for ali E > 0, we have 

by (5.8). Taking E = h, we have 

EJN ( uh, 0) :::; Eh( uh, 0) + f\ ujN(t)?dt + h
2

1h \(Ahuh)JN \2 dt, Jo 2 o 
(5.25) 

Therefore with (5.22) and forT> h, we obtain (5.14). • 
Lemma 5.4.2. Assume that N is a multiple of q and JN = N ~' where p is odd {so that 
XjN --+ ~). Then for all T > 0 there exist a positive constant C(T) and initial data such 
that the solution uh of {5.8) with these initial data satisfies 

EJN(uh, 0) 2: c~;) (1T lujN(t)l 2 
dt+ h2 1T I(Ahuh)jN\ 2 dt). 

Proof: Choose 

Y(O) = 1{)k, h y(l) = Ü. 
J YJ l J ' 

where k E {0, ... , N- 1} will be chosen later. It is easy to check that 

uh =cos( ~t)tpk,h 

solves (5.8). On the other hand, we can verify (see [103} and Lemma 5.2.2) that 

2-h 
EJN(uh, 0) = -

8
- Àk,h· 

Moreover 

(5.26) 

Since we assume that N is a multiple of q, that is to say N = mq, where m EN, then 
JN = N ~ = mp. First, we notice that 

x = · ·h = Np = mp ---+ E 
JN )IV q(N + 1) N + 1 q. 
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Secondly, we have 

k.h_. ((2k+l)rtjNh) _. ((2k+1)7rmp) 
'PJN -sm 2- h -sm 2N + 1 

because h = N~l and so 2- h = 2J::}. Now, we fix kin the form 

k = N + {3, 

with /3 < 0 to determine. Therefore, by simple calculations, we get 

(2k + 1)jNh Np 2{3Np 
2- h = q + (2N + 1)q' 

Thus, by choosing 2/3 = -2q, that is to say f3 = -q, then k = N- q E {0, ... , N- 1} for 
N large enough. Again simple calculations yield 

(2k ~ l)jNh p 
2 - h = mp - p + 2N + 1 

As a consequence 

N-q,h · (( ) p7r ) ± · ( p7r ) 'PJN = sm mp - p 1î + 2N + 1 = sm 2N + 1 · 

Because 2N + 1 = 2hh, we obtain 

(5.27) 

when h ---t O. Thus, for N large enough, by (5.26) and (5.10), there exists C > 0 such that 

1T jujN(t)j
2 
dt::; C ( ÀN-q,hT(np)2 ~

2

). 
Similarly we have 

due to (5.27) and because h2 ÀN-q,h "' 1. Indeed, (2 (.N;(2q2t~)7rh 
(5.10), 

~ - 2J:1 and thus, by 

ÀN-q,h = ~ cos
2 

( 2;: 1) "':2 . (5.28) 

Therefore, there exists C(T) > 0 such that for h small enough, 

1T juj}\.(t)j
2 
dt+ h2 1T I(Ahuh)jNI 2 dt < C(T)ÀN-q,hh2 

< C(T)h2 EjN ( uh, 0). 

• 
The main result of this section is the follmving theorem 
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Theorem 5.4.3. Assume that N is a multiple of q and jN = N ~ (hence x iN---+~). Then 
the decay of Eh to zero is not uniformly exponential with respect to h. More precisely there 
do not exist positive constants M and w which ar·e independent of h such that for all h > 0 
and Yho) and Yh1

) in ~N, (5.18) holds. 

Proof: Lemma 5.4.2 shows that the estimate (5.14) is not uniform with respect to h. By 
Lemma 5.4.1, (5.13) cannot hold with M and w independent of h. • 

In conclusion, the decay of Eh to zero is not uniformly exponential with respect to h 
due to the existence of high frequency spurious solutions of the serni-discrete model. To 
overcome this obstacle, we rule out the high frequency spurious modes. 

