N

N

Stabilité de quelques problemes d’évolution

Julie Valein

» To cite this version:

Julie Valein. Stabilité de quelques problémes d’évolution. Mathématiques [math]. Université de
Valenciennes et du Hainaut-Cambrésis, 2008. Francais. NNT: 2008VALE0032 . tel-03012114

HAL Id: tel-03012114
https://uphf.hal.science/tel-03012114
Submitted on 18 Nov 2020

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://uphf.hal.science/tel-03012114
https://hal.archives-ouvertes.fr

*'2@0;? JALE =032

N® d’ordre : 08/36

THESE
présentée a
L’UNIVERSITE DE VALENCIENNES ET DU HAINAUT-CAMBRESIS

ECOLE DOCTORALE REGIONALE SCIENCES POUR L’INGENIEUR
LILLE NORD-DE-FRANCE - 072

en vue d’obtenir le titre de

DOCTEUR DE L'UNIVERSITE
Spécialité : MATHEMATIQUES APPLIQUEES
par

Julie VALEIN

Stabilité de quelques problemes d’évolution

Soutenue le 20 Novembre 2008 devant le jury composé de

Directeur de these : Serge NICAISE, Université de Valenciennes et du Hainaut-Cambrésis
Rapporteurs : Kais AMMARI, Faculté des Sciences de Monastir
Marius TUCSNAK, Université Henri Poincaré Nancy 1
Examinateurs : Félix ALI MEHMETI. Université de Valenciennes et du Hainaut-Cambrésis
Joachim VON BELOW, Université du Littoral Cote d’Opale
Olivier GOUBET, Université de Picardie Jules Verne



N* d’ordre : 08/36

THESE
présentée a
L’UNIVERSITE DE VALENCIENNES ET DU HAINAUT-CAMBRESIS

ECOLE DOCTORALE REGIONALE SCIENCES POUR L’INGENIEUR
LILLE NORD-DE-FRANCE - 072

en vue d’obtenir le titre de

DOCTEUR DE L’UNIVERSITE
Spécialité : MATHEMATIQUES APPLIQUEES
par

Julie VALEIN

Stabilité de quelques problemes d’évolution

Soutenue le 20 Novembre 2008 devant le jury composé de

Directeur de these : Serge NICAISE, Université de Valenciennes et du Hainaut-Cambrésis
Rapporteurs : Kais AMMARI, Faculté des Sciences de Monastir
Marius TUCSNAK, Université Henri Poincaré Nancy 1
Examinateurs : Félix ALl MEHMETI, Université de Valenciennes et du Hainaut-Cambrésis
Joachim VON BELOW, Université du Littoral Céte d’Opale
Olivier GOUBET, Université de Picardie Jules Verne



Stabilité de quelques problémes d’évolution

Dans cette thése nous étudions la stabilisation de quelques équations d’évolution par rétro-
action (feedback). Tout d’abord, nous considérons la stabilisation de 1'équation des ondes sur
des réseaux 1-d par des feedbacks situés aux noeuds. Dans le premier chapitre, en supposant que
le poids du feedback avec retard est plus petit que celui sans retard, nous donnons des condi-
tions spectrales pour obtenir la stabilité forte, exponentielle ou polynomiale en nous ramenant a
l’étude d’une inégalité d’observabilité pour le probléme conservatif. Dans le second chapitre, nous
transférons des inégalités d’observabilité & poids déja existantes pour un autre probléme conser-
vatif en inégalités d’observabilité faibles pour le systéme dissipé sans retard. Grace a une inégalité
d’interpolation, nous obtenons des taux de décroissance explicites qui dépendent des propriétés
géométriques et topologiques du réseau. Nous développous ensuite, dans le chapitre 3, une théorie
abstraite pour les équations d’évolution du second ordre avec retard généralisant les résultats du
chapitre 1. Nous étudions le cas ou le retard dépend du temps pour les équations des ondes et
de la chaleur dans le chapitre 4. En émettant certaines hypothéses sur ce retard et en utilisant
une fonctionnelle de Lyapunov appropriée, nous prouvons que l'énergie est exponentiellement
décroissante et nous donnons explicitement son taux de décroissance. Enfin, nous montrons dans
le chapitre 5, qu’une technique de filtrage permet d’obtenir une décroissance quasi-exponentielle
de I'équation des ondes discrétisée en espace par différences finies avec un amortissement interne.

Mots-clés : Théorie du contrdle, stabilisation, équations d’évolution, terme de retard, réseaux,
semi-discrétisation.

Stability of some evolution problems

In this PhD thesis we study the stabilization of some evolution equations by feedback laws.
First we consider the stabilization of the wave equation on 1-d networks with nodal feedbacks.
In chapter 1, assuming that the weight of the feedback without delay is smaller than the one
with delay, we give spectral conditions to obtain the strong, exponential or polynomial stability,
by studying an observability inequality for the conservative system. In chapter 2 we transfer
known observability results for another conservative system into a weighted observability estimate
for the dissipative one without delay. Thanks to an interpolation inequality, we obtain explicit
decay rates which depend on the geometric and topological properties of the network. Then we
develop, in chapter 3, an abstract theory for second order evolution equation with delay, which
generalizes the results of chapter 1. We study the case where the delay depends on time for
the heat and wave equations in chapter 4. Using some assumptions about the delay and an
appropriate Lyapunov functional, we prove that the energy is exponentially decreasing and we
give explicitely its decay rate. Finally, we show, in chapter 4, that a filtering technique allows to
obtain a quasi-exponential decay of a finite difference space discretization of the wave equation
by pointwise interior stabilization.

Key words : Control theory, stabilization, evolution equations, delay term, network, semi-
discretization.
Spécialité : Mathématiques Appliquées

Laboratoire de Mathématiques et leurs Applications (LAMAV), Université de Valenciennes ct du
Hainaut-Cambrésis, Le Mont-Houy, 59313 Valenciennes Cedex 9



Remerciements

En premier lieu, je tiens 4 remercier chaleureusement Serge Nicaise pour sa disponibilité,
son dynamisme et sa gentillesse. Travailler avec lui fut un grand plaisir qui, je 'espere,
pourra se poursuivre. Il a su me guider avec un enthousiasme constant et communicatif,
et m’encourager pendant ces trois années. Il m’a témoigné sa confiance en m’incitant a
participer a de nombreuses conférences. Ses grandes qualités scientifiques et humaines ont
été indispensables & I'élaboration de cette thése. Pour tout cela, je ne P'en remercierai
jamais assez.

Ma gratitude va a Kals Ammari et & Marius Tucsnak d'avoir accepté de rapporter sur
mes travaux. Leur lecture attentive et leurs remarques judicieuses ont été précieuses.

Je suis également reconnaissante & Félix Ali Mehmeti, Joachim von Below et Olivier
Goubet pour leur participation & mon jury.

J’apprécie l'intérét que tous ont porté & mon travail. C’est pour moi un grand honneur
d’avoir un tel jury.

J’exprime ma profonde et sincére reconnaissance a Enrique Zuazua pour m’avoir ac-
cueillie a I’Universidad Autonoma de Madrid. Ces six mois de travail en Espagne m’ont
beaucoup appris. J'ai particulierement apprécié sa grande culture mathématique et sa fa-
culté a exprimer simplement des idées parfois complexes. J’ai été sensible a ’accueil cordial
et a la gentillesse des membres du département de mathématiques de cette université.

Un grand merci a Sylvain Ervedoza pour toutes les discussions mathématiques ou autres
que nous avons eues & Madrid et qui se poursuivent aujourd’hui.

Les membres du LAMAV m’ont accueillie comme une collegue & part entiere et m’ont
permis de passer trois années trés agréables. Ils m’ont fait confiance en me proposant des
enseignements intéressants et enrichissants; leurs appuis et leurs conseils pédagogiques
m’ont aidée dans mes fonctions nouvelles d’enseignante. Je les en remercie vivement, ainsi
que Nabila Daifi pour son aide administrative précieuse et sa bonne humeur.

Je veux également faire part de mon amitié & Isabelle, ma collegue de bureau.

Je tiens a remercier les informaticiens du « couloir d’a c6té » : Célia, Christophe, Dana,
Dimitri, Eric, Fred, Nico, Patrick, pour tous les bons moments de détente passés ensemble.

A toutes les personnes que j’ai rencontrées lors des conférences et avec qui j’ai eu de
fructueuses discussions, merci.

A tous mes amis extérieurs & 'université qui m’ont permis de m’évader de mes travaux
et de décompresser : Yann, Ludo, Claire, Laure, Ludo, Anais, Caro, Sophie, et & mon
professeur de danse Sophie Cirier, un grand merci.

Enfin, je souhaite de tout coeur remercier ma famille : mes parents, ma soeur Sarah et
mes grands-parents, pour leur amour et leur soutien sans faille. Je les remercie de m’avoir
supportée et encouragée pendant les moments de doute. Je n’aurai jamais pu faire cette
these sans eux.



Table des matieres

Introduction 5

1 Stabilization of the wave equation on 1-d networks with a delay term in

the nodal feedbacks 25
1.1 Introduction/Notations . . . . . . . .. ... ... ... ... ... 25
1.2 Well posedness of the problem . . . ... ... ... ... ... ....... 27
1.3 Theenergy . . .. . . . . e 35
1.3.1 Decay of theenergy . . . . . ... .. .. ... ... ... .. ... 35

1.3.2 Problem without damping . . . ... ... .. ... ... ...... 38

1.3.3 Decay of theenergy to0 . . .. .. ... ... ... .. ... ... 38

1.3.4 Counterexample to the stability of the system . . ... . ... ... 45

1.4 A regularity result and an a priori estimate . . . . .. .. ... .0 47
1.5 The exponential stability . . . . .. ... ... ... ... ... ..., 58
1.5.1 An observability inequality . . . . .. ... ... ... .. ...... 58

1.5.2 Thestabilityresult . . . .. ... .. ... ... ... . ... ... 61

1.6 The polynomial stability . . . .. . ... .. ... ... .. .. . ... ... 62
1.6.1 An observability estimate . ... .. ... .. ... .. ... . ... 62

1.6.2 Polynomial decay of the energy . . . .. ... ... ... .. ..., 67

1.7 Examples . . . . ... e e 68
1.7.1  One string with an interior damping . . . . . .. ... ... .. .. 68

1.72 Astarshapednetwork . . . ... .. ... ... .. ... ... ... 71

1.7.3 More complex networks . . .. ... .. ... 76

2 Weak stabilization of the wave equation on 1-d networks 85
2.1 Introduction and mainresults . . . ... .. ... ... ... L. 85
2.2 The weighted observability inequality . . . . ... .. ... ... .. .... 91
2.2.1 Preliminaries about the Dirichlet problem . .. .. ... ... ... 91
2.2.2 'The weighted observability inequality . . . . . .. ... ... .. .. 92
223 Proofof Theorem 2.2.1 . . . . . ... .. ... ... ... ... 94

2.3 The stabilizationresult . . . . . . . .. ..o oo 97
2.3.1 An interpolation inequality . . . . . . .. ... .. ... L. 97
232 Themainresults . .. .. . ... .. ... ... . 100

24 Examples . . . . . 107



2.4.1 The star-shaped network with N strings . .. ... ... ... ... 107

242 A nonstar-shapedtree . . . .. . .. ... ... . 0oL 113

3 Stabilization of second order evolution equations with unbounded feed-
back with delay 115
3.1 Introduction . . . . . . . . .. . L 115
3.2 Well posedness of the problem . . . . . . . ... .. ... ... ... .. 117
3.3 Theenergy . . . . . . o . o e e e 121
3.3.1 Decayoftheenergy . . .. ... .. ... ... . ... ... 121
3.3.2 Decayof theenergytoO . . . . . . . .. . .. ... ... ... .. 123
3.4 The exponential stability . . . .. ... ... ... ... .. 125
34.1 Aprioriestimate . .. ... ... ... .. ... o 125
34.2 Thestabilityresult . . ... ... ... ... .. ... ... .. ... 127
3.5 The polynomial stability . . ... ... ... .. ... ... ........ 129
3.6 Checking the observability inequalities . . . .. ... ... ... ... ... 132
3.6.1 Preliminaries about Ingham’s inequality . .. ... ... ... ... 132
3.6.2 A first observability inequality . . . . .. ... ... ... ... 136
3.6.3 A second observability inequality . . .. ... ... ... .. ..., 139
3.7 Examples . . . . .. e 140
3.7.1 A wave equation on 1-d networks with nodal feedbacks . . . . . . . 140
3.7.2  One Euler-Bernoulli beam with interior damping . . . . ... . .. 143
3.7.3 Examples with distributed damping terms . . . . . ... .. .. .. 148

4 Stability of the heat and of the wave equations with boundary time-
varying delays 157
4.1 Introduction . . . . . . . . .. L 157
4.2 Exponential stability of the delayed heat equation . . . . . ... ... ... 158
4.2.1 Well posedness of the problem . . . . . . ... .. ... ... .... 159
4.2.2 Thedecay of theenergy . . .. . ... .. ... . ... ...... 166
4.2.3 Exponential stability . .. ... ... ... . 000 167
4.3 Exponential stability of the delayed wave equation . . . . . ... ... ... 170
4.3.1 Well posedness of the problem . . . . . . ... ... ... .. .... 171
432 Thedecay of theenergy . . .. . .. .. .. .. ... .. ...... 177
4.3.3 Exponential stability . . ... ... ... ... .. .. ... .. ... 178

5 Quasi exponential decay of a finite difference space discretization of the
1-d wave equation by pointwise interior stabilization 183
5.1 Imtroduction . . . . . . . ..o e 183
5.2 The continuous and discrete problems . . . . . . ... ... ... 184
5.3 Decayof theenergy to O . . . .. . . . . . ... ... . 188
5.4 Non exponential decay of the discrete energy . . . . . .. ... ... .. .. 190
5.5 Filtering technique . . . . . . .. . ... L o 195
5.5.1 Interior observability of the discrete wave equation . . . .. .. .. 195



5.5.2 Someestimates . . . . . .. . e e
5.0.3 “Quasi” exponential decay . . . . .. .. ... ...

Conclusion

Bibliographie






Introduction

La Théorie du Contréle des Equations aux Dérivées Partielles intervient dans différents
contextes et de plusieurs manieéres.

Les problémes de controlabilité, d’observabilité et de stabilité des Equations aux Dérivées
Partielles ont fait 1'objet, récemment, de nombreux travaux. Dans cette thése nous nous
sommes intéressés a 1’étude de la stabilisation de quelques équations d’évolution.

Le probleme de controlabilité peut se formuler simplement : considérons un systéme
d’évolution décrit par des équations différentielles ordinaires ou par des équations aux
dérivées partielles et un intervalle de temps [0, 7). Peut-on amener les solutions d’un état
initial (au temps t = 0) & un état final (au temps t = T') en agissant par un controle
approprié appliqué sur le bord ou dans une partie du domaine dans laquelle 1’équation
évolue ?

Il y a eu d’intensives recherches sur le sujet depuis les trois derniéres décennies. Nous
renvoyons par exemple aux livres de J.-L. Lions [70,71], de Lasiecka et Triggiani [67] et de
Fattorini [43], aux articles de Russell [100] et de Zuazua [111,113]...

Dans un cadre fonctionnel approprié, le probleme de controlabilité est équivalent & celui
d’observabilité qui consiste & analyser si I'énergie totale des solutions peut étre évaluée au
moyen de mesures partielles sur un sous-ensemble du domaine ou du bord. Pour obtenir des
estimées d’observabilité il existe diverses méthodes, comme la technique des multiplicateurs
(par exemple [61.70]), I'analyse microlocale ( [15,25]), les inégalités de Carleman ( [28,44,
46,69]) ou encore les criteres fréquentiels ( [26,77]), les critéres spectraux ( [73,95]) ou les
inégalités d’Ingham ( [53,57,62]).

La stabilisation a pour but d’atténuer les vibrations par rétro-action (feedback); elle
consiste donc & garantir la décroissance de 1’énergie des solutions vers 0 de fagon plus ou
moins rapide par un mécanisme de dissipation.

Plus précisément, le probleme de stabilisation auquel on s’intéresse revient a déterminer
le comportement asymptotique de ’énergie que I'on note E(t) (c’est la norme des solutions
dans I'espace d’état), & étudier sa limite afin de déterminer si cette limite est nulle ou
pas, et, si cette limite est nulle, & donner une estimation de la vitesse de décroissance de
I'énergie vers zéro.

On peut noter des différences entre les problemes de controlabilité et ceux de stabilité.
D’une part, dans les premiers le temps varie dans un intervalle fini [0, 77, alors que pour les
problemes de stabilisation le temps ¢ tend vers l'infini. D’autre part, dans les problémes de

-
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controlabilité, le contréle peut entrer dans le systéme librement en boucle ouverte, tandis
que pour les problémes de stabilisation, le contréle est de la forme feedback ou en boucle
fermée.

Malgré cela, les liens entre les problémes de stabilisation et de controlabilité sont étroits
et ’on démontre certaines implications entre ces deux problémes (voir par exemple [71,84,
100}). Cependant, la stabilisation ne peut pas toujours étre obtenue comme conséquence
de la controlabilité, et c’est pour cela que son étude est souvent faite indépendamment et
directement.

Il existe plusieurs degrés de stabilité que I'on peut étudier. Le premier degré consiste a
analyser simplement la décroissance de I'énergie des solutions vers zéro, i.c. :

E(t) — 0, lorsque t — 4o00.

C’est ce que I'on appelle la stabilisation forte.
Pour le second, on s’intéresse 4 la décroissance de I'énergie la plus rapide, c’est-a-dire
lorsque celle-ci tend vers 0 de maniére exponentielle, i.e. :

E(t) < Ce™®, Vvt >0,

ou C et 0 sont des constantes positives avec C qui dépend des données initiales.
Quant au troisieme, il étudie des situations intermédiaires, dans lesquelles la décroissance
des solutions n’est pas exponentielle, mais du type polynomial par exemple :

E@) < S

t_aa

vVt > 0,

ou C et a sont des constantes positives avec C' qui dépend des données initiales. Dans ce
cas, il faut prendre des données initiales plus régulieres, dans le domaine de l'opérateur.

Nos travaux s’orientent dans trois directions : la stabilisation sur des réseaux 1-d, la
stabilisation avec un terme de retard, et 'aspect numérique.

L’étude des équations aux dérivées partielles sur des structures en forme de réseau ou de
graphe a connu de réelles avancées depuis le début des années 80 ( [4,76,83]). Récemment,
de nombreux auteurs se sont intéressés aux problémes de contrdle sur les réseaux unidimen-
sionnels, nous pouvons citer par exemple les livres [38], [63], [64] et [65]. Ces études utilisent
des résultats dans plusieurs domaines : séries de Fourier non-harmoniques, approximations
Diophantiennes, théorie des graphes, techniques de propagation des ondes. Dans [38], il
est démontré des résultats de contrélabilité en fonction des propriétés d’irrationnalité des
rapports des longueurs des cordes du réseau. Dans le cas des réseaux en forme d’étoile ou
d’arbre, la contrélabilité est prouvée en utilisant la formule de D’Alembert, tandis que pour
les réseaux généraux (qui peuvent contenir des circuits), les auteurs utilisent le théoreme
de Beurling-Malliavin. Dans les deux premiers chapitres de cette these, nous nous sommes
intéressés & la stabilisation de 'équation des ondes sur un réseau de cordes en utilisant
deux méthodes différentes que I'on présentera plus tard.
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Une recherche tres active s’est amorcée récemment sur les problemes de stabilisation
avec effet retard. Les phénomenes de retard (en temps) apparaissent dans de nombreuses
applications, par exemple en biologie [51], en mécanique [1] ou encore en automatique {101].
Il est bien connu que le terme avec retard dans le feedback peut étre la cause d’instabilité
[16-18] : un retard arbitrairement petit dans le feedback peut déstabiliser le systéme comme
le montre [39-41,75,85,98,110]. Mais, a contrario, un terme de retard peut aussi améliorer la
performance du systeme [1,101]. Les problemes de stabilité de systémes avec retard revétent
donc une importance non négligeable et les chapitres 1, 3 et 4 de ce travail traitent de ces
questions. Pour régler les probléemes d’instabilité qui peuvent survenir dans les systémes
avec retard, nous avons considéré dans ces trois chapitres deux types de dissipation : un
premier opérateur de feedback sans retard et un second avec retard. Pour avoir la stabilité
de ces systeémes, nous avons supposé que le feedback avec retard est majoré par celui sans
retard (dans un sens que nous préciserons plus tard) dans le but de compenser les effets
d’instabilité qui peuvent intervenir. Cette idée a été introduite par Xu, Yung et Li [110]
et Nicaise et Pignotti [85]. Dans le premier chapitre nous avons considéré ’équation des
ondes sur un réseau 1-d avec un terme de retard dans les feedbacks. Dans le chapitre 3
nous avons généralisé cette approche dans le cadre des équations d’évolution abstraites du
second ordre avec un terme de retard dans les feedbacks (non bornés). Dans le chapitre 4,
nous avons étudié le cas oll le retard dépend du temps (et donc n’est plus constant) pour
les équations unidimensionnelles de la chaleur et des ondes.

Une autre question intéressante dans le domaine du controle et de la stabilisation porte
sur I'étude des approximations numériques associées au systéme considéré. En pratique,
le modeéle continu est approché par un modele discret en espace ou en temps (par la
méthode des différences finies, des éléments finis ou des volumes finis). Dans de nombreux
problémes de controéle, le schéma numérique a tendance & mal se comporter et, en général,
le contréle du probleme discret ne converge pas vers le contrdle du probleme continu.
Ce phénomene est dii aux modes étrangers que le schéma numérique introduit & hautes
fréquences ; le schéma génére des oscillations & hautes fréquences qui n’existent pas dans le
modele continu. Par conséquent, controler un modele numérique discrétisé ne garantit pas
d’obtenir une bonne approximation numérique du contrdle du modele continu. L’inégalité
d’observabilité discréte n’est en fait pas uniforme par rapport au pas de discrétisation,
en raison de l'existence des solutions & hautes fréquences dont la vitesse de groupe de
propagation est de l'ordre du parametre de discrétisation. Il se produit le méme phénomene
dans le cas de la stabilisation avec un taux de décroissance de Iénergie discrétisée non-
uniforme par rapport au pas de discrétisation [14,96,102,103]. Ce phénomene a été mis
en évidence dans les années 1990 ( [49, 50]), et ces auteurs ont proposé des techniques
tres efficaces afin de restaurer la convergence du contréle discret, comme la régularisation
de Tychonoff [49,50], 'algorithme bi-grille (47, 79], la méthode des éléments finis mixtes
[14,30,31,48,78], la viscosité numérique [96,102] ou le filtrage des hautes fréquences [56,112].
Ces méthodes ont pour effet de redresser le spectre discret pour les hautes fréquences. Nous
avons étudié, dans le dernier chapitre de cette thése, la stabilisation de I’'équation des ondes
discrétisée en espace par différences finies avec un amortissement en un point intérieur et



avons prouvé une décroissance quasi-exponentielle en filtrant les hautes fréquences.

Nous allons maintenant rappeler briévement les principaux outils et méthodes employés.
Nous utilisons principalement, dans les chapitres 1, 3 et 5, la méthodologie de Ammari et
Tuscnak [11] pour les équations d’évolution du second ordre. Les résultats de stabilité sont
basés sur l'obtention d’inégalités d’observabilité pour le probléme conservatif associé.

Considérons donc I'équation d’évolution suivante

B(t) + Aw(t) + BB*(t) =0, > 0 (1)
{ w(0) = wo, w(0) = wy,

ot A : D(A) — H est un opérateur positif, auto-adjoint avec inverse compact dans un

espace de Hilbert H, U est un espace de Hilbert (identifié & son dual) et B € L(U, D(A%)’ ).
L’énergie de w(t) a I'instant ¢ est définie par

B(t) = 5 (1o + |4k
) H )’
C’est un systeme dissipatif, qui vérifie formellement

E'(t) = ~||Bo(®)]y < 0. (2)

Nous allons expliquer sur cet exemple la méthodologie employée dans les chapitres 1,
3 et 5, sans faire aucune démonstration mais en donnant les outils principaux. La stabilité
de cet exemple a déja été étudiée dans [11] et nos rappels suivent celle-ci.

Notre premiére préoccupation est I'existence et I'unicité des solutions de (1). Pour cela,
nous réécrivons (1) comme un systeme du premier ordre

U't)=AU(t),t >0 (3)
U(0) = Uy = (wo, w1),
ou A : D(A) — H et H un espace de Hilbert. L'outil principal est alors la théorie des
semi-groupes et en particulier le Théoréme de Lumer-Phillips. Rappelons tout d’abord la
définition d’un semi-groupe fortement continu (voir [74,93] pour plus de détails) :

Définition 0.0.1. Une famille S(t) (0 < t < oo0) d’opérateurs linéaires bornés dans un
espace de Banach H est appelée un semi-groupe fortement continu (ou Cy semi-groupe) si

i) S(ty +to) = S(t1)S(ta), Vi1, ta > 0,

ii) S(0) =1,

iii) Pour tout x € H, S(t)x est continu en t sur [0, c0).

La famille S(t) est appelée Cy semi-groupe de contractions (ou semi-groupe de contrac-
tions) st de plus ||S(t)|| < 1 pour tout t > 0.



Pour un tel semi-groupe, on définit un opérateur A de domaine D(A) qui est 'ensemble
des points z tel que la limite
S(h)z —x
Az = lim —(—)————,
h—0 h
existe. L'opérateur A est alors appelé le générateur infinitésimal du semi-groupe S(t). Pour
un opérateur A donné, si A coincide avec le générateur infinitésimal de S(t), on dit alors
qu’il génére un semi-groupe fortement continu S(t), t > 0.
Le résultat suivant est connu sous le nom de Théoreme de Lumer-Phillips :

Théoreme 0.0.1 (Théoreme de Lumer-Phillips). Soit A un opérateur linéaire de domaine
D(A) dense dans un espace de Hilbert H. Si

i) A est dissipatif, i.e. Re(Azx, z) > 0 pour tout z € D(A)

1) pour tout A > 0, AI — A est surjectif,
alors A génére un C, semi-groupe de contractions sur H.

Si un opérateur vérifie les conditions i) et ii), on dit aussi qu’il est m-dissipatif.

Dans notre exemple, nous devons donc vérifier que A est m-dissipatif pour obtenir
I'existence et I'unicité des solutions de (3). De plus, si Uy € H, alors U € C([0, +o0), H)
et si Uy € D(A), alors U € C(|0, +00), D(A)) N C*([0, +00), H).

Cette méthode sera appliquée dans les trois premiers chapitres. Pour le chapitre 4
(ol nous étudions la stabilisation de 'équation des ondes et de la chaleur avec un retard
dépendant du temps), Vopérateur A(t) de (3) dépendra du temps avec un domaine D(A(t))
qui sera lui indépendant du temps. Nous utiliserons alors la technique de normes variables
de Kato (voir [59,60] et le chapitre 4 pour plus de détails).

Une fois Pexistence et I'unicité des solutions de notre systeme (1) prouvées ainsi que la
décroissance de I'énergie (qui est la norme des solutions dans H), nous étudions la stabilité
forte, c’est-a-dire nous donnons des conditions nécessaires et suffisantes pour que 1'énergie
tende vers zéro. Pour cela, nous utilisons dans les chapitres 1 et 5 le principe d’invariance
de LaSalle et dans le chapitre 3 un résultat de Arendt et Batty [12].

Rappelons ce qu'est le principe d’invariance de LaSalle. Dans ce paragraphe, (Z, d)
désigne un espace métrique complet.

Définition 0.0.2. Un systéme dynamique sur Z est une famille {S(t)}s>0 d’applications
sur Z telle que S(t) € C(Z, Z), ¥t > 0 et vérifiant i)-iit) de la Définition 0.0.1.

Définition 0.0.3. Soit z € Z. L’ensemble
w(z)={y e Z: 3t, — 00, S(t,)z — y lorsque n — o0}
est appelé ensemble w-limite de 2.

Remarque 1. Pour tout z € Z et t > 0, S(t)(w(z)) C w(z).

De plus, si U{S(t)z} est relativement compact dans Z, alors S(t)(w(z)) = w(z) # 0.
£0



Définition 0.0.4. Une fonction ¢ € C(Z, R) est dite fonction de Lyapounov pour {S(t)}+>0
$i0mn a

?(S(t)z) < ¢(2), Vz € Z,Vt > 0.
Apres ces quelques rappels, nous pouvons énoncer le principe d’invariance de LaSalle :

Théoreme 0.0.2 (Principe d’invariance de LaSalle). Soit ¢ une fonction de Lyapounov
pour {S(t)} et z € Z tel que Up>o{S(t)z} soit relativement compact dans Z. Alors :

(i) L = ltlim o(S(t)z) existe

(i) &(y) = L pour tout y € w(z).

Dans notre exemple, nous appliquerons le principe d’invariance de LaSalle & 'ensemble
relativement compact U;>0S(t)Up, ou S(t) désigne le Cy semi-groupe de contractions généré
par A et a la fonctionnelle de Lyapounov ¢ = ||.| 4.

Il nous reste alors & examiner la stabilité exponentielle ou polynomiale de notre systéme
dissipé (1). En suivant [11], cette étude est basée sur 'obtention d'une inégalité d’obser-
vabilité du probleme conservatif associé & (1). Celui-ci est simplement obtenu en prenant
comme opérateur de feedback B = 0, i.e.

{ o(t) + Ap(t) =0,t >0 (4)
#(0) = wo, ¢(0) = wi,

et pour données initiales les données initiales de w solution de (1). Nous vérifions alors
facilement que I’énergie des solutions de ce systéme est constante en temps t; c’est pour

cela que nous parlons de systeme conservatif. Les inégalités d’observabilité sont alors de
deux types

1 2 T
bl + ity < © [ uEoy e e (5)
et r
ool s, + oo, < [ I(B 0V @ 6)

amenant deux types de décroissance : exponentieile ou polynomiale. Ces inégalités d’obser-
vabilité sont prouvées, dans les chapitres 1, 3 (et 5 pour une version discréte) en développant
les solutions du probléme conservatif associé en séries de Fourier et en utilisant des critéres
spectraux associés & 'opérateur A2 et I'inégalité d’Ingham [57] :

Théoreme 0.0.3 (Inégalité d’Ingham). Soit (A, )nez une suite de nombres réels vérifiant
la condition suivante dite condition du gap

-:l-")" > O: vn € Z7 )‘n+l - /\n 2 - (7)

Alors pour tout T > 2x/~, il existe deuz constantes positives C et Cy telles que la fonction
() =3 ez an€? satisfait inégalité d'Ingham suivante :

T
el < [ ol <aY jal.

nez 0 neZ
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Cependant il arrive dans de trés nombreux cas que la condition du gap (7) des valeurs
propres de I'opérateur A? ne soit pas vérifiée, comme par exemple dans le cas de réseaux
de cordes (voir chapitre 1). Nous pouvons alors utiliser I'inégalité d’Ingham généralisée qui
est valable si la suite (A,), satisfait (7) par blocs, c’est-a-dire si nous avons

AM > 0,3y > 0,Y0 € Z, Apans — An > My >0 (8)

(voir [13,62] et les chapitres 1 et 3 pour plus de détails).

Une autre maniere d’'obtenir les inégalités d’observabilité (5) et (6) est d’utiliser la
formule de D’Alembert (voir [38]).

Une fois ces inégalités d’observabilité prouvées, pour obtenir les résultats de stabilisa-
tion, les auteurs de [11] et [6-9] décomposent la solution w de (1) sous la forme

w= ¢+, (9)

ol ¢ est solution du probléme conservatif (4) et ¥ est solution de
{ G(t) + Av(t) = —BB*i(t), t > 0 (10)
¥(0) =0, %(0) = 0,

avec données initiales nulles et pour laquelle ils montrent un résultat de régularité.
Avec ce résultat de régularité et avec (5) et (2), ils obtiennent ’estimée suivante :

E(0) - E(T) 2 CE(T),

et donc
E(T) <~vE(0), avec0<+y<1,

ce qui amene a la décroissance exponentielle de I’énergie en appliquant cette estimée sur
des intervalles de temps [(m — 1)T, mT] (ot m € N) successivement. Ceci est possible car
le systeme (1) est invariant par translation en temps.

Pour la décroissance polynomiale, une technique similaire est employée en utilisant le
Lemme 5.2 de {10]. Une fois encore, le fait que le systéme soit invariant par translation en
temps est essentiel.

Cette méthode a été utilisée au cours des chapitres 1, 2, 3 et également dans une version
discrete dans le chapitre 5.

En revanche, nous ne pouvons pas appliquer cette méthode au probleme de la stabili-
sation de I'équation des ondes (ou de la chaleur) avec un terme de retard dépendant du
temps dans les feedbacks, puisque le systeme n’est alors plus invariant par translation en
temps. Aussi, dans le chapitre 4, nous avons choisi une autre méthode et 'introduction de
fonctionnelles de Lyapounov appropriées.

Notons que les chapitres de cette these correspondent & des articles qui ont été publiés
( [89]) ou soumis { [87,88,90,106]). Nous avons donc gardé la structure générale de ces
articles; seules les références ont été regroupées dans une bibliographie commune.
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Nous allons maintenant présenter les différents chapitres de cette these.

Dans le premier chapitre, nous étudions la stabilisation de 1’équation des ondes sur un
réseau unidimensionnel de N branches e; avec un terme de retard dans les feedbacks situés

aux noeuds. Plus précisément, le déplacement u; le long de la corde e; vérifie I'équation
des ondes sur cette corde e; de longueur [; :

2 .
7 ;;]( t) — %2;] (z,t)=0, O<z<l;t>0, Vje{l, .. N} (11)

Nous supposons la continuité en tous les noeuds intérieurs, i.e. en tous les sommets de
Vint :
uj(v, t) = w(v, t) = ulv,t) V4,1 €E, v € Vin, t >0, (12)

ol ici &, est 'ensemble des branches qui relient le sommet v. Nous fixons une partition des
noeuds extérieurs :

vea:t - D UNU e:ct’
ol nous imposons les conditions de Dirichlet aux noeuds de D
uj,(v,t) =0 Yv eD,t >0, (13)
ol j, est le seul élément de &, pour v € Veys, les conditions de Neumann aux noeuds de A

Ou;,

anjv

(v,t)=0 YveWN,t>0,

oll Ou;, /On;, (v,.) désigne la dérivée normale extérieure de u; au sommet v. De plus nous
considérons un sous-ensemble V5, de I'ensemble des noeuds intérieurs Vj,.. Pour tous les
noeuds intérieurs qui ne sont pas dissipés la loi de Kirchhoff est vérifiée :

Zau] (v,t) =0 Yv €& Vi\V5,,t > 0. (14)

on
JEEY J
Enfin pour tous les noeuds dissipés, c’est-a-dire pour tous les sommets de

UV

ext?

V.=

z'n.t

nous imposons deux types de dissipation, une sans retard et avec un poids agv) > 0, et une
avec retard 7, > 0 et avec un poids a( V) >0:

O (v) Ou (v) Ou :
) Lt — ot > 0. 15
an <al g (v, t) + ag e —(v,t~—7,) ) YweV,t>0 (15)

J€&E

Notons que a§”>, aév) et 7, dépendent du noeud v dissipé. Enfin les données initiales sont

u(t = 0) =u?, E(t =0) =uV, (16)



ainsi que
ou
ot
a cause du retard dans le systéme.

En réécrivant ce systeme en un systeme du premier ordre (3) et en appliquant le
théoreme de Lumer-Phillips comme expliqué dans le début de l'introduction, nous prou-
vons que ce systéme est bien posé (c’est-a-dire qu’il admet une solution unique qui dépend
continiment des données initiales) sous la condition

(v, t—7) = ot —7,) YWweV,0<t<T,

ag’) < a&v), Yv € V.. (17)
Nous devons cependant restreindre cette hypothese &
o < o, wue v, (18)

pour obtenir la décroissance stricte de 'énergie

o () (@) 55 ([ o))

ot €™ est une constante positive satisfaisant (qui existe par (18))

Tvaz < €W < Tv(2a( v) agv)), Yv € V.. (19)

En utilisant le principe d’invariance de LaSalle et sous la condition (18), nous donnons alors
une condition nécessaire et suffisante pour que I'énergie tende vers zéro quand ¢ — oo, c’est-
a-dire pour avoir la stabilité forte. Cette condition est une condition spectrale associée au
probléme conservatif (4) (c’est-a-dire pour o = a§”> 0). Par exemple, dans le cas le
plus simple oll, si nous notons (A%), et (yk)x les valeurs propres et vecteurs propres du
systeme conservatif associé, le gap simple (7) est vérifié et les valeurs propres sont simples,
cette condition nécessaire et suffisante de stabilité forte s’écrit

VEEN, > |or(v)]* > 0.
vE€EVe

Nous avons des conditions similaires dans le cas ol les valeurs propres sont multiples et ot
le gap généralisé (8) est vérifié.

Dans le cas ol (18) n’est pas vérifié, nous avons prouvé sur un exemple que le systéme
est instable en exhibant une suite de retards et une suite de points ol il y a dissipation
pour lesquelles les solutions du systéme dissipé ont une énergie constante.

L’étude de la stabilité exponentielle et polynomiale est basée, comme expliqué pré-
cédemment, sur 'obtention d'inégalités d’observabilité pour le probleme conservatif en
développant les solutions en séries de Fourier et en utilisant 1'inégalité d’Ingham. Nous
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donnons une condition nécessaire et suffisante, de type spectral, pour obtenir I'inégalité
d’observabilité correspondante a (5), c’est-a-dire

2 2 T (06 2
O + 1 gy <€ 3 [ (S0 1) e

’UGVC

ol ¢ est la solution correspondant & (4) et C, T sont des constantes strictement positives.

Dans le cas ol le gap simple (7) est vérifié et les valeurs propres sont simples, cette condition
nécessaire et suffisante devient :

Ja>0,Vk €N, D Jpp(v))* 2 o (21)

VEV,

De la méme maniére la condition spectrale plus faible

ImeN,3a>0,VkeN, 3 [o(v)? > (22)

= k2m
’UGVC

est équivalente & 'inégalité d’observabilité correspondante & (6), c’est-a-dire

Zk%m(aixi +8)<Cy /0 ' (%?(v, t))zdt, (23)

kZl vEY,

ou ul® =3, appr, u® = 3, b, ¢ est la solution correspondant & (4), C, T sont
des constantes strictement positives et m € N*.

Pour obtenir les résultats de stabilité exponentielle et polynomiale il suffit alors de
démontrer un résultat de régularité pour le systéme correspondant & (10) et d’utiliser,
comme expliqué précedemment, la technique de [11]. Ce résultat de régularité pour le
systéme correspondant & (10) est assez technique et utilise notamment des constructions
locales.

Ainsi la décroissance exponentielle de 1'énergie provient de 'inégalité d’observabilité
(20), et donc de (21) dans le cas oli le gap simple (7) est vérifié et les valeurs propres sont
simples.

L’inégalité d’observabilité (23) (et donc (22) dans le cas ol le gap simple (7) est vérifié
et les valeurs propres sont simples) implique la décroissance polynomiale de I’énergie en
utilisant en plus un lemme d’interpolation.

Tous ces résultats sont illustrés d’exemples concrets. Nous remarquons que le type de
stabilité dépend des conditions aux bords et des propriétés d’irrationnalité des rapports
des longueurs du réseau. Pour des réseaux complexes, comportant par exemple des boucles,
nous utilisons un résultat de [20,81] qui donne explicitement le spectre de 'opérateur de

Laplace via des propriétés algébriques du réseau dans le cas ol les branches sont de mémes
longueurs.

Dans le premier chapitre, les conditions suffisantes (et nécessaires) pour obtenir la
stabilité sont des conditions spectrales; elles requierent le calcul explicite du spectre de
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I'opérateur de Laplace sur le réseau, ce qui n’est pas évident pour des réseaux quelconques.
De plus, notre analyse est limitée & des inégalités d’observabilité fortes (amenant a des
résultats de décroissance exponentielle ou polynomiale), qui ont lieu pour une classe res-
treinte de réseau. Dans le chapitre 2, nous répondons & ces limites pour des réseaux ar-
bitraires dans lesquels nous pouvons démontrer des inégalités d’observabilité plus faibles
amenant a des taux de décroissance plus lents.

Dans le chapitre 2, nous étudions la stabilisation de I'équation des ondes sur des réseaux
1-d en ne dissipant qu’en un seul noeud extérieur (que l'on suppose étre v;) et nous
considérons le méme systéme que dans le chapitre 1, c’est-a-dire nous considérons (11)-

(16) mais sans retard (i.e. ai™ =0 et a&vl) = a) et avec

N=0, Vo={u}, V=

K3

Le but de ce chapitre est de développer une méthode systématique pour obtenir des taux
de décroissance sur des réseaux quelconques et de donner un résultat général permettant de
transformer un résultat d’observabilité pour un systéme conservatif en stabilisation pour le
systeme dissipé. Contrairement au chapitre précédent, nous ne prenons pas pour le systeme
conservatif le systeme correspondant a (4) (i.e. le systeme (11)-(16) avec agv‘) =a=0et

ag”) = 0), mais le systéme (11)-(14) avec la condition de Dirichlet au noeud v :
¥1(0,) =0 (24)

a la place de la condition de Neumann.

L’étude de l'observabilité de ce probleme est motivée par les problemes de contrdle et
a déja été réalisée ( [33-38]).

Le but est donc de montrer le lien entre les résultats d’observabilité existants pour la
solution 9 de (11)-(14) et (24) et la stabilisation du systeme dissipé. Plus précisement,
notons (A2),>1 la suite des valeurs propres correspondant au probleme (11)-(14) et (24)
et (¢D),>1 les vecteurs propres correspondants & (X2) formant une base orthonormale de
L*(R). Sous des conditions sur la topologie du réseau et les longueurs des branches, Dager
et Zuazua [33-38] ont prouvé des inégalités d’'observabilité & poids pour (11)-(14) et (24)

de la forme )

. Ty
EP(y, 0) := 2 (\2qp2 2 )< / 1 t 25
* (’(/) 0) ch( nwo,n + wl,n) = C 0 8:1: (O’ t) d ) ( )

n>1

pour une constante positive C, olt ¥, Y1, sont les coefficients de Fourier des données
initiales de 7 dans la base (©2), et avec des poids positifs (c2),>; dépendants des propriétés
du réseau.

Cette inégalité d’observabilité & poids est prouvée de différentes manieres : par la
formule de D’Alembert (ce qui évite de calculer le spectre) pour les arbres ou par le
développement en séries de Fourier des solutions et le théoreme de Beurling-Malliavin
pour les réseaux plus complexes, comprenant des boucles par exemple.

La clé de ce chapitre réside dans le fait que I'on peut obtenir, de maniere systématique,
I'inégalité d’observabilité a poids pour la solution du probleme dissipé directement par
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(25). Ceci nous évite de refaire toute l’analyse (en particulier en théorie des nombres),
assez subtile, déja effectuée sur les poids 2 dans [38].

Pour cela, nous décomposons la solutlon du systéme dissipé u comme la somme de w,
une solution de (11)-(14) et (24) avec donnée initiale appropriée (u(® — (0)(0)4/), ) (ot
¢ est une fonction réguliere donnée telle que ©;(0) = 1), et d’un reste. Appliquant (25) &
w, nous obtenons l'estimée d’observabilité & poids pour u solution du probleéme dissipé

E?@m0)+u$km2§<h:/T(%%«xw)zm, (26)

ot EP(w, 0) est défini par (25), avec des poids (c2), dépendant du réseau. Si les poids c?
sont non nuls pour tout n € N*, ’énergie du systeme dissipatif tend vers 0 quand ¢ — oc.
Cependant, en général, les poids tendent vers 0 quand n — oo, la quantité est plus faible
que la norme dans 'espace d’énergie et le taux de décroissance n’est pas exponentiel.