5. 5 Filtering technique 

5.5.1 Interior observability of the discrete wave equation 

We recall that every solution of (5.8) can be developped in Fourier series as follow 

uh(t) = I: (ak cos( ~t) + k sin( ~t)) <pk,h 
k=O k,h 

where ak, bk E :IR, k = 0, ... , N- 1, are the Fourier coefficients of the initial data, i.e. 

N-1 N-1 

Yho) = I:Ok'Pk,h, Yhl) = Lbk<pk,h. 
k=O k=O 

In orcier to obtain a positive counterpart to Theorem 5.4.3, we have to introduce suitable 
subclasses of solutions of (5.8) generated by eigenvectors of (5.9) associated with eigenvalues 
such that >..h2 ::::; 1· More precisely, introduce 

Ch("f) := { L akcpk,h with ak E :IR} , 
Àk, h..:;f!,: 

the space spanned by the eigenvectors <pk, h for which Àk, h ::::; ifx. 
Moreover, in order to use Ingham's inequality, we need an estimate between the squa­

reroots of consecutive eigenvalues entering in the Fourier development of the solutions of 
(5.8) in the class Ch(!). This is stated in the next lemma proved in [56]. 

Lemma 5.5.1. Assume that 
4 . 2 (ilE) i= sm 2 

for some 0::::; E < 1. Then 

~- J>..k-l,h 2:: 7ï COS (~E) 
for all eigenvalues in the range Àk, hh2 

::::; 1· 
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Remark 5.5.2. Note that every 0 :::;; 1 < 4 can be written in the form (5.29) for sorne 
O:::;E<l. 

Proof: This result is well known (see [56]), we give its proof for the sake of completeness. 
Let us compute the gap 

2 ~ . ((2k + 1)7rh) . ~2k- 1)1ïh)) h sm 2( 2 - h) - sm 2 ( 2 - h) 
2 (2k + 1)7rh (2k- 1)7rh (Ç) 
h 2 ( 2 - h) - 2 ( 2 - h) cos 

27r 
2 

_ h cosÇ, 

for Ç E [(~~~~~)h, (~~;~~)h]. Moreover, the eigenvalue >.k,h = ~ sin2 ((~~;~t)h) satisfies >.h2 ~ 
-y = 4 sin2 ( ~e) if and only if sin 2 ( <;~;~h)h) ::=; sin 2 ( ~e), that is to say if and only if 

..;_( 2_k:-+----'1 )-..,.1r_h < _1rE 
2(2- h) - 2 

because 0 < ~ < 1!: and 0 < (2k+l)1rh = (2k+1)1r < 1!: (k < N) and because the function 
2 2 2(2-h) 2(2N+l) - 2 -

. . . . [o 7rl 8. 0 < (2k-l)7rh < c < (2k+l)7rh < 7r 7r d b th smus IS mcreasmg on , 2 . mee _ 2(2-h) _ ., _ 2(2-h) _ 2 E < 2 an ecause e 
function cosinus is decreasing on [0, ~], we obtain 

~ 27r 27r (7r ) (7r ) y/\k,h- -J>.k-I,h = 
2 

_ h cos(Ç) 2: 
2 

_ h cos 2E 2: 1rcos 2E . 

Now we take the sequence )NE N such that 

defined by 

x3N = iNh--+ Ç = '!!., when h--+ 0, 
q 

. _ [p(2N + 1)] "-T 
)N - 2q EH, 

where [x] means the integral part of x. 

• 

(5.30) 

In the sequel, we need the following lemrna which is proved in Lemma 3.1 of [103] by 
the multiplier technique. 

Lemma 5.5.3. For every T > 2, h > 0 and every sol'ution uh of (5.8), we have 

\Ne also use the following lemma proved in Lemrna 2.9 of [97]. 
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Lemma 5.5.4. s is a rational number with an irreductible fraction 

s = !!., where pis odd 
q 

if and only if there exists 0:' > 0 such that 

We are ready to prove the following uniform interior observability of the discrete wave 
equation: 

Proposition 5.5.5. Assume that E E (0, 1) is small enough such that 

o: >tan (~E) , 
where o: verifies 

1 sin ( ( k + ~) 1r Ç) 1 > a, V k E N 

(which is possible, see Lemma 5.5.4). Then there exist T = T('y) > 2 and C = C('y, T) > 0 
such that for every solution uh of (5.8) in the class Ch('y), we have 

Proof: Vve rewrite the solution uh E Ch(!) of (5.8) as 

where 

uh = L ckei!l-~c, h t r.pk, h, 
!JJ.Ic,h!h::;J)' 

~ -k. h k h ak - ibk _ 
/-l-k,h = -J-lk,h, f.Lk,h = y Ak,h, r.p . = r.p ' , Ck = 

2 
, C-k = Ck· 

Then, applying Ingham's Theorem (see Lemma 5.5.1), there exist C > 0 and T > cos~~<) 
such that 

1T jujN (t) j
2 

dt ~ C L ick\ 2 \J-lk.hl 2 1r.p~~h~ 2 
IJJ.k.hlh::;J"ï 

c 2:: \ck\2 
Àk,h lr.p~~~r. 

IJJ.k, hlh::;yl1 

N ow, we look for a condition that guarantees 
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Recalling that JN = [P(2~q+l) J EN, we may write 

Th en 

k.h 
'PjN = 

. p 2- h . 
XjN = )Nh =- -- ± T}, Wlth T}-+ Ü as h-+ Ü. 

q 2 

sin ((k + ~)1r~j~~) =sin ((k + ~)1r (~ ± 77 2 ~ h)) 
- sin ((k + ~)1r~) cos ((k + ~)7i 2 ~ h) ±cos ((k + ~)7i~) sin ((k + ~)7i 2 ~TJ h). 

Thus, by Lemma 5.5.4, we obtain 

\'P~~h~ ~ lsin((k+~)7i~)llcos((k+~)7i 2 ~h)l 
-lcos ((k + ~)7i~) llsin ((k + ~)1r 2 ~ h) 1 

> a 1 cos ( ( k + ~ )7i 2 ~ h) 1-1 sin ( ( k + ~ )7i 2 ~ h) 1· 
N ow, by the choice of 1, we have 

Àk, hh2 < / Ç? (2k + 1 )7rh < 1rE 
2(2- h) - 2 

(k + l )27i7] 7i 1 
Ç? 0:::; 

2 
~ h :::; 7rE7] :::; 2' because 1]-+ Ü, SO 1] < 2· 

Since the function sinus is increasing on [0, ~), we may write 

. ( 1 27] ) . . (7iE) sm (k + 2)1r 
2 

_ h :::; sm(7iE7J) <sm 2 , 

and then 

lcos ((k + ~)7i 2 ~1] h) 1 ~cos (~E). 
Thus, by the assumption a:> tan(~E), we get 

\
r.p·k,h\ >a cos (7iE)- sin (1rE) > C >O. 

)!•,' - 2 2 

Now, we can return to the inequality (5.31) and deduce that 

1T iujN(t)i 2 dt~ C L lckl 2 
Àk,h· 

0 
IJ.Lk, hlh:S:vr.:r 
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Then, we recall that Lemma 5.5.3 states that, forT> 2, we have 