Il est important de souligner que (26) est vrai sous les mémes hypothéses sur le réseau
que pour (25) pour le probleme de Dirichlet (11)-(14) et (24). Nous n’avons donc pas besoin
d’hypothese supplémentaire sur le réseau.

Pour obtenir les propriétés de décroissance & partir de (26), nous regardons cette
inégalité comme une estimée d’observabilité faible dans laquelle I'énergie observée E_(0)
est égale, pour parler rapidemment, 3 EP(w, 0) + u; (©) (0)2. En pratique nous prenons sou-
vent, si nécessaire, des points situés sur lenveloppe convexe de c¢2 au lieu des poids ¢2
eux-mémes dans la définition de EP. L’énergie observée E_ est plus faible que la norme
dans l'espace d’énergie des données initiales qui est nécessaire pour prouver la décroissance
exponentielle, et par conséquent nous obtenons des taux de décroissance plus faibles (lo-
garithmique par exemple). Pour obtenir des taux de décroissance explicites & partir de
I'inégalité d’observabilité faible nous utilisons une inégalité d’interpolation qui est une va-
riante de celle de Bégout et Soria [19] et une généralisation de 'inégalité d’Holder. Pour
cela nous avons besoin de supposer plus de régularité des données initiales. Pour étre plus
précis nous considérons les données initiales (u®, uV) € X, := [D(A), D(A%)],_, pour
0 < s < 1/2. Nous en déduisons une inégalité d’interpolation de la forme

13‘1’5(%( >) = CfEu<o> ’

olt @, est une fonction croissante qui dépend de s et de I’énergie E_ (et donc des poids c2).
L’inégalité d’interpolation précédente entraine

_ E,(0)
E_ CE,(0)®]! ' .
(0) = CEL(0) (cw< )

2
u(o)’ u(l))nxs

Avec la dérivée de I'énergie et (26), nous obtenons

| 1 E,(0)
E,(0) — E,(T) > CE,(0)®]
(0) (T) > (0) (Onw°>u WX)
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ce qui implique, par la technique de Ammari et Tucsnak [11]

Yt > 0, B, (t) < C¥, (L> (@, u| (27)

2
t+1 Xe

Evidemment. le taux de décroissance dans (27) dépend du comportement de la fonction
&, pres de 0. Donc, dans le but de déterminer le taux de décroissance explicite nous avons
besoin d'une description précise de la fonction ®;, qui dépend de s et des énergies F et
E_ et donc, des poids (¢2), de (26). Ces poids dépendent de la topologie du réseau et des
propriétés de théorie des nombres des longueurs des cordes.

Cette approche nous permet d’obtenir de maniére systématique des taux de décroissance
pour V'énergie des solutions régulieres du systéeme comme une conséquence des propriétés
d’observabilité d'un systéme conservatif.

Dans les deux premiers chapitres, nous avons démontré des résultats de stabilité sur des
réseaux en utilisant des inégalités d’observabilité pour des systemes conservatifs (différents
dans ces deux chapitres). Le premier chapitre traite en plus de stabilisation de systéme avec
retard. En mettant en paralléle ce premier chapitre et le travail de Nicaise et Pignotti [85]
sur les problemes avec retard pour 1’équation des ondes sur des domaines de R*, n > 1,
nous avons remarqué que les méthodes développées pour démontrer 'existence de solution
et trouver les taux de décroissance présentent des similarités. Cette observation nous a
amenés & considérer un systeme abstrait et général qui contient une grande classe de
problémes avec des feedbacks avec retard, permettant de retrouver ces résultats et d’en
obtenir d’autres, dans le méme esprit que larticle de Ammari et Tucsnak [11].

Dans le troisi¢tme chapitre, nous considérons ainsi le systeme (1) mais avec un retard
dans le feedback, ¢’est-a-dire

w(0) = wy, w(0) = wn, (28)
Biu(t—1)=flt—7),0<t <,
o 7 > 0 est le retard, A : D(A) — H est un opérateur positif, auto-adjoint avec inverse
compact dans un espace de Hilbert H, Uy, U; sont des espaces de Hilbert (identifiés & leur
dual) et B; € L(U, D(AY?)), i = 1,2. Notons V = D(AY?).
La premiere question naturelle & se poser est l'existence et 1'unicité des solutions. Pour
cela, nous réécrivons ce systéme comme un systéme du premier ordre (3) et nous appli-

quons le théoreme de Lumer-Phillips (comme expliqué dans le début de I'introduction), en
supposant la condition suivante

0 <a<lvueV, (Bul, <a|Bul?,. (29)

—_
Cette condition est cohérente avec (17) en prenant By = (\/ o o(v)) ey, POUr @ €
D(AY?). Comme dans le premier chapitre, nous devons restreindre notre hypothese a

30 <a<1,VueV, |Bulf, <alBullf, , (30)
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pour obtenir la décroissance stricte de 1'énergie

E(t) = % (“A%w

2 1
[+ el e [ 1Bzate - o, o). (31)
0
ol £ est une constante positive satisfaisant
. ) |
l<é<——-1, (32)
!

qui existe puisque 0 < a < 1. De plus, cette hypothése semble réaliste car, sans cette
hypothese, il existe des cas oli des instabilités peuvent apparaitre, comme nous 'avons vu
dans le chapitre 1 (voir aussi [85,110]).

Sous cette condition et en utilisant un résultat de [12] (voir aussi [105]) nous obtenons
une condition nécessaire et suffisante pour la stabilité forte du systéme, qui est

Pour tout vecteur propre non nul ¢ € D(A) de A, Biy # 0.

Remarquons que cette derniére condition est indépendante du retard et par conséquent sous
la condition (30), notre systeme est fortement stable si et seulement si le méme systéme
sans retard est fortement stable.

Dans la troisieme étape, sous la condition (30) et une hypothese de borne venant de [11]
entre la résolvante de A et les opérateurs B; et By :

si B> 0est fixé et Cg = {A € C|RA = (3}, la fonction

A€ Cs— H(A) = AB*(X*I + A)™'B € L(U) est bornée, (33)

ot B = (B, By) € L(U, V') avec U = U; x U, nous prouvons que la décroissance
exponentielle du systeme (28) provient de 'estimée d’observabilité (5) pour le probleme
conservatif (4), en utilisant la décomposition (9) et la méthode de [11] comme expliqué dans
le début de l'introduction. Une fois de plus. cette estimée d’observabilité est indépendante
du terme avec retard By Bjw(t — 7) et par conséquent, sous les conditions (30) et (33), la
décroissance exponentielle de (1) implique la décroissance exponentielle de (28). Malgré
tout nous donnons la dépendance de la décroissance par rapport au retard, en particulier
nous montrons que si le retard augmente le taux de décroissance diminue.

Une analyse similaire pour la décroissance polynomiale est effectuée en prenant l’estimée
d’observabilité plus faible (6) et en utilisant le lemme technique 5.2 de [11]. Une fois de
plus, nous montrons que si le retard augmente le taux de décroissance diminue.

Pour pouvoir appliquer plus facilement ces résultats, nous donnons la preuve de ces
estimées d'observabilité (5) et (6) en écrivant les solutions en séries de Fourier, en utilisant
I'inégalité d'Ingham (classique ou généralisée) et une réduction a des conditions entre les
vecteurs propres de A et 'opérateur de feedback Bj. La condition nécessaire et suffisante
pour obtenir (5), dans le cas ou le gap simple (7) est vérifié et les valeurs propres sont
simples, est exactement (21) dans le cas des réseaux (chapitre 1).

Nous terminons ce chapitre en illustrant ces résultats d’exemples dans lesquels notre
cadre abstrait s’applique. A notre connaissance, ces exemples. & 'exception du premier qui
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reprend le chapitre 1, sont nouveaux, puisque en particulier notre cadre abstrait permet de
considérer des opérateurs de feedback B; et B, différents, & condition qu’ils vérifient (30).
Nous étudions par exemple 'équation des poutres d'Euler-Bernoulli avec des termes de
damping internes et localisés en un point, I’équation des ondes avec des termes de damping
répartis (1-d et multi-d) ou encore I’'équation des ondes sur un réseau avec des termes de
damping répartis.

Dans le chapitre 4, nous étudions la stabilisation des équations de la chaleur et des
ondes avec un terme de retard qui dépend du temps (et non plus constant comme au-
paravant). Les systémes n’étant plus invariants par translation en temps, les techniques
utilisées jusqu'alors (c’est-a-dire se ramener & une inégalité d’observabilité) ne sont plus
applicables. Nous allons donc utiliser une méthode différente en introduisant des fonction-

nelles de Lyapounov appropriées. Plus précisément nous considérons ’équation des ondes
suivante

uy(z, t) — auge(z, t) =0, O<z<mt>0,
u(0, t) =0, t >0,
Uz (T, t) = —aque(T, t) — aouy(m, t — 7(1)), t>0, (34)
u(z, 0) = u%(z), w(z, 0) = u'(z), 0<z<m,
w7, t = 7(0)) = fO(t — 7(0)), 0<t<7(0),

avec un parametre constant ¢ > 0 et ol a1, a3 sont des nombres réels positifs, ou le retard
7(t) est une fonction du temps qui satisfait

vVt >0,7(t) <d<1, (35)
AM >0,Vt>0,0< 7 < 7(t) < M, (36)

et
VI >0, 7 € W2>([0, T)). (37)

Comme pour les chapitres précédents, nous nous intéressons tout d’abord & l'existence
et 'unicité des solutions de ce systéme et pour cela nous rééerivons notre systéme en un
systéme du premier ordre (3) et nous supposons que a; et ap vérifient

a; < (1-d)ai. (38)

Cependant a cause du retard dépendant du temps, nous n’utiliserons pas le théoreme de
Lumer-Phillips car 'opérateur A de (3) dépend du temps. Mais comme le domaine de
I'opérateur A(t) est constant en temps, nous employons la technique de normes variables
de Kato [59,60] en prenant pour produit scalaire de H = {¢ € H'(0, 7) : ¢(0) = 0} x
L*(0, 7) x L?(0, 1) un produit scalaire qui dépend du temps

U
W
z

= 1
> :/ (auzﬂz+w&))dx+q7(t)/ z2(p)2(p)dp.
0 0

t

e & o2
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oll g est une constante positive choisie telle que

v _1{ag-2a00 —amos
L) —acs —q(1—d)

soit négative (ce qui est garanti par (35) et (38)), et avec norme associée .||, .
Comme pour les chapitres 1 et 3, nous restreignons 'hypothese (38) en

ol < (1 —d)a?. (39)

pour obtenir la décroissance stricte de 1'énergie E(t), qui correspond &

2

B(t) = 5 [ (w, we walm, 1= 7)) (40)

t

oll g est une constante positive choisie telle que ¥, soit définie négative (ce qui est garanti
par (35) et (39)). Nous remarquons que dans le cas ou le retard est constant en temps, i.e.
7(t) = 7 pour tout ¢t > 0 (et donc d = 0), nous retrouvons les résultats des chapitres 1 et 3
et de [85] pour la méme énergie. En effet, 'énergie est alors strictement décroissante sous
la condition (18), ce qui correspond & (39) pour d = 0.

Sous les hypotheses (35), (36) et (39), nous prouvons la stabilité exponentielle de
I'équation des ondes (34) en utilisant la fonctionnelle de Lyapounov suivante

Et)=E{)+~ (2 /07T TUULAT + Eg(t)) , (41)

olt 7 > 0 est un parameétre fixé suffisamment petit, F est ’énergie standard definie par (40)
avec g une constante positive fixée telle que ¥, soit définie négative et ol £, est définie par

¢ 1
E(t) = q/t eX=y2 (1, 5)ds = q'r(t)/o e 87 Wry2(1, t — 7(t)p)dp, (42)

-7(t)

avec ¢ > 0.

La fonctionnelle de Lyapounov E(t) + 2y foﬂ zusu-dx est standard dans les problemes
avec conditions au bord avec mémoire (voir par exemple [86]). Nous avons ajouté deux
termes & l'énergie standard E(¢) pour prendre en compte la dépendance de 7 par rapport
a t. De plus nous remarquons que les énergies E et £ sont équivalentes.

De cette maniere, sous les conditions (35), (36) et (39), nous prouvons que ce systéme
est exponentiellement stable et nous donnons également le taux exact de décroissance de
fagon explicite. Il dépend du retard 7(t) (et plus particulierement de M et d), de a3, ag,
de a et de 6. Nous remarquons que nous pouvons choisir 4 tel que la décroissance soit aussi
rapide que possible pour une fonction 7 fixée. Cependant notre taux de décroissance va
diminuer si le maximum M de 7 augmente, ce qui est cohérent avec I'étude du chapitre 3.

Nous effectuons également dans ce chapitre 4 la méme étude pour 'équation de la
chaleur.
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Dans le cinquieéme et dernier chapitre nous nous intéressons & la stabilisation de I’équation
des ondes discrétisée en espace par différences finies avec un amortissement en un point
intérieur. Le principal probleme pour I'étude de la stabilisation des approximations numé-
riques d’un systéme est que le taux de décroissance n’est pas uniforme par rapport au pas
de discrétisation. I faut donc utiliser une méthode pour redresser le spectre discret pour
les hautes fréquences.

Plus précisément, nous considérons ’équation des ondes sur un intervalle de longueur
1 avec un amortissement en £ € (0, 1)

Yz, t) — ype(z, t) =0 O0<z<l,t>0,
y(0~ t) = O ym(l t) 0 t> 0’
y(€-, ) = y(&+, 1) t>0, (43)

Yz (€=, t) - yz(§+, t) = —ayt(f, t) t>0,
yt=0)=9y9, 5t=0=y» o0<z<l,

ot (y©,yM) € V x L¥0,1),V = {y € H0,1); y(0) = 0} et « est une constante
positive. Ce systéme (43) est b1en posé dans I'espace d’énergie V x L2(0, 1) (voir [6] ou le
début de I'introduction).

L’énergie de la solution du systéme (43) est donnée par

B) =5 [ (e, OF + lnala, e

et vérifie la loi de dissipation suivante

LU~ —ajuie, 0P (44

De plus, nous savons que (voir [6]) tlim E(t) = 0 pour toute donnée initiale dans V x L*(0, 1)
— 00
si et seulement si

__r 45
£¢2+1Vp,qu (45)

et, comme nous ’avons signalé précédemment, la décroissance exponentielle de la solution
de (43) est équivalente & une estimée d’observabilité pour le systéme conservatif associé
(4). Dans ce cas, 'estimée d’observabilité est vérifiée si et seulement si & est un nombre
rationnel qui admet une décomposition en fraction irréductible de la forme

&= g, ou p est impair,

et par conséquent sous cette condition, le systéme (43) est exponentiellement stable dans
I'espace d’énergie. Nous supposons donc que £ est fixé et vérifie ces conditions.

Dans ce chapitre nous nous intéressons 4 la discrétisation en espace par différences finies
de (43). Soit N € N*, h = &= +1 et considérons la subdivision de (0, 1) donnée par

O=z0<21=h<..<Zjm1 <Z; =Jh < Zj41 <..<Ty < Ty = 1,
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ie. z; = jh pour tout j = 0,..., N + 1. Comme £ n’est pas nécessairement égal a jh
pour tout 7, nous fixons jy € NN (0, N + 1) tel que z;, — £ quand N — oo. La semi-
discrétisation en espace de (43) est la suivante : pour I’équation des ondes, nous obtenons

n_ Yi+1— 25 H Y1
Y; h2

=0, t>0,j=1..N,7j%in, (46)
les conditions au bord (Dirichlet et Neumann) deviennent

Yo=0,yvr1—yn=0, t>0, (47)
I'approximation naturelle de la condition de transmission est

Yin+1 — 2yjN + Yin-1 _ !

% =ayj,, t>0, (48)
et les données initiales du probleme discrétisé sont
yt=0) =y, yit=0)=¢Y, j=1,.., N (49)

Ici y;(t) est une approximation de y(z;, t), y étant la solution de (43), & condition que
les conditions initiales (yJ , yj(l)) j=0,..., N+ 1 soient des approximations des données
initiales dans (43). Notons y» = (y;);, y,(zo) (y (0))3 et y(l) (y (1)), La stabilisation du
méme type de probléeme mais avec un amortissement au bord (en z = 1) a été effectuée

dans [103] (ou avec un amortissement interne localisé dans [102]) en ajoutant une viscosité
numeérique.

Nous introduisons l'énergie de ce probleme discrétisé par

B=2 3 herty:

J=0,5#iN =0

yin(t) — ;)|
h

, (50)

qui est une discrétisation de I’énergie continue E, qui est décroissante et qui vérifie

E;(t) = —oly;, ()*.

En utilisant le principe d’invariance de LaSalle, nous montrons que I'énergie discrétisée E,
tend vers 0 quand ¢t — oo si et seulement si

(2~ h)l
2k+1

Jnh # ,Vk=0,..,.N—-1,leN.

Nous remarquons que cette condition est une version discréte de (45) pour le modele
continu.

Ensuite, nous montrons, comme pour ce type de probléeme (voir [14, 96, 102,103} par
exemple), que la décroissance exponentielle de I'énergie discréte de (46)-(49) n’est pas
uniforme par rapport au pas de discrétisation, en prenant jy = N ’—;‘ ol p est impair et N
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est un multiple de g. Ceci est di & l'existence des modes étrangers que le schéma numérique
introduit & haute fréquence et qui n'apparaissent pas dans le modele continu.

Pour surmonter cet obstacle, nous filtrons les hautes fréquences et en conséquence nous
introduisons la classe Cy(7) des solutions du probléme discrétisé générées par les vecteurs
propres du probleme conservatif discrétisé

! — u2-+1—2:22-+u1_1 =0 t>0,7=1,.., N
up =0, unt1 —un =0 t>0 (51)

ui(t=0) =y, wit =0) =y’ j=1..., N,

associés aux valeurs propres telles que A\h? < 7. Ainsi la classe Cy(7y) est définie par

Cn(y) = Z ar® " avec a; € R
Ak, <5

Nous supposons dans la suite que jy = [’i‘%ﬂ)] € Netdoncz;, — &= 5. Nous pouvons

alors prouver une inégalité d’observabilité discrete uniforme (en h) pour les solutions uy
de (51) dans la classe Cy(7)

T

(T=2E (0 <C [ [, 0 @,

pour un certain 7, puisqu’en filtrant nous pouvons utiliser I'inégalité d'Ingham. En effet,
le gap (7) des valeurs propres entrant dans le développement de Fourier des solutions de
(51) dans la classe Ci() est vérifié.

Grace a cette inégalité d’observabilité uniforme, nous pouvons prouver la décroissance
quasi-exponentielle de I’énergie Ej, de (46)-(49), en effectuant la décomposition y, = up+wp
et en prouvant certaines estimées par la technique des multiplicateurs. De plus, sans filtrer,
la décroissance quasi-exponentielle n’est pas uniforme par rapport a h, ce qui montre
I'avantage de cette technique. Nous parlons de décroissance quasi-exponentielle car nous
pouvons majorer Ey(t) par Ke “ Ej,(yn, 0) (qui correspond & la décroissance exponentielle)
plus un terme résiduel qui tend vers 0 quand h — 0, en prenant des données initiales
suffisamment régulieres. Par conséquent cette estimée tend vers la stabilité exponentielle
E(y,t) < Ke™E(y, 0) quand h — 0; c’est dans ce sens que cette estimée est quasi-
optimale. De plus, le membre de droite de notre estimée de décroissance quasi-exponentielle
se comporte comme une fonction exponentielle décroissante pour ¢ entre 0 et —1—’“% +cet
est constante (proportionnellement & h) pour ¢ suffisamment grand.

Afin d’illustrer ces résultats, nous avons effectué des tests numériques en considérant un
schéma numérique completement discrétisé qui est implicite. Ces tests numériques montrent
que sans filtrer nous n’avons pas de décroissance exponentielle (nous prenons un “grand”

vecteur propre) mais que filtrer (en prenant un “petit” vecteur propre) permet de rétablir
une décroissance exponentielle.
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Chapitre 1

Stabilization of the wave equation on

1-d networks with a delay term in
the nodal feedbacks

1.1 Introduction/Notations

Time delay effects arise in many practical problems, see for instance [1,51, 101] for
biological, electrical engineering, or mechanical applications. Furthermore it is well known
that they can induce some instabilities [39,40,42,85,110], or on the contrary improve the
performance of the system [1,101].

Recently, control problems on 1-d networks are paying attention of many authors,
see [38,65] and the references cited there. We here investigate the effect of time delay in
boundary and/or transmission stabilization of the wave equation in 1 —d networks. To our
knowledge, the analysis of this effect to 1 — d networks is not yet done.

Before going on, let us recall some definitions and notation about 1 — d networks used
in the whole chapter. We refer to [2,3,20-23,82,91] for more details.

Definition 1.1.1. A 1~ d network R is a connected set of R*, n > 1 defined by
A,V
R= Uej
j=1

where e; is a curve that we identify with the interval (0, l;), I; > 0, and such that for k # 7,
€ Nex is either empty or a common extremity called a vertex or a node (here €5 means the
closure of e;).

For a function u : R — R, we set u; = uj, the restriction of u to the edge e;.

We denote by £ = {¢;; 1 < j < N} the set of edges of R and by V the set of vertices
of R. For a fixed vertex v. let

& = {je{l,..N},vee}
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be the set of edges having v as vertex. If card (£,) = 1, v is an exterior node, while if card
(€,) > 2, v is an interior node. We set V., the set of exterior nodes and Vi, the set of
interior nodes. For v € V., the single element of £, is denoted by 7,.

We now fix a partition of V. :

Vest = DUN UVE,,.

Clearly we will impose Dirichlet boundary condition at the nodes of D, Neumann boundary
condition at the nodes of A and finally a feedback boundary condition at the nodes of V¢,,.
We further fix a subset Vg, of V;,,, where a feedback transmission condition will be imposed.
For shortness, we denote by V, the set of controlled nodes, namely

VC = Vzcnt U Vec:rt'

We also suppose that D # 0; so that the H! semi-norm becomes a norm.
We can now formulate our initial/boundary value problem :

r%i(m,t)—%%i(z,t)zo O<z<lt>0,
Vi e {1,..,N},
u;(v, t) = (v, t) = u(v,t) Vi, 1 €&y v € Vint, t >0,
Y 5w, 1) = —(a{" % (v, t) + o (v, t — 7)) Vv E V.t >0,
jEE
ﬁ Z%(v. t) =0 Yv S v’int\ icntyt > 07 (11)
€€
uj,(v,1) =0 Yv e D,t >0,
S (v,t) =0 Vv eN,t>0,
u(t=0) = u®, Z(t=0)=ul,
L %%(v,t—-n)zfg(t——fv) Yv € Ve, 0 <t < 7y,

where agv), aév) > 0 are fixed nonnegative real numbers, the delay 7, > 0 is also supposed

to be fixed and %-J?(v, -) means the outward normal (space) derivative of u; at the vertex
v.

Note that u; represents the displacement of the string e;.

Remark that the condition (v, t — 7,) = fO(t — 7,) for v € V,, 0 < t < 7, denotes an
initial value in the past, but is necessary due to the delay equation.

In the absence of delay, i.e. aév) = ( for all v € V,. the above problem has been
considered by some authors in some particular situations, for instance Ammari and Tucsnak
[11], Ammari, Henrot and Tucsnak [6], Ammari and Jellouli [7,8], Ammari, Jellouli and
Khenissi [9] and Xu, Liu and Liu [109]. In these papers, some sufficient conditions are
given in order to guarantee some stabilities of the system. On the contrary, if ozlv> =0
that is if we have only the delay part in the boundary/transmission condition, system (1.1)
may become unstable. See, for instance Datko, Lagnese and Polis [42] for the example of
a string. Therefore it is interesting to seek for stabilization results in general 1-d networks
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when the parameters a§”) and aév) are both nonzero. In the special case of one string and

a feedback law at one extremity, this problem has been studied by Xu, Yung and Li [110],
where the authors use a spectral analysis. For the wave equation in higher dimensional
space domain, we refer to [85].

In accordance with [85,110], assuming that

o) < ol v eV,

we show the decay of an appropriate energy. We further give a necessary and sufficient
condition for the decay to zero of the energy. If the above condition does not hold. we
conjecture that the energy does not decay. We do not investigate this problem in its full
generality but study it in a particular case.

Now if

aé”) < ag”),\/’u ev,,

we first give a sufficient condition for the exponential decay of the energy. We secondly
find a sufficient condition for the polynomial decay of the energy.

Our method is based on the use of observability estimates of the problem without
damping. Here we have chosen to obtain these observability estimates by a frequency
domain method. The use of other techniques like the D’Alembert representation formula
[7,38] may avoid the use of the frequency domain method but give quite often non optimal
decay rates for the energy. Note finally that the observability estimate is independent of
the delay term.

The chapter is organized as follows. After the recall of some definitions and notation,
we show in the second section that our problem is well posed. Then in section 1.3, we
prove the decay of an appropriate energy and give a necessary and sufficient condition
which guarantees the decay to 0 of the energy. Section 1.4 is devoted to the proof of a
regularity result and an a priori estimate used for the stability results. In section 1.5 we
give a sufficient condition for the exponential stability of our system. Similarly section 1.6
is concerned with a sufficient condition for the polynomial stability of our system. Finally
we end up with some illustrative examples in section 1.7.

In the whole chapter the notation a < b means that there exists a positive constant C

independent of a and b such that a < C b. The notation a ~ b means that e <band b S a
hold simultaneously.

1.2 Well posedness of the problem
We aim to show that problem (1.1) is well-posed. For that purpose, we usc semi-group

theory and an idea from [85].

For future uses, we introduce the spatial operator associated with the system similar
to (1.1) but without damping. Introduce

L*(R)={u:R — Ryu; € L*(0,{;),¥j=1,--- , N},
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which is a Hilbert space for the natural inner product. Its associated norm will be denoted
by || - || z2(r)- Let further V be the Hilbert space

N
Vi={¢¢€ HHI(Q L) ¢i(v) = de(v) V), k € &y, YU € Vine; ¢5,(v) =0Vv € D},
=1

equipped with the inner product

. N b 96 8.
j=

For shortness for u € L*(R) = {u: R — R;u; € L}0,1;),Vj = 1,---, N}, we often

Now we introduce the operator A from L?(R) into itself by

N

)y /O Y ui(z) d.

j=1

AY

ou;
— 2 . J — o
D(A) = {ueV mHH 0, ;) : z%j(v) =0, Yo € Ving;
Jj=1 JEEy
8“.71: - c
%;(’L) = 0, Yv GNUVCM},
(Auw); = —%2;? Vji=1,---,N, Yu € D(A).

This operator is a positive selfadjoint operator since it is the Friedrichs extension of the
triple (L*(R),V, a), where the bilinear form a is defined by

N L
7 Ou; Ovy
a(u,v) :Z;./o —8?3—5-;(13;, Yu,v € V.
i=

N
Let further set X =V N HH 2(0,1;). which is a Hilbert space with the inner product
j=1

(»Uv, U)X = ('LL, @)L‘Z(R) + (A’LL AU)LQ(R), V'U,, v & X,

where we have set
82’(1,]' . r X
(Au>.7:—55:? vjzla"'s]\'eue .
Now we come back to our system (1.1) and transform it as follows. For all v € V, let

us introduce the auxiliary variable z,(p, t) = Z(v, t — 7,p) for p € (0, 1) and ¢ > 0. In this
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manner, we eliminate the delay term in (1.1) and problem (1.1) is equivalent to

(i, 1)~ T4 (2, 1) = 0O<z<l, t>0,Vj€{l,...N},
Tvo\t(pt)ﬁ—@%(pt):() 0<p<l, t>0YveV,
ui(v, t) = wlv, t) = u(v,t) Vi, L€ &y v € Vi, t >0,

Fi(v, 1) = —(a" % (v, 1) + 0§z, (1. 1)) Yo e V..t >0,
JEEY
Bu- .

< S (v, 1) = Y € Vine\Vips, t > 0, (1.2)
€&y
uj, (v,t) =0 Yv e D,t >0,
G (v,t) = 0 Vv eN,t> 0,
z(0, t) = &(v. t) Yv eV, t >0,
u(t =0) =u®, &(t = 0) = u®,

L 2o(p, 0) = f2(—7yp) YveV,0<p<l

Note that z, satisfies a transport equation in the ¢, p variables, with an initial datum at
t=0and p=0.
If we introduce z = (2,)4ep, and

then U satisfies

-
U= <8u 82u’ Q"L Ql_t’ Au, — (iﬁZ”) ) .
ot’ o2’ ot ot Ty 00 / ey,

Consequently the problem (1.2) may be rewritten as the first order evolution equation

{ 10) 2 (0, 40, (3 (r ) = (1:3)
where the operator A is defined by
u w
Al w | = Au
2 ~(+%),

with domain

.
D(A) = {(u, w. z) € (VN[ HX0. 1;)) x V x H'0, 1)

=1
Ou; . v
> 52 (v) = = (@ u(v) + af (1) vo € Ve;
jez, M
SL(v) = 090 € Vini\Viuy
J€&

%Jf(v) =0vv e A”(; Z’U(O) = ’LU('U> Vv € Vc}a
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where V is the number of nodes of V..
Now introduce the Hilbert space

H =V x L*(R) x L*(0, 1)

equipped with the usual inner product

(2)-(2)) L @ om)or g i

Lemma 1.2.1. D(A) is dense in H.
T € H be orthogonal to all elements of D(.A), namely

m S &

Proof: Let (f, g, h)

u ! N b 5u; 0
0=<<w>,(i)>=;/o 61:a£+wjgjdx+q;‘/ z,(p)hy(p)dp,

z

for all (u, w, 2)7 € D(A).
We first take u = 0 and w = 0 and 2 € D(0, 1)¥. As (0, 0, 2) € D(A), we get

Z/zv p)dp = 0.

Since D(0, 1) is dense in L?(0, 1) we deduce that h = 0

In the same manner since HD 0, ;) is dense in HL2 (0, 1;), by takingu =0, z=0
j=1 j=1

N
and w € HD(O, l;) we see that g =0.

j=1
The above orthogonality condition is then reduced to

N L
_ ? 0u; 0F; -
O—-Z B 8xdx7 Y(u, w, z) € D(A).

j=1+0

By restricting ourselves to w = 0 and z = (). we obtain

L ou; Of; .
0 —3?_8?06:6 =0, V(u, 0, 0) € D(A).

Jj=1

But we easily check that (u, 0, 0) € D(A) if and only if u € D(A). Since it is well known
that D(A) is dense in V (equipped with the inner product < ., . >y/), we conclude that
f=0. =
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Let us now suppose that
ag") < a(lv), Yv € V.. (1.4)

Under this condition, we will show that the operator A generates a Cy-semi-group in H.
For that purpose, we choose positive real numbers £¥ such that

T,,agv) < W < Tv(2a§v) - aév)), Yv € V.. (1.5)

These constants exist due to the condition (1.4).
We now introduce the following inner product on H

(():(8)). £ s vwm)ers g ([ i)

vEV,:
This inner product is clearly equivalent to the usual inner product of H.

S &

Theorem 1.2.2. For an initial datum Uy, € H, there ezists a unique solution U €
C([0, +o0), H) to problem (1.3). Moreover, if Uy € D(A), then

U e C([0, +o0), D(A)) NCY[0, +o0), H).

Proof: By Lumer-Phillips’ theorem, it suffices to show that A4 is dissipative and maximal
monotone.

We first prove that A is dissipative. Take U = (u, w, z)7 € D(.A). Then

w u
(AU.U) = < Au | w >
— (L&), 2
N l Ty Op /Y
i Ow, Bu] 0? uJ ) ©) ( / 1 0z, )
;/0 ((% o z vezvﬁ 5, (Pale)de

By integrating by parts, we obtain
. 0%u;
(AU, U —Z / w5
N

6uj £@ Y0z, )
s + 3 lus 52l Z | F0tore
Y by,
=2 _lwig )i -
Jj=1

0z
25 ([ Fomios).
Again an integration by parts leads to

e )21 = 5(23(0) - 2O
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Moreover by the boundary/transmission conditions satisfied by (u, w, z)7 € D(A), we
have

N
’u_) = 7 ] '
‘ F :z: ZZw] V 6n (v)
j=1 veV jEE,
au’ a A‘l/‘
= DD wilv)gkv) + 3w, (0)5 () + 3w, (v)52(v)
vEV, jEEY vED veN
15
+ 0y ij(v>5#(b)
‘vGsz\v 'n.tJ €€
= Y O Hwww + Y ( v))w;(v)
vEVe je&, ’UEV,nt\v"n Jeg'n
= D —(a"w) + a2 (1))2(0)
’UEVC
= =2 (a2 (02 +afz,(1)z(0)).
'UEVC

These properties yield

(AU, U) = ——Z(a 2(0)% + o 2, (1 z,,(o) S 62 (22(1) - 22(0))

VEV, vEV,

= =3 (0~ £2)z,(0 + §222(1) + aé”’zv(l)zv(O)) -

veV,:

By Cauchy-Schwarz’s inequality we have

@) (v)
v a (o7
~03”2,(1)2(0) £ =-23(1) + —-25(0)

and therefore

(v) _ f(v) agv) . 2 f(v) {(’v) 2
(AU, U) < ~ Z( — 5 = 5 )a(0) + —-)7 (1)

2T,
vEV, v

with a §T— —%— > 0 and 5— —2— > 0 because a( Y) and a2”) satisfy condition (1.5).
This shows that (AU, U) <0 and then the dissipativeness of A.

Let us now prove that A4 is maximal monotone, i.e. that Al — A is surjective for some
A > 0.

Let (f, g, k)T € H. We look for U = (u, w, 2)T € D(A) solution of

u f
M-A)lw|=|y (1.6)
z h
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or equivalently

Aw; — adilil =g; Vje{l,.,N} (L.7)
e+ L8 =, Vue .,

Suppose that we have found u with the appropriate regularity. Then for all ; €
{1, ..., N}. we have

’U)j = )\Uj - fj < Hl(O, lj) (18)
with w;, (v) = Auj, (v) — f;,(v) =0 for v € D.
We can then determine z since w(v) = 2,(0). Indeed, for v € V,, z, satisfies the

differential equation

1 0z,
AzZy + — z = h,
T,

and the boundary condition
2,(0) = w(v) = Au(v) — f(v).
Therefore z, is explicitly given by

p
z(p) = Mu(v)e ™™ — f(v)e ™ + Tve"\“”/ e*™h,(0)do.

0

This means that once u is found with the appropriate properties, we can find z and w.
Note that in particular we have

1
z(l) = )\u(v)e‘”"—f(v)e'*T"-}—Tve"’\”/ e*™h,(c)do
0
= du(v)e ™ + 20(v)

where z0(v) = —f(v)e™™ + 1,e™>™ [} €™k, (0)do is a fixed real number depending only
on f and h.

It remains to find u. By (1.7) and (1.8), u; must satisfy

8%u,;
)\ZUJ' - '—8-.;—2'1 - gj + )\f_7

Multiplying this identity by a test function ¢;, integrating in space and using integration
by parts, we obtain

Li u
Z [0 - G Z [ e %J%‘”ﬂ)dw—z{a“w
e “Jﬁa“]i‘“ - TS )

veY jE&
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But using the fact that (u, w, 2)7

2D amWe) =

veEY jE&Ey

must belong to D(A), we have

2 )+ ()2

BnJ
vEV, JE& vED
+Z'aﬁl' v)@s, (v) + Z (’b ;(v)
veN VEVin \V§, . J e&
S -2—%4<v>>¢<v>
veVe jE&:
=5 (0 w;(v) + 0f 2, (1) 8(v).
veEV,:

Using the above expression for z,(1) we arrive at the problem

:c—f-z

¥ + afe ™) du(v)p(v)

ve)k

;/; (g5 + Afj)g;dx

T3 (0 £(0) — o) R(w))6(v), V6 € V.

vEYe

(L.9)

This problem has a unique solution u € V by Lax-Milgram’s lemma, because the left-hand
N

side of (1.9) is coercive on V. If we consider ¢ € HD(O, l;) C V, then u satisfies

8%u;
2
ATy = Bz

L =g;+Af;in D0, ;) Vj=1,-

=1

.. N.

N N
This directly implies that u € HH 2(0, ;) and thenu € V' N HH 2(0, 1,). Coming back to

=1

i=1

(1.9) and by integrating by parts, we find

> | 2

vEV, 13

R

vEN

)+ (@ +

a(” e ) \u(v) + (o (x) 2v) — Ot;(lv)f(v))) o(v)
>

1«6\/1"[ \V int ]qu

S (v))g5(v), Vo € V.

Consequently, by taking particular test functions ¢, we obtain

871/]'1, . .
—a';’(’l,> = 0 VYve N,
guy ( ) =0 Ve th\ nt

J€EY
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Y s (w) = ~(af +afe () - (0l (v) — ol f(v)
i€t
= —af’z(1) - a§”><xu< )+ f(v))
= —(aV2z(1) +alPw)) YeeV.
In summary we have found (u, w, 2)7 € D(A) satisfying (1.6). [

1.3 The energy

We now restrict the hypothesis (1.4) to obtain the decay of the energy. Namely we
suppose that

ot <ol Yue .. (1.10)

Let us choose the following energy (which corresponds to the inner product on H)

() () 55 ([ Goiorora) o

vEVe

E(t) = %i_;/ol]

where £® is a positive constant satisfying (that exists due to (1.10))

ol < €™ < 1,20 — o), Vv € V. (1.12)

1.3.1 Decay of the energy

Proposition 1.3.1. For all regular solution of problem (1.1), the energy is non increasing

and there ezists two positive constants Cy and C, depending only on £®), a(”)

aé and T, such that

—;1%; ((%(u, t))2+ (%(v, t— Tv))z). (1.13)

Proof: Deriving (1.11) and integrating by parts in space, we obtain

N 1 9
) i Ou; OPu;  Ou; Bu;
B0 = 2 | 55 " T awnt
j=1
i, oy
TES(U) l ‘7 ”Up) atz( Typ)dﬁ)
veVe 0
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and then

E@) = Y

N i a2
i,0%u; Oul Bu, Ou;j Ou;j
<8t2 Bz z) BtJd Z[Eja_leo
.7 =1 _7—-1
+Z§ _(U t Tvp) 8t2( T'Up)dp)
veVe

0 b?
)P “J( >6“’ W+ e | ORI LT

veY je&y vEV,

S 00+ 3
(%

vEY, JEEy 8 8 J" 8 Jv

LY z a“f
Bn
‘UGVint\v.mt JEEy 7

0
+) €0 / (v, t = Tup atz( — Twp)dp

v€Ve
20U ou
=3 (@ (vt +a é)a(v,t-—ﬂ,)a(v, t))

'UGVC

v 0
+Zé()/ (v, t Tvp)gg(v,t—w)dp-

vEVe

Now for all v € V,, recalling that z,(p,t) = & (v, t — 7,p), we see that

L du 0%u 1 Oz,
[ ot b=l = / 2. 1) 52 (0, t)dp

ot

By an integration by parts in p, we obtain

/au
'v

— Top)dp

8u]v

82 1 0 ou
— St = o=~ (Ghtw 1= - (G 1),

Therefore, we have

E'(t)

v 'Ua
= _E ()( +ag)a(z t— )&<Lt)

(v) U U

Y @ &y ) Ou
= Yl - SN, )+ o S et )
vEV, v
@) &
+g7_v (—51;-(1), t—7))%.
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Cauchy-Schwarz’s inequality yields

(v) (v) b (v) () 5
' _E : w §7 oy Ou, o &Y ay Ou f )2
E (t) S 5 ((a 27-1) 2 )( 8t (’L’ t)) + (27_1) 2 )( 6t (1’7 t T"J)/ )
(v) (@) (v) V) )
' _E : w _ &Y o Ou, o £ o’ Ou D 2
E (t) Z feey (( 1 27_v a 2 )( Bt (’b’ t)) + (ZTU + 2 )( 81: (7” t TU)) )

The first estimate leads to

r0<-03 (G 0+ Ghv - )

veV,

(v) (v) (v) (v)
C,= min{(agv) _8T 22 (6— 2y .4e VC}

with

27, 2 7727, 2

which is positive according to the assumption (1.12). The second one yields

B0 2 -0:Y (G 07 + (Gotv 1= )P

vEV,
with » .
(v) v (v) v
— w _§ ) £ O .
O«z_ma,x{(cx1 27_U+ 5 )’<2Tu+ 5 ) .’UEVC}
which is also positive due to (1.12). =

We have just shown that under the assumption (1.10), the energy decays. But we would
like to obtain strong stability of the system, in other words, the decay to 0 of the energy.

This is the goal of the remainder of this section. But before going on, let us make the next
remark that will be useful later on.

Remark 1.3.2. Integrating the expression (1.13) between 0 and T, we obtain

2 / (Gt 02+ (Grtv, 1= m))?) &t S BO) - BT) S EO)

vEV,:
and therefore

T/ ou .  Ou 0
— B M | — \ < t, V‘ c-
/O ((at(ut)) + (5 (vt n)))dth(O), vEV

This estimate implies that a!” %y, J+al? u(y, . —7,) belongs to L2(0, T) for all v € V,,
with the estimate

2 T
Ou ou
= (a(v) (v, ) + o = (v, t — 7,))%dt
L2(0,T) -/0 boot ot

(v, ) + %(u t —7,)0)dt < E(0) < +c0.

v OU ») O
ag )Et—(v, O+ a2 E( U, . — Ty)
(=

<2max{ 2y /

a2
=1



1.3.2 Problem without damping

In the sequel we need to consider the problem without damping

¢ 824 ’
‘“‘L(ﬂf t) - 55 (z, 1) =0 0O<z<l,t>0V€e{l,., N}
i(v, 1) = @z(tl t) = o(v,t) V), 1 € &y v € Vet > 0,
Z% v, t>:0 V’Uev,;m,f>0,
) Jee (1.14)
@Jv(v t)=0 Vv e D,t >0,
an, e (v t) =0 Yo € N UV, t >0,

\

It is well known that this problem is well posed in the natural energy space (see for
instance [3]).

1\7
Lemma 1.3.3. Suppose that (u®, u) € V x HL2(0, l;). Then problem (1.14) admits a

=1
unigue solution

N
¢ € C(0, T; V)N CM0, T; TJL*(0, 1))

=1

This problem is obviously conservative, its energy is constant.

1.3.3 Decay of the energy to 0

We look at the spectral problem associated with problem (1.14), in other words

([ —X0,(z) - 3%4(2) =0 0<z<l;Vje{l..N},
@J 1’) - @1(’0) = (]5(’0) V]. ! € 51), v & Vinta
Y0 Vo € Vint
j€ts
5, (v) = Yv €D,
| 3:3 (v) = 0 Yo € NUVE,.

This system corresponds to an eigenvalue problem of the positive selfadjoint operator
A defined above. Let us then denote by {Af}r>1 the set of eigenvalues counted without
their multiplicities, i.e. Ay # A;, Yk # [, where without any restriction, we may suppose
that Ay > 0. For all £ € N*, let [, be the multiplicity of the eigenvalue A? (remark that
I <2N,¥k € N*) and let {¢4;h<i<y, be the orthonormal eigenvectors associated with
the eigenvalue A2.
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Definition 1.3.4. For k > 1 and v € V,, we denote by M,(A\2) the following matriz of
size I,

w3 1 (v) Ok 1)k, 2(v) o ok 1(V)ek, 1, (V)
Mu()\;z;) — SDk,l('U):‘PkJ(v) Q%Q(@) @k,z(v)tpk,zk(v)
Ok, 1 (V) Pk, (V) Or2(V)r, 1 (V) - Soi,zk (v)

Moreover, let M(X}) be the matriz of size Iy
MOF) = D Mu(XD).
vEV,
Now we recall that the following generalized gap condition holds, namely from Propo-
sition 6.2 of [38], we have

From this property we will deduce an inequality of Ingham’s type. Namely fix a positive
real number v/ < ~ and denote by Ag,k = 1,--- , N + 1 the set of natural numbers m
satisfying (see for instance [13])

)\m - /\m—l > 7,
An— A1 < form+1<n<m+k-1,
)\m+k - )\m+k—1 2 '7,-

Then one easily checks that the sets Agy;, 7 =0,--- k-1, k=1,--- ,N+ 1, form a
partition of N*.