MoreoveL applying Ingham's inequality to the two tenns of this right hand side, we get 

and 

N T N 

~~ 1 (uj+l- uj?dt :S Ch~ ~ jck\ 2Àk,h(ifi+~- <pJ'h) 2 

j=O 0 j=O ~~k. h\h::;fi 

N ( k,h k,h)2 
Ch3 2:: \ck\ 2Àk,h~ 'Pj+l ~ 'Pj 

l~k,h\h::;:.J'Y J=Ü 

N 

Ch3 2:: \ck\ 2>-~,h~(cpJ·h?by Lemma 5.2.2 
~~k. h jh::;y0 j=O 

N 

< C"f L \ck\ 2 Àk,hh~(cp7'h) 2 because u E Ch('Y), 
~~k.hjh::;.J'Y j=O 

2- h fT 
1 

2 

-4- Jo iuN+li dt < C L \ck\2Àk,h('P~~l)2 
,,.,.k, h jh::;.j'Y 

N 

< C ~ ick\2 Àk, h because cp~~1 is bounded by 1. 

\1-Lk, h jh::;.j'Y 

Therefore, since h'2)cpJ·h)2 I".J 1, forT> cos~Jlf)' there exists C > 0 such that 
j=O 

(T- 2)E3N(uh, 0) :SC 2:: jck\2 Àk,h· 

l~k,hlh::;.J'Y 

This estimate and (5.32) lead to the conclusion. 

5.5.2 Sorne estirnates 

• 

Lemma 5.5.6. There exist T > 0 and C(T) > 0 such that the solution Wh of (5.18) verifies 

199 



Proof: We multiply the first identity of (5.18) by (jh)(2T- t) Wj+] ~wj-t (which is the 
discrete version of the multiplier x(2T- t)wx(x, t)), we add on j 1, ... , JN - 1 and 
integrate between 0 and 2T. This yields 

where 
JN-1 2T 

11 =hL 1 w'J(jh)(2T- t) Wj+I ~ Wj-I dt, 
j=l 0 

JN-1 2T 

12 = h 2: r Wj+1- 2:zj + Wj-1 (jh)(2T- t) Wj+l ~ Wj-1 dt. 
j=1 Jo 

For the first term 11, an integration by parts yields (recalling that wj(t = 0) = 0) 

JN-1 2T 

J1 = -hL { wj(jh).!!_((2T- t) Wj+l- Wj-
1 )dt 

i=1 Jo dt h 
JN-1 2T 

h"' { '-( "h) Wj+l- Wj-1 dt- J 
L....J Jn WJ J h 3 ' 
j=l 0 

where 
JN-1 2T '. '. 

[ 3 = h ~ 1 wj(jh)(2T- t) wi+l ~wH dt. 

Successive changes of variables lead to 

~ 2T JN-2 2T 

I, = f; 1 wj_1wj(j- l)h(2T- t)dt- ~ 1 wj+lwj(j + l)h(2T- t)dt 

(5.33) 

JN {2T JN-212T - L Jo wj_1wj(j- 1)h(2T- t)dt- L wj+lwj(j + 1)h(2T- t)dtbecausew0 = 0 
j=l 0 j=l 0 

JN-1 2T JN 2T 

-L 1 wj(wj+l- wj_1 )jh(2T- t)dt- hL 1 wj_1wj(2T- t)dt 
j=1 0 j=1 0 

rT JN-2

1
2T 

+ Jn wjN_ 1wjN(jN- 1)h(2T- t)dt- hL wj+ 1wj(2T- t)dt 
0 j=1 0 
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This implies that 

and therefore 

(5.34) 

Again performing sorne elementary changes of variables, we get 

I, ~ -h;~t12T ( W;+lh- W;) 
2 

(2T-t)dt+ 12T ( W;N -hWjrl) 
2 

iNh(2T -t)dt. (5.35) 

Inserting (5.34) and (5.35) into the identity (5.33), we have obtained that 

\Ne conclude by the inequality ab:::; a; + b;, by (5.19) and by the fact that jh:::; 1. • 

In the same way, we have the following lemma 

Lemma 5.5.7. There exist T > 0 and C(T) > 0 such that the solution wh of (5.18) verify 

Proof: The proof is similar to the one of the previous lemma. Here, we multiply (5.18) by 
(1- jh)(2T- t) wi-'-l~Wj-l, we add this time on j = JN + 1, ... , N and integrate between 0 
and 2T. • 
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Remark 5.5.8. Lemmas 5.5.6 and 5.5. 7 imply that there exist T > 0, a constant C(T) > 0 
and another constant C > 0 (independent of T) such that 

because h--+ 0 and XjN = JNh--+ ~ E (0, 1). 