Now for m € A, we recall that the finite differences ep+;(t), 7 =0,---,k — 1, corres-
ponding to the exponential functions e*m+it, § =0,... ,k — 1 are given by
m+j m+j

em+;(t) = Z H (Ao = Ag)"te,

p=m qg=m, g#p

Write for shortness, e_,(t) the same finite differences functions corresponding to —\,.
Now we are ready to recall the next inequality of Ingham’s type, see for instance Theo-
rem 1.5 of [13] :

Theorem 1.3.5. If the sequence (An)n>1 satisfies (1.15), then for all sequence (an)nez+
(where Z* = 7\ {0} ), the function

satisfies the estimates
FOF~ ) laal, (1.16)

forT > 2m/~.
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Going back to the original functions e**~t, the above equivalence (1.16) means that, for
T > 2/, the function (from now on A_, = —\,)

f(t) — Z ane'i)\nt7

nez*

satisfies the estimates

T N+1
/0 FOE~S S IBICGE, (1.17)

k=1 |n|eAx
where || - ||» means the Euclidean norm of the vector. for n € Az, the vector C, is given by
Cn = (an, e :an+k—1)T7

and the k x k matrix B,, allows to pass from the coefficients a,, to a,. namely

Cn = Bn : (ana T ,an+k—1)Ts
and is given by B, = (B,;;), <ii<k with
n+j—1
H ()‘n+i—1 - )\q)~1 if { S j, (2,]) 7& (17 1)/
Bn,ij = g=n,g#n+i—1
if = =1,
0 ifz> 3.

We proceed similarly for n < —1, but the indices being decreasing from n ton — k + 1.
Remark 1.3.6. Notice that if the standard gap condition

Ty >0,V > 1, Aewr — Ak > 7 (1.18)
holds, then A; = Z* and B; = 1 and in that case the next equivalence holds (see [57]) :

T
/0 FOR ~ T Janl?

nezZ*

We are now ready to give a necessary and sufficient condition that guarantees the decay
to 0 of the energy.

Proposition 1.8.7. For all initial data in H. we have

Hm E(t) =0 (1.19)
if and only if the operator A satisfies
Amin{M(A2)) > 0,VEk € N*, (1.20)

where Amin(M) denotes the smallest eigenvalue of the matric M.
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Proof: Let us show that (1.20) implies (1.19) : Let S(¢) be the semi-group of contrac-

tions generated by the operator A.
It suffices to show that

o)
lim S(¢) ( ull) ) =0,V ( ey
(f° e (fo=7))e

4

) € D(A).

t—o0 (—T,U.

e

o)
Let us fix Uy = ( € D(A). Since D(.A) is compactly embedded into H, the
(fO=m0))o

orb(Us) = | JS(6)Uo

set
>0

is precompact in H. Indeed, for any sequence (t,)n, since Uy € D(.A), one has S(t,)Up €

D(A) and
[15@)Uoll gy + 1AS (tn)Uollg = 1S (ta)Uoll gy + 115 (2n) AU

15(tn)Vollpey =
< Uollg + | AU g = est.

Therefore the sequence S(t,)U; is bounded in D(A) and by the compact embedding of
D(A) into H, there exists a subsequence, still denote by S(t,,)Up which converges in H. In

this case, the w-limit of U, defined by
w(lUp) ={U € H : It,), tn — 00, S(t,)Us — U, t — o0}

is non empty.
On the other hand, if ® € w(Uj), then
St)® € w(ly).

o(., t)

(1

Note further that one readily checks that S(¢)® is of the form
S(t)® = ( = )

P
for some ¢ € C([0, 00); V) N CY([0, 00); L*(R)) and ¥ € C([0, o00); L3(0, 1)¥).

We can now apply LaSalle’s invariance principle [32] with the relatively compact set
4O o)
( and S(t) [ ¢V | =

US’ (t)Uo and the Lyapounov functional ¢ = |.||;. Since | ¢ ,
>0 @(2) ¢(2)
(., 1)
9(.,t) | belong to w(Up), we find that

ot

=L Vt>0.

H

(., 1)
1“/)

41

H

(G
¢(0)
@(1)
¢(2)




Therefore ¢ satisfies problem (1.2) with initial conditions ¢(-, 0) = ¢© and
(., 0) = ¢M. Moreover by (1.13) we have
¢(0)
¢(1)
¢(2)

(57)
(.
v )l

CIZ/ (¥o(0, 8)2 + (1, 8)%)ds < 0.

vEVe

0=L-L=

H

In other words, it holds

Z/MOsWﬂ@)

vEV,
which implies that
Uo(0, 1) = (1, ) =0 Vt>0, Vv € V.. (1.21)
In particular, this implies that ¢ is solution of problem (1.14) with mltlal data #(+, 0) = ¢©
and (-, 0) = ¢ because 0 = 1,(0, t) = 2(v, t) and 0 = ¥, (1, t) = L(v, t — 1), which

means that in (1.2) the damping terms dlsappear
Let us now write

!
@ = szak, Pk,

k21 i=1
I

o = Zzbk,iWk,i,
k>14=1

where (A iak.i)i ks (br.i)ix € [2(N*). Then ¢ is given by

ZZ (ak ; COS /\kt) + - sm()\kt)> Lk, i-

k>1 i=1

Consequently by (1.21) for v € V, and j € &,

@,
86 ZZ —ag i Mk sin{Agt) + b ; cos(Axt)) @r s (V).

k>1 i=1

0=

By grouping the terms corresponding to the same eigenvalue, we get

I L
0= 8@? (v, t) = Z (Z - ak,i%,i(v)) A sin(Agt) + Z (Zbk,gpk,i(u)) cos(Axt)

k21 \i=1 k>1 \i=1
—_ E :an(v)ez’\"t,
neZ*
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where

l\DI!—‘

s
((Z bi, ik, i( ) +1 (z ak,iiﬁk,i(v)) Ak) Yk > 1,
i=1

i
((E bk z@k i ) -3 (Z a,k’i(,’}k,i(t‘)) Ak) ,Vk > 1.

i=1

l\Dlt-‘

Integrating this identity between 0 and T > 0 sufficiently large and using Ingham’s inequa-
lity (1.17), we obtain (with the notation introduced above)

N+1

o:/o <5¢J(@ t)) a2y > 1B Cu)l3

k=1 |n|eA

where C,,(v) is defined as C, using a,(v) instead of a,. Summing on v € V. :

N+1

023> X IBI Gl 20

vEV: k=1 |n|cAy

+,N +1 and all |n| € A, we have

Y IB Ca(w) |3 = 0.

vEV,

This implies that forall k=1, --

Since B! is invertible, there exits v, > 0 such that

1B Ca(0)ll2 2 YnllCa()]l2-

From this estimate we deduce that for all k =1,--- , N + 1 and all |n| € A, we have

> G5 =

UEVC

Since A # 0, we necessarily have

Vk > 1 2 (Z(I,k i%k, 4 ’b)) =0 and Z (Zbk z‘sz ) = 0.

vEV: i=1 vEV: i=1
bk,l
For a fixed k > 1, if we set b = : , then
bi. 1,
2
5 (zbk o ) _ MO
VvEV, =
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As a consequence if Amin(M(AZ)) > 0, we obtain that bx; = ... = bx;, = 0. In the same
manner we have ag, = ... = ar,;, = 0.

We have proved that q) 0 =0 =0,
Moreover ¢(® = 0 because ¥, satisfies the transport equation

Oy _ _ 1 8u
o = 1, 8p°

t
wv(oa t) = wv(la t) = 07
u(p, 0) = 62,
for all v € V.

We have shown that for all (6@, ¢(),6®)7 € w(Uy), we have 6@ = 0 = ¢ = ¢,
Consequently tlim S(t)Uy = 0 and then tlim E(t) =0.

Let us show that (1.19) implies (1.20). For that purpose we use a contradiction
argument. Suppose that there exists k > 0 such that A\pnin(M(A%)) = 0. This means that
there exists a = (a1, ,ak,lk)T # 0, such that

2
5 (zak e ) _o
vEV, =

Let us set

s
u(., t) = (Zak,z‘iﬁk,i) cos(Agt).

i=1

Then u is solution of (1.1) and satisfies

B@) = i /l (Gr+G2y) d$+§€(2 ([ G = no)dp)
= 22/ (8% %?)2)@0
)

because z
Ou; \ £ )
Vv €V, Vi, -gti(v, t) = (;ak,igok,i(v)) (=Ax) sin(Axt) = 0.

This means that we have obtained a solution of problem (1.1) with a constant energy,
which contradicts (1.19). "

Remark 1.3.8. 1. Notice that the condition (1.20) is independent of the choice of the
orthonormal basis of eigenvectors associated with the eigenvalue A2, Indeed if {@y ;}, is
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another orthonormal basis of eigenvectors associated with the eigenvalue A%, then there
exists an orthogonal matrix O € R¥**% such that

Pk, 1 Dk, 1
. |=0|
Ok, 1 Pkl

Consequently the matrix M(A\2) built as M(A2) by using {@x ;}*, instead of {¢g ;}2, is
given by

M(A2) = OM(X2)0T

and therefore Apmin (M(A2)) = Amin(M(A2)).
2. If Iy = 1, then the condition (1.20) is reduced to

Ve e N, > lpe() >0
vEV,

because M()\2) is the matrix of size 1 equals to Z e (v)]?

'UEVC

1.3.4 Counterexample to the stability of the system

In this section (and in the remainder of the chapter) we have made the hypothesis
(1.10). As in [110], we may expect non-stability results if this condition fails.

In [110], the authors consider the wave equation on a string of length 7 and used
a boundary control. They show that if (1.10) does not hold then non-stabilities appear.
Since their problem enters in our framework, this is a first counterexample. As a second
counterexample, we consider the wave equation on a string of length 7 but with an interior
control. Namely we consider the problem

rau(z t) — %z( t) =0 O<z<mt>0,
(5— ) U(E-H ) = —(al (5 t) + a2 ot (5’ )) t> Oa
ale., 1) = ules. & t>0,
u(0,t) =0 t>0, (1.22)
Su(m, 1) =0 t> 0,
(t—O)zu(O), &t =0) =ul 0<z<m,
\%%(f,t-—’r):fo(t—T) O<i<r.

Lemma 1.3.9. A complex number A € C is called an eitgenvalue associated with system
(1.22) if and only if X satisfies

(a1 + age™7) cosh(A(€ — 7)) sinh(A€) + cosh(Ar) = 0. (1.23)
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Proof: Setting u(t, .) = eM, we see that u is solution of (1.22) if and only if ¢ satisfies

Nop(z) ~ B2 (z) = 0 peosm
82(6-) — 32(64) = —(o1 + c2e ™9 (€)

99(6—) =@ +)1

p(0) =0,

3e(m) =0

We then obtain

Asinh(Az)  in (0, &)
p(z) ={ A cossﬁr(l,\@—w)) in (€ )

where A, A; are real constants. The continuity ¢(£.) = (€+) and %5(5_) - %f(&) =
—(a1 + age ™) Ap(€) imply that

sinh(\¢) — cosh(A(€ ~ 7)) A
( cosh(AE) + (a3 + aze™7) sinh(A¢) —sinh(A(€ — 7)) ) ( A ) =0.

Therefore a non trivial solution exists if and only if

inh(\€) —cosh(AM§ —m)) | _
det ( cosh(\E) + (osqn-l- ape™ ") sinh(A€) ’Z?I?h()\(f —)) ) =6

and simple calculations lead to the characteristic equation (1.23). ]

The characteristic equation (1.23) is equivalent to

AN =(oq + are™)ePE™ _ (0 + ape™ — 2)e” "

— (a1 + ape™ )™ 4+ e M+ 24+a; =0.

Take an interior control £ and a delay 7 such that

E_2m+1 _20%k+1)
T 2m+1  2m+1
where n. m, k € Z. Now we look for A in the form
2 1
A=n+1 nt ,neR.
For such a A, we have
AN = (a;— aze ™)) 4 () — ape™ — 2)e~ 2
+(ay — e )eTE — e + 24+ o
= A()(’I])
If we suppose that
ag > oy > 0.

46



Then
AQ(O)Z (al —a2)+(a1—a2—2)+(a1—a2)~a2+2+a1 :4(611—02) SO

and
lim Ao(n)—a1+2>0

n—+0o0

By the mean value theorem, there exists 7 > 0 such that Ap(n) = 0. Therefore A =
n+2Li n € Z, is an eigenvalue of system (1.22) with Re(A) = n > 0. The system is then
unstable for the countable set of delays 7 and of control points £ in the above form.

1.4 A regularity result and an a priori estimate

We consider the following problem with non-homogeneous transmission conditions

r %Lgi(m’ t)—?aiz%i(% t)=0 O<zi<l,t>0,Yje{l,.. N}

w;i(v, t) = w(v, t) = w(v,t) V4, 1€E), v € Vin, t > 0,
g_:‘-i(va t) = k’u(t) Vv € Vat > O,
Jj€&y
Y Y5, 1) V0 € Vin\VE .t > 0, (1.24)

JEE,
wj, (v, t) =0 Yv €D, t >0,
%wﬁf‘b;(”vt)=0 Yv e N,t >0,

| w(t=0)=0,&@t=0)=0

This system modelizes the vibrations of a network of strings with local forces at the nodes

of V.. The next proposition gives existence and regularity results for the solution of problem
(1.24).

Proposition 1.4.1. Let T > 0 be fired. Suppose that k, € L*(0,T) for allv € V..
N

Then the problem (1.24) admits a unique solution w € HHl((O, l;) x (0, T)). Moreover
j=1

w(v,.) € HY0, T) for allv € V, and
Yo lw, Mo S D Mellpen Yo e Ve (1.25)
VEV, vEVe

The proof of this proposition is relatively technical and requires some preliminary re-
sults.
We first consider the following problem

wy(x, 1) — we(z, t) =0 in (0, 1) x (0, T),
w(l, t)=0 on (0. T),
w,(0, ) = k(1) on (0, T, (1.26)

w(z, 0) =0, w(z, 0) =0 on (0, 1).
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Lemma 1.4.2. Assume that k € L?(0, T). Then problem (1.26) has a unique solution
w € HY(0, 1) x (0, T)) which satisfies

HwHHl((O, 1)x(0, T)) S HkHLz(o,T)-
Moreover w(0, .) € HY0, T) and satisfies

flw(0, -)”HI(O,T) S |lk”L2(0,T)'

Proof: We extend &k by 0 on R\ [0, T| because (1.26) is reversible in time.

Let @(z, A) where A = v+1in, v > 0, n € R, be the Laplace transform of w with respect
to t. Then W satisfies

(1, 0,
22(0, X) = k()),
where ®A > 0. Consequently w(x, A) = acosh(A(z — 1)) + bsinh(A(z — 1)), with two
complex numbers a and b. R
Since (1, A\) = a = 0 and %(0, A) = bAcosh(\) = k(A), we deduce that
sinh(\(z — 1))
Acosh(A)

{ Nap(z, N) — £2(z, \) =0 in (0, 1),
A) =

Wiz, \) = E(N).

because cosh(A) # 0.

e Existence of w : w(z, t) = E‘l(si—':\hc(;\s(;f—(;)lﬁ) * k where L1 denotes the inverse Laplace
transform.

e Uniqueness of w : if w;, w, are two solutions of (1.26), then w = w; — w, satisfies
the wave equation in (0,1) with homogeneous boundary and initial conditions. Therefore

— wy = 0, which proves the uniqueness of the solution of (1.26).

o Regularity : Let v > 0 be fixed and set C, := {X € C; R = v}. Define H(z, \) =

Sinlclc(;;\hz\'—i 2 for A € C,,. We clearly have

[ H | oo (0, 1yx ) S coth (7).

Therefore
. H(z, M) coth(7) ||+ _
i(z, A = |2 (A < 22 ko . (o7
fote: Mlisa oy = | 75RO Lo CE
which implies that w € L#((0. 1) x (0, T)) with
lwll 20, vx 0.1y S 1Kl 20,7 - (1.28)

Indeed, we have

o] ) +0oo )
Wz, A) =/ e~ Oty (z, t)dt = / e Ve M w(z, t)dt
0

—0

=F(e™ w)(n) = Flw)(n)
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where F denotes the Fourier transform and where we have set w; = e~ w. Therefore

lwill 2o, yxoryy 85€ T <e™<1on(0,7T)

< lwill gz, 1)xmy
~ || F ()Ml L2, 1yxr,) by Plancherel’s formula

i (z, >‘)||L2((0, 1)xRy)

”wHL2((0, 1)x(0,T))

while
Wkl 20,y = &2y ~ k€™ [ 2y
~ |[F(EeTR)Y M o,
= |ls0] , . -
L0
These two equivalences and the estimate (1.27) lead to (1.28).
Since

H/\’lf)(m A)HLZ((Q 1)xRy) = L2(Ry)

we deduce that w € H*(0, T'; L?(0, 1)) and

lwll g 0,7 2200, 13y < 11Kl 220,77 -

Indeed
% < fE,
o llz(o.yx.1) = dat L3(0 1)xR) _
~  ||FE&Hm) hLz((O 1w, by Plancherel’s formula

~ |(am)F (wl)(mﬂm((o 1)xRp)
~  |[(in)d(z, )\)”p ((0, 1)xRy)

and
IXb (2, M Zeqo,yxryy = Jo Jr, M d(z, A)*dAda
= fo fm 2 + 9?)w(z, A)?dAdz
2 ||(”I)w($ >‘)”L2((0 1)xRy) *
Therefore 5
ow
%52 ”L2((O 1)x(0,T)) S (s Mz, 1wy
< <
~ H L2(Rn) ~ “ HLQ(O,T) :
We finally conclude that
w ow
| E”Lz((o,nx(o,:r)) “‘37 e T '7“’“L2 (0, DX, T))

| HL2 (0, 1)x(0,7)) T ||w”L2((0 1)x(0, 7))
&l 220, 7) -

AN A

In a similar manner we have

[ A@(0, /\)|'L2(R,,) < coth(v) “]27(/\)

L2 (Ry)

49



which implies that w(0, .) € H*(0, T') and satisfies

Hw(O, ) ign 0,T) ~ Hk”m(o T) -

Finally %£(z, )) = 5’%‘%—%—21»( ). But the standard estimate

< cosh(Re z), Vz € C implies that

cosh(A(z — 1)) < cosh(y(1 — z)) < cosh(y) ~ cothn
cosh(\) —  sinh(y) ~ sinh(%) ’
therefore iz A
ooz, 2) < coth(y) k(0|
Oz L2((0, 1) xRy) L2(Ry)
which leads to §2 € L2((0, 1) x (0, T)) with
ow
e < Ikl -
’ Oz || £2((0, 1) (0, T)) ©on
Indeed
“ “L2((o Hx0,T) ' w “L2 ((0,1)% (0, T)) pS ” “L2 (0, xR)
~ || F(g e Y| L2(0.)xRy) Y Plancherel s formula

dz L2((0,1)xRq) *

It remains to check the initial conditions. We remark that

2 2

lcosh z|

e (sinh(/\(a: - 1))) _4 f(—l)nﬂ o ((Q'n — (e — 1)) o ((zn - 1)m)

Acosh(A) et 2n -1
=F(z, t).

Note further that F' € L>=([0, T]; L%(0, 1)). Therefore

¢
w(z, t) = / F(z,t— s)k(s)ds
0
Consequently we directly see that
w(z, 0) =0
(the trace having a meaning because w € H'((0, 1) x (0, T"))). Moreover

%tqﬁ(x,w:F(x:o)k(tH/Ot%—( t—s)k ds—/at £ = s)k(s)ds

Consequently

“ftdp(at t—s)k ds”
INE (s)lds,
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where V' is the dual space of V with V = {u € H*(0, 1); u(1) = 0}. But we may write

OF , . ArE . [((@n-Dr(z-1) (2n — 1)t
—at—-(x, t) = ;§n=1(~1) sm( 5 )cos (———-5———>

_ ian(t) - ((Qn ~ 1);(95 - 1)) |

where a,(t) = 2(-1)"*! cos(@_zl—m) and {sin(gz—’:lggz—_ll)}n is an orthogonal basis of
L*(0,1). This implies that

F +00
|50 ~Sazn
0t v n=1
with a?(t) < 4. Therefore
OF
—(z, t <1
H o Y "~
and consequently
w t
1860l 5 f k) |
S (Jyds)z(Jy Ik(s)* ds)?
S Vil e,y -
This shows that
v ¢ c(o, 7]; V")
at bl bl
and moreover S
This ends the proof of the Lemma. L]
We now make a local construction. Namely for a fixed v € V,, we consider @) solution
of { 8211)(”) 32,&}(:") .
f?tg—(x,t~?x2L(a:,t)=0 0<z<l,t>0,Vj €&,
D (v, t) = B (v, 1) Vi, 1€ &, t>0,
i)
ST, ) = ku(t) t>0, (1.29)
JEE
B (l,,1) = 0 Vje &t >0,
[ @™ (t=0) =0, 2Z2(t = 0) =0,

where [, = minjeg, [; (without loss of generality we may identify v with the extremity 0
for all edges of £,).

The unique solution of this system is simply wj(-”)(a:,t) = w(z/ly,t/l,), where w is
solution of problem (1.26) with k(t) = —fﬁ co(lt), when E, is the cardinal of &£,. By
Lemma 1.4.2, we directly obtain the
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Lemma 1.4.3. The system (1.29) admits a unique solution w ‘e H 10, I,) x (0, T)),

j € &, such that
a5

< |k .
HY((0,1,)x(0,T)) ™ I ““U(O,T)

Moreover wj‘.”)(v, .) € HY(0, T) with the estimate
EERICNN] I L

Let us now set (assuming for the moment that w exists)

w(z, t) = w(z,t) - Zn") ()™ (z, t)

vEV,

H(0,T)

where @™ is solution of problem (1.29) and n® is a cut-off function such that supp
n®) = £, n®) is equal to 1 in a neighborhood of v and is 0 outside a larger neighborhood
of v. Then we easily see that w is solution of the following system

([ Ssi(z, t) — % (z, t) = hi(z, t) O0<z;<ljt>0, € {l,.,N},
w;i(v, t) = wi(v, t) Vi, le&y, v € Vin, t >0,
Zg—:’j(v, t)=0 Yo e V,UVE,, t >0,
y i€t (1.30)
wj, (v, ) =0 YveD,t>0,
g—‘;jiu(v,t)zo Yo e N, t> 0.
L w(t=0)=0,&(t=0)=

where h; is given by

e o o
hi(z, t) = Z ( I (zq; (2, t) + 2 62: (x)—a—J—(x, ).

(A
vEV. 1 JEE,

We have then transformed the system with nonhomogeneous transmission conditions to
a system with nonhomogeneous right-hand sides. This system can be written in the form

w
B

where the operator A was defined before. Since A is a positive selfadjoint operator on
L?(R), we directly obtain the

Lemma 1.4.4. The solution w of (1.30) has the reqularity
we 0, T;V)NCH0, T; L*(R))

and is given by the so-called constant variation formula

ZZ (/ sin((t — s)Ag)(h(-, )e‘Pk,i)L'z(R)dS) ki

k>1 1= 1
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N
Lemmas 1.4.3 and 1.4.4 guarantee the existence of a unique solution w € HH 1((0, i)

J=1
x (0, T')) of problem (1.24) given by
w(z, w(z. t) + zn(”) Yo' (z, 1),
‘UEVC
and satisfying

N

Z Nw;ll 0. 15)x0.79) S Z Ikl 22 0,7y (1.31)
i=1 vEV,

It remains to show the regularity at the nodes of V,. Fix one vertex v € V, and a cut-off
function x) such that

XV =1on[0,4/3, x¥=0o0n(2/31]Vi€E,
where we have identified v to 0. Let us now set
W = x®w

This function W is solution of the following wave equation :

( aW(ar:, )—?-;Z-Zix,t)zﬁj(x,t) O<z<l,t>0,Vjel,
W0, ¢) = Wi(0, 1) Vi 1€ &,y t >0,
D F20, 1) = ku(t) t>0, (1.32)
7€&
vvj(l'm t)=0 Vj€5v7t>07
| W(t=0)=0, 2(t=0)=0,

where h; is given by

. 5 (v) ‘ Sy P
ho ) == 3 ( 2 (z)uye, 1) + 25 (@) 52 (2, 1) )
VeV 1 5EE,

According to the estimate (1.31) satisfied by w, we have

1Rl 20y xory S 3 Nk llzzom-

v Gvc

Recalling that E, is the cardinal of &,, we then may write

& ={Jiti=1, B

Introduce
Vi = Z”w
V., = W}i W;,Vi=2,--- E,.
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We remark that V;,i = 2,--- , E, is solution of the wave equation with Dirichlet boundary
condition at 0 and Ly, whlle V1 is solution of the wave equation with Dirichlet boundary
condition at [, and Neumann boundary condition at 0, namely

fﬁ%(x t) — L% (2, 1) = g(z,t) 0<z<l,t>0,
52 (0, 8) = ky(t) t>0, (1.33)
Vl(lv: t) = 0 t> O,
Vi(t=10) =0, Z2(t =0) =0,
where g =3 .o h; and then satisfies
lgll 2qorxoan S D lkvllzzom. (1.34)

v eV

But Lemma 1.4.5 below shows that

||V1(0, ')||H1(0,T) < ”g“L2((O,lu)x(0,T)) + “kuHLz(o,T)-

Since
1 B
Vle = E_(VI - ZV;)>
v 1=2

W;, = Vi+W,; Vi=2,... E,,
we conclude that

W5, 0, Mmom < lgllzaouxomy + Ikllr2or), ¥i=1,- -, By
Using (1.34), we obtain the estimate (1.25) from Proposition 1.4.1.

Lemma 1.4.5. Let V; € H((0,1,) x (0,7)) be a solution of (1.38) with g € L*((0,1,) x
(0.T)) and k, € L(0,T). Then

oV;
H#(O, Mr2om S 19lle2o 0 x0m) + lkellz20.m)-

Proof: Let us denote by V the solution of

OV (z, t) ~ &8 (z, t) = g(z.t) O0<z <l t>0,

(0, t) = ky(t) t>0

o ? ’ 1.35
V(lv,t =O t>0, ( )
V(t=0)=0,5(,t=0)=0,

where § (resp. k,) means the extension of g (resp. k,) by zero outside (0, T). Since V = V;
on (0,1,) x (0,T), it suffices to show that

V
H—&?(O, Nz S 9llz2qoian) <o) + ksl (1.36)
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For that purpose we use a multiplier technique. Namely we multiply the wave equation
satisfied by V by (I, — z)(2T — t)V,(z,1) (here and below for shortness we write V, = 25)
and integrate the result on (0,1,) x (0,27"). This yields

I 2T
/ / 3(2. ) (1, — 2)(2T = 1)V, (=, 8) dodt = T — I, (1.37)
0 0

where

» 2T
I = / Vie(ly — 2)(2T = t)V, dzdt,
4] Q0

ly 2T
L = / Vie(l, — 2)(2T — )V, dzdt.
0

For the first term I; an integration by parts in time yields (no boundary terms occur
because V;(t = 0) = 0)

lo poT
I = / Vi(ly — 2)Vy(z,t) dzdt — I3, (1.38)
o Jo
where

lv  p2T
I3 = / / Vi(l, — 2)(2T — t)Va(z, t) dzdt.
o Jo

For I3, an integration by parts in space and Leibniz’s rule lead to

Ly 2T a

L = - / / 2 (Villy - 2))(2T — t)V; dudt
0 0 83:

ly

[ / 1, - 2)(er - OV de|

Ly 2T
= // Vi2(2T - t) dzdt — I

~ (2T — t)0,|Vi(0,8)|* dt.
0

This shows that

Iy 2T 2T
_ %/O /O ViPERT - 1) dxdt—%’/o (2T — VA0, 1) dt.

Inserting this expression in (1.38) we find that

L = /lv Vil — 0)Va(o.t) dudt (1.39)

ll, 2T
—*// Vi2(2T —t) dzdt

+—23/ (2T — t)|V4(0,1)|* dt.

0
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Similarly for the second term I, an integration by parts in space yields

L = /IU/H (2T — ((z — 2)V,) dzdt

by

+U (2T — t)(1, — )|V, |? dt

0

Ly 2T °

_ _12+// V22T — t) dodt
0 0

27
1, / (2T — )|V, (0. 8)[2 dt.
0

This means that

ly 2T
// \V.|2(2T — t) dzdt (1.40)
—5/0 (2T — t)|V:(0,1)|* dt.

Inserting (1.39) and (1.40) into the identity (1.37), we have obtained that

l, p2T l, 2T
/ / g(z, t)(l, — 2)(2T — t)Vy(z,t) dzdt = / Vi(ly — z)Vy(z, t) dzdt
o Jo o Jo

1 ly 2T
——// \Vi|2(2T — t) dzdt

2T
_/ (2T — )|Vi(0, 1) d.

I T
--/ / V(2T — t) deedt

+§/0 (2T — )|V4(0,1)[* dt.

Reminding the Neumann boundary condition satisfied by V we get

- /02T(2T—t)lV2(0=t)12dt - / /O”gu,txzv—x)(zT—th(x,t)dxdt

o 2T
—/ Vill, — 2)Vi(z, t) dzdt
o Jo

1 2% 2T

—/ / VA2 (2T — t) dzdt
ly 2T

/ / VA& t) dzdt

—5/0 (2T — )|k, (1)]? dt.
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By Cauchy-Schwarz’s inequality we obtain finally

T
/0 2T = )|Va(0, ) dt S 119l 220y x 0.y + NV I E (0.00)x (0.27))-

This leads to the conclusion due to the estimate (1.34) and the estimate (consequence of
our previous considerations, see (1.31))

WVl a0y 2y S N9l 2(000)x 019 + Kol z200.1)
and since 27—t > T on (0, 7). n

Now we prove an a priori estimate which uses the trace regularity result of Proposition
1.4.1 and that will be useful to prove our stability results for problem (1.1).

Let ue C(0, T; V)NCY(0, T; L*(R)) be the solution of (1.1). Then it can be splitted
up in the form

u=0¢+Y
where ¢ is solution of problem without damping (1.14), and v satisfies
(( Tz, t)— LY (z, t) = 0 O<z<l t>0,Y5€{l,.., N}
P(v, t) = ¢z(@ t) Vi, 1l €&, v € Vint, t >0,
89 (v, t) (v)a,“@ )+ oDy t -1, YoeV,t>0,
dnJ 2 ot
J€E
$ > (1) Vo € Vint\VE,, t > 0,
JE€E
Yj, (v, t) =0 YoeD,t>0,
"“’v(@ t)=0 Ve e N, t >0,
\ w(t—O)—O 2(t=0)=0.
(1.41)
In other words v is solution of problem (1.24) with
v) O
ko(t) = (a&v)gj(v, t) +al )—5?(1;, t— TU)> . (1.42)
For all v € V,, we may write
0o Ou oY
—(v, .) < =, .) —(v, .) .
' ot L2(0,T) ot L2(0,T) ot L2(0.T)

Now by Remark 1.3.2, k, = —(a{” Qu(p, )+ a(”au( -—~1,)) € L*(0,T) for all v € V..
Then we can apply Proposition 1.4.1 to ¥ and obtain

S Mpen S X i o8y )+ a8, —7,) o
vEV, vEVe ‘ '
S Z(“%(L? ')“Lz(o,T‘) + ”%(U - TU)HLE(O,T))'
'UEVC
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The two above estimates yield

2_N%@ Meen £ 2N%@ e+ 2215 @ e n

VEV, vEV,: ) VEV,
S Z(l %?f(vv ')“Lz(O,T) + “%(U’ - TU)“L2(0,T))'
'UEVC

This directly leads to the next a priori bound :

Lemma 1.4.6. Suppose that (u©@, u® | (fO(=7,))vev,) € H. Then the solutions u of (1.1)
with initial data (u©, v, (fO(—r, ))vevc) and ¢ of (1.14) with initial data (u©®, vV)
(which belongs to V x L2(’R) ) satzsfy

Z/( vt)) dt < Z/ (au@t (%(@ t—ﬂ,)))dt.

vEV, vEV,

1.5 The exponential stability

Our approach is based (as for the polynomial stability) on a trace regularity result

(Proposition 1.4.1 and Lemma 1.4.6) and on an observability inequality of problem without
damping (1.14).

1.5.1 An observability inequality

Proposition 1.5.1. Let (k. i)1<i<i,, k>1 be the orthonormal basis of the operator A. Let ¢
be the solution of (1.14) with (u©®, uV) € V x L*(R). Then there exists a time T > 0 and
a constant C' > 0 (depending on T ) such that

8 2 |
[|u® ||V + || 1>||L2(R) < CZ/ ( ¢ (v, t)) dt (1.43)
vEV,

of and only if )

da>0,Vk=1,--- ,N+1,Vn € A, Apin(M") > a, (1.44)
where the matriz M™ is defined by
= ®,(v)" B, B ®u(v),
vEVe

the matriz ®,(v) of size k X L,, where L, = Zf=1 lntio1, 15 given as follows : for all
1=1,--- .k, we set

oo ¢n+i—l,j—Ln,i—1(v) 2f Ln,i—l < .7 .<_ Ln,z’,-
(@n(v))is = { 0 else,

where Lng =0 and fori> 1, Ln; = Y4y lnir—1.
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Proof: We first show that (1.44)=(1.43). Writting u(® = > ks Zi’;l ar, ik, and wV) =

Ykt Zli’;l b,k Where (Akai i)ik, (bri)ix € [2(N*), then the solution ¢ of problem
(1.14) is given by

0.1 = 3 (onscosth) + 2 i)

k>1i=1

Consequently for any v € V,, we get

I

a k

—6%5(@ t) = ZZ(—ak*i)‘k sin(Agt) + bk, ; cos(Axt) )k, i (V).
k>11=1

Putting together the terms corresponding to the same eigenvalue, we obtain

Ik

Ik
gf(v )= (Z - ak,igpk,i(m) Aesin(Aet) + ) (Zbk,igpk,i(v)) cos(At).

k>1 \i=1 k>1 \i=1
Using the notation introduced in Proposition 1.3.7, this is equivalent to
- X anfe)e
TL
nez*

Integrating the square of this identity between 0 and 7" > 0 and using Ingham’s inequality
(1.17) for T large enough, and summing on v € V,, we get

2/ (G0 )dt>NZHZZUB (0B,

’Uev k=1 I‘n,IEAk vEVe

But for all n € Ay, setting

-An = (Anaan"'aAnaan,An+lan+1Je"'aAn+Jan+1Jn+n"'a
T
An+k—1an+k—lJ""rAn+k—1an+k—lJn+bq)
- T
B'n = (b'n., 1s°°° 7bn,lna bn-{-l,la e )bn-é-l,l-,ﬂ_p e vbn+k-l, 1777 s bn+k—1eln—+—k—1)

we readily check that

> IB Calv) i3 = Z(BT MB, + AT M A,).

vEV,

Hence the assumption (1.44) yields (because M™ is a symmetric matrix)

Y IBCa)llz 2 11Balld + 1441

vEV,
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Therefore under our hypothesis, we have

le
> [ (Zen) ez S s

vEV, k>1 'i=12 9
2 Ol + @l ey

because (gok,i) ks i1s an orthonormal basis associated with the operator A.
It remains to show that (1.43)=-(1.44).
Let k = 1,--- ,N 4+ 1 and n € A be fixed. Take u(® = P 15m o om: and

u) = E"m“;kn“l Zlm b, i¥m, ;- Then the solution ¢ of problem (1.14) is given by

n+k~1 Iy

Z Z (am i cos(Amt) + )) Om, i-
Then for v € V.
a¢ nt+k—=1 Im
E(v t) mz_:n ;(——am,)\ Sin{ Amt) + b, ; €OS(Amt))om, s (V).

Applying again Ingham’s inequality, we get for T large enough

2
) / ( t)) &t ~ BI M B, + ATMP A,

vEVe

By (1.43), we obtain

n+k-1 In
BIM By + ATMMA > C Y > (a2, X2+, ),
m=n i=1
for some C' > 0. Hence we conclude that
Amin(M™) > C.
This ends the proof. [ ]

Remark 1.5.2. If the standard gap condition (1.18) holds, then the condition (1.44)
reduces to

Ja > 0, Yk > 1, Apin(M(02)) > (1.45)

In particular if [, = 1, then the condition (1.45) becomes

Vi >1, Z lor(v)? > a.

VEV,
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1.5.2 The stability result

We are now ready to give a sufficient condition that guarantees the exponential stability
of (1.1).

Theorem 1.5.3. The system (1.1) is exponentially stable in the energy space if (1.43)
holds.

Proof: Let u be a solution of (1.1) with initial data (u(®, vV, (fo(=7-))vey.) € D(A).
Integrating the inequality (1.13) of Proposition 1.3.1 between 0 and T where T is
sufficiently large, we obtain

E(0 >2/ (&, )2 (%(v £ —7))dt
z% /O [%%(v £)2 + (a“(v t—7))dt + & Z/ L

2 /Ta(’t2dt+Z/T(—E('t— ,))2dt by Lemma 1.4.6
~ (557">) atb’ T, yemm G,

veV, v0 vey, Y0

2 O + e+ 5 [ (G =

veVe
by assumption

R S S A

vEV:

Indeed, for T > 7,, by changes of variables, we have

T—Ty U
/O Gwr-nya = [ Gt oya
0 1
> [ Gwopa=n / (B, —ru0))dp.

The previous inequality directly implies that

B(0) - B(T) 2 5 (uu O+ ey + 5 [ G —Tvp))zdp) .

v€Ve
This means that for T large enough

E(0) - E(T) z CE(0)

for some C > 0. Since our system is invariant by translation and the energy is decreasing,
it is well known that the above estimate implies the existence of C; > 0 and €5 > 0 such
that

E(t) < C1E(0)e % vt > 0. (1.47)
Hence the energy decays exponentially. By density of D(A) into H, we deduce that (1.47)
holds for any initial data in H. E
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1.6 The polynomial stability

1.6.1 An observability estimate

Proposition 1.6.1. Let (@ )i1<i<i x>1 be an orthonormal basis of eigenvectors of the
operator A. Let m € N*. Let ¢ be the solution of (1.14) with (u®, uM) € V x L2(R). Then
there exists a time T > 0 and a constant C > 0 such that

veZy/ (—(v ) dt>C’(Zk2mZ ) (1.48)

k=21

!
where u® = ZZ(LL iox,s and ul szbk,igok,i if and only if

k>1i=1 k>1 i=1
ImeN,3a>0,Vk=1,---,N+1,n € Ap, Anin(M") > n;im (1.49)
Proof: The proof is similar to the one of Proposition 1.5.1 and is therefore omitted. =

Remark 1.6.2. As before, if the standard gap condition (1.18) holds, then the condition
(1.49) reduces to

Ime N, Ja >0, VE > 1, Amsn(M(O2)) > ki (1.50)

and if [y = 1, then condition (1.50) is nothing else than

Ja > 0, Vk > 1, Z loe(v) [ > kéim'

'UEVC

Let (u¥, vV, (f°(=7,.))) € D(A). By the so-called Weyl’s formula (see for instance
[20,82]), we have
kw

)\kwf

where L = Zf;l l;. This implies that

l
mez ak,i)‘i + biz) ~ Zi(ai,%i(l"m) + bi.i>‘1;2m)

k>1 i=1 k>1 i=1

HU(O)HD(A_T‘) + Hu @ “:IZD(A—%)

because, for u =3, SO Uk ik, We have |l“|l%(,4s) ~ Y ks Sk X2 for all s € R.
Therefore the observability estimate (1.48) is equivalent to

> [ (Z0) a2 O, o,

f—))
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Now using Lemma 1.4.6, we obtain

5 0 T 7 du ou
““(O)HD(AL}’E) . ““‘(DHD(A-%I) < é\;/o ((-&—(v, )% + (—B—t(v,. t— Tv))Q) dt.

On the other hand integrating the inequality (1.13) of Proposition 1.3.1 between 0 and T
where T is sufficiently large, we have

EO)-ET) 2 / o, 0 + (P, t = m)Pat

ot
vEV
2 33 [ (Geor s Gei-mpie
vEV,
1 8u 9
+5§/ (7 (0. t = 7))t
Therefore
E(0)-E(T) = HuO)”D AT)+”u(1)”D(A %)+Z/ — 7))2dt
v€EVe
2 H(U(O (1) _m+ZTv/( (v, —T,p))%dp,
vEV,

where X_,, = D(A*3®) x D(A~%) and due to (1.46). This finally shows that the observa-
bility estimate (1.48) implies that

E(T) < E(0) - K; (H(u<°>, u<1>)|[§_m / (- v, —Tvp))zdp) (1.51)
vEV,

for some K; > 0.
Now we recall the following interpolation result.

Lemma 1.6.3. For (u9, u¥)) € D(A) x V, we have
[l o

oty S o HU(O)}lD(AL_Tm)’

[ P N Ul e

Proof: Direct consequence of the equivalence Hu][zD( Ay~ 2ps1 Sk Jugal M for all s €
R, whenu=73%",., Ei’; | Uk,ipr; and of Holder’s inequality. ]

Corollary 1.6.4. For all u € X, it holds

el < Tull lull (1.52)

L i=m .,
D(ATT )

63



Proof: We fix a sequence of cut-off functions 7, v € V satisfying

Zm=10n7€, Ny = 1 near v,

vEY

and such that the support of 7, is included into S,, where S, is the star-shaped network
made of the edges e;,j € &,.

Denote by A, the Laplace operator defined on S, with Dirichlet boundary condition
on all nodes of S, except at v, where we impose Neumann or transmission conditions. Let
us show that if (1.52) holds on S, for n,u, then it holds on R. Indeed a convex inequality

yields
g™ <D Ineull 7t
vey

Now using (1.52) on S, for n,u, we get

el S D Imoull, Imoul

veY

il (1.53)

the norm X, being defined as the norm X but on S,. By Leibniz’s rule, we directly have

Imullx, S llullx -

Therefore it remains to estimate ||nvu|]D(A Ly For that purpose, we use a duality argu-

ment, namely

ol qup | J
P s, et Tl
wED(AT AT)

sup Js, unow
m=l ” | mel
weD(A, 2 D(A, % )

u

Tt T fﬁ .

weD(ArT DfAT)

by extending n,w by zero outside S,. Using the duality in R, we obtain

e Tl

-m < Al
Il o5 < Il
D(A“T) D(Ay 2 )

1—mm
ATZTT)
But again Leibniz’s rule yields

ool gz,
sup ——

met wl -z
weD(A, ¢ ) D{A, * )
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which shows that
<
This estimate in (1.53) shows that (1.52) holds.

We are reduced to show that (1.52) holds on S, for n,u. For that purpose, without loss
of generality we may assume that v is identified with 0 for all edges of £, and that supp
My C Ujes, [0,21;/3]. For shortness write U = n,u. Now for any j € &,, we introduced the
following extension of U; :

U;(z) if z € (0,1),
7. =
Ealy(e) ’{ i wls(=2'z) if ¢ € (-27070;,0),

[l

where U is extended by zero outside its support and the real numbers v; are the unique
solution of the system

n_ —
1=0 Vi = 1

-2y, =1
" 2%y =1
E?:Ol 2—2kiy’i = 17Vk = ]-a e, — 3>

and finally n = 2 if m is odd and n = 2 if m is even.
With the help of these extension operators we obtain an extension of U € X, to a func-
tion EU, which belongs to D(Av) (due to the three first properties of the v;), where A, is the
positive Laplace operator on the star shaped network S, = Ujee, (0,1;) U Ujee, (=2~ D1, 0),
with interior vertex v and Dirichlet boundary conditions at all other vertices. Applying

Lemma 1.6.3 to EU on the network S,, we may write

m+1 m
IBUIT, < NEUNG ) WEUY iz

Z1
Now using the fact that the norm in D(AZ2) is equivalent to the H' semi-norm and since
EU is equal to U on S, we obtain

IIUII’"+1 S IEVIba, IEU (1.54)

Jl=m .
D(A, T )

This means that it remains to estimate the right-hand side of this estimate. First by
construction, we easily check that

1BVl S MU, - (1.55)

As before to estimate the second factor, we use a duality argument. First we remark that
~m—1
for w e D(A,? ), we have

EUu~ Z/ Uj(z)w;(z da:—i—Z/ —i(x)w_;(z) dz,

J€& JjEE 2- (n-nl
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where for shortness we write w_; the restriction of w to the edge (—2“(”"1)l ;: 0). By changes
of variables, we obtain

/Euw Z/U ) (Fw),(z) de,

where
n—1

(Fw);(z) = wi(z) + x;(z) Z v27U;(-27'), Yz € (0,1;),
i=0
the cut-off function x; being fixed such that x; = 1 on [0, 2l;/3] and x; = 0 on [5,/6, ;] (re-
minding that U;(x) = 0 for 2 > 21,/3). Now we notice that the conditions on v; guarantees
that Fw belongs to D(A:—IZL ) and by Leibniz’s rule we have

[Fwl| - me <

DA, T )™ DUALT Y

By duality we conclude that
EU —m < om .
IBUN, jim S IUN o

This estimate and (1.55) in (1.54) show the requested estimate (1.52) on S, for n,u. =
Now let (u@, u), (f(-7,.))) € D(A) be fixed (and different from 0). By a convexity
inequality and since V x L*(R) = D(Az) x D(A?), we have

1
e, w ey NN 5, + el 5

Using Lemma 1.6.3 and Corollary 1.6.4, we get

[Tl g~ IIU“”IIX [ pazm, + 1oty el =,
S (Hu(‘))llﬁllu(”llp ah) Hu(‘”HD PR Ui FOES

< (llu@’!lﬁliu(”llD (ah)) Hu“”llD iz 1)

S u(‘” Nxwpiar 1 u?) llD(AT>xD<A 7

S O pady @@ uD)l,

This inequality is equivalent to

||<u<°> u<”>li;’1’i"£i "

H(U(O)7 u(l) “X_m ~ H

)HXXD(AE)

Using the trivial inequality

[(w©@, u®)]| [, u®, (P D 5 peab s 0.1

H(U(O)‘/ u(l)v (fo(_'"Tv-)))HD(A) 3

XxD(A%)

A IA
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we finally obtain

2m—+2
VxL2(R)

1(w®, w®, (=7 ) tay

| (w©, )

(@, w5 2

(1.56)

1.6.2 Polynomial decay of the energy

The proof of our stability result requires the next technical Lemma proved in Lemma
5.2 of {10].

Lemma 1.6.5. Let (e;); be a sequence of positive real numbers satisfying
Ek+1 S €k — Osi:ff, vk 2 07 (157)

where C > 0 and a > —1. Then there erists a positive constant M (depending on o and
C) such that
5kS—————M —, Vk > 0.
(L4 k)T+a
Theorem 1.6.6. Let u be a solution of (1.1) with (u®, v, (f°(=7,-))) € D(A). If (1.48)
holds, then the energy decays polynomially, i.e.
C
E(t) < ——||(x?, 0 ¥t >0, 1.58

O e [, «®, (=) (1.58)

for some C > 0.

Proof: Introduce the modified energy

B(t) = 510N = 000N + JAVOIE)

As in Proposition 1.3.1, this energy is decaying,.
Combining the estimates (1.51) and (1.56), we obtain

“(U(O) U(l) “2m+2

’ VxL'-’(R) v —7.0))?
E(T>5E(0)—KQ( Eom / ( ( wP)) dp)

vEVe

for some K; > 0, or equivalently

2m+2

u(o 2 9
E<T>§E<o>_K2(“ e ||(f3(—7v-))“22<o,1)%)'

Using the trivial estimate

H “27(321 < H(fl(')(«—T”'D”i?(O,l)VC ( T’U HHI(O 1)Ve

S NS ERD a0 EO™
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the above inequality becomes

2m+2

2m+-2
E(T) < E(0)- K. e, wO ) + I 7 Dz
2(0) — K, )

- E(‘o)m—H E(O)m

< B(0) = Ko S

with K3 > 0. Since the energy of our system is decaying, we obtain

E(T)m+l

E(T) < E(0) — K T

(1.59)

We now follow the method used in [10]. The estimate (1.59) being valid on the intervals
kT, (k + 1)T), for any k > 0, we have

E((k +1)T)™+

E((k+1)T) < E(kT) - K3 E(kT)m . (1.60)
We set
e E(kT)
TR

By dividing (1.60) by E(0), we obtain
rr1 < e — Kaeptl, (1.61)

because E(kT) < E(0). By Lemma 1.6.5 with @ = m —1 > —1 (since m > 0), there exists

a constant M > 0 such that M

Ek < PN vk > 09
(1+k)m
or equivalently
M .
E(kT) < ——E(0).
(1+k)m
This estimate and again the decay of the energy lead to the estimate (1.58). [

1.7 Examples

Our aim is to give some concrete examples that illustrate our stability results.

1.7.1 One string with an interior damping

We consider a homogeneous string of length = with an interior damping at £. Two types
of boundary conditions will be considered.
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Mixed boundary conditions

We study the following problem (see Fig. 1.1)

gzt?:ct) 32“( t)=0 O<z<mt>0,

ax(§ ) %z('gﬁ-’ )_' (alat(g t)+023t(§at_7>) t>07

(0, ) =0, (x, t) = 0 t>0, (1.62)
u(t =0) =ul®, &(t =0) =W O<z<m,

%f({,t~7‘) fo(t—T) O<t<.

Here contrary to subsection 1.3.4, we suppose that as < a;.

Do% @ ® N

x

Fig. 1.1 -

It is well known that the eigenvectors associated with problem (1.62) without damping
are p(z) = \/j sin((k+ 3)z) of eigenvalue (k+ )2, k£ > 0 of multiplicity 1. We then have

to look at )
> ler(v)® = -Sln ((k + 5)5) :
vEVe

For the exponential decay we will use the next result proved in Lemma 2.9 of [97].

Lemma 1.7.1. s is a rational number with an irreducible fraction
s = g, where p is odd (1.63)
if and only if there exists a > 0 such that
Hn«g+kﬂﬂl>kaeN. (1.64)

Applying Proposition 1.3.7 and Theorem 1.5.3 (and the above Lemma), we obtain

Theorem 1.7.2. 1) The energy of system (1.62) tends to 0 for all initial data in H if and
only if

§ 2p
=% —— Vp,geN.
s 7 2g+ 1 b4
2) The system (1.62) is exponentially stable in the energy space if -2 1s a rational number
with an irreductble fraction
§

= = Z—), where p is odd.
T g

If we consider the system (1.62) without delay (i.e. ap = 0), we find the results of [6]
obtained by a similar method.
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Dirichlet boundary conditions

We here consider the problem (see Fig. 1.2)

( ““(m t) — z_,(:c,t)::() O<zr<m,t>0,

56 t) = B2(Ex, 1) = —(a1 B (&, 1) + aBE(E, t — 7)) >0, |
u(O t) =0, u(m, t; =0 t >0, (1.65)
u(t:O)———u(O)\, et = 0) = ¥ O<z<m,

(e, t—r) =[Ot~ 7) 0<t<r
> @ €— ® °
0 3 n
F1G. 1.2 -

The eigenvectors of problem without damping associated with problem (1.65) are
vr(z) = \/g sin(kz) of eigenvalue k2, k > 1 of multiplicity 1. We then have to consider

> k) = = sm 2(k€).

UGVC

Denote by S the set of all real numbers p such that p ¢ Q and if [0, a1, ..., @y, ...] is
the expansion of p as a continued fraction, then the sequence (a,) is bounded. It is well
known that S is uncountable and that its Lebesgue measure is zero. Roughly speaking, the
set S contains all irrational numbers which are badly approximated by rational numbers.
In particular, by the Euler-Lagrange theorem, S contains all irrational quadratic numbers

(i.e. the roots of a second order equation with rational coefficients). By a classical result,
we have the

Lemma 1.7.3. If s € S, then there exists a positive constant C such that

lsin(kms)| > —AC: Vk > 1.

By Proposition 1.3.7 and Theorem 1.6.6, we then obtain

Theorem 1.7.4. 1) The energy of system (1.65) decays to 0 for all initial data n H if
and only if

¢ Q.

A). the energy of system (1.65) decays polyno-

2 |

2) If & € 8, then for all initial data in D
mially like 1/t.

N

Without delay, we find the results of [11].
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Remark 1.7.5. These two examples show that the boundary conditions influence the
stability of the system because we do not have the same hypotheses for the decay to 0 of
the energy ; moreover for mixed boundary conditions, we may have an exponential stability,

while for Dirichlet boundary conditions, we cannot have an exponential stability but have
a polynomial stability.

1.7.2 A star shaped network
Dirichlet boundary conditions at all extremities

We take Dirichlet boundary conditions at all extremities and put a damping at the
interior node (see Fig. 1.3).

Fic. 1.3 -

In appropriated coordinates, any eigenvector of the problem without damping is of the
form

@;j(z) = ajsin(Ar), 1<j <N,

for some constants a;. The transmission conditions at the interior node then lead to

a;sin(Aly) = ... = ansin(Aln), (1.66)
> ajcos(Aly) = 0. (1.67)
j=1
We now suppose that
l;
J

In that case we cannot have sin(Al;) = sin(Al;) = 0 for i # j. Indeed if Al; = prr, p € Z and
A; =qr. g € Z, then l’ = ’3 € QQ, which contradicts our assumption.

Therefore, there emsts J é {1,..., N}, say j = 1 such that sin(\l;) # 0. But then a; # 0.
Indeed if a; = 0, then

a9 SiIl(AlQ) = .. =anN sin()\lN) = 0.

As we cannot have sin(Al;) = sin(Al;) = 0 for i # j, all a; are equal to zero except one, say
ay for example and then sin(Aly) = 0. By the last transmission condition (1.67) we would
have ap cos(Aly) = 0 and then ay = 0, which is impossible.
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Under the assumption (1.68), we have
sin(Al;) #0,Vi=1,---, N,

and the transmission condition (1.67) yields the characteristic equation

N
> cot(A) = 0. (1.69)
j=1
From this equation, we deduce that all eigenvalues are simple. Hence
3 o) = a?sin?(Al) > 0,
vEV,

when @y is the eigenvector associated with A and by Proposition 1.3.7 we directly conclude
the

Proposition 1.7.6. If (1.68) holds, then the energy of our system tends to 0 for all initial
data in H.

Without delay we find the result of Proposition 2.1 of [7].
After calculations and normalization, we find that

2

a?sin®(\l;) = ~ i
l4

ZsinE (A4)
=1
In its full generality, it is difficult to find the behavior of a2 sin?(Al;) from the characteristic
equation (1.69). We therefore restrict ourselves to some particular cases.

We first suppose that the lengths of the edges are equal to 1. Then easy calculations
allow to show that the set of eigenvalues of the operator A is made of two sequences : First
A2 = (Z +kn)% k € Nis an eigenvalue of multiplicity 1 with associated eigenvector

(or)i(z) = \/gsin ((g + kﬂ’)l’) .Vje{l,..,N}

Secondly. A2 = k?z%, k € N* is of multiplicity N — 1 with orthonormal eigenvectors given
by

1 1

_1 i

o 3
= sin(knrzx 0 COp o= —sin(krz) | —1

Pk 1 1 ( ) : s Yk 2 \/3 ( ) :
0 0
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i
(1)
i 1
Nfl
V2 1 2(N = 1) N-1
Pk, = ,sin(k:m:) ¢ y' sy PE N1 —————sin(kms) :
1+ -1 ' VN ;
0 N-1
. -1
\ 0/

where for shortness we write ,, as a vector with N components, the j** component
corresponding to the restriction of (1 to the edge 7.
If the feedback law is applied only at the interior node, as for the eigenvalue A2 = k%2,

M,,..(K*7%) = 0 (because sin(kn) = 0), the eigenvalues of M,, ,(k*x?) are 0. Therefore
Proposition 1.3.7 yields

Proposition 1.7.7. If the lengths of the star shaped network are one and the feedback law
s applied at the interior node, the energy does not decay to 0.

We then need to add some interior controls to stabilize the system. On each edge e;
except one (for instance the first one), we put a control at &; (see Fig. 1.4).

Fig. 14 -

Then for the eigenvalue A2 = k%72, we readily check that

N
MET?) = Moy, (FP7%) + 3 M, (%)

=2
satifies
N
nT M(k*n*)n = Z sin® (km&;) (x; m)°,
j=2
where the vectors x; = ((x;):)X0, 7 = 2...., N are non zero vectors, which are independent
of k and of §;,7 = 2,..., N and satisfy

(Xj)i = O,\V/l < j
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Consequently if for all j € {2,...,N}, §; € S, then sin®(kn¢;) 2 & and therefore

The above properties of x; imply that (Z;vzz(x;rn) )1/2 is a norm on R¥~! and therefore

n M(k*)n 2 kZImIlz,

or equivalently A, (M (k%72))

> 1
~ k2 .
On the other hand for A\, = 5+

kw, we see that

Z |<Pk(v)|2 — ésin2 (g + kw) 22 sin ( + k) gj) >

veEV,:

N =

We then conclude the

Proposition 1.7.8. If the lengths of the star shaped network are one and the feedback law
15 applied at the interior node, and at N — 1 interior points ; and if

£, €8,Vj €{2,.., N},

then for any (u®, u®), (f%(-7,.))) € D(A), the energy of the system decays like 1.

Now we assume that N = 2n is even and that
L=ILVi=1l---,nl=UVi=n+1,. 2nand - £ Q. (1.70)
Under this assumption, (1.69) is equivalent to

cot(Al) + cot(Al') = 0,

and then to
sin(A({+1")) = 0.

This means that a first set of eigenvalues is given by

km .
)\k————l 7 ke N

A second set is made of the roots of sin(A\l) = 0. Since £ ¢ Q, we deduce that a; = 0,
forall ¢ = n+ 1,---,2n. Consequently for all k € N*, kj—f is of multiplicity n — 1. its
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associated orthonormal eigenvectors being given by :

, 1 krz T
) = —=sin{— ) (1,-1,0 ,0,0 0
ouale) = Tzsin () )
2 . [krzx 11 T
(Pke2(x) - —ézsnl (—l_) (5355"170,"'10,03"';0) s
2n—1) . [krz 1 1 1 T
_ = M 7 ) —=1,0,---,0} .
Prn-1(Z) vnl sm( l )(n—l‘n-1' ‘n—1 )

By symmetry a third set of eigenvalues is made of the numbers & (l, 2 > of multiplicity n—1
for all k € N*.

Note that for this example, the standard gap condition holds.

Since the eigenvectors associated with the eigenvalues of the second and third sets are
zero at the interior node, if we impose a damping only at this interior node, the energy will
not tend to zero. Therefore some interior control points have to be added. More precisely

we impose a feedback law at some points & of the edge e;, for i+ = 2,--- ,n and for
1=mn+2,.-+,2n. By direct calculations, the matrix
k'27¢’2 kz 2 n k2 2 n k2 2
i (TF) e () 50 (F) + S (5F
j=n+2
satisfies

k27?2 1= . kré;
n' M ( B )n=l ' "sin’ (—‘l—l> (g m?,
=2
where the vectors x; = ((X]) ), J = 2,...,nsatisfy the same property than before. Hence
if for all j € {2,...,n}, ¥ &% € S, then sin (H—gl) Z klz and therefore )\mm(./\/i(k2 2)) > 5

~ EKZ:

By symmetry if for all je{n+2..,2n} 4 . ¢ S, then the matrix M( (z')2) satisfies
Min(M(EE)) 2

Finally for the eigenvalue A} = (—lk_%%k € N*, since we have sin(\;l') = (—1)*
sin(Axl), we deduce that

a?sin? (\ily) =

2sin® (\el) 2 <in? knl
n(l+1) — nl+1) 1+0)"

By Lemma 1.7.3 if 5 +z' € S, then its associated matrix M (A5 @ +l,) ) satisfies Apin(M
(i) 2
(l+l’)2 ~ k2'
Theorem 1.6.6 then leads to the

Theorem 1.7.9. Consider o star shaped network with Dirichlet boundary condition satis-
fying (1.70) and feedback laws at the interior node as well as at the point & of the edge e;,
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fori=2,--- nandfori=n+2,---,20. If4% €S, foralli=2,---,n, % € S, for all
i=n+2,--+,2n and z’# € S, then for all (u©, v, (f°(-7,.))) € D(A), the energy of
our system decays polynomially like ;.

Note that the two previous examples do not enter into the setting of [7].

Mixed boundary conditions

We suppose that the star shaped network is made of 4 edges, with e; and ey of same
length [, and e, and e3 of same length I’. At the extremities of e; and ep, we impose
Dirichlet condition and at the extremities of e; and e4, Neumann condition. We control at

the interior node. In this case the eigenvalues of the problem without damping are

k2n?
i 4(1+0V)?
of multiplicity 1.

FiGc. 1.5 -

Similar considerations as above allow to show the following results :

Proposition 1.7.10. 1) If li, ¢ Q, then the energy of our system tends to 0.
2) Suppose that & ¢ Q and that £y € S and & € S, then for all (u(@, u®®,

(f%(=7.))) € D(A), the energy decays as %

Remark 1.7.11. Forinstanceif{ = v2and ' = 1-v/2,then } ¢ Q, 75 € S and 4 €S

1.7.3 More complex networks

In this subsection, we assume that R is a network whose edges are all of same length, i.e.
[; =1.forall j € {1,..., N}. In that case, the spectrum of the Laplace operator is explicitly
know via the algebraic properties of the network [20,81]. More precisely, introduce the
adjacency matrix C of the vertices of the network

C= (Cs,t)s,te\z‘\b«,

where

card(EsNE:) .
fENE#D
Vs, t € V\D, ¢ = { \/card(Es)\/card(&r) sNE&#

0 otherwise.

We may now recall the following result proved in [81] :

i
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Theorem 1.7.12. Under the above assumption, we have
Sp(A) = S; U Sy, where

Sy = {k*x? with multiplicity N — #(V \ D), k € N*} of associated eigenvector vy, ;(z) =
¢cjsin(kmzx), for some constants ¢;, and

So = {X* : cos A € Sp(C)N] ~ 1, 1[}. Moreover ¢ is a eigenvector of A associated with X\
if and only if (¢©(v))vew\p is an eigenvector of the matriz C of eigenvalue cos A.

Note that this Theorem implies that the standard gap condition holds for networks
with edges which are of length one (or more generally rational numbers).
Before going on, let us make a more precise relation between the orthonormal eigen-

vectors of an eigenvalue A\? from S and the eigenvectors of the matrix C of eigenvalue
COS A :

Lemma 1.7.13. Let )\* € S,. There exists o positive definite symmetric matriz £E()\) €

R™™ where m is the cardinal of V\ D, such that for all eigenvectors @, ¢’ associated with
A2, we have

(@, @) r2my = (#'(0))senpE W) (9 (0))uerr- (1.71)
Moreover this matriz E(A) is uniformly positive definite and uniformly bounded, in the
sense that there exists a positive constant C (independent of A) such that

Min(E(X) 2 €, JIEN 2 < CT

Proof: For all j = 1,--- |, N we may write
;(z) = ajsin(Az) + b;sin(A(1 — z)),Vz € (0, 1), (1.72)
where ,
gy = LW 5 ) (1.73)

sinA\’?  sinX’
when v (resp. v') is the vertex corresponding to the extremity 1 (resp. 0) of the edge e;.
We use the same relations for ' using o} and ¥/,

Now by direct calculations, we see that

!

N a
S 8)EN B0 (5 ).

J

DN

(CP, 99/>L2(‘R) =

where the 2 X 2 matrices B()) and B,.(\) are given by

_ 1 —COs A 1 [ sin(2X) 2sinA
B(A) = < —cos A 1 ) - B = 2X ( 2sin A sin(2A) ) '

This proves the identity (1.71) due to the relation (1.73).



Let us now remark that B(\) depends only on cos A and then on cos Ay with Ay € (0, %),
when A = A\g+2km or A = =X+ 2(k+ 1)7, for some k € N. The eigenvalues of B(\) being
1 = cos A, this matrix is uniformly positive definite, i.e. there exists a positive constant C
(independent of A\) such that

(@ BB ( Z ) > C(a? + 1?),Ya,b € R.

We further remark that the matrix B,()\) is a remainder since

1
1Bl S 5

Therefore we introduce the matrix F(Ag) € R™*™ as follows :

1 N
(é’u)vEV\'D]:(/\O vEV\’D 25 Z < Z ) s

=1
V(iv)vev\v, (€, )vev\p € R™,

(S

with the relation
& b — &
sinA’?  sin\’
From the uniform positiveness of B(\) and the above relations between a;, b; and &,, we
directly deduce that F()¢) is uniformly positive definite.

The previous considerations clearly show that

EQN) = F(ho) + F(N),

a; = (174)

with
1

IZ Ol £ 5

Therefore there exists A > 0 such that £(A) is uniformly positive definite, for all A > A.
It remains to consider the case 0 < A < A. But in that case we see that

(fv)IGV\DE(/\)(ff))vGV\D = (¢, ¢ ) 12(r), V(v )ver\Ds (&) vev\D € R™,

when ¢ is given by (1.72) when a;, b; are defined by (1.74) (and similarly for ¢’). As the
above right-hand side is an inner product on L?(R), the left-hand side is also an inner
product in R™. Hence the matrix £(A) is positive definite. The uniformness follows from
the fact that the interval (0, A] contains a finite number of A such that A? € S;.

The uniform boundedness of £()\) is proved in the same manner. |

Corollary 1.7.14. Assume that V, =V \ D. Then for any X\* € Sy, its associated matriz
M(X?) is uniformly positive definite, i.e.

Amin(M(X1)) 2 1.

~
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Proof: Assume that A\? is of multiplicity [ and denote by (;,i = 1.---,[ the associated
orthonormal eigenvectors. Now we introduce the vectors
(Ps(v) )vev\p = 5()\)1/2(9%(”))1;@\733&/2' =1,---.1
According to the relation (1.71) these vectors are orthonormal :
(@i(v))ZGV\D(ﬁﬁj(U))uEV\D = 045,V5,j =1, L

Now we simply remark that
E)TMO(E) = Zfi&j(@j(v))z(%(v))w
and consequently )
E)TMM)(E) = Zfiéj(@j (®))s EN)THB:(v))o

= (GE)IEN (B
where (P(v))y = >, &(B:i(v))y. By the uniform boundedness of £(A), we deduce that
(&)TMMN)(E&) 2 (B) ()

2 D E&(B ) (Bi(e)y = D&

i
this last identity following from the orthonormality of the vectors (@;(v)).. [

From this Corollary we see that if we control at least at all nodes of V \ D then the
assumption for the exponential stability (and obviously polynomial stability) holds for all
eigenvalues of Sy. In that case we only need to manage the eigenvalues of S;. Note further
that if S7 is not empty, then some additional interior controls are necessary since the
eigenvectors associated with such eigenvalues are zero at the nodes.

Now if we want to control on a subset of V\ D then the assumption for the exponential
stability does not necessary hold for the eigenvalues of S;. Let us then describe how we
proceed in that case. For a fixed A? € S,, we denote by (¢ (v))pey\p € R™, i =1, ,1,
the eigenvectors of C of eigenvalue cos A such that their corresponding eigenvectors on the
network are approximated orthonormal, namely

(@?W(U)>Zev‘\p-7:(ko)(@;pp(@‘))uevw = 0,

This basis can be computed for all X since it depends only on A¢ (which form a finite set).
Denote by MP()\2), the matrix build as M(X\?) by replacing (;(v))vey, by (€77 (v))veve,
namely

(€77 () sev
MEPP(AG) = : (AP @)veve - (G0))ven) -
(@ (v))sev,

Now we can state the
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Lemma 1.7.15. Let \* € S, be fized. If M®PP()\3) is positive definite and if C has no
eigenvector associated with cos Ay identically equal to zero at the nodes of V,, then M(\?)
15 uniformly positive definite.

Proof: As before we show that
M(A?) = M“p”()\g) -+ Mr()\z),

where
1

M0 S 5
Consequently for A large enough, the uniform positive definiteness follows from the positive
definiteness of M®?()3). On the contrary for small ), it suffices to remark that M (A) has
an eigenvalue equal to zero if and only if C has an eigenvector associated with cos A = cos Ag
identically equal to zero at the nodes of V.. Since we have assumed that such eigenvectors

do not exist, M(\?) is positive definite and the conclusion follows by finiteness. ]

Note that our above Lemma has only to be used for multiple eigenvalues. Indeed assume
that X\? € S, is simple, then denote by (¢(v)),ew\p its eigenvector such that

(SO(U))IEV\DS()\)(‘P(U))vevw =L

Now consider any computed eigenvector (1,),ev\p of C that depends only on cos A and
then on Ag. This eigenvector then satisfies

((0))verip = (WYo)ver\Ds

with 4 € R such that p? = Eﬁ when

c(A) = (wv)IEV\Dg(’\)(wv)vEV\’D-

Since ¢(A) remains uniformly bounded from below and from above, it is equivalent to check
the uniform definite positiveness of M(A?) using (¢(v))veyv\p OF using (¢)vey\p-
A first example

Consider the tree described by figure 1.6.

By Theorem 1.7.12, the eigenvalues of A are k?7? of multiplicity 5—4 = 1. and A\? such
that cos(A) € Sp(C)N] — 1, 1].
1st case : We casily check that the eigenvector associated with k%72 is given by

2
wr(z) = \/;sin(km:) (
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Since the eigenvector is zero at all nodes of the network, feedbacks at the nodes are not

sufficient to stabilize the system. But if we take a control at & on the edge e; for instance,
we have

2 1
Aer) = Ssind(kny) 2 or & €5,

2d case : The eigenvalues of the matrix

L1
SN
CZ\?@@L
3 1\/3
007§~0

are ——é + é\/ﬁ, —-% - %\/ 13, %—i—% 13, é—- %\/ 13 €] —1, 1] (of multiplicity 1) of associated
eigenvectors

—0.75 1.3 1.3 —0.75

(oo = | o Ny : s
v 07 || =13 || 1.3 |} =075

1 1 1 1

respectively. Then we can consider a feedback at any node of V \ D, for instance at the
node number 4 (see Fig. 1.7).

We then have the next result.

81



Proposition 1.7.16. If we control at & € S on the edge e; and at one of the vertices of
V\D, for all (u©®, v, (f°(~7,.))) € D(A), the energy decays like 1.

A second example

Cousider the tree as described in figure 1.8.

FiGg. 1.8 -

By Theorem 1.7.12, the operator A has only the eigenvalues A? such that cosX €
Sp(C)N]—1, 1[. Therefore by Corollary 1.7.14, if we control at all nodes except the Dirichlet
one, then we obtain an exponential decay. Without delay we find the result of [109].

Note that it suffices to control at the nodes 5, 6 and 7. Indeed the eigenvalues of the

matrix /0% % 0 o o 0\
1 1 1
1000 & L0 o0
Lo 0 0 0 & &
1
c=|0 % 0 0 000
0 % 0 0 0 0 0
00 % 0 0 0 0
\o 0 % 0 0 0 0

are approximatively 0.9, —0.9, 0.8, —0.8, 0, 0, 0 € [—1, 1] of eigenvector

/ 1.15 ( 1.15 ( _(1).4 0 \ —1.7\

1.6 —1.6 1.4 0
1.6 —1.6 1.4 -1.4 0
(0(¥))wenip = 1 1 : -1 1, -1 1, 1 ,
1 1 -1 -1 0
1 1 1 1 1
R A U N A Y N U R B



(-17\ [ 0

0 0
0 0
1 || -1
0 1
0 0
\ 1/ \o)

respectively. Therefore if we control at the nodes 5, 6 and 7 the assumption for the exponen-
tial stability holds for the simple eigenvalues corresponding to 0.9, —0.9, 0.8,
—0.8. Now for cos A = 0, i.e. A = £ + km, we see that C has no eigenvectors which are zero
at the nodes 5, 6 and 7. Furthermore we easily check that F (1';-) is the diagonal matrix
with entries (3/2,3/2,3/2,1/2,1/2,1/2,1/2) and then

/8 \ /51\ (—?9\

0 0 0
PP =v2| -1 |, P =v2| 1/2 |, o™ =v2| 1/9
1 1/2 1/9

Lo ) Lo ) )

By direct calculations we obtain

11
1 2 9

app 72 1 5 13
MP()=213 1 -%
11 _1

9 18 81

Since this matrix is positive definite, by Lemma 1.7.15 we deduce the uniform positive
definiteness of M((% + km)?).
In other words, we have proved the

Proposition 1.7.17. If the feedback law is at the vertices 5, 6 and 7, then the energy
decays exponentially in the energy space.

Note that if we impose Dirichlet boundary conditions at the nodes 4 and 6, then the
system is no more exponentially stable.
A network with a circuit

Similar considerations than before allow to prove the following result :

Proposition 1.7.18. Consider the network described by figure 1.9. If the feedback law is
at &, € 8 on the edge ey, at & € S on the edge es, at &3 € S on the edge e; and at the
vertez 6 or 7. then for all (v, u®, (f%(~7,.))) € D(A), the energy decays like .
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Chapitre 2

Weak stabilization of the wave
equation on 1-d networks

2.1 Introduction and main results

In this chapter, we consider a planar network of elastic strings that undergoes small
perpendicular vibrations. Recently, the control, observation and stabilization problems of
these networks have been the object of intensive research (see [38,65] and the references
therein).

Here we are interested in the problem of stabilization of the network by means of a
damping term located on one single exterior node. The aim of this chapter is to develop a
systematic method to address this issue and to give a general result allowing to transform
an observability result for the corresponding conservative system into a stabilization one
for the damped one.

Before going on, let us recall some definitions and notation about 1 — d networks used
in the chapter. We refer to [2,20,82] for more details.

A 1 — d network R is a connected set of R", n > 1. defined by

N
R= Uej
j=1

where e; is a curve that we identify with the interval (0, I;), I; > 0, and such that for k # j,
€; N €& is either empty or a common end called a vertex or a node (here €; stands for the
closure of ¢;).

For a function u : R — R, we set u; = uj,; the restriction of u to the edge e;.
We denote by € = {e;; 1 < j < N} the set of edges of R and by V the set of vertices
of R. For a fixed vertex v, let

& = {je{l,..N};vee}
be the set of edges having v as vertex. If card (£,) = 1, v is an exterior node, while if card
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(€,) = 2, v is an interior one. We denote by V,.; the set of exterior nodes and by V;y; the
set of interior ones. For v € V., the single element of £, is denoted by j,.

We now fix a partition of Veys : Vezs = DU {v; }. In this way, we distinguish the conser-
vative exterior nodes, D, in which we impose Dirichlet homogeneous boundary condition,
and the one in which the damping term is effective, v;. To simplify the notation, we will
assume that v; is located at the end O of the edge e;.

Let u; = u;(t, ) : R x [0, [;}] — R be the function describing the transversal displace-
ment in time ¢ of the string e; of length /;. Let us denote by L the sum of the lengths of
all edges of the network, the total length of the network.

We assume that the displacements u; satisfy the following system

¢ 0%y 8%u; .
Sz, t) — 54z, 1) =0 O<z<l,t>0,Vje{l,.. N},
uj(v, t) = w(v, t) Vi, 1l €&, v E Ving, t >0,
% (v, ¢) =0 Vv € Vipe,t > 0
s ) nts 3
\ je& (2.1)
uj, (v, t) =0 YveD,t>0,
a1 (0, ¢) = 24(0, t) vt > 0,

where Ou;/0n;(v, .) stands for the outward normal (space) derivative of u; at the vertex
v. We denote by u the vector u = (u;);=1,..~-

The above system has been considered by several authors in some particular situations.
We refer, for instance, to [11], [6], [7,8], [9] and [109], where explicit decay rates are obtained
for networks with some special structures. We also refer to chapter 1 or [89] where the
problem is considered in the presence of delay terms in the feedback law.

The object of this chapter is not to give an additional result in a particular case, but
rather to develop a systematic method allowing to address the issue in a general context. We
do this transfering known observability results for the corresponding conservative system
into stabilization results for the dissipative one. This provides a new proof for the existing
results mentioned above and allows getting new ones.

As mentioned above, in this chapter, we consider the case where the dissipation is
located on an external node of the network, but the method can be adapted to treat the
case where the damping term is located in several nodes, both exterior and interior ones.

In order to study system (2.1) we need a proper functional setting. We define the Hilbert
spaces

L*(R) = {u:R — Ryu; € L*(0,};),Vj=1,--- , N},

and

AT
Vi={¢¢€ HHl(O, L) ¢ 0i(v) = ¢p(v) V], k € &y, YU € Ving: 85,(v) = 0Vv € D},

J=1
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equipped with the natural inner products

8¢, O
< ¢, (D>L2('R)—Z/ ¢J¢de and < ¢, ¢>V_Z/ (PJ %

£ 6:8
respectively.
It is well known that system (2.1) may be rewritten as the first order evolution equation
= AU.
’ 2.2
{ U(0) = (u®, ul) = Uy, (22)
in the Hilbert space
H:=V x L[*(R),

equipped with the usual inner product

() ()= B (5 )

Here U is the vector U = (u, %)T, the operator A is defined by

(2)=(&)

A being the Laplace operator : Au = (%2521) o and where the domain D(.A) of the
i=1,...,
operator A is defined by

D(.A) = {(U ’LU) S (V DHH2(0, l])> xV: _3—33—(0) = wl(O); Z%(U) = O Yo € Vznt}
=1 €&

Therefore, we know that for an initial datum Uy € H, there exists a unique solution
U € C([0, +o0), H) to problem (2.2). Moreover, if Uy € D(A), then

U e C(|0, +o0), D(A)) N CH{[0, +o0), H).

We define the natural energy of u by
2
Y N(CHRICINEE &
Oz

5u1 2
Et)=~{—50.1) <0 (2.4)

This energy satisfies

and therefore it is decreasing.
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Remark 2.1.1. Integrating the expression (2.4) between 0 and T, we obtain

/OT (%(0’ ”)2‘“ = Ey(0) = Eu(T) < E.(0).

Consequently, this estimate implies that %1(0, .) belongs to L*(0, T)) for finite energy solu-
tions. This is a "hidden” regularity property in the sense that it is not a direct consequence
of the regularity of finite energy solutions.

In [6-9,11,89] and in chapter 1, the method to obtain the stabilization of (2.1) in
particular cases is based on the use of observability estimates for the solutions ¢ of the
conservative problem without damping, with Neumann boundary condition at the node
r=0:

' T t) - 2% (z, ) =0 O<z<l;,t>0,Yj€e{l,..,N},
¢j(v’ t) = (f)l(va t Vj, NS Sv, v E th,t > 0,
> (v, t)=0 Vo € Vingst > 0,
j ik (2.5)
¢;,(v,t) =0 W eD,t>0,
%%1(0 t) =0 vVt > 0,
| 8t =0)=u®, %2t =0) =u®.

It is well known that this problem is well posed in the natural energy space. If we suppose
that (u®, uY) € H, then problem (2.5) admits a unique solution

¢ € C(0, T; V)NCY0, T; L*(R)).

This system is obviously conservative and its energy is constant : Ey(t) = E4(0) for all
t > 0. Let us then denote by (A2),>; the sequence of eigenvalues of (2.5) and let (¢n)n>1
be the corresponding eigenvectors forming an orthonormal basis of L?(R). In particular
cases, in [6-9,11,89], under appropriate conditions, observability inequalities of the form

T
Sapdd+w) <o |
0

n>1

6051 2
%1 (0. 2.
: (0, t)‘ dt, (2.6)

are proved for system (2.5), where a,, b, are the Fourier coeflicients of the initial data
of ¢ in the basis (pn),, and with weights ¢2 > 0 depending on the network. To obtain
the stabilization result from the observability inequality (2.6), the authors decompose the
solution u as the sum of ¢, solution of (2.5) with the same initial data than u, and a
rest with vanishing initial data. Then they show regularity results of trace type for this
rest (see section 1.4). However. in these articles and in chapter 1, the analysis is limited
to strong observability inequalities (leading to exponential or polynomial decay results)
which hold only for a restricted class of networks. In the present chapter we are able to
deal with arbitrary networks in which weaker observability inequalities may hold leading
to arbitrarily slow decay rates.
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Our analysis is based on the existing observability results for the following system with
Dirichlet boundary condition at all exterior nodes

( Stz t)~ S8 (2, t) =0 0<z<ly,t>0Y)€{l,..N},
%‘(v,vt) = 'lf/)l('ua t) V.]~ le gv.s vE vz’ntat > 0.»
Z%’%ﬁ(v’ t) =0 Yu € Vintet > O,
J€E (2.7)
’d/‘jv(’v,t>:0 VUED.t>O,
’1,01(0, t) =0 t> O
(Pt =0)=yO@ %t =0)=yD,

The study of the observability of this system is motivated by control problems (see [33-38]).
The difference between systems (2.5) and (2.7) is the boundary condition at the end 0

of e; : Dirichlet boundary condition for (2.7) and Neumann boundary condition for (2.5).
If we suppose that (@, v) € H =V x L2(R) where

N
V= {v € HHI(O, L)+ () = Yu(V) V], k € &y, YV € Vige; ¥5,(0) =0, Vv € D; 9¥1(0) =

j=1
then problem (2.7) admits a unique solution
¥ € C(0, T; V)N CH0, T; L*(R)).

This system is obviously also conservative.

In this chapter, we show the link between the existing observability results for (2.7)
and the stabilization of (2.1). To be more precise, let us denote by (A2),>; the sequence
of eigenvalues corresponding to problem (2.7) and let (2),>; be the corresponding eigen-
vectors forming an orthonormal basis of L?(R). Under some conditions on the topology of
the network and the lengths of the strings entering in it, Dager and Zuazua [33-38] proved
weighted observability inequalities for (2.7) of the following form

2

> T oY
D — 2/72,:2 2\« (0, t. 2.
EP(y, 0) =Y A2, + 1) _C/O - 0, t)| dt, (2.8)

n2>1

for a positive constant C., where ¥y, ¥1,, are the Fourier coefficients of the initial data of
9 in the basis (¢2), and with positive weights (c?),>1 depending on the properties of the
network.

To obtain this weighted observability estimate (2.8). several methods have been deve-
loped in those articles. The first one, that uses the D’Alembert representation formula,
applies to tree-shaped networks. Its main advantage is that it does not require computing
the spectrum of the network. This method has been later adapted in [7] and [9] to analyze
the stabilization of stars and trees. A second method uses the Fourier expansion of solu-
tions and the Beurling-Malliavin Theorem (see for instance {37, 38,89]). This applies for
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general networks and avoids the difficulties related to applying the D’Alembert formula to
more complex networks that may contain circuits.

The key observation of this chapter is that the weighted observability estimates for u
solution of (2.1) can be obtained directly from (2.8). This method is of systematic appli-
cation and avoids remaking all the fine analysis already carried out in [33,38], that uses,
in particular, tools from Number Theory, to analyze the properties of the weights {2} .,
in terms of those of the network under consideration. -

Let us now explain how (2.8) can be applied directly in our context. For that we
decompose u as the sum of w, a solution of (2.7) with appropriate initial data (u(® —
ugo)(())c,o, uV) (where ¢ is a given smooth function such that ¢;(0) = 1), and a rest.
Applying (2.8) to the solution w of (2.7), we obtain the following weighted observability
estimate for u solution of (2.1)

T 2
Dy, (0) (2 Oouy
E (w, 0) +uy’(0)* < CT/O (& (0, t)) dt, (2.9)

where EP(w, 0) is defined by (2.8), with weights (c2), depending on the network. If the
weights ¢2 are non-trivial for all n € N*, the energy of the dissipative system tends to 0
as t — oo. However, in general, the weights tend to 0 as n — 00, the observed quantity is
weaker than the V' x L?(R)-norm and the decay rate is not exponential.

It is important to underline that (2.9) holds under the same assumptions on the network
needed for (2.8) to hold for the Dirichlet problem (2.7). Thus, no further analysis is required
to establish the existence of the weights {c2}, ., in terms of the properties of the network.

To derive decay properties out of (2.9), we view this inequality as a weak observability
estimate in which the observed energy E_(0) is equal, roughly speaking, to EP(w, 0) +
u,§°>(0)2. In practice we often take, if necessary, the lower convex envelop of ¢2 instead of
the weights ¢ in the definition of EP (see Section 3.1). The observed energy E_ is weaker
than the V' x L?(R)-norm of the initial data that would be required to prove exponential
decay and, consequently, we obtain weaker decay rates. To obtain explicit decay rates out
of this weak observability inequality we use an interpolation inequality which is a variant of
the one from Bégout and Soria [19] and which is a generalization of Hélder’s inequality. For
this to be done we need to assume more regularity of the initial data. To be more precise
we shall consider initial data (u®, u¥) € X, := [D(A), D(A%)},_, for 0 < s < 1/2. In
this way we deduce an interpolation inequality of the form

: 2
E_(0) \ e, u™)fy
1 <&, : =
CE,(0) C'E,(0)
where @, is an increasing function which depends on s and on the energv E_ under consi-
deration.
The previous interpolation inequality implies

-1 E,(0)
: "E,(0)&; .
E_(0) > CE,(0) (C, m )

w® | w5
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With (2.4) and (2.9), we obtain

(B
E,(0) - E.T) > CE,(0)®; ;
(0) = Eu(T) 2 CEL(0) (C,“( )

u®, u®)|%
which implies, by the semigroup property (see Ammari and Tucsnak [11])

2

2.10
t+1 ( )

S

Vi > 0, Ey(t) < C®, (—-1—) | (@, u®)]

Obviously, the decay rate in (2.10) depends on the behaviour of the function ®, near 0.
Thus, in order to determine the explicit decay rate we need to have a sharp description
of the function ®,, which depends on s and on the energies £ and E_ and thus, on the
weights (), of (2.9) in an essential way. These weights depend on the topology of the
network and the number theoretical properties of the lengths of the strings entering in it.

This approach allows getting in a systematic way decay rates for the energy of smooth
solutions of the damped system as a consequence of the observability properties of the
undamped one.

The analysis in this chapter is limited to networks of strings with damping in one single
end but the same methods, combined with the tools developped in [38], can be applied in
other situations as, for instance :

a) networks of strings with damping in several end points;

b) networks with damping on end points and internal nodes;

c¢) networks of beams.

The chapter is organized as follows. In the second section, we show how to pass from
the observability inequality for the conservative problem (2.7) with Dirichlet boundary
conditions at all exterior nodes to the weighted observability inequality (2.9) for (2.1). In
section 2.3 we give an interpolation inequality which is a variant of the one by Bégout and
Soria [19] and we apply it to obtain the explicit decay estimate of the energy. Finally we
end up discussing some illustrative examples in section 2.4.

2.2 The weighted observability inequality

In this section, we prove that we can obtain a weighted observability estimate for u
solution of (2.1) directly from (2.8). First of all, we recall some results about system (2.7)
with Dirichlet boundary conditions at all exterior nodes.