Now, we are ready to prove the main estimate of this subsection. 

Proposition 5.5.9. There exist T > 0 and C(T) > 0 such that the solution wh of (5.18) 
verifies 

1T ( wjN?dt::; C(T) (12

T (yjN)2dt + h212
T \(Ahuh)jN (t)\2 dt+ h412

T \(Ahu~)JN (t)\ 2 
dt) , 

where Yh (respectively uh) is solution of (5.4) (respectively (5.8)). 

Proof: By (5.18), we have 

which implies that 

We multiply this identity by 2T - t and integrate between 0 and 2T to find 

By Remark 5.5.8, we obtain 

Moreover, by (5.17) 
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Now, observe that 

by integration by parts and because wj(t = 0) = 0, \lj. This identity in the previous one 
yields 

-o:h 12
T Y1Nw~N(2T- t)dt = -o:h 12

T u;Nw~N(2T- t)dt- o:
2
h 1

2

T(w~N) 2dt. (5.37) 

On the other hand, by Young's inequality, we have for allE> 0: 

{2T {2T o:2h2T {2T 
-o:h Jo u'JNwjN(2T- t)dt ~ E Jo (wjJ2(2T- t)dt + 2E Jo (u'JN)

2
dt. 

Then (5.37) becomes 

{2T {2T 2h2T {2T h {2T 
-o:h Jo y'JNw~N (2T-t)dt ~ E Jo ( wjJ2(2T -t)dt+ o: 2E Jo ( uj)

2
dt- o:2 Jo ( wjN)

2
dt. 

(5.38) 
For the last term of the right hand side of (5.36), we still use Young's inequality and for 
any E > 0, we get 

Inserting (5.38) and (5.39) into the estimate (5.36), we have obtained that 

rT 
2 Jo (2T- t)(wjN) 2dt ~ 
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Taking E = i and h srnall enough su ch that Ch < 1, we arrive at 

Now, by (5.20), we have 

Eh(wh, t) = Eh(wh, t)- Eh(wh, 0) = -1t wjN(ayj,...- h(Ahuh)jN)ds, 

which implies by Young's inequality, for all E > 0 and t::; 2T, 

Fubini's theorem yields 

Th us, 

h2T {2T 
+2; Jo (Ahuh)~Ndt. 

Inserting (5.41) into (5.40) and taking E small enough, we obtain 

As 

1
2

T(wjN) 2(2T- t)dt ~ 1T(wjN)2 (2T- t)dt 2:: T 1T(wjN)2dt, 

wc have proved the requested estirnate. 
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5.5.3 "Quasi" exponential decay 

We are ready to state the main result of this chapter 

Theorem 5.5.10. Under the assumptions of Proposition 5.5.5, there exist T > 0, K > 
0, w > 0 and (3 E (0, 1) such that any solution of (5.4) with initial data in the class Ch(!) 
verifies, for all t > O. 

where n is such that 2(n- 1)T < t:::; 2nT and uh is solution of the system (5.8). 

Proof: Lemma 5.2.1 implies that 

Writing, like in the previous subsection, Yh = uh +wh, yields 

lujN 1
2 

:::; 2lyjN 1
2 + 2lwjN 1

2
. 

By Proposition 5.5.5, for filtered solution of (5.8), we have 

(T- 2)EjN(uh, 0):::; CloT lujN(t)l 2 
dt. 

By the definition (5.6) of Eh and (5.11) of EJN, we have 

Eh(Yh, 0) = Eh(uh, 0) ::S EiN(uh, 0). 