2.2.1 Preliminaries about the Dirichlet problem

Recall that if we suppose that (v(©, ¥®)) € H. then problem (2.7) admits a unique
solution

v € C0, T; VYNCHO. T; LA(R)).
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Denote by (A2),,>, the sequence of eigenvalues corresponding to problem (2.7) and let
(¢P)n>1 be the corresponding eigenvectors forming an orthonormal basis of L3(R). We
assume now that (©, v(1)) € H and we set

@ = Zzpo’npf and ¢V = ZWl,n‘PTLL),

n>1 n>1

where (/\nwo,n)na ("f/)l,n)n € ZQ(N*)

In [38], a weighted observability inequality is derived, motivated by control problems.
More precisely, it is shown that, under some conditions on the topology of the network
and the lengths of the strings entering in it, for all T > Ty (where Ty > 0 is large enough),
there exists a sequence of positive weights {c2}, ., and a positive constant C such that for
all solution 1 of (2.7) it holds -

2

2/32,..2 2 T 67’/)1
Y (2R, +uyi)<C (0. 1) . (2.11)
0

n>1

Notice that, for this to be true, it is essential that the time T > 0 to be large enough. More
precisely, in [38] inequality (2.11) is proved in the case of general networks for T > 2L,
where L is the total length of the network. In the case of tree-like networks, (2.11) is
obtained by the D’ Alembert representation formula and the weights ¢2 are strictly positive
for every n € N* if the tree is non-degenerate. In the case of stars, this comes down to
impose irrationality conditions on the ratio of each pair of lengths. In the case of trees,
the condition of non-degeneracy of the network is a natural extension of the irrationality
one for stars and is also generically true (see [33, 36, 38] for more details). In the case of
general networks, (2.11) is established by means of the Beurling-Malliavin Theorem under
the assumption that all eigenfunctions have a non-trivial Neumann trace at the observation
node. This condition is generically satisfied.
We set
EP(, 0) = 5 3 A3, +v2,) (212)
n>1

1

the weighted energy for ¢ at time 0. Note that (ED)z defines a norm on H because the
weights ¢2, according to the results in [38], are assumed to be positive. In the sequel, we
assume that the network under consideration is such that the solutions ¢ of (2.7) satisfy

(2.11).
2.2.2 The weighted observability inequality

In this section, we prove that we can obtain a weighted observability estimate for u
solution of (2.1) directly from (2.11). Thus, we assume that the network is such that (2.11)
holds and (u®, V) € H.
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We introduce w solution of (2.7) with initial data (w©@, w®) = (w©® — u{¥(0)¢, u®),
where @ is a given smooth function satisfying

w;(v) 901( ) Vi, l€&, v E Vin (2.13)
Za -— 0 VU E Vznt
J€E,

In this manner, the initial data (w©, w®) belong to H, i.e. w©® satisfies the Dirichlet
boundary condition at the end 0 of e;. Therefore, by hypothesis, w satisfies (2.11).
We also consider ¢, the solution of the following non-homogeneous Dirichlet problem :

( Tz, 1) — L4z, ) = 0 vz € (0,1,),t>0,Vj e {1,..,N},
€i(v, t) = el(v, t) Vi, l €&y, v € Vipg, t >0,
Z% = Yo € Vins, t > 0,
B (2.14)
€, (v, 1) =0 Yv e D,t >0,
61(0 t) = ul(O t) t> 0,
| (t=0)= u(0)p, & (t=0)=0.

Note that € satisfies a non-homogeneous Dirichlet boundary condition at z = 0. Actually
it coincides with the value of the solution u; of (2.1) at that point. By Remark 2.1.1,

we notice that Ou;/0t(0, .) € L*(0, T'), so that the non-homogeneous Dirichlet boundary
condition belongs to H(0, T).

In this way we have the decomposition
u=w+e (2.15)
In this section, we prove the following theorem

Theorem 2.2.1. Assume that the network is such that the weighted observability inequality
(2.11) is satisfied for the conservative system (2.7) with Dirichlet boundary conditions at
all exterior nodes. We split up u, solution of (2.1), as (2.15) where w is solution of (2.7)
with initial data (u(©® — u(10) 0y, uM)) and € is solution of (2.14). We define E,(u, 0) by

E.(u, 0) := EP(w, 0) + u{”(0)2, (2.16)

where EP(w, 0) is defined by (2.12). Then for all T > Ty, there exists Cr > 0 such that
all solution u of (2.1) satisfies the weighted observability inequality

E.(u,0) < Cp / ("’; (. t)) (2.17)
0

provided (v, v'V) € H.
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Remark 2.2.2. Note that, according to Theorem 2.2.1, we transform the observability
wequality for the Dirichlet problem (2.7) into a similar one for the dissipative one (2.1).
Thus, i particular, estimate (2.17) holds under the same assumptions on the network that
are needed for the Dirichlet problem and that are discussed in [38]. Some examples will be
discussed in Section 4.

Note also that (E.(u, O))l defines a norm in the space of initial data (u®, vM) € H.
Indeed, when E.(u, 0) vanishes, v{”(0) = 0. Thus (u©@, uV) € H and then E.(u, 0) =
1 ~
EP(u, 0), and. by assumption, (EP(u, 0))? defines a norm in H.

2.2.3 Proof of Theorem 2.2.1

Let (v, u)) € H. We decompose u as in (2.15) where w and € solve (2.7) and
(2.14) respectively. Therefore, w is solution of (2.7) with initial data (w©®, w®) = (u© -

(O)(O)cp, u®), and thus, by hypothesis, it satisfies (2.11).
First, we have the following lemma

Lemma 2.2.3. For all T > 0 there exists Cr > 0 such that the solutions u of (2.1) and €
of (2.14) satisfy the following estimate

[(Zon) ase ( [ (B0 0) s (o <><o>)2)_ o)

Remark 2.2.4. Note that (2.18) holds for all networks since, in fact, it holds locally near
the boundary of a single string. In this context we apply it along the string containing the
extreme r = 0, getting (2.18).

Proof: First of all, we easily show that the energy E, of the solution € (defined as in (2.3))

satisfies P 5 5
€1 (753
—_pn = N t 3
SE) = =220,0220.¢)
and then forallt > 0
861 8u1
- s)ds.

Therefore, by using Cauchy’s inequality. we obtain

Ee(t)gEE(O)+—/ (g:(o s))2d3+/ (5"1(0 ))st. (2.19)

Secondly, for all ¢ € (0, 7], multiplying the wave equation satisfied by €; by ({; — x)%l
and by integrating on (0, l;) x (0. ), we have

b 861 8261 h 661 8 €1 .
// 5 (%qdacds—// 6 82dd5—0'




By integration by parts, we have

t {1 5
// (zl—x%%%dd = //(zl—zgﬂ-aﬂdd
0 JO

+/ (I, — )%fi( x)%tl(s z)dz

<[ [ () et [ (o)’

+/0 (ll—m)£ )aq(t z)dz,

t

because &(t = 0) = 0, and

t h 661 8 €] 1 a 861
ll 861 ll 861 2
.y (—>dd-a/0(a ©9) &
Therefore, we obtain

__/ /h <—>2d ds—{—lQlft (%(0, s))2d3+ U —Qx)?;l(t m)ael(t z)dz
__] /“ (3_61_) deds H;[ (%%(0, s)) ds =0,

¢ 2
/ QG—I(O, s)) ds < — / E(s)ds + 2E(t). (2.20)
o \ 0z l
By grouping (2.19) and (2.20), we find

and thus

E.(1) < E.(0) + 515 /0 "E(s)ds + SE(1)+ /O t (%‘t—‘(o, s))2 ds.

That is to say

E(t) <2E.(0) + 21; /: E.(s)ds + Q/Ot (%1?(0, s))zds.

By Gronwall’s lemma, we obtain that, for all t € (0, T},

E(t) < Cr (Ee(O) + /;T (%%1(0, S>)2d5‘> )
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where Cr depends on 7. By inserting this expression into (2.20), we find

/0 (ael (©, t)) dt < Cr (E€(0)+/ (6u1(0 t))zdt>.
EE(O):( (22/ (8% ) x) :c(ugm(()))z,

where (' is a constant, since ¢ is given as in (2.13), independently of the solution under
consideration. This proves (2.18). L

But

Let us now return to the proof of Theorem 2.2.1.
Since w satisfies (2.11), we have

EP(w, 0) = EP(w, 1) <c/ (awl(o t)>2 dt, (2.21)

where EP(w, 0) is defined as in (2.12) for w solution of (2.7) with initial data (u(® —
u(0)p, V).
Moreover, we have

/0 (851)1 (0, t)) dt<C/ <(3u1(0 t))2+ (%%(0, t))z) dt.

Therefore, with (2.18) and (2.21), we obtain

EP(w, 0) = EP(w, ) gcT/O ((5“1(0 t))2+ (%Zl(o, t))z) dt + Cr (u20))".

(2.22)
We recall that E,(u, 0) is given by (2.16) where EP(w, 0) is defined by (2.12). Then,
(2.22) becomes

E,(u, 0) < Cr /0 ((65? (0, t)>2+ (%“1 (0, t))2> dt—f—CT( “(0)) : (2.23)

In fact, we can remove the last term in the right hand side of (2.23).

Lemma 2.2.5. For T large enough, the solutions u of (2.1) satisfy

E.(u, 0) < CT/O ((6“1 (0, t))2 + <%(o, t)>2) dt,

for a positive constant Cr depending on T.
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Proof: In view of (2.23) it is sufficient to show that there exists a positive constant C' > 0

such that \ )
u{¥ 0 ‘< C/ ((8u1 > + (88"1(0 t)) )dt.

We argue by contradiction. If this is not the case, there exists a sequence of solutions u,
such that

uff{{(@)‘ =1,vneN (2.24)

/OT ((57;’1 (©, t)>2 - (&g’;l(o, t))2> dz — 0, asn — +o00. (2.25)

In view of this and (2.23), we deduce that E.,(u,, 0) are uniformly bounded. Passing weakly

to the limit in the Hilbert space H, defined as the closure of V with respect to the norm
1

(E(un, 0))2, we obtain a limit solution u such that

and

| ® g ‘ (2.26)

/0 ( (aa'utl (0, t))2 + (?-”—l(o t))2> dz = 0. (2.27)

The fact that (2.26) holds is a consequence of the compactness of the trace operator from R
to R (it is in fact an operator of rank one). On the other hand, (2.27) holds as a consequence
of the weak lower semicontinuity. But, by unique continuation, it is easy to see, in view

of (2.27), that for all T > 2L, the whole limit solution w vanishes. Indeed, we obtain by
(2.27)

and

Ouq Oou,
ot Oz

and therefore Ou /0t solves system (2.7) with initial data (ut), 8*u(®/62?). Then, we can
apply (2.11) to obtain

10, ¢) = =2(0, t) =0,

W _ P
Ox?
Consequently, 0u/0t = 0 on R x (0, T'), and thus u is independent of ¢. Thus v = 0 on

R x (0, T) since it is harmonic on the network and fulfills the Dirichlet boundary condition.
This contradicts (2.26). N

u

This lemma proves Theorem 2.2.1, because u is solution of (2.1).

2.3 The stabilization result

2.3.1 An interpolation inequality

In this subsection, we give an interpolation result similar to the one of [19].
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Let m € {0, 1), 0 < s < 1/2 and assume that

w: (m, co) — (0, w(m)) is a convex and decreasing function with w(co) =0, (2.28)
®, : (0, w(m)) — (0, c0) is a concave and increasing function with ®,(0) =0, (2.29)
Vit € [1, 00), 1 < & (w(t))t*, (2.30)

The function t — —i—@;l(t) is nondecreasing on (0, 1). (2.31)

Before stating the needed interpolation inequality, we recall the inverse Jensen’s in-

equality, which is the inverse version of the classical Jensen’s inequality (see Lemma 2.4
from [19] and Rudin [99)).

Lemma 2.3.1 (Inverse Jensen’s inequality). Let (Q, T, v) be a measure space such that
v() =1 and let —oo < a < b < oo. Assume that

1) ¢ : (a, b) = R is a concave function,

2) g € LY, Y, v) is such that for almost every x € Q, g(z) € (a, b).

Then ¢(g)+ € LY, Y, v) and

/gzw(g)dv <y (/Q ng> :

Under the conditions (2.29)-(2.30), we have the following result which is a generalized
Holder’s inequality, a variant of Theorem 2.1 given in [19] :

Theorem 2.3.2. Let (w, &;) be as above satisfying (2.29)-(2.30). Then for any f =

(fr)nen € H(N*), f 50, we have
Zlfnlw(n) Zlfn‘nzs

n>1 n>1
1< 2 2 (2.32)
A > |fal
n>1 n>1

as soon as (frw(n)), € F(N*) and (f,n*), € I1(N*).

Proof: The proof is similar to that of Theorem 2.1 of [19]. We give it for the sake of
completeness. By (2.30) and Cauchy-Schwarz’s inequality, we have

2 ( 2

lf'n-; < ]f'n % \)ns
L] S |Es e
ri>1 \ n>1
< EE: (w(n)) j{: If% 7#5
Zl fal > 1l

\n>1 n>1
n>1 n>1
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Novw. we apply Lemma 2.3.1 with ¢ = &, a concave function, ¢ = « and the discrete

neasure v = =14, bv noticing that

We then obtain (2.32). E
We now give some examples of paire (. @ satisfving (2.283-(2.31) .

Example 2.3.3. 1. If

/t C
=
=5
Jjor some p = 1. we can take &, of the form
R i v
b= 1| -
-

Ve can easily prove that (. O satisfu (2.281-(2.29) with-m =G and (2.50)-(2.31).
If
oty =Ce Y

cliere A > 2(2s — 1y and C > 0. we can take ©. of the form

We can easily prove that @, is en inereasing function on (U, w08, « concave function

-

~ S D iy “1it 5. O and
or 100w 1/25 ‘hecause A > 2125 — 1), that §— 207U ds nondecreasing on \(J. Lioand

thai e pair (w. Sy satisfies (230, on 1. x ;. Thus (w. $g) satisfy (2.28)-12.31) wian
m o= 1/2.

[1: the application of the interpolation nequalityv of Theorem 2.3.2 1o our stabilization
problem: the weight o« i= deternined by the weights \(‘- LoIn (2.120 However. notice that. in
general. the weights ¢? may degenerate fast and. conaequent,].\: we have to work in o more
oeneral context.

Moreover. in principle. (¢21, does not necessariiv satisfv thie convexit: or the monotons
vropertyv in (Z.2% 0 To ensure thet this assumnuon i sau:m)(i. Wi intrmiu@ the nuiim; o
the lowar convex envelop of & sequenice tw., s, salistving Hniing, oo w, = U, Biv 1

r"

he Tuearest” conves and decreasing fuuction saustving O << Lty 2w, forali e £ 5
cxistence of this function is guaranteed by the following lemnia ¢

Lemmea 2.3.4. { 119 Lt = < a <6< o0 and Ief <0G 00— 0.~ w0 ¢ conhinuouns

S T
I O SN A e

¥ RPIE A s b F F 3 i — Th e Ao I N I I )
Tuncioor sach thar ineind. et = U0 Then fnere cosis ¢ conesl Jicteon

P A T A P
Spclo ther O = o<l and o < 0o Gl 0.

SiE



The proof of this lemma can be found in [19].

Now, we show how to coustruct the weight w satisfying (2.28) from (up)nen C (0, 00)
such that liminf,_, u, = 0. Let ¢ € C(]0, 00); R) be such that 0 < ¢(n) < u,, for any
n € N. Let ¢ € C([0, 00); R) be a decreasing and convex function such that for any ¢ > 0,
0 < p(t) < €(t) (which exists by the previous lemma) and consider € C [1, o0) X [0, 00)
the closure of the convex envelop of the set {(n, u,); n € N}. Finally, fix arbitrarily ¢t > 1.
Then the set C; = C N ({t} x R) is nonempty, closed and the previous lemma ensures that
for any s; € R such that (¢, s;) € C;,

So by compactness, we may define the function w as
Vt > 1, w(t) = min {s;; (¢, 8¢) € Ci}.

Finally we extend w as a decreasing, continuous and convex function on [0, 1]. Therefore,
w satisfies (2.28) with m = 0. This function w is called the lower convex envelop of the
sequence (Uy)y-

In the sequel, assuming that the weights in (2.11) are such that liﬂ Lrolfc" =0andc, #0
for all n € N*, we choose the function w as follows

w is the lower convex envelop of the sequence (1, (c2)n>1) - (2.33)

2.3.2 The main results

In this subsection, we assume that the network is such that the weighted observability
inequality (2.11) holds, for every solution of problem (2.7). Therefore, by Theorem 2.2.1,
u satisfies (2.17). Let us make some remarks :

Remark 2.3.5. 1. If for all n € N*, we have c2 > 0, then the energy E, tends to 0 as
i — o0,

2. If there exists a positive constant ¢ such that for alln € N*, &2 > ¢ > 0, then
the energy of u solution of (2.1) is exponentially decreasing. Unfortunately this does not
hold in general except, for example, for the simplest network which consists simply of a
single string and for trees with all but one damped ends (see section 1.7.8), but never for
non-trivial networks with one single damped end.

The first point can be proved by the La Salle’s invariance principle and the second one
by a classical energy method combining the observability inequality (2.17) and the energy
dissipation law (2.4) (see for instance chapter 1 or [89]).

Before stating the main result of this chapter, let us give a technical lemma which will
be used in the sequel. For that, we need to define X, the interpolation space between D(A)

and D(A?) :

X, = [D(4), D], .
where 0 < s < 1/2. Note that if s = 0 then Xy = D(A%) =V x L*(R) and if s = 1 then
X1 = D(A). More precisely we can identify the space X :
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Lemma 2.3.6. For 0 <s < 1/2,

X, = (VmHHHS(o. zj)> x [T B°(0,4,).

Proof: First D(A) is a dense subset of V' x Lz(R) and (V N HJ_1 H?(0,1; )) x V is a dense

subset of V x L2(R) with D(A) C (v NI, H2(0,1; )) x V. Then [D(A),V x L*(R)],

is a subset of .
KV n ] #*(, lj)) x V,V x L*(R)

Jj=1

1-s

1-3
with the same norms.
But
N N N
Kv n ] &%, zj)> x V,V x LZ(R)jl = (V N HHHS(o,zj)) x [] &#°(0.1;),
J=1 1es j=1 j=1

and thus, if D(A) is dense in (V N Hff:l H7(0, lj)) X Hj\;l H#(0,1;), then, by a classical
result of [104],

N N N
Xs = [(V n H HQ(O, l])) X V; V % L2(R)j| = (V N HH1+S(0, l])) X H HS(O, lJ)
=t 1—-s Jj=1 j=1

To verify that D(.A) is dense in (V n HN H@*(0, lj)) X va=1 H5(0,1;), let
(f,9)7 € (V N H;vzl H*s(0,1) ) H L H*(0,1;) be orthogonal to all elements of D(.A),

namely
D () ()R e

for all (u, w)" € D(A). We first take u = 0 and w € Hj=1D 0, I;), where D(0, [;) is the
space of C* functions with compact support in (0, {;). As (0, w) € D(A), we get

N

L
Z/ U)jgjdl' = 0.
l 0

j=

Since Hj\zl D(0, I;) is dense in H;il H*(0, l;) (because 0 < s < 1/2), we deduce that
g=20.
The above orthogonality condition is then reduced to

N
N [0y,
0= ;/0 5 Ba dz. V(u, w) € D(A).
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By restricting ourselves to w = 0 we obtain

N
7 0u; Of
;/0 52 5 =0, V(1 0) € D(A).

But we easily check that (u, 0) € D(A) if and only if u € D(A), where

I\.’
\ : G,
D(A):={ueVn][H*0, 1) : :gg%(u) =0, Vv € Vint; —81;1 (0) = 0}.
J

j=1 JEEY
We can verify that D(A) is dense in V N H;V:l HY@$(0, [;). Indeed, let £ € V N
H;-v:l HY@5(0, 1;). For j € {1, ..., N}, we take

~

& = & — &(0)n; — &(1;)75,

where 7;, 7j; are C* functions satisfying
7;(0) =1 near 0, n;(l;) =0 nearl; and #;(0) =0 near 0, #;({;) =1 near l;.

Then §; € HE**(0, I;). As D(0, I;) is dense into HL**(0, I;), there exits a sequence &, ; €
D(0, 1;) such that &, ; — & in Hy**(0, ;) when n — oo. Setting

€ng = €ng + &0 + &(1))7,

.....

As D(A) is dense in V N H;\;l H*$(0, [;), we conclude that f = 0, which proves that
D(A) is dense in (V N Hg\;l H™(0, lj)) X Hf:l H#(0,1;) and finishes the proof. n
Then we have the following lemma :

Lemma 2.3.7. Assume that (u(®, u()) belongs to X, where0 < s < 1/2, and (w®, w®) =

(u© —u(lo)(O)ga, uV)) where o is a given smooth function satisfying (2.13). Then there ezists
a positive constant C' such that

@O, w) by, + O] <O

I
|D(A3)

where D(A}) is the domain of the operator A° with Dirichlet boundary conditions at all
exterior nodes.

Proof: First, we know that there exists C > 0 such that

2
H(w(o), u’(l)) ||ZD(A;3) <C H (w(O)’ w(l)) H(f/nn;":lH1+s(o,zj))><n;."=1 H3(0,1;)

by interpolation (see [104] for example).
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This estimate leads to the existence of a positive constant C such that

2 2
16, w ) b,y < CN@ )y, mesap)ammr, .y (2:34)

because w® e VNV,
The Sobolev’s injection theorem and the fact that (w©@, w®) = (u©@ — u{(0)¢, u®)
imply that there exists C' > 0 such that

2 2 2
“w(o)“mm;lHHS(O:U)+ {ugm(o)\ < C”u(m“m\;1 L) (2.35)

By definition of w(!), we have also

2 2
“w(l) ”n;”:l H(0,1;) — ““(l) ”1‘1]”:1 H%(0,15) ° (2.36)

Moreover, by the continuous injection of

[D(A), D(A%],_, = X,

in

N N N N N
LH H*(0, ;) x [TH' O, 1), [T H' 0, 1;) x LAR)| =[] H**(0, 15) x [T (0, 1),
i=1 =1 j=1

=1 l—-s j=1

there exists C > 0 such that

2
| (u®, w® % (2.37)

2
) ||H;V=1 H1+s(0’ lj)xn?r:‘ Hs(oilj) S C “ (U(O), U,(l)) l

The estimates (2.34)-(2.37) prove this lemma. n

The main results of the chapter are the following

Theorem 2.3.8. Assume that the weighted observability inequality (2.11) holds for every
solution of (2.7) with liminf, .. ¢, = 0 and ¢, # 0 for all n € N*. Let w be defined by
(2.38). Assume that the initial data (u©®, u™) belong to X,, characterized by Lemma 2.3.6,
where 0 < s < 1/2. Let ®, be a function such that the pair (w, ®,) satisfies (2.28)-(2.31).
Then there exists a constant C' > O such that the corresponding solution u of (2.1) verifies
2

- (2.38)

1 )
vt >0, Byu(t) < Cd, (m) 1@, u®)]

Remark 2.3.9. We see that the decay rate of the energy directly depends on the behaviour
of the interpolation function ®, near O and thus of w and of the weights ¢ as n — oo.
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Proof: We split up u as in (2.15) and we decompose w©® = u©® — u{”(0)p and w® = u®

as
w® = u® — 4 (0)p = 3 wo e and w® = u® = 3wy 107,

n>1 n>1

where (AnWon)ns (Win)n € 12(N*). We write

E_(0) = unw(n), (2.39)

where (Un)nen+ € [H(N*; R) is defined by

1 /-
Vn 2 27 Up = '2" ()‘31——11‘0(2),71—1 + win—l)

and _
Uy = ugo) (0)2
Observe that, by the construction (2.33) of w, we have
E_(u, 0) < E.(x, 0).

Then, by (2.4) and (2.17) of Theorem 2.2.1, we have

T 2
Eu(0) — Eo(T) = / (%‘71(0, t)) it > CE_(0). (2.40)
0
Assume further that (u®, V) € X,. We define
E.(0) = unn®. (2.41)
n>1

It follows from Theorem 2.3.2 (applied to the function f = u and the weight w) that

E_(0) | E+(0)

1<® : (2.42)
2w | e
n>1 n>1
By the so-called Weyl’s formula (see for instance [2,20,82]), we have
z km
Ap ~ —, 2.43
o~ (2.43)

and thus, there exist ¢;, ¢; > 0 such that, for n large enough, we have

(n+ 71 - ‘n+ )7
‘—L—Sknﬁcz( 7 )

104

C1



Therefore, we have

EL0) =

(13 (Reut, + ) (2525) [0

n>1

< c (Z (F2ud, - wg’n) 32 |u§0)(o>l2>

¢ (lin i h0T)

Consequently, by Lemma 2.3.7, we obtain that there exists C > 0 such that

[ STl

E,(0) < O[], u®)

Xs*

Moreover,
D un = %Z (:\iwgm + wf,n) + ui”(0)? Ilw(")llv +u? (0 + fJu® “;m) '
n>1 n>1

Furthermore, there exists C’' > 0 such that

2 2 2 2 2 0 2
O = w0+ 0], < 0 (1@l + [0 ) = ¢ (1 + [0 )
because ¢ is given and w® € V. Therefore, there exists C' > 0 such that

St 2 C @@, u®) [ e,

n>1
Consequently, (2.42) becomes, by the increasing character of @

uw© I
15@( E_(0) ) Cll®, us,

2 2 ’
C IO, W)y rzmy ) O IO uO)y 2z

which yields

E_(0) > O {|(u@, uM]] S (Gl 1P (2.44)
-(0) > C' || (u®, VXERR) TS OO, w2 |
with C, C" > 0. From (2.40) and (2.44), it follows that there exist C, C' > 0,
[w®, w2,
E(T) < E,0) — O |(u®, u™) -1 VXIAR) 2.45)
(T) < E,(0) = C'||(u wam Cu®), u)[ (245
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for any (u®, uM) € X,.
We follow now the proof of Ammari and Tucsnak [11]. We rewrite (2.45) as follows :

2
1UT), we( T ozemy < @O w5, pam

\ <0>$u(1>)||2
e © 5, (]2 ~1 I VX L2(R)
C @, )|y, ragr) ®: <0H<u<o),u<1>>!li-s '

This estimate remains valid in successive time-intervals [IT, (I + 1)T]. Notice that there
exists C' > 0 such that

vt >0, f|(ult), w®)lly, < Cl|(@®, uV)]

oy (2.46)

for 0 < s < 3 by interpolation, because it is true for s = 0 and s = 1 (see Theorem 5.1

of [72]). By (2.46) and the fact that the energy is decreasing by (2.4) and that ®;! is
increasing, we obtain that

(@ + DT, wl@+ DTN owzemy < M@0 w(T) I xr2ry

_1 { Mu(@+D)T), we((+DTH)IZ 2.47
=C" (), w(IT)) I war) ®5 ( @, w0 ] Lz(R)) ; (2:47)
. Xs

for every [ € NU {0} .
Our expression (2.47) coincides with (4.16) in Ammari and Tucsnak [11] (with G = ®!
and 6 = 1/2). The rest of the proof follows as in [11], where (2.31) is used, by noticing that

(T + DT, wel(l+ DD s 2my
Cll(w®, u®)|ly,

< 1,

taking a higher constant C if necessary. Then (2.38) follows. =

In addition, using (2.38) and making a particular and explicit choice of the concave

function &, we obtain a more explicit dependence of the weights on the decay rate of the
energy :

Theorem 2.3.10. Assume that the weighted observability inequality (2.11) holds for every
solution of (2.7) with iminfc, = 0 and ¢, # 0 for all n € N*. Let w be defined by (2.33).
We set (0
w
YVt > 0, (p(t) = t—Q
Then there ezists a constant C > 0 such that for any initial data (u@, ¥V} € X, (0 < s <
1/2). the corresponding solution u of (2.1) verifies

Ve > 0, Bult) < —— 2 ||, u®)|

(07 (77))

2
Xs '

(2.48)
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Proof: We set |

q)s =~——-2?
0= e

where 0 < s < 1/2. Then the pair (w, ®;) verifies (2.28)-(2.29) on (0, o0). Indeed, as ¥
is the composition of the functions t — 1/~ () and ¢ ~ t* which are increasing and

concave functions (by Lemma 2.6 of [19]), ®, is an increasing and concave function.
Moreover, we easily check that

_
= (w(t))

on [1, 00). As a consequence, (2.30) holds on [1, o).

Finally, we have
1o7(t) = 0 (=
t° - v ti )’

which is an increasing function on (0, co) because 0 < s < 1/2, and therefore (w, ®;)
satisfy (2.28)-(2.31). We apply now (2.38) of Theorem 2.3.8 with

®Aﬂ=(;%@)%,

to obtain the result. n

v

1
t

2.4 Examples

In [38] the authors proved observability inequalities of type (2.11) on which our analysis
is based. In the case of star-shaped networks, the weights in (2.11) depend on the irrationa-
lity properties of the ratios of the lengths of the strings. In the case of tree-shaped networks,
the observability inequality is proved under a condition (that is fulfilled generically within
the class of tree-shaped networks) that generalizes the condition on the irrationality of the
ratios of the lengths of the strings arising in the case of stars. Finally, in the case of general
networks, the observability inequality holds under the condition that all eigenfunctions of
the network are observable. This last result is a generalization of the previous one for stars
and trees.

To illustrate the wide range of applications of the main result of this chapter, in this
section, we apply our previous results to some examples of particular networks : a star-
shaped network and a particular tree. We obtain the weights (c,), directly by [38] and
deduce an explicit decay rate for the corresponding dissipative system.

2.4.1 The star-shaped network with N strings

The star-shaped network with N strings is formed by N strings connected at one point
v, which constitutes a particular tree. Recall that the damping term is located on the vertex
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F1G. 2.1 ~ A star-shaped network with N strings

vy, the origin of the controlled edge e; of length ;. The remaining N — 1 exterior nodes
are denoted by v;, ¢ = 2,..., N, the string that contains v; by e; and its length by ;.
In [38], the authors proved the observability inequality (2.11) for the conservative system
(2.7) with Dirichlet boundary conditions at all exterior nodes with the following weights
¢y = Tmax H ‘sin(j\klj)
J#L

,Vn > 1.
i=2,...,Nd

First, if the ratio of any two of the lengths of the uncontrolled strings is an irrational
number, i.e. [;/l; ¢ Q for all 7 # j, then for all £ € N, we have ¢ > 0. In this case, the
energy of u solution of the dissipative system (2.1) tends to 0 as t — oc. This can be easily
proved with LaSalle’s invariance principle. using the energy as Lyapunov functional, but
it does not yield any explicit decay rate.

Thus assume that [;/l; ¢ Q for all i # j. Denote by S the set of all real numbers
p such that p ¢ Q and so that its expansion as a continued fraction [0, a1, ..., Gn,...] 8
such that (a,) is bounded. It is well known that S is uncountable and that its Lebesgue
measure is zero. Roughly speaking, the set & contains all irrational numbers which are
badly approximated by rational numbers. In particular, by the Euler-Lagrange theorem,
S contains all irrational quadratic numbers (i.e. the roots of second order equations with
rational coefficients).

We use also a well-known result asserting that, for all € > O there exists a set B, C R,
such that the Lebesgue measure of R\ B, is equal to zero, and a constant C, > 0 for which,
if £ € B.. then c

llemlll =~z

where |||n ||| is the distance from 7 to the set Z :

ln|l}= min, Jol.
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In particular, S is contained in the sets B, for every € > 0 (see [38] for more details).
Then, by Corollary A.10 of [38], we have

Lemma 2.4.1. 1. If for all values i, j = 2,...,N, i # j, the ratios l;/1; belong to S, then
there exists a constant ¢ > 0 such that

¢ > —— Vk € N*.

yN-2"
)\k

2. If for all values i, j = 2,..., N, i # j, the ratios [;/l; belong to B, then there exists
a constant ¢, > 0 such that

Ce "
Ckz—j\m,VkEN.

k

With more restrictive assumptions on the lengths of the uncontrolled strings, we have
another bound for c;. Let us recall a definition of [38].

Definition 2.4.2. We say that the real numbers Iy, ..., Iy verify the conditions (S) if
oly,....Iy are linearly independent over the field Q of rational numbers;
e the ratios l;/l; are algebraic numbers fori,j =1,.., N.

In this case, we have the following result (see Corollary A.10 of [38]) :

Lemma 2.4.3. If the numbers ly,...,In verify the conditions (S), then for every e > 0,
there exists a constant c. > 0 such that

> G
Ck_Fg)
k

Vk € N*.

Consequently, we have

Proposition 2.4.4. 1. Assume that for all values i, 7 = 2,..., N, ¢ # j, the ratios l;/l;
belong to S. Then there exists a constant C > 0 such that for any initial data (v®, uV) €
Xs (0 <5< 1/2), the corresponding solution u of (2.1) verifies

2

C
s 10 Ol

2. Assume that for all values i, 7 = 2,...,N, i # j, the ratios l;/l; belong to B. for
€ > 0. Then there exists a constant C. > 0 such that for any initial data (v, uV) € X,
(0 < s <1/2), the corresponding solution u of (2.1) verifies

¢
(t + 1)7 ==
3. Assume that the numbers ly, ..., Iy verify the conditions (S). Let € > 0. Then there

exists a constant C. > 0 such that for any initial data (v, uV) € X, (0 < s < 1/2), the
corresponding solution u of (2.1) verifies

Ce
(t+1)T=

Eu(t) <

E.(t) <

. w5,

E.(t) < 1@, w)|% -

109



Proof: We set «a = N — 2 and ¢, = ¢ in the first case, « = N — 2+ ¢ and ¢, = ¢, in the
second one and @ = 1 + € and ¢, = ¢ in the third one. For a > 1, we take

where d,, verifies d2 < 1 and ¢2X;%¢ > d2n~2* for all n € N*, which is possible because of
Weyl's formula (2.43).
We are in the situation 1 of Example 2.3.3 with p = 2a > 1. Therefore, we take

oio-(3)

Then (w, ©,) satisfy (2.28)-(2.31) and we apply Theorem 2.3.8 to finish the proof. =

Finally, if the lengths [y, ..., Iy verify [;/l; ¢ Q for all ¢ # j, but the conditions 1, 2 and
3 of Proposition 2.4.4 are not verified, it can be proved that ¢, verify

¢n > 9(n) > 0, Vn € N, (2.49)

where 9 is a positive convex and decreasing function which can be smaller than CS\; @ with
a > 0. Indeed, we know by Appendix A of [38], that if we set

= 3 T1 lsinO)l

=2 ji
we have
(V)2 C min Hlll m )]}
..... oy
where

m(\) = E (%A) ,

E(n) being the closest integer number to 7 : | — E(n)| = |||n]l]. Therefore, it is sufficient
to bound by below HI%mm for all m € N and i # j to get a lower bound of ¢,.

Moreover, we know that Liouville’s numbers £ are such that for all n € N, there exists
g € N, ¢ > 1 such that

1
o< llslll < s

That is why, when [;/{; is a Liouville’s number (see [29]), the function ¢ in (2.49) is smaller
than any negative power of \, (for example of the order of e™"). and thus the decay rate of
the energy of u is slower than polynomial. Indeed, for instance, it is possible to construct
real numbers £ of the form

€= 107,

keN
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where (ax)r is an increasing sequence of natural numbers, which are approximated by
rational ones faster than any given positive increasing function p :

[[[107¢ |[]p10™) < ¢, ¥p e N

for € > 0 (see [38], p.66 for more details).
Let us construct an irrational number z which is approximated by rational ones at an
exponential speed. The aim is to find an irrational z, such that

lim infm:caq”ﬁ = e~ %, where a is a positive constant. (2.50)

g0

This construction uses the theory of continued fractions (see [94]). We recall here some
results about the continued fractions which are used in the sequel and we refer to [29,54,66]
for more details. Let [ag, a1, ..., a,, ...] be the expansion as a continued fraction of z € R\Q.
We set z,, = [ag, a1, ..., Gy] = ;’—: where p,,, g, are integers. The integers p,,, ¢, are relatively
prime and satisfy the following relations :

b= 1: Do = Qg, Pntl = On41Pn T Pn—1 (251)

and
-1 = 07 Qo = 1, n+1 = Ont+1Gn + Gn-1- (252>
We have the following theorem which is a result of best approximation (see [29,54,66,94]) :

Theorem 2.4.5. Let z ¢ Q. Then, with the notation introduced before, we have
(i) gn > 207D/
(i) |llgnz |l = lgnz — pal| and 37—~ < |llgnz Il <

2qn+1 — Gn+1’

(i66) 1 0 < q < o, then lllgz il > [lanc

First, we show

liminf || |zq||[* = liminf a7 (2.53)
) -1
Set I(z) = liminf |||zg||[+ and A(z) = liminfa, 7. By the relation (2.52), we have

On+1Qn S Gn+1 S 2an+1Qn~

Then, by (ii) of Theorem 2.4.5, we obtain

m|ljgnz|ll _ 0(1/gnt1) _ In(1/@n4a) + In(1/n)
an - An - gn

3

and thus

N

liminf lrimqg{:m < liminf

an
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which leads to I(z) < A(z). For an arbitrary ¢ > 1, let n be an integer such that ¢, < ¢ <
gn+1. As In|||gz ||| < 0 and by (ii) of Theorem 2.4.5, we have

jljgz|ll | Infllgz|ll _ n(1/2gns1) _ In(1/an41) +In(1/4gn)
g T ¢ Gn - n ’

which leads to
In(1/an41)

m inf ,
gn

lim inf l_n“%cm > 1
and to I(z) > A(z). Therefore, (2.53) holds.
Thus finding z, € R\@Q such that (2.50) is equivalent to finding z, € R\Q such that

-1
j ] m __ p,a
liminfa,7 =™

We construct a such z, by induction. Set ay = 0, which determines p; and go. Then, if
Qo -y Qny POy -5 Pns Gos ---s qn are found, we choose ap.; by

a1 = E(e2).

Then, p,4+1 and gn4; are imposed by the relations (2.51) and (2.52).
Therefore, for all a > 0, we have found an irrational number z, such that there exists
a positive constant ¢ such that,

mqmam > 0e ™, VgeN. (2.54)

Consequently, if I;/1; are reals of the form z,, ; for a;; > 0, which verify (2.54), then there
exists a positive constant C' such that for all £ € N,

—b(N=2)3, L
e > Ce~PN-22ed

where b = max;x;(a;;) > 0 and [ = max(l;). By the Weyl’s formula, there exists c; > 0
J

such that Az < cokmr /L, and thus, we obtain
ci > Ce—2czb(N——2)k — Cre—Ak7

where A = 2cb(N — 2).
Consequently, we have

Proposition 2.4.6. Assume that for all values 1, j = 2,....N, i # j, the ratios l;/1; are
reals of the form x,, ; for a;; > O which verify (2.54). Then there ezist constants C, C" > 0
such that for any initial date (u'®, uM) € X, (0 < s < 1/2), the corresponding solution u

of (2.1) verifies
c' l
(In(C(1 +t)))*

2

Yt >0, Eu(t) < .

(w®, u)|

(2.55)
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Proof: We apply Theorem 2.3.8 with
w(t) = Ce ™,

for C >0 and A > 2(2s+ 1), and

By(t) = (ﬁ%) .

We are in the situation 2 of Example 2.3.3 and we simply apply (2.38) to obtain (2.55).
.

2.4.2 A non star-shaped tree

Now let us consider a tree, which is not star-shaped, having the simple structure in
figure 2.2.

F1G. 2.2 - A non star-shaped tree

Recall that the damping term is on the vertex v, the origin of the damped edge e; of
length !;. We will assume, in addition, that Iy = [5.

Recall that in [38], the authors proved the observability inequality (2.11) for the conser-
vative system (2.7) with Dirichlet boundary conditions at all exterior nodes with the weights
cr given by

Cr = max {ld5(5\k)l , !d4(;\k)‘ , ldg(j\k)‘} .

where

ds(A) = —sin( ) sin(Aly), dy(N) = — sin(Ng) sin(Als),
da(A) = —(cos(Alz) sin(Als) sin(Aly) + sin(Al3) cos(Als) sin(Aly) + sin(Alz) sin{Als) cos(Aly)).
FiI‘St, if Cr — 0, then ld;(:\k)l = 'd4(5\k)) = ldz(j\k)l = 0. As l4 = 12, we obtain
sin(Aly) = 0 and sin(Alg) sin(Als) = 0. If sin(Al3) = 0 (resp. sin(Al5) = 0), then, necessarily
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l3/ly (resp. ls/l2) is a rational number. Consequently, ¢ # 0 if I3/l> and I3/l are irrational
numbers and then, in this case, the energy of u solution of (2.1) decays to 0.
Secondly, applying Appendix A of [38], we know that there exists a positive constant c
such that for every k € N*,
c
Ck 2 =
AR
if one of the following three conditions holds
e the ratios I5/l,, I3/l and l3/ls belong to § and a > 4
or
e the ratios I5/ls, l3/l2 and l3/l5 belong to some B, and o > 4 + ¢
or
e the numbers I3, s, I, satisfy the conditions (S) and a > 2 + €.
Consequently, by using (2.38) of Theorem 2.3.8 and the first statement of Example 2.3.3,
there exists a constant C' > 0 such that for any initial data (v, u®) € X, (0 < s < 1/2),
the corresponding solution u verifies

Eu(t) < —C

T+ 1)s

@, w5,

Finally, if these previous conditions do not hold, we can apply Theorem 2.3.8 to obtain
a decay rate of the energy of u with an admissible pair (w, ®;), or Theorem 2.3.10 to obtain
a more explicit decay rate of the energy.

As we have seen in these examples, our method to obtain decay rates of the dissipative
system (2.1) is of systematic application :

First, we find the weights (c2) of the observability inequality (2.8) for the conservative
problem (2.7) with Dirichlet boundary conditions at all exterior nodes.

Then we take, for the weight w, the lower convex envelop of the sequence (1, (¢2),).

Finally we choose @, such that (w, ®;) satisfy (2.28)-(2.31) to obtain the decay rate of

the energy, given by
1
o, | — ).
()

Note that the study of the observability inequality (2.8) for (2.7) and the weights (c2)
have been already done in some works (see [38]). Consequently we can use directly these
results and it is not necessary to show another observability inequality. In addition, notice
that the weighted observability inequality (2.17) holds under the same assumptions on the
network that are needed for the Dirichlet problem (2.7). This method allows to treat an
important class of networks.

Moreover we can extend this general principle to networks of strings with damping in
several exterior vertices, or with damping in interior nodes.
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Chapitre 3

Stabilization of second order

evolution equations with unbounded
feedback with delay

3.1 Introduction

Time-delay often appears in many biological, electrical engineering systems and mecha-
nical applications [1,51,101], and in many cases, in particular for distributed parameter
systems, even arbitrarily small delays in the feedback may destabilize the system, see
e.g. [39-41,52,75,85,89,98,110]. The stability issue of systems with delay is, therefore, of
theoretical and practical importance.

We further remark that some techniques developed recently in [85] and in chapter 1 in
order to obtain some existence results and decay rates have some similarities. We therefore
propose to consider an abstract setting as large as possible in order to contain a quite
large class of problems with time delay feedbacks. In a second step we prove existence and
stability results in this setting under realistic assumptions. Finally in order to show the
usefulness of our approach, we give some examples where our abstract framework can be
applied. For a similar approach, we refer to the paper in preparation [5]. Without delay
such an approach was developed in [11].

Before going on, let us present our abstract framework. Let H be a real Hilbert space
with norm and inner product denoted respectively by ||.||; and (.,.)u. Let A : D(A) — H
be a self-adjoint positive operator with a compact inverse in H. Let V := D(A?) be the
domain of A%. Denote by D(Az) the dual space of D(A?) obtained by means of the inner
product in H.

Further, for 7 = 1, 2, let U; be a real Hilbert space (which will be identified to its
dual space) with norm and inner product denoted respectively by |.||;. and (.,.)y, and let

B; € L(U;, D(A%))).
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We consider the system described by

O(t) + Aw(t) + Biuy(t) + Boug(t — 7) =0, t > 0
0) =ty (0) = w1, (3.1)
u(t—7m)=foLt—-7),0<t <,

where t € [0, co) represents the time, 7 is a positive constant which represents the delay,
w : [0, o) — H is the state of the system and u; € L%([0. 00), U), uz € L*([—7, 00), Us)
are the input functions. Most of the linear equations modelling the vibrations of elastic
structures with distributed control with delay can be written in the form (3.1), where w
stands for the displacement field.

In many problems, coming in particular from elasticity, the input w; are given in the
feedback form w;(t) = Bjw(t), which corresponds to colocated actuators and sensors. We
obtain in this way the closed loop system

O(t) + Aw(t) + BiBjw(t) + BeB3w(t—7) =0,t >0
(U(O) = Wo, (.U(O) = Wy, (32)
Biw(t—71)=f%t—-1),0<t <7

The first natural question is the well posedness of this problem. In section 3.2 we will
give a sufficient condition that guarantees that this problem (3.2) is well-posed, where we
closely follow the approach developed in [85] for the wave equation. Secondly, we may ask
if this system is dissipative. We show in section 3.3 that the condition

W <a<l,YueV, |Bul}, < alBiulf, (3.3)

guarantees the strict decay of the energy; under this condition, using a result from [12]
(see also [105]) we pertain a necessary and sufficient condition for the decay to zero of the
energy. Note that this last condition is independent of the delay and therefore under the
condition (3.3), our system is strongly stable if and only if the same system without delay
is strongly stable. Note further that if (3.3) is not satisfied, there exist cases where some
instabilities may appear (see [85,110] and chapter 1 for the wave equation). Hence this
assumption seems realistic.

In a third step, again under the condition (3.3) and a certain boundedness assumption
from [11] between the resolvent operator of A and of the operators B; and B, see condition
(3.20), we prove that the exponential decay of the system (3.2) follows from a certain
observability estimate. Again this observability estimate is independent of the delay term
B, B3w(t — 7) and therefore, under the conditions (3.3) and (3.20), the exponential decay
of the system (3.2) follows from the exponential decay of the same system without delay.
Nevertheless we give the dependence of the decay with respect to the delay, in particular
we show that if the delay increases the decay decreases. This is the content of section 3.4.
A similar analysis for the polynomial decay is performed in section 3.5 by weakening the
observability estimate. Again we show that if the delay increases the decay decreases. In
view of some applications, section 3.6 is devoted to the proof of these two observability
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estimates by using a frequency domain method and a reduction to some conditions between
the eigenvectors of A and the feedback operator B}.

Finally we finish this chapter by considering in section 3.7 different examples where our

abstract framework can be applied. To our knowledge, all the examples, with the exception
of the first one, are new.

3.2 Well posedness of the problem

We aim to show that problem (3.2) is well-posed. For that purpose, we use semi-group
theory and an idea from [85] (see also chapter 1 or [89]). Let us introduce the auxiliary

variable z(p, t) = Bjw(t — 7p) for p € (0, 1) and ¢ > 0. Note that z verifies the transport
equation for0< p<landt >0

& 4 %”; =0
2(0, t) = Bw(t) (3.4)
2(p, 0) = Byis(=1p) = fO(~7p).

Therefore, the problem (3.2) is equivalent to

T%+§—;=O,t>0,0<p<1
w(0) = wo, w(0) = wy, 2(p, 0) = fO(—7p), 0 < p< 1
2(0, t) = Bia(t), t > 0.

If we introduce
then U satisfies

182\"
U= (w, @, 2)T = <w —Aw(t) — B1Bjw(t) — Boz(1, t), -————-—) .
T 0p
Consequently the problem (3.2) may be rewritten as the first order evolution equation

U =AU
{ U(0) = (wo, wy, fO(~T1.)), (3.6)

where the operator A is defined by

u
A ( ) - ( —Aw — BlB’f(u — Byz(1) ) ,

D(A) :i={(w,u, 2) € VxV x H((0, 1), U,); 2(0) = Bju., Aw + B;Bju+ Byz(1) € H}.

2 €

with domain
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Now. we introduce the Hilbert space
H=V x Hx L*(0, 1), Us)

equipped with the usual inner product

< ( i ) , ( )> = (4hw, AfD) + (u @)y + / (o) Dy de. B)

Let us suppose now that

0<a <l YueV, |Bull, <alBiul?, . (3.8)

w2 &2

Under this condition, we will show that the operator A generates a Cy-semigroup in H.
For that purpose, we choose a positive real number £ such that

1<e<2o1 (3.9)
«

This constant exists because 0 < a < 1.
We now introduce the following inner product on H

<( (Z ) ) > = (A%w, A%GJ)H + (u, @)y + 7€ /01 (z(p), g(p))U2 dp.

This new inner product is clearly equivalent to the usual inner product on H (3.7).

Theorem 3.2.1. Under the assumption (3.8), for an nitial datum Uy € H, there exists a
unique solution U € C([0, +00), H) to system (8.6). Moreover, if Uy € D(A), then

U € C([0, +00), D(A)) N C*([0, +o00), H).

Proof: By Lumer-Phillips’ theorem, it suffices to show that A is m-dissipative (see Defi-
nition 3.3.1 and Theorems 1.4.3 and 1.4.6 of [93]).
We first prove that A is dissipative. Take U = (w, u, 2)7 € D(A). Then

U W
(AU T),, = < ( —Aw = B,Bju ~ Bye(1) ) , ( u ) >
19z

= (A%u, A%w)H (Aw + B1Biu + Byz(1), u)y f/ ( ) dp.
Us
Since Aw + By Bju + Byz(1) € H, we obtain
(AU, U),, = (Aéu A%,) — (Aw, Wy = (BiBiu. u)y v — (Baz(1), wy v

<] (G0 o), o

= (Aw, Uy v — (Aw, u)V, h HB*uhL1 (2(1), Bou)u,
~§/ ( p>> dp,
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by duality. By intregrating by parts, we obtain

[ (50 2("))% iw=-[ € %;w)% do+ (DI, - 12012,)

and thus L
/0 (a—;@% z<p>)U2 dp = 501201, = I1Bulf,)

Therefore, by Cauchy-Schwarz’s inequality, we find

(AU, Uy =~ 1B5ully, ~ (1), Biuly, — 121, + § IBsul?,
1 1
< Bl + (5 ~ S DI, + (5 + 5) I1B5ul,.

By (3.8), we obtain
a £ . 1 ¢
(AT, D)y < (3 4+ 52— 1) BRull, + G - 5) )1,
with § + %,3 —1<0and ;- g < 0 because £ satisfies condition (3.9). This shows that
(AU, U}, <0 and then the dissipativeness of A.

Let us now prove that A — A is surjective for some A > 0.
Let (f, g, h)T € H. We look for U = (w, u, 2)T € D(A) solution of

wafi)-()

Aw—u=f
A+ Aw + BiBiu+ Boz(l) =g (3.10)
Az + %g—; = h.

or equivalently

Suppose that we have found w with the appropriate regularity. Then, we have
u=—f+Iw eV

We can then determine z, indeed z satisfies the differential equation

)\z—kl%:h
T dp

and the boundary condition 2(0) = Bju = —Bj f + ABjw. Therefore z is explicitely given
by

0
2(p) = ABiwe " — By fe P 4 1e 2" | e h(0)do.
2 2 A )
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This means that once w is found with the appropriate properties, we can find z and u. In
particular, we have

1
2(1) = ABjwe ™" — By fe " + re7 / e’ h(0)do = ABjwe™ + 2°, (3.11)
0

where 20 = — B} fe™7 + 1e" fol e*™ h(c)do is a fixed element of U, depending only on f
and h.
It remains to find w. By (3.10), w must satisfy
Nw+ Aw + AB1Bjw + Byz(1) = g + By Bl f + \f,
and thus by (3.11),
Nw+ Aw + ABBiw + )\e_’\TBgB;w =g+ BBl f + \f — B2’ =: ¢,
where g € V'. We take then the duality brackets (.,.)y, ,, with ¢ € V':
</\2w + Aw + AB,Bjw + Ae ™ By Biw, ¢>V’,V =g, Py v -
Moreover :
(Azw + Aw + AB1Bjw + Ae™*" By Bjw, ¢>>V, v
= X (w, Ohyry T (Aw, D)y + AU(BiBiw, d)y y + e (B, Bjw, by v)
=X (w. 0)y + (4w, Akg) +A(Blw, Bio)y, + ¢ (Bjw. B3d)y,)
because w € V C H. Consequently, we arrive at the problem
X (w, 6)+ (Ahw, Abo) +M(Biw, Big)y, +¢™ (Byw, Bid)y,) = (g, d)y.y - (812)
The left hand side of (3.12) is continuous and coercive on V. Indeed, we have
22 @, @)y + (4w, Al9) + A(Biw, Bio)y, + ¢ (Bjw, Bioly,)
1 i, # * — AT * *
< 0% ol ey + | 4t][|43e], + XUBL I, B0l + " I1Biwlo, 130 1ks)
< ONlwly ol + | 4% || lelly gl

+’\(||B;”2L(V,Ul) llwlly lolly + e “Bgni(v,@) lwily ¢l
< Clwly lielly -

and foro=weV

Xl + (Akw, A1)+ A(IBLl}, + e | Bgwll,)

> || ato] > ol

Therefore, this problem (3.12) has a unique solution w € V by Lax-Milgram’s lemma.
Moreover Aw+ By Bju+Byz(1) = g+ f—X%w € H. In summary, we have found (w, u, 2)T €
D(A) satisfying (3.10). E

Remark 3.2.2. We deduce from Theorem 3.2.1 that D(.A) is dense in H (see [93]).
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3.3 The energy

We now restrict the hypothesis (3.8) to obtain the decay of the energy. Namely, we
suppose that (3.3) holds, namely

WVW<a<l,VueV, HB;‘UJHQU2 <a HB;‘ulle1 :
Let us choose the following energy (which corresponds to the inner product on H)
1 2 .12 ! * ¢ 2
B(e) = 5 (|| Ak, + Nl +7¢ | 1B3a(e ~ o)l do ) (3.13)

where £ is a positive constant satisfying

1

Azw

1<§<%—1, (3.14)

that exists because 0 < a < 1.

3.3.1 Decay of the energy

Proposition 3.3.1. If (8.8) holds, then for all (wo, wy, f°(~7.))T € D(A), the energy of
the corresponding regular solution of (8.2) (i.e. (w, w, Bow(t—7p))T € C([0, +00), D(A))N
C([0, +00),H)) is non-increasing and there exist two positive constants Cy and C, depen-
ding only on a and £ such that

~Co (IBio@)7, + I1Bsw(t — 7liz,) < E'(0) < =Cy (IBiw®)llg, + I1B3o(t = 7)z,) -
(3.15)
Proof: Deriving (3.13), we obtain

1

(A%w, A%w)H + (@, D) + 75/0 (Byorlt — mp), Byis(t — 7p))y, dp
= {4, &)y — (& Av+ BiBIU+ BaBji(t = 7))y
~¢r [ (Bt = ro), Byis(e = 7o)y, dp
= (Aw, W)y — (W, Aw + BiBiw + BaBiw(t — 7))y, v
ver [ (Biolt ~7p), Biote — 7o)y, do

because Aw + B1Bjw + ByB}w(t — 7) € H. Then

E'(t)

I

E'(t) = (Aw, wl>v,,v-—<w, AWy v = (@, BiByi)y = (@, BaB3w(t — 7))y v
+§T/O (Bia(t —7p), B3i(t — 7p))y, dp
= - IlBIdiH?;l ~ (B3, Byw(t — 1))y,

+§T/ (Bsw(t —Tp), Bii(t - 7p))y, dp-
0
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Moreover, recalling that z(p, t) = Biw(t — 7p), we see that
' : . ! 0z
[ it -0 B - oo = [ (st Fio0)) o
U2

1 [t Oz >
= —= 1), ==(p, t) ] dp,
T/O (z(p )ap(p ) . 0

because %%(p, t) = —7%(p, t). Then, we have
/I(B*w(t—T) Byt — )y, dp = —o- 1—6—”2( t)llg, d
; 2 P}y Do Plly, &P = 2 J, Bp P> Yy, &P
1
= ol 1, ~ 1120, DI,
1 . ‘-
= =5 (Bt =g, = I1B30O)llg,).
Consequently,
B(t) = | Biol, - (Byo, Byl — )y, — 5 IB3ett — DI, + S B30I,

Cauchy-Schwarz’s inequality yields

F(t) < - |BLlf, + (5 + ) IB@I, + (5 ~ ) 1Bt - DI,

and

. L & ne

B(0) 2 ~ Bl + (—5 + 5) 1B, ~ (5 + 5) 1Bt - DI,
Therefore, by (3.3), these estimates leads to
E'(t) < —Cu (I B0y, + 1B3o(t = 7llp,)

with ¢ £ 1

a o

Ci1= mm{(l 5 -5k G- 5)}

which is positive according to the assumption (3.14). and to

E'(t) > —Ca (| Bio|l%, + || Byt — 7)II7,)

Cy = max {1 %_—l}

with

which is also positive.



Remark 3.3.2. Integrating the expression (3.15) between 0 and T, we obtain

| (B, + 185t - nli) dt < 5-(BO) - BT) < 5-B(0)
0 1 1

This estimate implies that Biw(.) € L*((0, T), U;) and Byw(. —7) € L2((0, T), U,). W

Remark 3.3.3. If (3.3) is not satisfied, there exist cases where instabilities may appear,

see chapter 1 and {85,110} for the wave equation. Hence this condition appears to be quite
realistic. W

3.3.2 Decay of the energy to 0

We give a necessary and sufficient condition that guarantees the decay to 0 of the
energy.

Proposition 3.3.4. Assume that (3.3) holds. Then, for all initial data in H, we have
lim B(t) = 0 (3.16)
if and only if for any (non zero) eigenvector p € D(A) of A, we have
Bip #0. (3.17)

Remark 3.3.5. Notice that this necessary and sufficient condition is the same than in the
case without delay (see [105]) and therefore, the system (3.2) with delay is strongly stable

(i.e. the energy tends to zero) if and only if the system without delay (i.e. for B, = 0) is
strongly stable.

Proof: Let us show that (3.17) implies (3.16). For that purpose we closely follow [105].
First, we show that .4 has no eigenvalue on the imaginary axis. If it is not the case, let

ww be an eigenvalue of A where w € R. Let ¢ be an eigenvector associated with iw. Then
w is of the form

z
= Wz ,
iwe P B}z
with .
—w?z + Az +iwB) Biz + iwe™™" ByBjz = 0. (3.18)
It is an immediate consequence of the identity (iwl — A)p = 0.
First we notice that w # 0 since for w = 0, the above identity reduces to Az = 0 with

2z € D(A). Since by hypothesis A is invertible, we get z = 0 and therefore 0 is not an
eigenvalue of A.

We now take the duality bracket (.,.). | between (3.18) and z € V

0 = (—w’z+4+ Az +wB Bz + iwe " ByB3z, 2)y
Pa * 12 L —iwT || R* .2
= (=T + A)z, 2)y y +iw || Bizlp, +iwe™7 ||Bizlly, -
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We look at the imaginary part of this expression to obtain
* 112 x 12
w (I1Bi2lly, + cos(wr) [|B3zlg,) =0,

which implies, because w # 0,

| Biz||%, + cos(wr) || B3 2%, = 0.

We deduce that

0=||Bizlly, + cos(wr) |Bjzlly, 2 |1Bizlp, ~ B3zl = (1 — @) | Bizlly, 2 0.
by (3.3) with a < 1. Consequently
|1Biz]|y, =0
which implies
Biz=0. (3.19)
Moreover, by (3.18), (3.19) and (3.3), we have

Az = 2.
Therefore, z is an eigenvector of A of associated eigenvalue w? such that
Biz =0,

which contradicts (3.17). Thus, 4 has no eigenvalue on the imaginary axis.

Now, we can apply the main theorem of Arendt and Batty [12] : As o(A) N iR is
countable (because o(A) is countable and what we have done previously) and as A has no
eigenvalue on the imaginary axis, we obtain (3.16).

Let us show that (3.16) implies (3.17). For that purpose we use a contradiction

argument. Suppose that there exists an eigenvector ¢ of A of associated eigenvalue A? such
that

Bio=0.
Let us set
w(., t) = pcos(At).
Then w is solution of (3.2) and satisfies
E(t) = E(0)
because )
IBi )z, = ¥ sin®(At) | Bell, =0

and . \ ) ‘ o
|Bsw(t —m)lly, = A*sin*(A(t — 7)) [|B3olip,

< aNsin’(A(t - 7)) | Bigllf, =0,

by (3.3). This means that we have obtained a solution of problem (3.2) with a constant
energy, which contradicts (3.16). ]



3.4 The exponential stability

3.4.1 A priori estimate

In order to obtain the characterization of decay properties of the damped problem via

observality inequalities for the conservative problem we will use the following assumption
from [11] :

If 3> 0 is fixed and Cg = {A € C|RA = (3}, the function
A€ Cs— H(N) = AB*(\I+ A)™'B € L(U) is bounded, (3.20)
where B € L(U, V') with U a Hilbert space.

We consider the evolution problem

j(t) + Ay(t) = Bu(t)
{ ’ y(0) =yy(0) =0, (3.21)

and the following conservative system

{ B(t) + Ag(t) =0
¢(0) = wo, ¢(0) = wi.

Let us recall the two following results proved in [11] :

(3.22)

Lemma 3.4.1. Suppose that v € L*(0,T;U) and that the solutions ¢ of (3.22) are such
that B*¢(.) € HY(0,T;U) and there exzists a constant C > 0 such that

1B Ml ory < C Mo, w1)lly s Yy w) €V x H.
Then the problem (3.21) admits a unique solution having the regularity
y€C(0,T;V)NCH0,T; H).

Proposition 3.4.2. Suppose that v € L*(0,T;U) and that the problem (3.21) admits a
unigque solution having the regularity

y € C(0,T;V)NCHO,T; H).

Then hypothesis (3.20) holds if and only if B*y(.) € H*(0,T;U) and there exists a constant
C > 0 independent of T' such that

1By (N 2oy < C ol ooy -



Let w € C(0,T;V) N C*0,T; H) be the solution of (3.2) with (wp, wy, fO(=7.))T €
D(A). Then it can be split up in the form

w=0¢+,
where ¢ is solution of the problem without damping (3.22), and %) satisfies

U(t) + Av(t) = =By Bi(t) — ByB3w(t — 7)
We now set B = (B; By) € L(U, V') where U = U, x Us. It is easy to verify that B* =
( gi ) € L(V, U). Therefore v is solution of
2

(3.23)

{ U(t) + AY(t) = Bu(t)

¥(0) = 0, $(0) =0, (3.24)

where v(t) = ( _;5}1&) (_t)T) ) In other words, 7 is solution of problem (3.21) with

B = (B By)
and by Remark 3.3.2

~Bro()
v= ( _B;d}(‘f’_ . ) e L2((0, T), U).

Then ¢y =w—¢ € C(0,T;V)NCH0,T; H). Suppose that the hypothesis (3.20) is satisfied
for B = (By By) and U = U; x U,. By applying Proposition 3.4.2, we obtain

T - T
[ i< e [ ol
0 0

which is equivalent to

T T
/0 (I(BLoY 2, + By |2, dt < CesT / (B2, + | Byalt - )2, )dt.

In particular, we have
T T
/O |(Brw) |2, dt < O™ / (IBzo@)|, + | Byo(t — 7)1I%, ).
Therefore, since w = ¢ + 1, we have
T , 2 T . 2 T NS 2
[seraia < o [ imoro,ar [ 1ol

< e [ (BLO)OIE, + (B3 = 7)) .

Thus, we have proved the following result :
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Lemma 3.4.3. Suppose that the assumption (3.20) is satisfied for B = (B By), U =
Uy x Us. Then the solutions w of (3.2) and ¢ of (3.22) satisfy

/0 I(Bio) @)%, dt < e ] (IBro®)|3, + | Baiott — 7)|13,)dt

with C > 0 independent of T

3.4.2 The stability result

Theorem 3.4.4. Assume that the hypotheses (3.3) and (3.20) are verified for B = (B By),

U = U, X U,. If there exist a time T > 0 and a constant C > 0 such that the observability
estimate

1 2 T N\
At + ety < © [ B0V, (3.25)

holds, where ¢ is solution of (8.22), then the system (8.2) is exponentially stable in the

energy space : there erist C > 0 independent of 7 and v > 0 such that, for all initial data
in H,

E(t) < CE(0)e™™, Vvt > 0. (3.26)
Proof: Let w be a solution of (3.2) with initial data (wg, wq, fo(—7-)) € D(A).

Without loss of generality, we can always assume that (3.25) holds with 7> 7 and C
independent of 7.

Integrating the inequality (3.15) of Proposition 3.3.1 between 0 and 7', we obtain

B0~ BT 20 [ (1B}, + 1Bt - DIE,)
>3 / (1B, + |Bgate = 7)) de+ 5 / B3 - DI,

> Ce T (/ (B;)'(t) ||U1 dt+/ | Baa( 7‘)||U2 dt) by Lemma 3.4.3.
By assumption (3.25), we obtain
E(0) — E(T) > Ce™T (HAWOH + sl + / IByio(t - )2, dt) ,

with C' independent of 7. Since T > 7, by change of variables, we have

T v T—T1
[ B -, = [ Bl @

-T

0 1
> [ uBst, =7 [ 1B, do
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The two previous inequalities and (3.14) directly imply that

1 2 ! .
B(O) - B(1) > O (|t + honlly +&r [ B30, do).

with C'" = C/(2/a — 1). This means that for T > 7, we have
E(0) — E(T) > C'e”?TE(0).
This estimate is equivalent to
E(0) - E(T) 2 C'e”*TE(T),
because the energy is decreasing, which leads to

E(T) < vE(0),

where v = m < 1. Applying this argument on [(m — 1)T, mT], for m = 1, 2, ...
(which is valid because the system is invariant by translation in time), we will get

E(mT) <vE((m-1)T) < ... <y™E(0).
Therefore, we have
EmT) < e E0),m=1,2,..

with v = zInl = ZIn(1 + C'e*T) > 0 which depends on T and thus on 7 (because
T > 7). For an arbitrary positive t, there exists m € N* such that (m —1)T <t < mT and
by the non-increasing property of the energy, we conclude

E@t) < E((m-1)T) <emUTE(0) < e E(0).

2|

Hence the energy decays exponentially with the decay rate v = In* = In(1+C 'e=2T) <
2 1In(1+ C'e™?7), because T > 7. Notice that the constant C of (3.26) can be chosen such
that C > 1+ C’ (which is independent of 7) because % =1+Ce T <14C".

By density of D(A) into H, we deduce that (3.26) holds for any initial datain H. =

Remark 3.4.5. In the previous theorem, we have seen that the decay rate is v = % ln% =

In(1 + C'e 2Ty < 1In(1 + C'e™?%") because T > 7 and where C’ is independent of 7.
Therefore, when 7 becomes larger, the decay is slower. B

Remark 3.4.6. Notice that the sufficient condition (3.25) for the exponential decay of
the energy is the same than the case without delay (see [11]). Therefore, if the hypothesis
(3.20) holds and if the dissipative system without delay (i.e. with By = 0) is exponentially
stable, then the svstem (3.2) is exponentially stable. B
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3.5 The polynomial stability

In some cases, the decay of the energy is not exponential, but can be polynomial. Our
aim here is to give a sufficient condition that yields the explicit decay rate.

The proof of this stability result requires the next technical Lemma proved in [10,
Lemma 5.2].

Lemma 3.5.1. Let (gx)r be a sequence of positive real numbers satisfying
ert1 < ek — Ceith, Yk > 0, (3.27)

where C > 0 and pu > —1 are constants. Then there erists a positive constant M (depending
on u and C) such that

M
& < ————, Vk 20,
(14 k)=

: s\ TR
with M > (m) .
Moreover we recall the following interpolation result.
Lemma 3.5.2. For (wo, wy) € D(A) X V, we have

lwol2, < C ol Be) ool

lor 57 < C ]

D(A‘I':im)’
m
pah) “‘*‘JIHD(A—%L)’

where C > 0.

Proof: If we denote by {A,}, the eigenvalues of A7 counted without multiplicity, I,

the multiplicity of the eigenvalue Ay, and {©k,+;}o<;<;,—; the orthonormal eigenvectors

associated with the eigenvalue ), , this lemma is a direct consequence of the equivalence
2 ln—1 2 ln—1

”uHD(AS) ~ anl Zj=o Uk, 15]° Ajs for all s € R, when u = EnZl 2j=0 Uk +5Pkn+j and

of Holder’s inequality with p =1+ 7—1; and g =m + 1. |

Since for (wg, wy. fo(—7.)) € D(A), wp is not necessarily in D(A), we can not apply
Lemma 3.5.2 to wq, and therefore we need to make the following hypothesis : there exists
C > 0 such that for all (wg, w1, z) € D(A), we have

foll 7" < C et w1 N Be ol iz (3.28)
Theorem 3.5.3. Let w be a solution of (5.2) with (wy, wy, fP(—7)) € D(A). Assume that

the hypotheses (8.3), (3.20) and (3.28) are verified for B = (By By), U = Uy x Uy. If there
exist a positive real number m, a time T > 0 and a constant C > 0 such that

T
JR IR (R A Y ey (5.29)
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holds where ¢ is solution of (8.22), then the energy decays polynomially, i.e. there exists
C > 0 depending on m and T such that, for all initial data in D(A),

C N
aroE o, wi, £ =PIy ¥ > 0. (3.30)

Proof: Since the hypothesis (3.20) is satisfied for B = (B, By), U = U; x Uy, by using
Lemma 3.4.3, we obtain

E(t) <

T
/0 (IBLo®IE, + I1B3o( — 7)) de > O (ol ism, + ol i) ) -

On the other hand, integrating the inequality (3.15) of Proposition 3.3.1 between 0 and T*
for T large enough : T* > max(T, 7), we have

E(0) - E(TY) > C'/; (||B;‘cb(t)||f]1 + || Bra(t — 7')||2Uz)dt
T -
> % /0 (“chb(t)“?h + || Byw(t — T)Hgg)dt + % /0 | Bia(t - T)“?j2 dt

1
- * * 2
> Ce™ (Hwollf)(A—r‘-mﬁ|lw1||f)(A—%1>+T / uBzw(—w)uUzdp),

by change of variable (because T™* > 7). Therefore

1
E(T") < B(0) — K171 (||wo||;(ﬁm) + lerllpa-z, + 7€ /0 1B (~mo)lIE, dp) ,

(3.31)
for some K; > 0 independent of 7* and 7.

Therefore, by (3.28). the previous interpolation result of Lemma 3.5.2 and a convexity
inequality, we have :

C (Jlooll7™ + llnl5™)
0 (o, wr. P=7 DB ol yism, + ler 1, ol
< C ||(w0~, Wi, fo(_T'))Hg(_A) (HWOHD(AL_QE) + HWIHD(A—%)> :

ll(wo, wi)lITi s

IAINA

1—m

Denoting by X_,, = D(A7 ) x D(A™%), we have shown that

, (o, w272
Wo. Wi > C 2m
Mo, wi)llx_,, 2 H(wo, w1, FO=T N Dea

(3.32)
Now introduce the modified energy

= 1 1 . ,

Eit) = 51U = 50U, + IAUGIR):
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As in Proposition 3.3.1, this energy F is decaying.
Combining the estimates (3.31) and (3.32), we obtain

2m+2
B(T*) S B(0) ~ Ko™ (““"O’E(g; ik ver [ iBiat-rol?, dp) ,

for some K3 > 0 independent of T* and 7, or equivalently

2m+42

: aar I, wn) I \
E(T") < E(0) - Kpe ™" ( e e | o ) (339

E(0)™

Using the trivial estimate

EN™ = v = ETIFO(= >nL2 1.0 E™ IO 010, 0
< |- T)llL2((0 1), Uz)E(O)

the above inequality (3.33) becomes

E(T*) < E(0)— Ky, 2T"

ll(wo, w5 + €)™ (=) Tata 1, o)
E(0)m

< B(0) - ke EQ™T
E(o)

with K’ > 0 independent of T* and 7. Since the energy of our system is decaying, we
obtain
_opre E(TH)™!
EQ)m
We now follow the method used in [10]. The estimate (3.34) being valid on the intervals
[kT*, (k + 1)T*], for any k& > 0, we have

E(T*) < B(0) — K'e (3.34)

_agr E((k + 1)T*)™*!

E((k+1)T*) < E(kT*) — K’ . 3.35
((k+1)T") < E(kT™) € BT (3.35)
Setting
E(kT™)
€k = —% ’
E(0)
and dividing (3.35) by E(0), we obtain
Erer < £ — K'e™2T" s}c’fll, (3.36)

because E(kT*) < E(0). By Lemma 3.5.1 with g = m—1 > —1 (since m > 0), there exists

1
a constant M’ > 0 (depending on m and K’e 27", and verifying M’ > (452” )m) such

mK’
that
M’

<——. V620,
(1+k)m
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or equivalently

!
B(T") < —2B(0).
(1+k)m
This estimate and again the decay of the energy lead to the estimate (3.30), where C =
M'(14T*)m, =

Remark 3.5.4. Since the proof of the above theorem reveals that C = M’(1 +T*)= with

1
28T* \ m X
M > éfnT) and T* > 7, the constant C depends on 7 and when 7 becomes larger,

the decay becomes slower. B

3.6 Checking the observability inequalities

In this section, we show how to obtain the observability inequalities used in Theorems
3.4.4 and 3.5.3. Our method is based on the generalized gap condition. Before giving

spectral conditions to obtain exponential or polynomial decay, we recall some results about
Ingham’s inequality.

3.6.1 Preliminaries about Ingham’s inequality

Let {M\¢}r>1 be the set of eigenvalues of A3 counted with their multiplicities (i.e. we
repeat the eigenvalues according to their multiplicities). We further rewrite the sequence
of eigenvalues {A;}x>; as follows :

)‘kl < )‘kz <. < )‘ki < ...

where k1 = 1, ks, is the lowest index of the second distinct eigenvalue, k3 is the lowest
index of the third distinct eigenvalue, etc. For all ¢ € N*, let ; be the multiplicity of the
eigenvalue A, i.e.

>‘ki—l < Aki = Ak.,;+1 = e = >‘k1‘+li—l < Aki-'Hi = AkH.l'

We have k,l = l, kg = ll, k3 = 11 ~+ lg, etc. Let {lﬁokrf—j}OSjSli—l be the orthonormal eigen-
vectors associated with the eigenvalue A;,. We assume that the following generalized gap
condition holds :

dM e N*, 3y > 0, Vk > 1, AkaM — Ax = M. (337)

Fix a positive real number v} < =y and denote by Ax, k = 1...., M the set of natural
numbers k,, satisfving (see for instance [13])

)\km - Ak'm—l Z PY(I)
Aoy = Menr < Y0 form+1<n<m+k—-1,
- Ak > -

knik m+k—1 —
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Then one easily checks that the sets Ay + 7, 7=0,...,k—1, k=1,..., M form a partition

of N*. Notice that some sets Ay may be empty because, for the generalized gap condition,
the choice of M takes into account multiple eigenvalues.

Now for kn, € A, we recall that the finite differences em+j(t), 7=0,--- ,k—1, corres-
ponding to the exponential functions " mts ti=0,---,k—1are given by
m+j) m+j
€m+j(t) = Z H )\kp — )\kq)—lez)\’“?t.
p=m g=m
q#p

Write for shortness, e_,(t) the same finite differences functions corresponding to —A,.

Now we are ready to recall the next inequality of Ingham’s type, see for instance Theo-
rem 1.5 of {13] :

Theorem 3.6.1. If the sequence (An)n>1 satisfies (8.37), then for all sequence (an)nez+
(where Z* = Z \ {0} ), the function

= Z anen(t),
nezZ*

satisfies the estimates

/0 i )Pt ~ Y lanl?, (3.38)

neZ*
for T > %=,
o]

Going back to the original functions e****, the above equivalence (3.38) means that,
for T > , the function (from now on A_j, = —Ag,)

fO) = 3 anent,

nezZ*

satisfies the estimates

/ OPi~S S IBDCu I (3.39)

k=1 |kn|€ Ak
where || - ||o means the Euclidean norm of the vector, for k, € Ay the vector Cy, is given
by

Ckn = (am e 9an+k—l>T7

and the k£ X k matrix By allows to pass from the coefficients aj, to ay,, namely

Ckn = Bkn ) (a”nv e 7a’n+k-—1)T5
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and is given by By, = (B, ij)1<i, j<k the matrix of size k x k such that

( n+j=—1
II Qe =)™ i<, (6 5) # (L D),
- g=n
Brn,ij = 4 g#Fn+i-—1
1 if (4, ) = (1, 1),
L 0 if i > j.

More explicitly, we have

1 1 1 . 1
( ’\kn-rl (Men = Akny g )1()‘kn ~Mepa) Ko =Mk g )"'§)"°n ~Aknik—1)
)‘kn+l —AMn Qkpi1—Hen )()‘kn+1 ~Menga) My =Akn )Pk _’\’Cn+k-1)
B, =] 0 0 1 1
kn = (Mkpyo —’\kn)(Akn+2_>‘kn+l) ('\kn+2—'\kn)m(Akn+2_’\kn+k-—l)
o o o R =l
(O T R GV kntk—2

We proceed similarly for n < —1, the indices being decreasing from n to n — k + 1.
Remark 3.6.2. If the standard gap condition
I >0, Vn>1, Apory — Ak 2 %0 (3.40)
holds, then A; = Z* and B; = 1 and in that case f(t) = ¥, 7. @ne* " satisfy Ingham’s

inequality (see [57]) :
T
t)|2dt ~ an|? (3.41)
| e~ 3 o

nez*
forT>2. 1
o

Now, let U be a separable Hilbert space (in the sequel, U will be U;). For a vector
C1

c= : in U™, we set |||, , the norm in U™ defined by
cm

m
\ 2
lell., = > llall? -
=1

Then we obtain the inequality of Ingham’s type in U :

Proposition 3.6.3. If we have the standard gap condition (3.40), then for all sequence
(an)n in U, the function
u(t) =Y apent

nezZ*
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satisfies the estimates

/O fu®IZ dt ~ 3 fanl?

nez*
for T > 2.
Yo

Proof: Since U is a separable Hilbert space, there exists a Hilbert basis (vx)k>1 of U.
Therefore, a,, € U can be written as

+oc
_Z k),
= anuk.
k=1

K K
We truncate a, as follows : for K € N*, let a{) = Eaﬁwk and set ug (t) = Z( Z ake™nt)ay

k=1 k=1 nezZ~
Since (¥x)x>1 is a Hilbert basis, we have by Fubini’s theorem

lur(®ly = Z > ake’*’“”

k=1 [neZ*

Thus, by applying Ingham’s inequality (3.41), we have

[ e = Z [ Z
-y

k=1n€ezZ*
K

~ DD (@)’

n€Z* k=1

Therefore

/ [l (t) “Udt ~ Z ”a(K)“U

nez*

Since ux — u and a%K) — a, when K — +00, we obtain the result. [

In the same way, we obtain an Ingham’s type inequality in a Hilbert space U in the
case of the generalized gap condition (3.37).

Corollary 3.6.4. If the sequence (A,)n>1 satisfies (3.87), then for all sequence (Qun)nez
in U, the function
- Z an, eixknt’

neZ*
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satisfies the estimates

[ isra~ > S 1Bl (3.42)

0 k=1 |kn|€Ak

for T > 3 where
Y0

Ckn = (an’ e 7an+k—1)T € Uk.

3.6.2 A first observability inequality

Proposition 3.6.5. Assume that the generalized gap condition (3.37) holds and that U; is
separable. Let ¢ be the solution of (8.22) with (wo, w1) € V x H. Then there exists a time
T >0 and a constant C > 0 (depending on T ) such that (8.25) holds if and only if

3y >0,Vk=1,--, M, Vk, € Ay, V€ € RI", || B @y, &

|U1,2 > 7€l (3.43)

where the matriz ®;, with coefficients in U, and size k X L,, where L,, = 21;1 lpgic1 — 1,
15 given as follow : for alli=1,--- ,k, we set

Bi@ksi 14i-Lnss i Lng-1 < § < Lny
(¢kn)ij = { 0 1(70kn+1—1+.7 Ly i1 e];‘se':'l,’t 1 J <> L,

where
Ln,O = O,

Loi=3 a1 —1,Vi2 L. (3.44)
=1

Proof: We first show that (3.43)=-(3.25). Writting

;-1
Wo = -_>: E Qi+ Phi+j

i>1 j=0
and
Li—1
w1 = E E bki+j99ki+j
i>1 j=0

where (A, ar,45)i 50 (bkess)i; € P(N*), then the solution ¢ of problem without damping
(3.22) is given by

li—1

| bross
(D</ t) = ZZ (a'kﬁ-j COS</\kit) + ;):] Sln(/\kit>) Phey+3 -

i>1 j=0
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Consequently

Ii—1

(Bio)'( ZZ — Q45 Ak; SIN(Ag,t) + by, COs(Ak,t)) Bl Pks -

21 j=0

By grouping the terms corresponding to the same eigenvalue, we get

;=1 li—1
(B;‘gb),(t) = Z <Z - aki+jBI§0ki+]') )\ki Sin()‘kit) + Z Zbki+jBI('Pki+j COS()‘kit>

2 i>1 \ j=0
= Z aeknt
nez
where

1 = In—1

=3 ((E_gbkm 199kn+g) +1 <¥Oakn+3 190kn+9) Akn, ) , Vn 2> 1,

1 (= In—1
e ((;banBI(Pan) - (j_zoaknﬂBI%”*j) /\kn) , Vn > 1.

Integrating the square of the norm of this identity between 0 and T > 0 and using
Ingham’s inequality (3.42) in Uy, for T large enough, we get

T
/ I(Brey )12, dt>02 S IBiCull, .
0 k=1 |kn|E€Ax

where Ck, = (an, ..., an+k_1)T is a vector of UF.
But for all &, € Ay, setting

Akn = ()\kna’kns T )\knakn+ln‘17 >\kn+1 Akpiys™ s >‘kn+1a‘kn+1+ln+1"1’ T
T
)‘kn+k 1%knyk—10 "7 v)\kn+k—1akn+k—1+ln+k—1—l) ’
Bkn = (bkna T, bkn-Hn——ly bkn.Ha e kan+1+ln+1—l7 e $bkn+)¢_1) Tty

T
bkn+k— 1+insk—_1 —1) :

we readily check that

/0 B, dt>02 > (HB 00 A

k=1 |kn|€Ag

L+ ||Be B,

e)
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Hence the assumption (3.43) yields

[ iEeroe 2 3. ¥ ([\Akn

k=1k n| )
PO T 2
, (IjAwo © el
because (Qkn+i)ns is an orthonormal basis associated with the operator Az,
It remains to show that (3.25)=(3.43).

Let £ = .M and k, € Ag be fixed. Take wy = So0+! Zl‘_ol Akt Phi+; and

1=n

wy = Z?:: -1 El’_l bk;+j¥k;+;- Then the solution ¢ of problem (3.22) is given by

Ja.

n+k—1 ;-1

6= > 3 (nescoshut) + 2 sin(0) ) s
i=n 3=0 ki
and then
n+k—11;—1
(BIoY(t) = D D (=akeai e, Sin(Akit) + iy c08(Ait)) B i
i=n j=0

Applying again Ingham’s inequality, we get for T large enough and Akn, Bkn define above

T
| et e~ B A |
By (3.25), we obtain

+ HB 19, By ||

Ulv '

. 2
HBI;I(I)knAkn -+ HB (I)kann Z Ci A%w()” + lel]i,
2 Uh,2 H
n+k—11;-1
- C Z Z ak +]Ak +bk +J) (345)
i=n j=0
for some C > (. Hence we conclude that
1B200 gLy, , = V1€l
This ends the proof. =

Remark 3.6.6. If the standard gap condition (3.40) holds, then A; =N* and B; = 1. In
this case, the assumption (3.43) becomes

3"7 > 0’ an Z 1a V& = Rln: Hékngnb’l 2 8 H£H2

Moreover, if the standard gap condition (3.40) holds and if the eigenvalues are simple. the
assumption (3.43) becomes

3’\, > O, Yk > 15 HBTQPDZ‘?HLH 2 e
E
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Remark 3.6.7. The above Proposition 3.6.5 yields a time 7" > 0 and a constant C' > 0
depending on 7' such that (3.25) holds but the time 7" and the constant C' do not depend

on the delay 7. Hence if the minimal time 7" is not strictly greater than 7, by choosing
T' > max{T, 7}, we still have

bl < tnlly < 0 [ B8N,

with the same constant C as before and that does not depend on 7. This means that under

the generalized gap condition (3.37), the condition (3.43) is equivalent to the sufficient
condition of Theorem 3.4.4. B

3.6.3 A second observability inequality

Proposition 3.6.8. Assume that the generalized gap condition (3.37) holds and that U,
is separable. Let ¢ be the solution of (3.22) with (wy, w1) € V x H. Then for a fired real

number m > 0, there ezist a time T > 0 and a constant C > 0 such that (3.29) holds if
and only if

3’7’ > 0, Vk = 1, 7M7 an € Aka Vg € RL”) }‘B]:nlq)kngnUl 2 2 X’:Ym_ n§”2 : (346)
, ™
Proof: The proof is similar to the one of Proposition 3.6.5 because
l—1 In—1 )
2 1-m —
Z 2m Z akn+]>\2n + bkn+j> = ZZ a‘k +J ( + bk71+J>\ am
n>1 kn =0 n>1 j—'O
~ “ O“ izm +“w1“D(A By
The details are therefore omitted. =

Remark 3.6.9. If the standard gap condition (3.40) holds, the assumption (3.46) becomes

3y > 0, Yk, > 1, VE € R, (@, &l 2 Am — ll€ll -

Moreover, if the standard gap condition (3.40) holds and if the eigenvalues are simple, the
assumption (3.46) becomes

3y > 0, Vk > 1, || Bigxlly, > A’Zn.
=

A remark similar to Remark 3.6.7 can be made for polynomial stability.
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3.7 Examples

We end up this chapter by considering different examples for which our abstract fra-

mework can be applied. To our knowledge, all the examples, with the exception of the first
one, are new.

3.7.1 A wave equation on 1-d networks with nodal feedbacks

In this section we show that the result obtained in chapter 1 (see also [89]) enter in
the framework of this chapter. Obviously we will use the same notation for a network that
in chapter 1 that we briefly recall. We denote by £ = {e;; 1 < j £ N} the set of edges
e; of length I; > 0 of a given network R and V the set of vertices of R. For a function
u : R — R, we set u; = uj, the restriction of u to e;. For a fixed vertex v, we set

E,={je{l,..N};ve¢g}

If card(&,) > 2, v is an interior node. Let V;,; be the set of interior nodes. If card(&,) = 1,
v is an exterior node. Let Vez; be the set of exterior nodes. For v € Vg, we set &, = {J, }-
We now fix a partition of Vg, :

Vert = DUN UVS,,, where D # 0.