Therefore 

(T- 2)Eh(Yh, 0) :::; CloT (IYJN (t) 1
2 + lwjN (t) l

2
)dt. 

Then, using Proposition 5.5.9, we obtain 

So, for T > 2, and since the energy Eh is decreasing, we have 

(5.43) 

(5.44) 

Eh(Yh, 2T) :::; Eh(Yh, 0) :::; C 12

T (yj:J 2dt+C ( h212

T (Ahuh)JNdt + h412

T ((Ahu~)iN )2dt) . 

The identity (5.43) yields 

(1 + C)Eh(Yh, 2T) :::; CEh(Yh, 0) + C ( h212

T (Ahuh)JNdt + h412

T ((Ahu~)iN )2dt) , 
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and therefore 

Vve set j3 = 1 ~c < 1. Since the system (5.4) is invariant by translation, by iteration, we 
find for all nE N, 

Setting w = ~ln(~), we have obtained 

For arbitary t > 0, there exists nE N such that 2(n- l)T < t :::; 2nT. By the decreasing 
property of Eh, we conclude that 

which finishes the proof. • 
In fact, we have the equivalence between the "quasi" exponential decay and the obser­

vability inequality : 

Proposition 5.5.11. Let the assumptions of Proposition 5. 5. 5 be satisfied, then the follo­
wing assertions are equivalent 

(i) There exist T > 0, K > 0, w > 0 and (3 E (0, 1) such that every solution of (5.4) 
with initial data in the class Ch(!) verifies~ for all t > 0 

n-2 ( 12(i+l)T 12(i+l)T ) 
Eh(Yh, t) :S: Ke-wt Eh(Yh, 0)+ L·gn-i h2 

. (Ahuh)]Nds + h4 
. (Ahu~)]Nds , 

i=O 2zT 2zT 

where n ·is such that 2(n- l)T < t:::; 2nT and uh ·is solution of the system (5.8). 
(ii) There exist positive constants T0 and Co such that every solution uh of (5.8) verifies 
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Proof: The implication (ii)=>(i) is due to the proof of Theorem 5.5.10 just by adding the 
term Co(h2 J0

2
T (Ahuh)JNdt + h4 J0

2
T ((Ahu~)jN )2dt) in the right hand side of (5.44). 

The proof of the other implication (i)=>(ii) follows the proof of Lemma 5.4.1. For T0 

large enough (T0 ;:: ln( 4~)/w), by (i), we have 

3 n-2 . ( 

1

2(i+l)T 12(i+l)T ) 
Eh(To) :S; 4Eh(O) + Lf1n-! h2 

. (Ahuh)JNdt + h4 
. (Ahu~)JNdt , 

i=O 2zT 2zT 

where 2(n- 1)T < T0 :::; 2nT, and then, by (5.15), we have 

Eh(uh, 0) = Eh(O) :::; 4a {To (yjN?dt+4I:,en-i (h2 {

2
(i+l)T (Ahuh)JNdt + h412

(i+l)T (Ahu~)JNdt) . 
Jo i=O }2iT 2iT 

Then, (5.17) and (5.21) imply 

Eh(uh, 0) :::; C 1To (ujN) 2dt + Ch2 1To (Ahuh)J.rvdt 

n-2 ( 

1

2(i+l)T 12(i+l)T ) 
+42:,en-i h2 

. (Ahuh)JNdt + h4 
. (Ahu~)JNdt · 

i=O 2zT 2zT 

Consequently, by (5.25), we obtain 

EjN(uh, 0) :::; C 1T0

(ujN) 2dt+Ch2 1T0

(Ahuh)JNdt 

n-2 ( r(i+l)T {2(i+1)T ) 

+4t;,8n-i h2 j
2
iT (Ahuh)JNdt + h4 j

2
iT (Ahu~)JNdt 

< C 1To (ujN?dt + Ch2 1To (Ahuh)JNdt 

+ l ~ ,8 ( h2 1To (Ahuh)Ldt + h4 1To ((Ahu~)jN) 2dt), 
because 2(i + l)T:::; 2(n- l)T < T0 , which finish the proof. • 

We have seen in Theorem 5.4.3 that without filter, the energy do es not decay uniformly 
exponentially. Therefore, a natural question is: without filter, do we have a uniform "quasi" 
exponential decay of the energy Eh? The following proposition gives a negative result. 
which shows the advantage of the filtering technique. 

Proposition 5.5.12. Assume that N is a multiple of q and then JN = N ~. Then for all 
T > 0 there exist a positive constant C(T) and initial data such that the solution uh of 
( 5. 8) with the se initial data satisfies 
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Therefore the decay of Eh is not uniformly quasi exponential with respect to h by Proposition 
5.5.11. 

Proof: We follow the proof of Lemma 5.4.2. We assume that N is a multiple of q and, 
thus, we can easily prove that JN given in (5.30) verify JN = N ~- Choose 

YJ
(_O) N -q. h = 'Pj 

It is easy to check that 
uh =cos( J>..N-q, ht)r.pN-q, h 

salves (5.8). We have seen in Lemma 5.4.2 that 

and there exists C > 0 such that 

and 

Moreover 

Th us 
{T 2 

h
4 Jo ((Ahu~)JN)2 dt::; h4>..'t-q,h ~r.p~~h~ T < C>..N-q,hh2T, 

by (5.27) and (5.28). 
Therefore, there exists C(T) > 0 such that for h small enough, 

{T JujN (t) J
2 

dt+ h2 1T I(Ahuh)jN 1
2 dt+ h4 {T ( (Ahu~)JN )2dt < C(T)>..N-q,hh2 

Jo o Jo 
< C(T)h2 Ej_,_.(uh, 0) . 

• 
Remark 5.5.13. vVe can easily verify that (5.42) implies that there exist T > 0, K > 
0, v_,' > 0 and C > 0 such that every solution of (5.4) with initial data in the class Ch(!) 
verifies~ for all t > 0 
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where Èh is a constant energy for the problem without damping (5.8) de.fined by 

(5.46) 

and Fh is given by 

which is also constant and which is obtained by substituting uh by u~ in the energy Èh (we 
observe that u~ is a solution of (5.8) because (5.8) is linear). 

In the general situation. the right hand side of (5.45) behaves as a non increasing 
exponential function for t between 0 and _ln h + c and is constant (proportion al to h) for 

w 
t large, see Figure 5.1. But for smooth enough initial data y(O) and y(l), and choosing 
appropriately Y ho) and Y hl), we have 

Therefore, the two last terms of the right hand side of (5.45) tends to zero as h --t 0, which 
means that the estimate (5.45) tends to the exponential stability estimate 

E(y, t):::; Ke-wtE(y, 0). 

In that sense our estimate {5.45) is quasi optimal. 

""'h ---- -------------=------1 
~~-----~--~n~~-~t 

ù.,' 

FIG. 5.1- Behaviour of the right hand side of (5.45) 

In order to illustrate our results from Theorem 5.5.10 and Proposition 5.5.12 (or Theo­
rem 5.4.3), let us present the following numerical results. We consider the semi-discrete 
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problem (5.4) with N = 26 and appropriate jN such that jNh approaches Ç = 1/2. As 
initial data~ we take either yC0) = 'PN - 2,h, y(l) = 0 or y(o) = rp1·h, y(l) = 0 ; corresponding 
to high or low frequency data respectively. The logarithms of the discrete energies are 
presented in Figure 5.2. The top curve of the figure is the logarithm of the energy of the 
high frequency datum, while the bottom curve of the figure is the logarithm of the energy 
of the low frequency datum. Hence we see that without filtering the decay of the energy is 
not exponential ( actually the energy decays very slowly from e8·3386 to e8·3358 ). For the low 
frequency datum a quasi-exponential decay is detected (because the curve of the logarithm 
of the energy is mainly a li ne up to t :::: 15 and mainly constant afterwards). These two 
tests confirm the advantage of the filtering technique. 