We actually will impose Dirichlet boundary condition at the nodes of D, Neumann boun-
dary condition at the nodes of A and finally a feedback boundary condition at the nodes
of V¢ ,. We further fix a subset V5, of V;,; where a feedback transmission condition will be
imposed. By shortness, we denote by V. the set of controlled nodes, namely

V.=V;

c
mt ext’

We here consider the following initial and boundary problem :

' %(x;t)—%%(x, t)=20 O<z<l;yt>0,Vje{l.,N}
u;(v, t) = ul(v. t) = u(v, t) t>0,Vj, €&, v EVint
Y 5w, —aV &y 1) — oV B(v, t—7) t>0, VoV,
JES‘L
] Y g =0 £> 0, Vo € Vind\ V5,
Jj€y
U, (v. 1) =0 t>0,Voe €D
drh( t)=0 ( t>0,VeeN
u(t=0) = u, St =0)=u®
| R t—7) = ft—7) VeeV., 0<t<r, |
(3.47)
where a( " > 0 are fixed non-negative real numbers and the delay 7 is positive.
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To rewrite this problem in the form (3.2), we introduce

H=L*R)={u:R—R;u; € L*0,1;),vj=1,...,N}

and the operator

' D(A) — H
A'{ () — (—Z0), (348)

where

N
D(A) = {¢ e VA J]H*0, ) 28‘“3 =0, Yo € Ving;

_ on
j=1 je& Y

acp] v

Hr (1) =0. Vv e NUVE}, (3.49)

and
N
Vi={pe HHI(O, L)« oi(v) = pp(v) Vi, k € Ey, YU € Vins; 9, (v) =0, Yv € D}.

The operator A is self-adjoint and positive with a compact inverse in H. Moreover

1

D(A%) =V.

We now define U = Uy = U, = R% | where V, is the cardinal of V., with norm ||.||;; = ||,
and the operators B; fori =1, 2 as

Uu — D(AzY

Bil (kv)ve\)c — Z agv)kv&, . (350)
vEVe
It is easy to verify that B! (y¢) = L,D(’b})vev for ¢ € D(A?) and thus B;B}(¢) =

Y vev, a go( )6, for ¢ € D(A%). Hence the system (3.47) can be rewritten in the form
(3.2).
We notice that (3.8) is here reduced to

W<a<sl,VpeV, 2 ay’p(v))? < a Z(a§”>w(t'))2~

vEV,e VEV,

and therefore, the system (3.47) is well posed for a(v) < a( ") for all v € V. by Theorem

3.2.1, and the energy is decreasing for aé Y < a1 ) for all v € V, by Proposition 3.3.1.
B} Proposition 6.2 of [38], the generalized gap condition (3.37) holds with M = N + L.
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We know, by chapter 1, that the hypothesis (3.20) is satisfied. Moreover, the hypothesis
(3.28) is verified because

ol 7 < C NollF Nl 9,

<
< Clli{wo, w1, 2)llpea llwol

1—m
DATTZ )’

A7
where X =V N (HHZ(O, [;)), by using Corollary 1.6.4.
j=1
Now we define W;_(v) the matrix of size k x L, by : foralli =1, ..., k, we set

i—1+j—Ln, i1 \V iani— <.<L’n,i’
(U, (V)45 :{ gk"“_ imims0) else, He

3

where L,o=1and L, ; = Z(Znﬂul — 1) for i > 1. Then, for all £ € RE» we have

=1
I1Bii ety , = Dok ||Belve ()],
vEV,
= ) aléT W, ()T BT By Wy, (v)é
vEV,
= ¢ (Zaﬁ‘l’kn(’U)TB;?,,TB{nl‘I’kn(v)> 3
vEV,

Therefore by setting
Mkn = Za’ll\llkn (v)TB,;TBl;lll’kn(v),

’UEVC
we see that the assumption (3.43) becomes

v >0, Vk € {1,..., M}, Yk, € Ak, Amin(MF) > 7,

and the assumption (3.46) becomes

Im e BL, 3y > 0, Vk € {1, ..., M}, Yk € Ag, Apan(M*) > —L

2m
A

which corresponds respectively to the conditions (1.44) and (1.50) from chapter 1. because
Mg ~ %’1 where L = Zévzl L.

Note that if the standard gap condition (3.40) holds and if all eigenvalues are simple
(i.e. Ix = 1), then the condition (3.43) beconies

3y >0,k > 1. Y ol fpr)]* 2 7, (3.51)

vEV,
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while the conditions (3.46) becomes

ImeR:, 3y >0, Vk>1, Za@ ok (v) 2

?> % (3.52)

’UEVC

Consequently, we find again all the results from chapter 1 (see for instance the examples

treated in section 1.7), here we can even precise the dependence of the decay with respect
to the delay 7.

3.7.2 One Euler-Bernoulli beam with interior damping

We consider an Euler-Bernoulli beam of length 1 with interior damping and a delay
term at £. Two types of boundary conditions will be considered. Without delay, these two

problems were analyzed in [10,11], where some decay rates similar to the ones proved below
were obtained.

Mixed boundary conditions
We consider the following initial and boundary problem :

Z8(z. t) + L4(z D+ (€ 0%+ anB(E 1= =0 0<z <L t>0

I%’“

w(0,t) = 5. (1, ¢) = 812(0 t) = 8::3(1 t)=0 t>0 (3.53)
w(z, 0) = wy(z), 2 &z, 0) = wi(z) D<z<1
&(e 1) = [t —7) 0<t<r,

where £ € (0, 1), a;, ap > 0 and 7 > 0. To enter into the framework of section 1, we
rewrite this problem in the form (3.2). For that purpose, we introduce H = L?(0, 1) and
the operator
d4
A:D(A)—+H:go&—->d (3.54)
where D(A4) = {¢ € HY0, 1); ¢(0) = ax( ) = %i—‘é(O) = g—‘é(l) = 0}. The operator A is
self-adjoint and positive with a compact inverse in H. We now define U = U; = U, = R
and the operators B, and B, as

Bi:U — D(A?) : k— Ja ke i=1,2. (3.55)

It is easy to verify that B} (p) = \/a5p(&) for ¢ € D(A?) and thus BB () = a;0(€)6;
for ¢ € D(A?) and i = 1, 2. Then the system (3.53) can be rewritten in the form (3.2).
We notice that (3.8) is equivalent to

W<a<l a < aoy,

and consequently, this system is well posed for s < a; by Theorem 3.2.1, and the energy
is decreasing for a; < «a; by Proposition 3.3.1.
Let us now state the next well known results about the spectral properties of A.
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Proposition 3.7.1. The eigenvalues of the operator A defined in (3.54) are simple and are
gwen by A} = (2 m)* of associated eigenvector pi(z) = v2sin(EHrz), for all k € N.

Consequently the standard gap condition (5.40) holds, i.e. there exists a constant o > 0
such that

Ak41— Ak = >0, VE >0,
and moreover for all k > 0, || Bipklly, = v2aq |sin((kr + 5 SR
The hypothesis (3.20) was verified in [10]. Moreover, we have by Lemma 2.9 of [97] :

Lemma 3.7.2. £ is a rational number with an irreductible fraction
p .
E= a, where pis odd
if and only if there exists a constant v > 0 such that

Vk > 1, ‘Sin ((kﬂ' -+ g){)l > .

Therefore, by applying Proposition 3.3.4 and Theorem 3.4.4, we obtain the following
results :

Proposition 3.7.3. Assume that ay < a;. Then
(i) The energy of system (3.53) decays to 0 if and only if

5¢2H1 m,k e N.

(it) The energy of system (8.53) decays exponentially if £ is a rational number with an

irreductible fraction
p

q
Remark 3.7.4. As mentioned before, in the case oy = 0 we recover the results from {10].
[

& = —, where p is odd.

Other boundary conditions

We here consider the following initial and boundary problem :

Be(z, t) + T4(a, t)+a1—8“i(§ )8 + o ‘(’9( t— ) =0 0<z<1,t>0
w(0, t)—w(l t)——a‘”()t) Bu(l,t)= t>0 (3.56)
w(z, 0) = (),at(m O):,u() D<z<l '
%%(i,t—”r) folt—n) 0<t <,

where € € (0, 1), a1, a2 > 0 and 7 > 0. This system (3.56) is not exponentially stable if
a2 = 0 as shown in [11]. Hence we only consider the polynomial decay of system (3.56).
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As before we rewrite this problem in the form (3.2) by introducing H = L%(0, 1) and the
operator

d4
dzi?
with D(4) = {p € H40, 1) nV; &2(0) = £¢(1) = 0}, V = H(0,1) N H(0, 1).
The operator A is self-adjoint and positive with a compact inverse in H. We then define
U = U, = U; =R and the operators B;, Bs by (3.55).

Then the system (3.56) can be rewritten in the form (3.2) and consequently. this system

is well posed for oy € a; by Theorem 3.2.1, and the energy is decreasing for as < oy by
Proposition 3.3.1.

The spectral properties of A are well known and can be summarized as follows :

A:D(A) - H: ¢p— (3.57)

Proposition 3.7.5. The eigenvalues of the operator A defined in (3.57) are simple and
given by A2 = kin* of eigenvector pi(z) = v/2sin(kwz), for all k € N*. Therefore there
exists a constant o > 0 such that the standard gap condition (3.40) is verified and moreover

1B ¢elly, = V20u lsin(km€)|.

The hypothesis (3.20) was verified in [11]. Let us prove that the condition (3.28) is
satisfied.

Lemma 3.7.6. Let m € RY. Then there ezz’sts C > 0 such that for all vy € X =
{u €V:ulge € HY0, &), ule1) € HAE, 1), £2(0) = Z¥( )=0}, we have

1
lwnll7 ™ < Cllwnllk ||W0HD(A%E) ’

where the natural norm in X ds given by |lull} = lullfoe) + Nullfree. -

Proof: Let us fix a cut-off function n € D(0, 1) such that » = 1 in a neighbourhood of ¢,
n=0on[%+% 1] andn=0on [0, §]. Since (1—n)wo € D(A), by Lemma 3.5.2, we have

I3 = n)wollT™ < CHQ = MuwollX (1~

Since (. )
- AT, 9)
11~ 77)“’0”13(,41—32) = SUP ol o
peD(ATT ) DA <)
= s fto
peD(ATTT) Pt
for some C > 0 (depending on 7) we get
m—+1 mo,
1L = Mol < C ol ooll 25, (3.58)
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In a second step, we set

wi(z) = n(€ — z)wo(€ — z) fo<z<ly =€
wo(z) =z + we(z +¢&) HO<z<lh:=1-E&.

For any j = 1, 2, we introduce the following extension of w; :

(Bw)s(a) = wy(a) if o € (0,1)
(Bw)—se) = Y0 vay(~22) i 2 € (—27D1,,0),

where w; is extended by zero outside its support and the real numbers v; are the unique
solution of the system

n-1 __
i=0 v, = 1

~ Y =1
"y 2%y =1
?—_01 2—2kiV'i = 1aVk = 17 - 4a

and finally n € N* is choosen large enough such that n > m + 3.

We obtain an extension of w to a function Ew, which belongs to D(A) (due to the
four first properties of the v;), where A is the positive operator % on the star shaped
network § = U;=1.2(0,1;) U Uje1,2(=2""D;,0), with interior vertex ¢ (identified to 0)
and Dirichlet boundary conditions at all other vertices.

Therefore, we can apply the interpolation lemma 3.5.2 to A and then write

HEWHZZ;%) < CllEw| by ”EWHDML?E

-
But we easily check that

Inonlry < NBwIT,

Consequently, we have

Inwoll 770 < ClEwlip s 1B

pahy DA™Y

Moreover, since E is an extension operator, we have

IEwlipeay < K llwoll x »

and thus

Inwol 70y < Cllwnl% 1B,

1 > ~i-m .
D(AZ) AT

To estimate the last factor, we use a duality argument. We write

, [(Ew, )|
Bl = S0 o
wED(ATZT) D(ATT™)
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For ¢ € D(A™), we have

/Ewc,9~ Z/ w;i(z)p;(z) dz + Z/ )—i(z)o-;(z) dx.

7=1,2 j=1,2 2("1)1J

By changes of variables, we obtain

/Ew—Z/lij )(Fe);(z) dz

j=1,2

where
n-1

(Fe);(z) = ¢5(z) + x3(2) D_ vi2 "p;(—27"x), Yz € (0, 1),
i=0
the cut-off function y; being fixed such that x; = 1 on [0, 2;/3] and x; = 0 on [5/,/6, 1] (re-
minding that w;(z) = 0 for z > 21;/3). Now we notice that the conditions on v; guarantees
that F'y belongs to D(AmT-]) and by Leibniz’s rule we have

1Pl o) < Clielp gt
Therefore
[ Bwe < Clolly m, ol gn

By duality, we conclude that

| Ew] < Clwllp,

D(A _2"')_

=)

Consequently, with the previous inequalities, we obtain

ol < C ol ol g5, - (3.59)
The conclusion follows from (3.58) and (3.59). u

This lemma leads to (3.28). Indeed for (wy, wi, 2) € D(A), we have

ol < C ool ol 9,

< C ”(wOv Wy, z)HD(A HWOHD(AL‘#> .

Now, we denote by S the set of all real numbers p such that p ¢ Q and if [0, a, ..., an, ...
is the expansion of p as a continued fraction, then the sequence (a,) is bounded. It is well
known that § is uncountable and that its Lebesgue measure is zero. Roughly speaking, the
set S contains all irrational numbers which are badly approximated by rational numbers.
In particular, by the Euler-Lagrange theorem, S contains all irrational quadratic numbers

(i.e. the roots of a second order equation with rational coefficients). By a classical result,
we have :
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Lemma 3.7.7. If s € S, then there exists a positive constant v such that
|sin(kms)| > %, Vi > 1.

Therefore, by applying Proposition 3.3.4 and Theorem 3.5.3 with m = %, we obtain the
next results :

Proposition 3.7.8. Assume that os < a;. Then
(i) The energy of system (8.56) decays to 0 if and only if € z's irrational.
(1t) The energy of system (3.56) decays polynomially like 8 +t)2 if € belongs to S.

Remark 3.7.9. Again in the case ap = 0 we recover the results from [10,11]. W

3.7.3 Examples with distributed damping terms
A non homogeneous string with distributed damping terms (1-d)

We consider the following initial and boundary problem :

Bo(z, t) — Lz, t) + a1 %z, )x|11+a2 0 (2.t — T)xj, = 0 in (0, 1) X (0, 00)
w(0, 1) = w ( t) = t>0
(w 0) = o( ), a—‘“(x 0)—w1(w> in (0, 1)
( )= Uz, t—171) in I x (0, 7),

(3.60)
where here and below x); denotes the characteristic function of the set /. In the remainder
of this subsection we assume that a;, ap >0, 7 > 0 and

L cIclo 1]

Later we will need that
36€0,1]ande>0: [6, 6 +¢] C 1. (3.61)

We rewrite this problem in the form (3.2). For that purpose, we introduce H = L*(0, 1)
and the operator

d2

where D(A) = HL(0,1) N H2(0,1) and V = D(A%) = H}(0, 1). The operator A is self-
adjoint and positive with a compact inverse in H. We then define U; = L*(I;) and the
operators B; as

B :U—HCV : kv akxpu, (3.63)

where k is the extension of k by zero outside I; (which defines an element of L%(0, 1)).
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It is easy to verify that B} (¢) = /oy, for ¢ € V and thus B;Bf(v) = aoinxin =
a;ox); for ¢ € V and ¢ = 1, 2. Then the system (3.60) can be rewritten in the form (3.2).
Moreover

IBI ol = o / o dz.

Therefore, we notice that (3.8) is equivalent to
W<a<l,a | |pfde< aal/ lo]? dz,
I 5L

and consequently, this system is well posed for a; < a; by Theorem 3.2.1, and the energy
is decreasing for s < @; by Proposition 3.3.1.

Proposition 3.7.10. The eigenvalues of the operator A defined in (3.62) are simple and
given by A2 = (km)? of associated eigenvector () = \/2sin(knz), for all k € N*. Hence
there exists a constant yo > 0 such that the standard gap condition (3.40) holds. Moreover
if (3.61) holds, then there exists v > 0 such that Yk > 1, || Bfeklly, = 7.

Proof: It is well known that the eigenvectors of the operator A are @x(z) = v/2sin(k7rz)
of eigenvalue (km)2, k > 1 of multiplicity 1. Hence, the standard gap condition (3.40) is
verified.

From the definition of B} we have

| BY LPkH = m fI lor(z ‘ dz
> 9 . sin(2knz) S+e
> 2a fé sin(k7z)|* dz = 0y |z — 222D 5
2 o (6’-%) > af,

for k > E(Z) + 1 =: k., where E(z) is the entire part of z. This leads to the conclusion
because for k € {1,..., k.}, we have

b+e
/ |sin(krz)[* dz > 0.
5
u

Lemma 3.7.11. The operators A and B = (B1Bs) € L(U, V') where U = Uy x U, satisfy
assumption (3.20).

Proof: Let ¢ € {1, 2} and ¢ € L?(I;). It can be easily checked that v = (A2 + A)™'B;p

satisfies ,
Mo — 28 = JEmEX, (3.64)
{ v(0) =v(1) = 0.

Since v € L*(0, 1), v can be written as



By replacing v in (3.64), ¢, must satisfy

NG

Ck = m(% k)

and therefore

- G -
v= Z/\”\/—/\% (2. 9x) Pr-
k=1

Moreover .
=] A
2 . 2
Iwli201) =D persvii (@, ox)]”-
k=1
Now, we set z = ——”21’\ and, if A = B+ iy, with y € R, then
k
B — < (),

- (B2 —y2 + 22)2 +48%2 ~
2 2
where C(f) is a positive constant depending only on 3. Indeed, if y? < B—;)‘&, then
2+)\2
8% + 42 < 52+ 5%

(=) ()

|2? <

2
which is bounded uniformly in k, and if 3 > 9_4212, then
B2 + o2
4%y*
which is a decreasing function with respect to y and thus

l2f® <

2 ,32+/\2
B+ —=

YA
4 (=)

2 <
which is again uniformly bounded in k. Therefore, we have

IXol3e 1) < CBD (B, on)lF < CBYai el 7z, »

k=1
which leads to

H/\B;v

2 2 2 .
le(Ij) < a; || Al z20.1y £ CB)asa; ol - Vi € {1, 2}.

Consequently. the operator A — ABj; (Al + A)™1B; is bounded on Cp and the lemma is
proved. [
Therefore, by applying Theorem 3.4.4, we obtain :

Proposition 3.7.12. If ay < a; and (8.61) holds. then the energy of system (3.60) decays
exponentially.
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The wave equation with distributed damping terms

Let  be an open bounded domain of R® n > 1, with a boundary T' of class C%. We
assume that I' is divided into two parts I'p and I'y, i.e. T=TpUTN, with Tp Ny =0
and I'p # 0. Let

O, C O CQ

such that O, is an open neighborhood of I'y (i.e. 'y C 00,). Moreover, we assume that
zo € R™ is such that

(x —zg) - v(z) £0,Vz € T'p. (3.65)
We consider the following initial and boundary problem :
%%2(177 t) - AW(I, t) =+ al%tui(xa t)X]O] + 012%5(32, t— T)X]Oz =0 in Q x (0 OO))
w(z, t) =0 on I'p x (0, 00),
% (g, £) = 0 on Ty % (0, 00),
w(z, 0) = wo(z), ¥ (z, 0) = wi(z) in €,
%‘"(z,t—-T):fO(x, t—17) in Op x (0, 7),
(3.66)

where g% is the normal derivative of w and ai, ay > 0, 7 > 0. In order to reformulate this

problem in the form (3.2), we introduce H = L?(§2) and the operator
A:D(A)—H:p— —Ap (3.67)

where D(A) = {9 € VN H*Q) : 2(z) = 0on Ty} and V = D(43) = {p € H'(Q) :
@ = 0onT'p}. The operator A is self-adjoint and positive with a compact inverse in H.
We then define U; = L?(0;) and the operators B; as

Bi:Ui—HcCV : kw— oagkxpo, (3.68)

where k is the extension of k by zero outside O; (which defines an element of L2(Q)).
It is easy to verify that B} (¢) = \/aup|o, for ¢ € V and thus B; B} (¢) = aipjo,X|0; for
v € V and i = 1, 2. Then the system (3.66) can be rewritten in the form (3.2). Moreover

1Bl = o [ oo
Oi
and therefore (3.8) is equivalent to
VW<a<l,a | |ofidz< aa1/ o) dz.
O

O2

Consequently, this system is well posed for oy < @; by Theorem 3.2.1, and the energy is
decreasing for as < a; by Proposition 3.3.1.

To obtain the exponential decay of problem (3.66), we simply check the observabi-
lity inequality (3.25) and the hypothesis (3.20), which are the aim of the two following
propositions.
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Proposition 3.7.13. There exists a time Ty such that for all times T > Tjy there exists
a positive constant C (depending on T') for which the observability inequality (3.25) holds
for any regular solution of problem (3.22).

Proof: This proposition is proved in [85] and [68]. n
Proposition 3.7.14. The operators A and B = (B,B;) € L(U, V') where U = Uy x U,
satisfy the assumption (3.20).
Proof: Let 7 € {1, 2} and ¢ € L?(0O;). It can be easily checked that v = (A\* + A)™'B;p
satisfies

{ Mo — Av = \/o;¢xo, in

v=20 on I'p, (3.69)
% =0 on TN.

Since v € L?(), it can be written as

o0
v= E CkPk.
k=1

By replacing v in (3.69), ¢, must satisfy

JE

%= 2 A (@, ©x)
and therefore -
Z 2 2 ~> )@k
N2+ A
Moreover, by Parseval’s identity, we have
o0 A 2
2 - 2
[Alz2(q) = Z m a; |(&, wi)]™
k=1

Now, for A = + iy, with y € R, we have checked in the previous subsection that

A 2
Fe) < C(B),

where C(f) is a positive constant depending only on 3. Therefore, we have

HAUHE%Q) azZl ’ < C(B)a “VQHIP(O
which leads to
H/\B*UHLZ’(O) < @ ||)\L|]L2(Q < C(8)a;a; H@HLz(oz Vje {1, 2}.

Consequently, the operator A — ABZ (AT + A)™'B; is bounded on Cs and the lemma is
proved. ]

Therefore, by applying Theorem 3.4.4, we obtain :
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Proposition 3.7.15. If as < ay, then the energy of system (3.66) decays exponentially.

Remark 3.7.16. This result is a generalization of [85] because in [85] the authors supposed
that 02 = Ol. [ |

A beam with distributed damping terms

We consider the following initial and boundary problem :

dt2 ( t) + 3::4( t +al%§(£€, t)XIh + C!Q%(IB, t T>X|12 =0 in (0. 1) X (O, OO),
w0, t) =w(l, t) = 2200, t) = ££(1, 1) =0 t>0,
(—U(JJ, 0)= wO(x)v %-L:(x* 0) :wl(x) in Qv
%%(m, t—7)=fz,t—7) in I, x (0, 7).
(3.70)
where a;, as > 0. 7 > 0 and where
LchL C [0, 1]

We rewrite this problem in the form (3.2) by introducing H = L?(0, 1), the operator A by
(3.57) and the operators B; and B by (3.63). Hence this system is well posed for ay < a3
by Theorem 3.2.1, and the energy is decreasing for a; < a; by Proposition 3.3.1.

By the results of the previous subsections, we know that the standard gap condition

holds and if (3.61) holds that the eigenvector v;(z) = v/2sin(knz) of A associated with
A2 = kn? satisfies

HBI‘PkHUl 2

for some v > 0.

Lemma 3.7.17. The operators A and B = (B1B,) € L(U, V') where U = U; x U, satisfy
assumption (3.20).

Proof: The proof is the same than in the previous subsection. =

Therefore, by applying Proposition 3.3.4 and Theorem 3.4.4, we obtain :

Proposition 3.7.18. Ifay < a; and (5.61) holds, then the energy of system (8.70) decays
ezponentially.
A wave equation on 1-d networks with internal damping terms

In this last subsection we consider again a wave equation on a given network R but
we suppose that the feedbacks are located in the edges. Namely with the notation from
section 3.7.1 we consider the problem :
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B%u; 2w N Bus
—8721@, t) — %—zl‘il(a:, t) + agj)%tl(x, t)XlI(”
+af Bz, t — )X =0 0O<z<lj,t>0,Vje{l, - ,N},
Uj(’U, t> = ul(vv t) = U(U, t) t>0,V5, 1 €&, v € Vi,
& D 1) =0 t> 0, Yo € V\D,
JEEy
u;, (v, t) =0 t>0,YveD,
wlt = 0) = v, (= 0) =u0 |
| Sz, t—7)=f2(z, t—7) in I x (0, 7),Vj € {1,---, N},
‘ (3.71)
where a§’ ) are fixed non-negative real numbers, the delay 7 is positive and the intervals
Iz-(j ) satisfy

12('7) C Ifj) C €;.
As before we can rewrite this problem in the.form (3.2), by introducing H = L*(R),
the operator A defined by (3.48), U; = Lz(uflelfj )} and the operators B; for i = 1, 2 as

U — D(AzY
N
B;: N7 3.72
E — Z\/a?)kxlli(j) ( )
j=1

where k means the extension of k by zero outside Uf’:lfz-(j ) It is easy to verify that

N
Bi(p) = Z V a§J)¢|1§j)X11§j>
Jj=1

for ¢ € D(A?). Hence the system (3.71) can be rewritten in the form (3.2).

As before it is easy to see that the system (3.47) is well posed for aéj ) < agj ) for
all 7 = 1..-+ N by Theorem 3.2.1, and the energy is decreasing for agj ) < agj) for all
7 =1,-++,N by Proposition 3.3.1.

As mentioned before by Proposition 6.2 from [38], the generalized gap condition (3.37)
holds with M = N + 1, but in this general setting, the conditions (3.43) or (3.46) seem
difficult to check. Hence, for the sake of simplicity, if we suppose here that the standard gap

condition (3.40) holds and that all eigenvalues are simple (i.e. [, = 1), then the condition
(3.43) becomes

]\T
Iy >0, Vk > 1, Zagj)/ we(z)?dx > 7, (3.73)

i)
=1 Igj'

while the conditions (3.46) becomes

]\T
ImeRy. 3y >0,%k>13 aff / op(z)dz > (3.74)

J=1
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For instance using an argument like in Proposition 3.7.10, we easily see that (3.73)

(resp. (3.74)) holds if (3.51) (resp. (3.52)) holds and if U}, I; () contains a neighborhood of
the set of control points V..

In the same manner, we have :

Proposition 3.7.19. If there ezists € > 0 and for all j € {1,---, N}, there exists §; €
(0,1;) such that

[6j75j +5} - Il(]) VJ € {11 >N}7
then (8.78) holds.

Proof: For any k& € N*, let ¢, be the eigenvector of A associated with the eigenvalue A2.
Then its restriction ¢y ; to the edge e; can be written in the form

ki (T) = ckjcos(Axz) + dijsin(Agz) Yz € (0,1;),

for some real numbers c¢; ; and dy ;. Hence the normalization of ¢ yields

N N
=% /0 (ora(@) de < 2maxty) 3 (ch, + ). (3.75)
=1 =1

On the other hand by the above expression of ¢ ; and direct calculations, we see that

6_7'-{-5
/, or(z)?dz > / or(z)? dz
Il(])
£ 1 lck,jdk,j|

> ()G - 5) -

SRCIRP Bl

which is equivalent to k > k., for some k. € N*, we deduce that

f onlz)dz >
[1(])

By summing this estimate on j and using the normalization estimate (3.75), we obtain
(3.73) for k > k.. The proof is complete since for k < k.,

Zam/, 2dz > 0.
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The analysis of the condition (3.73) in some particular cases reveals that the condition
of the above Proposition is far from being optimal but in its full generality we cannot easily
obtain a weaker condition.

As in the previous subsection one easily shows (see the proof of Lemma 3.7.11) that
the operators A and B = (B1B;) € L(U, V') where U = U; x U, satisfy the assumption
(3.20).

In conclusion applying either Theorem 3.4.4 or Theorem 3.5.3, we obtain :

Proposition 3.7.20. Assume that aéj) < agj) forallj =1,---,N and that the standard
gap condition (8.40) holds and that all eigenvalues are simple (i.e. Iy = 1). Then

(i) The energy of system (3.71) decays exponentially if (3.73) holds.

(ii) The energy of system (3.71) decays like t~w if (3.74) holds.
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Chapitre 4

Stability of the heat and of the wave
equations with boundary
time-varying delays

4.1 Introduction

Time-delay often appears in many biological, electrical engineering systems and me-
chanical applications, and in many cases, delay is a source of instability [52]. In the case
of distributed parameter systems, even arbitrarily small delays in the feedback may des-
tabilize the system (see e.g. [39, 75,85, 98]). The stability issue of systems with delay is,
therefore, of theoretical and practical importance.

There are only a few works on Lyapunov-based technique for Partial Differential Equa-
tions (PDEs) with delay. Most of these works analyze the case of constant delays. Thus,
stability conditions and exponential bounds were derived for some scalar heat and wave
equations with constant delays and with Dirichlet boundary conditions without delay
in [107,108]. Stability and instability conditions for the wave equations with constant
delay can be found in [85] and in chapter 1. The stability of linear parabolic systems with
constant coefficients and internal constant delays has been studied in [55] in the frequency
domain.

Recently the stability of PDEs with time-varying delays was analyzed in (27,45, 92]
via Lyapunov method. In the case of linear systems in the Hilbert space, the conditions
of [27,45,92] assume that the operator acting on the delayed state is bounded, which means
that this condition can not be applied to boundary delays. These conditions were applied
to PDEs without delays in the boundary conditions (to 2D Navier-Stokes and to a scalar
heat equations in [27], to a scalar heat and to a scalar wave equations in [45,92]).

In the present chapter we analyze exponential stability of the heat and wave equa-
tions with time-varying boundary delay. Our main novel contribution is an extension of
previous results from [85.89] and chapter 1 to time-varying delays. This extension is not
straightforward due to the loss of translation-invariance. In the constant delay case the ex-
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ponential stability was proved in [85] and in chapter 1 by using the observability inequality
which can not be applicable in the time-varying case (since the system is not invariant by
translation). Hence we introduce new Lyapunov functionals with exponential terms and
an additional term for the wave equation, which take into account the dependence of the
delay with respect to time. For the treatment of others problems with Lyapunov technique
see [45,86,92]. Note further that to the best of our knowledge the heat equation with boun-
dary delay has not been treated in the literature. Contrary [85,89] (and chapter 1), the
existence results do not follow from standard semi-group theory because the spatial ope-
rator depends on time due to the time-varying delay. Therefore we use the variable norm
technique of Kato [59,60]. Finally for each problem we give explicit sufficient conditions
that guarantee the exponential decay and for the first time we characterize the optimal
decay rate that can be explicitly computed once the data are given.

The chapter is mainly decomposed in two parts treating the heat equation (section
4.2) and the wave equation (section 4.3). In the first subsection, we set the problem under
consideration and prove existence results by using semigroup theory. In the second subsec-
tion we find sufficient conditions for the strict decay of the energy and finally in the last
subsection we show that these conditions yield an exponential decay.

4.2 Exponential stability of the delayed heat equation

First, we consider the system described by

ug(z, t) — augz(z, t) =0, O<z<mt>0,
u(0,t) = 0, t>0,
Uz (7, t) = —pou(m, t) — pu(r, t — 7(t)), t>0, (4.1)
u(z, 0) = u®(z), O<z<m,
u(w, t — 7(0)) = fO(t — 7(0)), 0 <t<7(0),

with the constant parameter ¢ > 0 and where ug, g3 > 0 are fixed nonnegative real
numbers, the time-varying delay 7(t) satisfies

7(t) < 1, Vi > 0, (4.2)
and
dM>0:0<7<7(t) <M, VE> 0. (4.3)
Moreover, we assume that
€ W2>([0, T]), VT > 0. (4.4)

The boundary-value problem (4.1) describes the propagation of heat in a homogeneous
one-dimensional rod with a fixed temperature at the left end. Here a stands for the heat
conduction coefficient, u(z,t) is the value of the temperature field of the plant at time
monient ¢ and location z alonug the rod. In the sequel. the state dependence on time ¢ and
spatial variable r is suppressed whenever possible.
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4.2.1 Well posedness of the problem

We aim to show that problem (4.1) is well-posed. For that purpose, we use semi-group
theory and adapt the ideas from [85].
We introduce the Hilbert space

V = {9 € HY0, 7) : $(0) = 0}.

We transform our system (4.1) as follows. Let us introduce the auxiliary variable z(p,t) =
u(m, t — 7(t)p) for p € (0, 1) and ¢ > 0. Note that z verifies the transport equation for

O<p<landt>0
{ 7(t)z(p, t) + (1 = 7(t)p)zp(p, 1) = 0,
2(0, t) = u(w, t), (4.5)
z(p, 0) = fO(=7(0)p)-
Therefore, the problem (4.1) is equivalent to

( us(x, t) — aug(z, t) =0, O<z<mt>0,
T(t)zt(pt t) + (1 - T(t)p)Zp(p, t) =0, 0< p<1l,t>0,
u(0, t) = 0, uy(w, t) = —pou(rw, t) — w2(1, t), t >0, (4.6)
\ (0, ) = u(, 1), t>0, '
u(z, 0) = u%(z), O<z<m,
| z(p, 0) = fO(=7(0)p), 0<p<l,
If we introduce
U:=(u 2)7,
then U satisfies T
{t)p—1
U = (utv zt)T = (au:c:z:: _—T(—l{)’—-’zp) .
Consequently the problem (4.1) may be rewritten as the first order evolution equation
U(0) = («° f°(=7(0)))" = Ub. '

where the time dependent operator A(t) is defined by

U AUy
Aaw ()= ( i, ) ,
z O

D(A(t)) := {(u. 2) € (VN H*0, 7)) x HY(0, 1) :
2(0) = u(m), ue(m) = —pou(r) — p12(1)}.
Notice that the domain of the operator A(t) is independent of the time ¢, i.e.

with domain

D(A(t)) = D(A(0)), ¥t > 0. (4.8)
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Now, we introduce the Hilbert space
H = I*(0, ) x L*(0, 1)

equipped with the usual inner product

((2)-(£))- [ [ e

A general theory for equations of type (4.7) has been developed using semigroup theory
[59,60,93]. The simplest way to prove existence and uniqueness results is to show that the
triplet {A, H,Y}, with A = {A(¢) : t € [0, T}, for some fixed T > 0 and ¥ = D(A(0)),
forms a CD-system (or constant domain system, see [59,60]). More precisely, the following
theorem give the existence and uniqueness results and is proved in Theorem 1.9 of [59] (see
also Theorem 2.13 of [60] or [3])

Theorem 4.2.1. Assume that

(1) Y = D(A(0)) is a dense subset of H,

(i) (4.8) holds,

(iii) for all t € [0, T, A(t) generates a strongly continuous semigroup on H and the
family A = {A(t) : t € [0, T} is stable with stability constants C and m independent of t

(i.e. the semigroup (Si(s))s>o generated by A(t) satisfies ||S;(s)ullg < Ce™|\ullg, for all
u € H and s>0),

(iv) 0. A belongs to L ([0, T], B(Y, H)), the space of equivalent classes of essentially

bounded, strongly measure functions from [0, T) into the set B(Y, H) of bounded operators
fromY into H.

Then, problem (4.7) has a unigue solution U € C([0, T],Y) N C*([0, T], H) for any
initial datum in'Y.

Lemma 4.2.2. D(A(0)) is dense in H.
Proof: Let (f, k)T € H be orthogonal to all elements of D(.A(0)), namely

o= (). (4))= [[urie+ [ somioas

for all (u, 2)T € D(A(0)).
We first take u = 0 and 2 € D(0, 1). Since (0, z) € D(A(0)), we get
1
/ z(p)h(p)dp = 0.
0

Since D(0, 1) is dense in L2(0, 1), we deduce that h = 0.
In the same manner, by taking z = 0 and u € D(0, 7) we see that f = 0. ]

Let us suppose now that the speed of the delay satisfies

H)<d<1,¥t>0 (4.9)
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and that ug, p; satisfy
pi < (1= d)us, (4.10)

Under these conditions, we will show that the operator A(t) generates a Cp-semigroup in

H and using the variable norm technique of Kato from [59], that problem (4.6) (and then
(4.1)) has a unique solution.

For that purpose, we introduce the following time-dependent inner product on H

<( : ) ’ ( : >> B / uildz + q7(t) / H(0)2(p)do.

where g is a positive constant chosen later on, with associated norm denoted by ||.||, .

Theorem 4.2.3. For an initial datum U, € H, there ezists a unique solution U €
C(]0, +00), H) to problem (4.7). Moreover, if Uy € D(A(0)), then

U € C([0, +00), D(A(0))) N C*([0, +00), H).
Proof: We first prove that

loll,
loll,

<em™l it s €0, T] (4.11)
where ¢ = (u, 2)" and c is a positive constant. For all s, t € [0, T}, we have

ol -l 5 = (1= 5) ["a2de + o (rt) ~ 01 ) [ (o

We notice that 1 — e ™! < 0. Moreover T(t) — T(s)e%lt_sl < 0 for some ¢ > 0. Indeed,

7(t) = 7(8) + 7(a){t — s), where a € (s, t),

and thus,
() [7(a)|
—L <1+ t—s
o) =TT e
By (4.4), 7 is bounded and therefore,
—(‘?S —\t—s|<em|t <l

by (4.3), which proves (4.11).
Now we calculate (A(t)U, U); for a t fixed. Take U = (u, 2)7 € D(A(t)). Then

AU gy !
(AU, U>t = << (o=l > ’ ( Z )>
T(t) ~P 3 ¢

= a/(; Uz UAT — q/ 2,(p)z(p)(1 — 7(t)p)dp.

0
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By integrating by parts in space in the first term of this right hand side, we have

AR ), = = [ adde el —a [ (o)1 - HOPp
= —a jw u2dz — apgu(m, t)? — auyu(r, thu(r, t — 7(t))
0

- / 2(0)2(0)(1 — #(t)p)dp.

Moreover, we have by integrating by parts in p :

| w00 -#wode = [ 526600~ rnds
= B[ e+ i, t = r(0)1 ~ 7(6)) — g2
0
Therefore
AU, Uy, = —a/owuid:r—g—%gfl/o z(p)2dp — apou(r, t)?

—apu(, tyu(r, t — (1)) — %u(w, t—7(8)2(1 - 7(8) + %u(w, t)?

< —a/ uidr + (g — app)u?(m, t) — apqu(T, t)u(n, t — 7(1))
o .

q 2 g|7(t)| Ry
——§u(7r, t—71(t)(1-d)+ -2T—(t)"f(t)/0 z(p)“dp.

We can see that this inequality can be written

(AWM. U), < —a / " wZdrt (u(m, £), w(m -7 () ulm, O, ulr, t-7(E)T+x () U, U,

where \ .
(F()* +1)2
=2 4.12
) = (412)
and where ¥, is the 2 x 2 matrix defined by
L{g—2ap0 —am
U, == . 4.13
e 2( —apy  —q(1—d) (419

Since —¢q(1 — d) < 0, we notice that the matrix ¥, is negative (in the sense that
XU, X7 <0, for all X = (z;.2,) € R?) if and only if

a2 2
¢° = 2ap0g + 7 _”11 <0. (4.14)
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The discriminant of this second order polynomial (in g) is

2
A=dg?| 2_ ‘
a (Uo 1-4d/°

which is non negative if and only if (4.10) holds. Therefore, the matrix ¥, is negative
for some g > 0 if and only if (4.10) is satisfied. Hence, we choose ¢ satisfying (4.14) or
equivalently such that

2
Hy

aip — a S < apo+ aqf uf -

Such a choice of ¢ yields

(AU, Uy, —k(t) (U, U), <0, (4.15)
which proves the dissipativeness of A(t) = A(t) — #(t)I for the inner product (-, -);.
/ HOHY)  _ HOCEPHDE :

Moreover &/(t) = PRYRETY S O is bounded on [0, T for all T > 0 (by (4.4))

and we have

d 0
a—A(t)U = | Hrte-r@EEe-1)
t @) %

with 07 (t;)(r(t)” Y bounded on [0, T] by (4.4). Thus

%A(t) e L=([0, T], B(D(A(0)), H)), (4.16)

the space of equivalence classes of essentially bounded, strongly measurable functions from
[0, T into B(D(A(0)), H).

Let us prove that .A(t) is maximal, i.e., that AI — A(¢) is surjective for some A > 0 and
t> 0.

Let (£, h)T € H. We look for U = (u, 2)¥ € D(A(t)) solution of

or-a0(2)- (1)

{)\u—aum-f (4.17)

or equivalently

Az + —T(’;)pz = h.

Suppose that we have found w with the appropriate regularity. We can then determine
z, indeed z satisfies the differential equation

1-7(t)p

Az + ) 2, =h
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and the boundary condition z(0) = u(n). Therefore z is explicitly given by

p
2(p) = u(m)e= VWP 4 7(t)e= 00 / 07 h (0 do,
0

if 7(t) =0, and

2(p) = u(r)exgg-gln@—m)p) +e,\;i(%1n(1—+(t)p) / ? h(o )_T(t) e—,\%ln(l—ﬂt)o) do.
o 1—=7(t)o ’

otherwise. This means that once u is found with the appropriate properties, we can find z.
In particular, we have if 7(¢) = 0,

1
z(1) = u(m)e ™ + T(t)e”\T(t)/ e "9 h(0)do = u(n)e > + 20,
0

where 20 = 7(t)e=*"® fol e 7h(g)do is a fixed real number depending only on h, and if

#(t) # 0

r(t) i () . Tl —# (o
A1) = u(m)eFo In(1-#(t) | A In(1=#(t) fol ;lz(_aT)(Tt()?e AR m(1-#(t) )do

AR 1n(1-4(

= u(n)e’T®! D40,

where 20 = ¢t (1) 01 fl‘%(mt)%e"k% n(1-#)) 3o depends only on h.

It remains to find u. By (4.17), u must satisfy
AU — QUzy = f.

Multiplying this identity by a test function ¢, integrating in space and using integration
by parts, we obtain

/ (Au — aug, )odr = / (Aug + auz ¢, )dr — aug (7)od(7) + au.(0)d(0).
0 0
But using the fact that (u, z)7 must belong to D(A(t)), we have

/‘(Au ~ QUgg ) PdT = / (Aud + aug ¢, )dzr + augu(m)d(n) + api2(1)o(n).
0 0

Therefore

/W(Au¢ + au 0, )dz + apou(r)o(r) + apz(1)¢(r) = /ﬂ fodz.
0 0

Using the above expression for z(1), we arrive at the problem
e s
/ (Auo + auzdz)dz + alpo + pie™ > Du(r)g(m) = / fodz —ap12°6(x), Vo € V (4.18)
0 0
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if 7(t) = 0, or otherwise

/ (Mg + aupd,)dz + alpo + e 70 20Ty / fodz — apy 2°¢(7), Vo € V.
0

(4.19)
These problems have a unique solution v € V by Lax-Milgram’s lemma. because the left-
hand side of (4.18) or (4.19) is coercive on V.

If we consider ¢ € D(0, n) C V, then u satisfies
A — aug, = f in D'(0, 7).

This directly implies that v € H?(0, ) and then u € VN H?(0, 7). Coming back to (4.18)
and by integrating by parts, we find, for 7(¢) = 0,

a (uz(m) + (po + e Du(r)) () = —ap,2°(x),
and then
ug(m) = —(uo + pare” " u(r) — py2°
= —pou(m) ~ p1 (e Pu(m) + 2°)
= —pou(m) — p12(1).
We find the same result if 7(¢) # 0.