10..,-------------------, 

-1o-

-15-

"· ' .... , 

10 

\._.., 
'---...... _ 

15 

- --·-··- . -·-·· -·--·---·-

20 25 30 35 40 

FIG. 5.2- The energy for a low (bottom curve) and high (top curve) frequency data 
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Conclusion 

Dans cette thèse nous avons étudié la stabilisation de quelques équations d'évolution par 
rétro-action (feedback): plus particulièrement notre attention s'est portée sur les équations 
des ondes, de la chaleur et des poutres. Nous nous sommes intéressés à trois axes principaux. 

Tout d'abord, nous avons considéré la stabilisation de l'équation des ondes sur des 
réseaux 1-d par des feedbacks situés aux noeuds en mettant en oeuvre deux méthodes 
différentes. Dans le premier chapitre, nous nous sommes ramenés à l'étude d'une inégalité 
d'observabilité pour le problème conservatif, où l'on impose la condition de Neumann 
à la place des conditions de dissipation, et nous avons donné des conditions spectrales 
fournissant la décroissance exponentielle ou polynomiale. 

Dans le second chapitre, nous avons transféré des inégalités d'observabilité à poids, déjà 
existantes pour le problème conserva tif (où la condition de dissipation est remplacée par la 
condition de Dirichlet), en inégalités d'observabilité faibles pour le système dissipé. Grâce 
à une inégalité d'interpolation, nous avons obtenu des taux de décroissance explicites qui 
dépendent des propriétés géométriques et topologiques du réseau. 

Le second axe d'étude est la stabilisation de systèmes avec un terme de retard dans les 
feedbacks. 

En supposant que le poids du feedback avec retard est plus petit que celui sans retard, 
nous avons donné des conditions pour obtenir la stabilité forte, exponentielle ou polyno­
miale de l'équation des ondes sur des réseaux 1-d. 

Nous avons ensuite développé une théorie abstraite pour les équations d'évolution du 
second ordre généralisant ces résultats. 

Enfin nous avons étudié le cas où le retard dépend du temps pour les équations des 
ondes et de la chaleur. En émettant certaines hypothèses sur ce retard r( t) (en particulier 
la dérivée de T doit être majorée par 1 et r borné) et en utilisant une fonctionnelle de 
Lyapounov appropriée, nous avons prouvé que l'énergie est exponentiellement décroissante 
et nous avons donné explicitement son taux de décroissance. 

Le dernier axe de notre étude porte sur l'aspect numérique. Nous avons montré qu'une 
technique de filtrage permet d'obtenir une décroissance quasi-exponentielle de l'équation 
des ondes discrétisée en espace par différences finies avec un amortissement interne. Sans ce 
filtrage, le taux de décroissance ne serait pas uniforme par rapport au pas de discrétisation. 

Une perspective de recherche intéressante porterait sur l'étude de la stabilité des équations 
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d'évolution abstraites du second ordre avec des feedbacks avec retard dépendant du temps. 
Dans un tel cas, comme le système n'est pas invariant par translation, la méthode du cha­
pitre 3 n'est plus utilisable et une fonctionnelle de Lyapounov appropriée, comme dans le 
chapitre 4, pourrait répondre au problème. 

Nous pourrons étendre la stabilisation de l'équation des ondes dans un domaine de IRn 
avec un terme de retard dépendant du temps sur une partie du bord au cas non linéaire. 

Nous pourrons également effectuer l'étude de la stabilisation de l'approximation par 
éléments finis des équations d'évolution du second ordre pour des feedbacks non bornés en 
nous basant sur [96]. 
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