In summary we have found (u, z)7 € D(A(t)) satisfying (4.17) and thus X\ — A(t) is
surjective for some A > 0 and ¢ > 0. Since &(t) > 0, we directly deduce that

M — A(t) = (A + s(t))I — A(2) is surjective (4.20)

for some A > 0 and ¢ > 0.
Then, (4.11), (4.15) and (4.20) imply that the family A = {A(t) : t € [0, T} is a stable
family of generators in H with stability constants independent of ¢, by Proposition 1.1

from [59]. Therefore, the assumptions (i)-(iv) of Theorem 4.2.1 are verified by (4.8), (4.11),
(4.15), (4.16), (4.20) and Lemma 4.2.2, and thus, the problem

~t = A(t)ﬁ
U(0) =
has a unique solution U € C([0, +00), H) and U € C([0, +o0), D(A(0)))NC([0, +00), H)
if Uy € D(.A(0)). Setting )
U(t) = P00 (1)
with 8(¢) = fot k(s)ds, we remark that it is a solution of (4.7) because

Ui(t) = w()e?P0(1) +?O0,(2)

K(t)ePOT(t) +63(t)A( O (¢
O r(t)U(t) + AU (1))
O ANT() = A1) DU (t
= AQU({),

which concludes the proof. B

(£)
)
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4.2.2 The decay of the energy

We here suppose that
ui < (1= d)usj. (4.21)
Let us choose the following energy

1 i 1
E(t) = —/ u?(z, t)dx + m/ u?(m, t — 7(t)p)dp, (4.22)
2 Jo 2 Jo
where ¢ is a positive constant chosen later.

Proposition 4.2.4. Let (4.9) and (4.21) be satisfied. Then for all regular solution of
problem (4.1), the energy is decreasing and satisfies

E'(t) < —a f: u(x, tdr + (u(r, t), u(m, t — 7(t)) ¥, (u(m, t), u(r, t — 7(t)))" <0,

(4.23)
where U, is the matriz defined in (4.13).

Proof: Differentiating (4.22) and by (4.1), we obtain

E't) = /OF uudr + @ /01 ui(m, t —7(t)p)dp

+qr(t) [ ulm t = rOpulr, t = o)1~ HE)p)dp
= a/o7r Uz dT + qT'2(t) /1 u?(m, t — 7(t)p)dp

1 0
Lqr(®) /0 u(m, t = r()p)u(r, t = 7(£)p)(1 = +(t)p)dp.

By integrating by parts in space, we find

a/ UWlgrdT = ——a/ uldz + alu(z, tug(z, )3
0

—aj uidz — apou(m, t) — apu(r, thu(r, t — 7(t)).
0

I

Setting z(p.t) = u(w, t — 7(t)p), we see that z,(p,t) = —7(t)w(w, t — 7(t)p), and by
integrating by parts in p, we get

Jo ulm, t = r(t)p)ue(m, t — 7(t)p)(1 = H(t)p)dp = T@) Jo 20, )z5(p, )(1 = #(t)p)dp
= W) fo (2(p. t)*)(1 = 7(t)p)dp
- "T(t fo (o, £)*(=7(t))dp
— 520 )1 = T(t)p)]g
= _:T% 01 ui(m, t — T(t)p)dp

_;;gm (7.t = (1) + Fgul(m. b).
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Therefore, we obtain
E'(t) = —a /0 ) uidm—(a,uo—%)uz(w, t)—apyu(r, t)u(r, t-—T(t))—%(l—i‘(t))uz(w, t—r(t)).
We can see that this inequality can be written as

E'(t) < —a /Oﬂ wtdz + (u(r, 1), u(r, t — 7()) P (ulr, t). u(m, t —7(£)))".

Since —g(1 — d) < 0, ¥, is negative definite if and only if

2 a® 3
q° — 2apoq + T4 < 0. (4.24)

The discriminant of this second order polynomial is A = 4a? | 2 — 1—“_% , which is positive

if and only if (4.21) holds. Therefore, the matrix U, is negative definite for some ¢ > 0 if
and only if (4.21) is satisfied, and in that case, we choose ¢ such that

1 9
Qo = a\[HG — T—7 <9< aHo + oy Hi— T (4.25)

which concludes the proof. n

4.2.3 Exponential stability

In this section, we prove the exponential stability of the heat equation (4.1) by using
the following Lyapunov functional

Et) = E(t) + vE(t), (4.26)

where v > 0 is a parameter that will be fixed small enough later on, E is the standard
energy defined by (4.22) and &, is defined by

¢ 1
Ex(t) = q/ B2 (7, s)ds = q7'(t)/ e~ 2702 (7. t — 7(t)p)dp, (4.27)
t—7(t) 0

where 6 > 0 is a fixed positive real number.

Remark 4.2.5. Let us notice that the energies E and € are equivalent, since
E(t) < £(t) < 2y + DE(®).

The result about the decay of the energy E is the following one :
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Theorem 4.2.6. Let (4.3), (4.9) and ({.21) be satisfied. Then the energy E decays expo-
nentially, more precisely there exist two positive constants o and C such that

E(t) < Ce™™E(0), ¥t > 0.
Proof: First, we differentiate £, to have

%Ez(t) 'Etg& + q7( t)/ (=267 (t)p)e" 2™ OPy 2 (7, t — () p)dp + J,

where .
J = QqT(t)/ e BTy, t — (t)p)us(m, t — T(t)p) (1 — 7(t)p)dp.
0

Moreover, by noticing one more time that z(p, t) = u(x, t — 7(t)p) and by integrating by
parts in p, we have

J = —q / e-w»%(z(p, 02)(1 - +{)p)dp

=1 / 2(p, )(=267(t)(1 = 7(t)p) — 7(t))e”*"Pdp

—q(él-%ﬂﬂz?(l, £)(1 = +2)) + g22(0, )
— g [ (-28r(0)(1 = #(00) — HO)(m, £~ TP BT
——q(f)z”25T(t)u2(7r, t— 7)1 —7(t)) + qu2(7r, t).

Therefore, we have

d ! (t) ' —207(t)p
afz(t) = T )52( )+ /0 (—207(t) — H(t))u(m, t — T(t)p)e 2" Pdp
—qe~ 87Oy (7, t — () (1 - 7(t)) + qui(m, t)

= —20&(t) — qe” "Wy (m, t — 7 (t))(1 — 7(t)) + qui(x. t).

Since 7(t) < 1 (see (4.2)), we obtain
iﬁg(t) < —=26&(t) + quP(r, t). (4.28)
Consequently, gathering (4.23), (4.26) and (4.28), we obtain

q N2 _ g _ 2 . _- \
FEO € ~(om—§ — () = 50— (£ = 7(0)
—apulr, tyulr, t —7(t)) — a/ ui(x, t)dz — 2v6E,(1),
0
or equivalently
() < (ulm. ), ulm, £ 7)) Fy(ulr, 1), utm, = 0 — o [ (o, o~ 6800
0
(4.29)
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where W, is the 2 X 2 matrix defined by

z _1(al+2y)=2ap0 —am _ g 0

‘llq_Q( —ap ~q(1 —d) = Yot 00/
Now fix ¢ > 0 such that ¥, is negative definite (consequence of the assumption (4.21)).
By a perturbation argument, we deduce that for v > 0 small enough, ¥, is negative. More
precisely, we take v = —“55, when ) is the greatest negative eigenvalue of ¥,, or equivalently
X¥,XT < MNXJ? for all X € R?% We can easily check that

1
A= i (—2au0 +dg + \/4a2(ug + u?) +4a(d - 2)pog + (d — 2)2q2) < 0. (4.30)

Therefore, for v = lq’ﬂ we find

%5@) < —26vE)(t) —a / Wz, t)dz. (4.31)
0

Since 4(0, t) = 0 for all ¢ > 0, by the min-max principle, we have

/ u*(z, t)dz < 4/ ui(z, t)dz,
0 0

because the first eigenvalue of the Laplace operator with Dirichlet boundary condition at
0 and Neumann boundary condition at 7 is ——%. Therefore

—a/ ul(z, t)dr < —E/ u?(z, t)dz.
0 4 Jo

This estimate in (4.31) and by the definition (4.27) of &, we obtain

T i
Loy < -2 / W2 (z, t)dz — 2g6y7(t) / =202 (1 ¢ _ 7(t)p)dp.

Since 7(t) < M (see (4.3)) and in view of the definition (4.22) of E(t), there exists a
constant v/ > 0 (depending on 7 and &, namely v < min(%, 46ve~2%")) such that

d

—E&(t) < =~ E(t).

7€) < —7E()
By applying Remark 4.2.5, we obtain

d ~!
Ef(f) < ——=E&(1).

This implies that
E(t) < E(0)e™™,
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with

~

1 aq
— ! < ; 408 —26M)'
2’y+l"q—2)\mm(2’ ¢

Remark 4.2.5 leads to
Et) < E(t) <E(0)e ™ < (27 + 1)E(0)e™
.

Remark 4.2.7. In the proof of Theorem 4.2.6, we notice that we have explicitely calculated
the decay rate of the energy, given by

_ 1 aq —26M
a-qmw\mm(2 —4\be )

where X is given by (4.30), q by (4.25) and 6 is a positive real number. Therefore, we can
choose 6 so that the decay of the energy is as quick as possible. For that purpose, we notice
that the function 6 — —4X0e~ M admits a mazimum at 6 = -2—11‘—4 and that this mazimum
18 Me . Thus the larger decay rate of the energy is given by

« -——1 min Y ——2>\
T g —2) 2° Me )’

Obuiously, ihis quantity can be calculated if the data pg, py and T are given.

4.3 Exponential stability of the delayed wave equa-
tion

We now consider the system described by

U (2, t) — QUge (2, t) =0, O<z<mt>0,
u(0, t) = 0, t>0,
ug (7, ) = —pous(m, t) — pus(m, t — 7(t)), t >0, (4.32)
u(z, 0) = u(z), w(z, 0) = ul(z), O<z<m,
(71' t—7(0)) = fo(t — 7(0)), 0 <t < 7(0),

whith the constant parameter @ > 0 and where ug, p1 > 0 are fixed nonnegative real
numbers, the time-varying delay 7(t) still satisfies (4.2), (4.3) and (4.4).

The boundary-value problem (4.32) describes the oscillations of a homogeneous string
fixed at 0 and with a feedback law at =.
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4.3.1 Well posedness of the problem

We aim to show that problem (4.32) is well-posed. For that purpose, we use the same
ideas than before.

We transform our system (4.32) as follows. Let us introduce the auxiliary variable
z(p,t) = w(w, t — 7(t)p) for p € (0,1) and t > 0. Note that z verifies the transport
equation for 0 < p < 1 and ¢t > 0 (compare with (4.5))

{ T(t)z(p, t) + (1 = 7(t)p)z,(p, t) = O,
2(0, t) = uy(m, t), (4.33)
z(p, 0) = f°(—7(0)p).

Therefore, the problem (4.32) is equivalent to

( (T, t) — Qg (z, t) = 0, O<z<mt>0,
T(t)z(p, t) + (1 —~ 7()p)z,(p, t) = 0, 0<p<l1,t>0,
u(0, t) = 0, ug(m, t) = —pous(m, t) — p12(1, t), t >0, (4.34)
ﬁ 2(0, t) = w(, 1), t>0, '
u(z, 0) = u%(z), us(z, 0) = ul(z), 0<z<m,
{ z(p, 0) = fO(~7(0)p), 0<p<l
If we introduce
U= (u, u, 2),
then U satisfies -
T(t)p—1
U= (Ut, Uts, Zt)T = (Ut, AUz, i})'%)—-zp) .
Consequently the problem (4.32) may be rewritten as the first order evolution equation
{ U(0) = (u°, ul, F(~7(0))T = U, (4.35)

where the time dependent operator .A(t) is defined by

u W
.A(t) W = AU gy s
5 (=1,
() “P

D(A®R)) == {(u, w, 2) € VN H20. %) xV x H(0, 1) :
2(0) = w(m), ue(m) = —pow(m) — mz(1)},

with domain

where we recall that
V={oe H(0, 7) = ¢(0) = 0}.
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Again, we notice that the domain of the operator .A(t) is independent of the time ¢, i.e.
D(A(t)) = D(A(0)), Vt > 0. (4.36)
Now, we introduce the Hilbert space
H =V x L*0, ) x L*(0. 1)

equipped with the usual inner product

)> = /Or(auzﬂm + wo)dr + /o z(p)zZ(p)dp.

Lemma 4.3.1. D(A(0)) is dense in H.

wm & &

Proof: The proof is the same as the one of Lemma 1.2.1, we give it for the sake of
completeness. Let (f, g, k)T € H be orthogonal to all elements of D(.A(0)), namely

U f - 1
0= w |, = [ (auzfr +wg)dz+ [ z(p)h(p)dp,
(2) () s o

for all (u, w, 2)7 € D(A(0)).
We first take u = 0 and w = 0 and z € D(0, 1). As (0, 0, z) € D(A(D)), we get

| =tomtorde=o

Since D(0, 1) is dense in L*(0, 1), we deduce that h = 0.
In the same manner, by taking u = 0, 2 = 0 and w € D(0, ) we see that g = 0.
The above orthogonality condition is then reduced to

rs

0= a/ Uz frdz, V(u, w, z) € D(A(0)).
0
By restricting ourselves to w = 0 and z = 0, we obtain
1
/ e fudz = 0, ¥(u, 0, 0) € D(A(0)).
0

But we easily check that (u, 0. 0) € D(A(0)) if and only if u € D(A) = {v € H*(0,7) :
v(0) = 0,7'(1) = 0}, the domain of the Laplace operator with mixed boundary conditions.
Since it is well known that D(A) is dense in V' (equipped with the inner product < ., . >v),
we conclude that f = 0. ]
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As before we suppose that the speed of the delay satisfies (4.9) and (4.10). Under these

conditions, we will show that the operator .4(t) generates a Cy-semigroup in H and the
unique solvability of problem (4.35).

For that purpose, we introduce the following time-dependent inner product on H

U T 1
< . > = / (augily + wi)dz + qr(t) / z(p)z(p)dp.
3 , 0 0

where g is a positive constant chosen such that ¥, is negative (guaranteed by the assump-
tions (4.9) and (4.10)), with associated norm denoted by ||.|l; -

Theorem 4.3.2. For an initial datum Uy € H, there exists a unique solution U €
C(]0, +o0), H) to problem (4.35). Moreover, if Uy € D(A(0)), then

ST SR~

U e C([0, +o0), D(A(0))) N Cl([(), +o0), H).
Proof: We first notice that

[l
Il

where ¢ = (u, w, 2)7 and c is a positive constant. Indeed, for all s, t € [0, T}, we have

T 1
2 _ 2 ;Cali'sf — _ ;%—lt-—s| 2 AY _ ;%lt‘si 24 ,
I = 5%~ = (1 - e5~) [an2 +wdo + g (r(t) = ()5 ) [ 2(o)7dp

0

<em vt s e 0, T) (4.37)

and we conclude as in the proof of Theorem 4.2.3.
Now we calculate (A(t)U,U); for a ¢t > 0 fixed. For an arbitrary U = (u, w, 2)7 €

D(A(t)), we have

(AQU, V), = <( s ez ) > (
= /7r (awzuz + QU w)dz — q/ z,(p)z(p)(1 — 7(t)p)dp.
0 0

IS SR~

7(t)

By integrating by parts in space, we have

CAWBU, U), = afou] —g / 20(0)2(p) (1 ~ +(t)p)dp
= —apx(0 — apr=(0)2(0) — ¢ | z()2(p)(1 - F(t))dp
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Moreover, we have by integrating by parts in p :

[ o~ nde = [ 5ot - H00dp

+ 1
udl | 0o+ 3020 - #0) - 520

These two identities yield

(AWMU, U), = —apoz(0)* - apz(0)z(1) - $2(1)2(1 = +(8)) + $2(0) - 9—%@ / 2(p)*dp.

We can see, that this identity implies that
(ABY, U, < (2(0), 2(1)Ty(=(0), 2(1)T +(t) (U, U),.

where ¥, is the matrix defined by (4.13) and «(t) is given by (4.12). Since we have chosen
g such that the matrix ¥, is negative, we have

(AU, U), — w(t) (U, U), <0, (4.38)
which proves the dissipativeness of A(t) = A(t) — k()] for the inner product (-, ;.
As in the proof of Theorem 4.2.3, we see that (4.4) implies that

%*‘@ € L([0, 7], B(D(A(0)), H)). (4.30)

Let us finally prove that A(t) is maximal, i.e., that A\I — A(t) is surjective for some
A>0andt>0.

Let (f, g, h)T € H. We look for U = (u, w, 2)T € D(A(t)) solution of

u f
(/\I~A(t))(w>=(g)
z h

MW —w=f
A — QUzy = g (4.40)

1—-7(t
Az + e, =,

Suppose that we have found u with the appropriate regularity. Then, we have

or equivalently

w=-—f+AIueV.
We can then determine =z, indeed z satisfies the differential equation

1-7(t)p
i+ —"z,=h
+ T(t) Zp
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and the boundary condition 2(0) = w(m) = —f(x) + Au(7). Therefore z is explicitly given
by

o
z(p) = )\u(w)e”’\T(t)p — f(7r)e”’\7(t)" + T(t)e‘)‘T(t)p/ e’\T(t)"h(o)do,
0
if 7(t) = 0, and
2(p) = Au(r)e Ag—gglnu-m)p) — f(m) e)\%%ln(l—i'(t)p)

+e’\:g< In(1—7%(t)p) / ? h(o)T(t) -A%%lnu #{t)o) do,
o 1=7(t)o

otherwise. This means that once u is found with the appropriate properties, we can find 2
and w. In particular, we have if 7(t) =
1
2(1) = du(n)e™ W — f(x)e ™ 4 7(t)e™>® / "D (gVdo = Au(n)e ™ + 20,

0

where 20 = —f(m)e™™® + 7(t)e=*"® fol e h(o)do is a fixed real number depending
only on f and h, and if 7(¢) # 0

e’\: ;) In(1-#(t))

2(1) = /\u(ﬂ)exft (2-7(1)) - f(x

)
+e,\;%1n(1-7(t))/ ( )7(1) -A%lnu—m)a)do
0 1—T(t)a
— Au(ﬁ)e/\;—g%ln(l—-’r(t))_i_z’

where

1
0 ()RS R0-H) |, A0t [ ROTE) a8 na-rwe) g,
z f< )e te 0 1— T(t)O‘

depends only on f and h.
It remains to find u. By (4.40), u must satisfy

MU — qugy = g + M\f.

Multiplying this identity by a test function ¢, integrating in space and using integration
by parts, we obtain

/ (A — augg)pdz = / (Nug + au, 02 )dr — aug (7)d(7) + au,(0)$(0).
0 0
But using the fact that (u, w, 2)7 must belong to D(A(t)), we have

/ (A2u — aug, )odr = /\(A2ucz'> + auz ¢, )dr + apow(T)o(T) + apz(1)o(r).
0 0
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Therefore
/ (NPud + aus ¢, )dx + apow(7)d(T) + apiz(1)p(m) = / (g + Af)odx.
0 0

Using the above expression for z(1) and w = Au — f, we arrive at the problem

™

/ | (Nudrtarady)dz-+a(u- e u(r)o(r) = / (g4\f)ddz—+a(uof ()= 2)o(m). ¥ € V
0 0

(4.41)
if 7(t) = 0, or otherwise

/ (Nu¢ + auz ¢, )dzr + aluo + /L1€/\:_8—; 1n(1~+(t)p)))\u(7")¢(7r)
0

. (4.42)
- /0 (9 + M)z + alpof (x) — i )d(x), Y6 € V.

These problems have a unique solution u € V' by Lax-Milgram’s lemma, because the left-
hand side of (4.41) or (4.42) is coercive on V.
If we consider ¢ € D(0, 7) C V, then u satisfies

My — aug, = g+ Mf in D'(0, 7).

This directly implies that u € H?(0, w) and then u € V N H?(0, 7). Coming back to (4.41)
and by integrating by parts, we find, for 7(¢) = 0,

a (uz(7) + (ko + pe™ ") du(r)) ¢(7) = alpof (7) ~ )¢ (),

and then
uz(m) = —(po+ me™)u(r) — (112 = pof (m))
= —po(du(m) = f(m)) = m (7D du(r) + 2°)
= —pow(7) = mz(1).
We find the same result if 7(¢) # 0.
In summary we have found (u, w, 2)T € D(A(t)) satisfying (4.40) and thus AI — A(¢)
is surjective for some A > 0 and t > 0. Again as k() > 0, this proves that

A — A(t) = (A + k(t)) ] — A(t) is surjective (4.43)

for some A > 0 and ¢t > 0.

Then, (4.37), (4.38) and (4.43) imply that the family A = {A(t) : ¢t € [0, T]} is a
stable family of generators in H with stability constants independent of ¢, by Proposition
1.1 from [59]. Therefore, the assumptions (i)-(iv) of Theorem 4.2.1 are verified by (4.36),
(4.37), (4.38), (4.39), (4.43) and Lemma 4.3.1, and thus, the problem

{ Cft - A(\t)ér
U(0) = U,.
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has a unique solution U € C([0, +o00), H) and U € C([0, +00), D(A(0)))NC([0, +00), H)
if Uy € D(A(0)). As before, the requested solution of (4.35) is given by

Ult) = P00 (t)
with 8(t) = [ k(s)ds. =

4.3.2 The decay of the energy

As for the heat equation, we restrict the hypothesis (4.10) to obtain the decay of the
energy. Namely we suppose that (4.21) holds.

Let us choose the following energy (which corresponds to the time-dependent inner
product in H)

E(t) = %/; (utz(:z: t) + aul(z, t)) qT g7(t) / , t—T1(t)p)dp, (4.44)

where ¢ is a positive constant chosen such that ¥, is negative definite (possible if (4.9) and
(4.21) hold).

Proposition 4.3.3. Let the assumptions (4.9) and (4.21) be satisfied. Then for all reqular
solution of problem (4.82), the energy is decreasing and verifies

B'(t) < (unlm, 1), s, t = 7(8))) ¥y (e, 1), walr, ¢ — (D)7 <0, (4.45)
where ¥, is the matriz defined in (4.13).

Remark 4.3.4. In the case where the delay is constant in time, i.e. 7(t) = 7 for allt > 0
and thus d = 0, we recover the results from [85,89] and chapter 1. Indeed in [85, 89], the
energy is decreasing under the assumption p; < pg.

Proof: Differentiating (4.44) and integrating by parts in space, we obtain

B = /0 " (st + ty1100)d2 + qTZ( ) /O B (m t - 1(Dp)dp
vart) [t 6= st ¢ = D)1 = F(0p)do

- /0 " el - o) dz + afugud]f + t—r(t)p)dp
+ar(t) [ wlm, ¢ = r)p)unte, t = r00)(1 = )o)dp

. 1
= au.(7w, t)u(m, t) + qTét) / u(m, t — 7(t)p)dp
0

1
+r(t) / w (. t = 7(O)p)us(r, t — (B)p) (L — +t)p)dp.
0

q7(t)
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Recalling that 2(p,t) = w(7w, t — 7(t)p), we see that

[l t = r@phuatr. ¢ = (0p)1 - He)o)dp = ;jtj) wi(r, t = r(0)p)dp
1= T(t
ZT(t) (T t— ’(t))
+—1—u2(r t)
2r(t) £
Therefore, we obtain
E'(t) = aug(m, t)u(r, t}+q7;2(t>/0 u?(m, t — 7(t)p)dp
-0 [Cadtm - rwode - - L i, 1 - r0) + L ),

which implies
E'(t) = —apoui(m, t) — amyus(m, t — 7(t))ue(m, t) — g(l — () ud(rm, t — 7(t)) + guf(ﬂ, t).
By the condition (4.9) we can see that this identity yields

E'(t) < (w(m, t), w(m, t — 7(t))) Oq (w7, 1), we(m, t — 7(2))) " .

This concludes the proof as ¥, is negative definite. ]

4.3.3 Exponential stability

In this section, under the assumptions (4.9) and (4.21), we prove the exponential sta-
bility of the wave equation (4.32) by using the following Lyapunov functional

5m=Em+7@Aﬂm%m+@@), (4.46)

where v > 0 is a parameter that will be fixed small enough later on, E is the standard

energy defined by (4.44) with ¢ a positive constant fixed such that ¥, is negative definite
and &, is defined by

t 1

Et) = q/ e®2 () s)ds = qT(t)/ e™27Wry2 (1, t — 7(t)p)dp, (4.47)
t—7(t) Q

where § > 0 is a fixed positive real number.

The Lyapunov functional E(t) + 2+ foﬂ Tuyu.dx is standard in problems with boundary
conditions with memory (see for instance [86]). We have added the two terms to the
standard energy E/(t) in order to take into account the dependence of 7 with respect to t.

First we notice that the energies F and £ are equivalent.
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Lemma 4.3.5. For v small enough, there erist two positive constants Ci(y) and Cy(7y)
such that

Ci(ME(t) < E(t) £ Co(7) E().
Proof: We have

T T T
2y / TUudT < YT / (u2 + ud)dx < yre / (au? + ud)dz,
0 0 0

where ¢ = max(1, ) and

yar(t) /O 1 e ?T WPy (. t — 7(t)p)dp < var(2) /0 1 ui(r, t — 7(t)p)dp.
Since ¢ > 1, these estimates yield
E(t) < (14 2yem)E(t).
Moreover, by definition we have
7E2(t) 2 0
and by Cauchy-Schwarz’s inequality

27/ U Urdz > —fyvr/ (u2 + uf)dz.
0 0
Then .
E(t) > E(t) - c'yvr/ (au2 + u?)dz,
0
and therefore, for -y small enough (v < 5--), we obtain

E(t) 2 (1 — 2emy) E(1).

We are ready to state our result about the decay of the energy E :

Theorem 4.3.6. Let (4.3), (4.9) and (4.21) be satisfied. Then the energy E decays ezpo-
nentially. more precisely there exist two positive constants a and C such that

E(t) < Ce™™E(0), Vt > 0.

Proof: First we remark that

d 7 7T T
— (2 f xutuzd:c) = 2 / TUpULAdT + 2 / TUUL AT
dt 0 0 0

T T
= 2a / LU U AT + 2 / TUUL AT
h e
= a / 20, (v2)dz + 2 / TULU AT
0 0

™ ™
= —a/ uide + amul(m, t) + 2/ TUUgdT.
0 0
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But by integrating by parts in space and by (4.32), we have

¥ ¥is vis
/ TUUHdT = -—/ TUzsurdT — / uldr + Tui(r. t),
0 0 0

2/ TU U7 AT = ——/ uidz + Tui(m, t).

0 0

that is to say

Thus
d

o (2/ xutuadz) = -—/ (v? + au?)dx + mud(m, t) + amui(w, t).
) 0
By the boundary conditions in (4.32) and Cauchy-Schwarz’s inequality, we finally find

d T m
= (2/ :cutuzd:c) < —/ (u? + aul)dz + w(1 + 2apd)ui(m, t) + 2ampdul(m, t — 7(t)).
0 0

(4.48)
Then, we differentiate & to have

d 2(t) = -i—%gz(t) + g7 (t) /O (=267 (t)p)e T WPul(m, t — T(t)p)dp + Ju,

where
Jy = 2qT(t)/ e 2 Ory, (1, t — T(t)pluw(m, t — T(t)p)(1 — 7(t)p)dp.

As in the proof of Theorem 4.2.6, by integration by parts, we have

Ju = / (=267 (t)(1 — #(t)p) — #(t))us(m, t — T()p)e™*TWPdp

0
—qe"2T0y2(r, t — 7(1))(1 — #()) + qu(, t).
These identities yield

Let) = We)+q [ (257~ H0)0i(r. 1= r00) s
—qe” WrOy2 (1, ¢t —7(t ))(( —7(t)) + qui(w, t)

— Mes)+ 20T e0) — qer®rudta, ¢ = 7)1 = #(0) + (. 1)
Since 7(t) < 1 (see (4.2)), we obtain
%82(t) < —28E5(t) + qui(m, ). (4.49)

Consequently, gathering (4.46), (4.48) and (4.49), we obtain

ié‘(t) < — /ﬂ(uf—i—au?)d:c — 2v6&,(t)
—r—(ut(r t), ut(?' t—7(1))) @q (ue(m. t), ue(r =TT,
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where &, is the matrix defined by

5 - 1 a(1+27) = 2apo +2ym(l+ 2au)) —ap
q 2 —ali12 daympl — q(1 — d)
- o g+ 7(1+2auf) 0
— e (OO 0.

Noticing that max (g + 7(1 + 2ap3), 2awp?) = g+n{1+2au3) by (4.21), for v sufficiently
small, i.e. v < mﬁm’ where ) is the greatest negative eigenvalue of ¥, given by (4.30),

®, is negative and therefore

%8@) < -'y'/ (u? + aul)dz — 26vE5(t).
0

By the definition (4.47) of &, this estimate becomes

d i !
-CEE(t) < —7/ (u? + au?)dz ~ 25fyq7'(t)e“257(t)/ ul(m, t — 7(t)p)dp.
0 0

Since 7(t) < M (see (4.3)), in view of the definition of E, there exists a constant v > 0
(depending on + and 6 : ¥ < 2ymin (1, 26e~%M)) such that

%E(t) < —y'E(t).
By applying Lemma 4.3.5, we arrive at
D) < —ag(t)
where o is explicitely given by a = —1—:;,7;—” Therefore
E(t) < E(0)e™™,
and Lemma 4.3.5 allows to conclude the proof :

1 1 _ 1+ 2verr -
t < —— < —_— at < ____E O Clt.
El) < 1-—- 2c7r'y£(t) - 1- 2071'78(0)6 — 1—2cmy (0)e

Remark 4.3.7. In the case where the delay is constant in time and a = 1, we recover
some results from [85, 89] and chapter 1. Moreover, in [85, 89/, the energy is defined by

s 1
E(t) = —;—/ (ul(z, t) + v2(z, t))dz + g/ ul(m, t — Tp)dp,
0 0
where £ is a positive constant satisfying

T < €< (200 — ),
under the condition (4.21), which corresponds to the definition (4.44) of E with ¢ = §

181



Remark 4.3.8. In the proof of Theorem 4.5.6, we notice that we can explicitely calculate
the decay rate a of the energy, given by

2y : —25M
= — 1, 26 ,
a= 7 o min ( . 20e )
with
-
g+ 7(1+ 2au2)

(by Lemma {.3.5 and Theorem 4.3.6) and c = max (1, %) where X s given by (4.80), q by
(4.25) and 6 is a positive real number. Therefore, we can choose ¢ such that the decay of

the energy is as quick as possible. By Remark 4.2.7, we get that the larger decay rate of the
energy is given by

’\/<—1—and'y<
2cr

2 min { 1 L
Omazr = 77— sy 31 )
T 1+ 2ver Me
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Chapitre 5

Quasi exponential decay of a finite
difference space discretization of the
1-d wave equation by pointwise
interior stabilization

5.1 Introduction

Recently boundary (or internal) controllability and stability results for the wave equa-
tion have been obtained using different methods, like the multipliers method, the frequency
domain method, the microlocal analysis, the differential geometry or a combination of
them [61, 70,114, 115]. Usually these results are based on an observability estimate. On
the other hand, similar results at a discrete level, namely when the continuous operator
is replaced by a discrete one (obtained by a finite difference, a finite element or a finite
volume scheme, for instance) are less developed. In their pioneer works, R. Glowinski et
al. in [47-50] considered the boundary controllability of the numerical approximation of
the wave equation using the so-called HUM method. They observed a bad behavior of the
control of the numerical scheme, due to the spurious modes that the numerical scheme
introduces at high frequencies. The main idea is that, in general, any discrete scheme
generates spurious high frequency oscillations that do not exist at the continuous level.
Therefore the discretization and the control processes do not commute; in other words,
the control of the discrete model do not converge to the control of the continuous model.
Some remedies are then necessary to restore the convergence of the discrete control to the
continuous one. In these papers different remedies were proposed, like a Tychonoff regu-
larization [49,50], a bi-grid algorithm [47] or mixed finite element method [48], providing
good numerical results. For the wave equation, rigorous convergence analyses of these cures
for some schemes, like finite differences (in space and in time), finite elements and mixed
finite elements, are made in [30,31,56,78,80,102,112,114,115]. For internal stability results
this phenomenon was underlined numerically in {14], where numerical simulations suggest
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that the exponential decay of the discrete energy might be not uniformly exponential with
respect to the mesh and step sizes. As remedy the authors propose without any proof to
use a mixed method. More recently the stabilization of a locally damped wave equation
in [102] and for a boundary damping in [103] were rigourously analyzed by adding a nu-
merical viscosity term. But to our knowledge such results are not yet proved for pointwise
internal damping.

Comnsequently the main goal of our chapter is threefold :

1) As for the continuous model, we furnish a necessary and sufficient condition that gua-
rantees the decay to zero of the discrete energy.

ii) We show that the exponential decay of the discrete energy of the discretization of the
wave equation with a pointwise internal damping by finite difference is not uniform.

iii) We show that a filtering technique allows to restore a quasi-optimal uniform exponen-
tial decay.

iv) We prove that without filtering we cannot expect quasi-exponential decay.

The schedule of the chapter is as follows : Section 5.2 is devoted to the introduction of
the one-dimensional wave equation with an internal pointwise damping and its discretiza-
tion. Then in section 5.3 we give a necessary and sufficient condition that guarantees the
decay to zero of the discrete energy. The non uniform exponential decay of this energy is
proved in section 5.4. Finally the filtering method is described in section 5.5 and the quasi-
optimal uniform exponential decay is established. Some numerical results are presented
that show the advantage of the filtering technique.

5.2 The continuous and discrete problems

We consider the wave equation on an interval of length 1 with an interior damping at
€, in other words we study the solution y of the following problem

Y (2, 1) — Yza(z, t) =0 0<z<l1lt>0,
y(0,t) =0, y:(1,¢) =0 t>0,
y(€-, t) = y(és, 1) t>0, (5.1)

Yo (€, t) — Yz(€+) t) = —ay(é, t) t >0,
yt=0)=y0 5t=0=y® O<z<l,
where (y©, yW) € V x L2(0, 1), V = {y € H*(0, 1); y(0) = 0} and « is a fixed positive
constant. It is easy to check [6] that this system (5.1) is well-posed in the energy space
V x L?(0, 1). More precisely, for any (y(©, V) € V x L2(0, 1) there exists a unique solution
y € C((0, T), V)NCY(0,T), L¥0, 1)) of (5.1).
The energy of the solution of system (5.1) is given by

o1t
Bt) = 5 [ (ula, OfF + (e, D)z
0
and obeys the following dissipation law

dE(t)

TR (€, 1) (52)
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This implies that the energy is decreasing. Moreover, we know that (see [6] and chapter 1)
Jlim E(t) = 0 for any initial data in V x L2(0, 1) if and only if
—0o0

E# quEN

Moreover, as it was proved in [6] and in chapter 1, the exponential decay property of the
solution of (5.1) is equivalent to an observability estimate for the corresponding conservative
system

uy(z, t) — Uzz(z, 1) =0 0<zr<1,t>0,

u(0,t) =0, u(1,t) =0 t > 0, (5.3)

ut=0)=yQ, u(t=0)=y® 0<z<l,

where (y(@, y(0) € V x L?(0, 1). In this case, the observability estimate holds if and only
if € is a rational number with an irreductible fraction

£€= s where p is odd,

and therefore under this condition, the system (5.1) is exponentially stable in the energy
space. In the remainder of this chapter, £ is fixed and is supposed to satisfy these two
conditions.

We now introduce the finite diﬁerence scheme used later on. For this purpose, let N be

a nonnegative integer. Set h = m and consider the subdivision of (0, 1) given by

0=$0<£C1=h<...<.’L'j_1<.fl3j=jh<.'17j+1<...<CL’N<.’13N+1=1,

le.z; =jhforall j =0,..., N+ 1. As £ is not necessarily equal to jh for some j, we fix
Jv € NN (0, N 4+ 1) such that z;, — £ when N — oc.

The finite-difference space semi-discretization of system (5.1) that we consider is the
following

y;_l__?;/bﬂ_—_%zﬁz:i___o t>0,7=1,..., N, 7 # jn,
Yo=0,yv1 —yn =0 t>0,

(5.4)

Yin+1 "21/.7]\7 +Yin-1 _

= ayj, t >0,
y;(t = 0) =y Yt =0 =y j=1,.., N

Obviously, y;(t) is an approximation of y(z;, t), y being the solution of (5.1), provided
the initial data (y]( , y]m ), 7 =0,..., N+ 1 are approximations of the initial data in (5.1).

Note further that the condition % w1 "y;“ ) . = ayj,. is a natural approximation of the

condition y,(€—, t) — y=(€+, t) = —ay(&, t). Alternatlvely (see [24]) we could chose the
approximated condition

oo Yin+1 — QyjN + Yin-1 /
n/y]N - - h, & - _ayjNv
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but this choice did not allow us to prove any positive results.
0 0 1 1
We now set yn = (y;); v = (3, ); and ) = (4"
The system (5.4) may be equivalently written

{ ’U;l = Ahvh

vh(0) = vao (5:5)

(0)
where vy = ( Z’} ), Vho = y’(Ll) and Ay is a 2N x 2N matrix. This system is therefore
h Yy

uniquely solvable (as a differential system). Let us now show that it is dissipative : introduce
its energy given by

h L2 L s Y () —
Ex(t) = 5 E ly; )| + 3 E 7 : (5.6)
3=0,j#jinN Jj=0

which is a discretization of the continuous energy FE.

Lemma 5.2.1. The energy of system (5.4) is a nonincreasing function of the time t and
its derivative is given by

Ej(t) = ~a(yj, (1))*. (5.7)
Proof: Deriving (5.6) and using (5.4), we obtain

N
yi+1(t) — 245 (t) + y-1(0)
5K = h Y ) ( ) =~ Hl) + 3y
J=1 j?éjn
+hz ( ]+1 ) (yJ+1 t )
1 & N
= Z Uy = v5) = 3 Z — Y)Y+ T Z(ym Ui) (W51 — V)
J =1,7#I~ 7=L13#In .7=0
1 1 & 1
= 7 Z y;'(yjH —yj) 3 Z (y.7+1 y])yj-{—l + hz Yj+1 — yJ)(y]+1 y])
7=0,j#jn J=0,j#in— j=0
1 1
= E '.U;’N (yjN - yjN"‘1> - E y;N'(yjA'+1 - yjN)
2 t t
= —y;, (1) (y’““() y’g()ﬂ’“ 1”) —a(y}, (1) < 0by (5.4).
This proves (5.7) and, therefore. the energy is nonincreasing. =

Observe that (5.7) is the semi-discrete analogue of the dissipation law (5.2).
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We also need to consider the finite-difference space semi-discretization of problem wi-
thout damping (5.3)

u;!_zm—i_:__ﬁz:ﬂu:o t>0,7=1,.., N
wo =0, uns1 —un =0 t>0 (5.8)

u;(t=0)= yj(o), ui(t =0) = yj(.l) j=1..,N.
We observe that the system (5.8) can be rewritten in the following simplified form
Ul + AU, =0,t>0

where U, stands for the column vector (uy, ..., uN)T, Aj, denotes the matrix

2 —1 0 v - 0
(—1 2 -1 0 -+ 0 \
1 0
A=l
o . . . 2 -1
\ 0 -+ oo oo =1 1 )

entering in the finite difference discretization of the Laplacian with Dirichlet boundary
condition at the left endpoint, and Neumann one at the right endpoint. The eigenvectors
of the matrix A satisfy the eigenvalue system

{ ~ERSETR = hg;  j=1. N, (5.9)
vo=0, ont1 —on=0.
It was shown in [58] (see also [103]) that
¢fh = sin (@%) ,7=0,1,..., N,
(5.10)

N = o sin® (G2 k=0,1,., N = 1.

We have the following property of the eigenvectors of (5.9) :

Lemma 5.2.2. For any eigenvector ¢ with eigenvalue A of (5.9), the following identity

holds
2 N
=) lesl*

j=1

N

>

=0

Yi+1 —¥j
h
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Proof: This result is well known (see [56]), we give its proof for the sake of completeness.
Multiplying the first identity of (5.9) by ¢; and by adding on j = 1,..., N, we obtain

N N
A _lesl® = Do,
j=1 j=1
N N
= > (55 e - Y (455,
j=1 j=1
N N-1
= Yo (EEp - Y (ST
j=1 5=0
and we conclude by the boundary condition ¢y.; — @n = 0. ]

The solution of (5.8) admits a Fourier development in the basis of eigenvectors of system
(5.9). More precisely, every solution up = (u;); of (5.8) can be written as

N-

b : k, h
E ar cos(y/ Ak, nt) + sin(4/ Ak pt) | @™
b0 ( ) V Ak b

for suitable coefficients ax, by € R, k = 0,..., N — 1, that can be computed explicitely in
terms of the initial data.
2)

The energy of the problem without damping (5.8) is given by
Obviously, this energy E;, (up, .) is constant (proved like Lemma 5.2.1).

uj1(t) — uy(t)
h

ham{,,
Ejy(un, t) = 52 (|Uj(1t)|2 +
=0

5.3 Decay of the energy to 0

Proposition 5.3.1. We have
lim Ey(t) =0

t—o0

if and only if
( — h)l
+1°

jnh # Vk=0,... N—1,l¢N.

Proof: We use the same kind of proof that in the continuous case (see [6] or chapter 1).
Let S(t) = e be the exponential of the matrix .A. It suffices to show that

y(O)
im S(t) | "y | =0.
t—oc yh
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ForU:(:%') , we set
Yi /;

J

N

oE=2 S ety

j=0,0#3in J-O

yJ+1 y]

(0)
Let us fix Uy = ( y’(ll) > € R?M. The set orb(Up) US t)Up is precompact in R2N
Yn 20
because, for any sequence (t,),

I15@)Uoll + (145 (24) Vol 15 (t)Uoll + 1|5 () Anlol|

< ol + || AnUol| = est.

Therefore, there exists a subsequence, still denote by S(t,)Us, which converges in R?V. In
this case, the w-limit of Uy defined by

w(Uo) = {U € R¥™; 3y, t, — 00, S(t,)Ug — U, t — o0}

0
is non empty. On the other hand, if & = ( ¢{ ) € w(ly), then S(1)® = ( zjé g ) <
i/ J

w(Up). We can now apply LaSalle’s invariance principle [32] with the relatively compact

set Us(t)Uo and the Lyapounov functional ||.||. As ( ¢ ) and S(t) ( ¢ ) ( ¢;(t) )

£50 é; ¢] ¢;(t)
-[(%)

belong to w(Up), we find that
Therefore ¢(t) satisfies the problem (5.4) with initial condition d)o and gbl Moreover, it

(9)
e ()N €Y S X

which implies that

’=L,‘v’t20.

&, (1) =0, vt > 0. (5.12)

In particular, this implies that ¢ is solution of problem (5.8) with initial data gb? and gbjl-
because the damping term disappears and ¢}, = 0.
Let us now write

N-1 N-1
¢ = ag®" ot = bht
k=0 k=0
Then ¢ is given by
N-1 b
o(t) = a €081/ Mg nt) + ——==sin(y/ A nt) | o5
= e
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Consequently by (5.12)

N-1 N-1
0= dJ;N (t) = Z( Ak, b )sm( Ak, nt) + Z(bm&f}f‘) COS( )\k,ht)-

As the size h of the discretization is fixed, we can use Ingham’s inequality (see [57]) because
the gap condition is verified. We find that

N-1
0 =/ |@JN! dt > C(h Z EV Ak, h(’DJN fmh)z] 20,

k=0

for T large enough and for a constant C(h) > 0 which depends on the size h of the
discretization. Consequently

akgp;?;vh = Qand bkgpf;vh =0,Vk=0,...N—1.
But forallk=0,..., N -1,

(2k + V)mjnh

(’OJN %O@Sln(‘_?—’“{—) #0@]1\]’1# (2-h)l

2k+1"

vieN.

Therefore, if jyh # %k—f%— foralll e N, k=0,..., N~ 1, we will have a; = b, = 0, for all

k=0,.., N -1 and therefore ¢° = ¢! = 0. We have shown that all (¢°, ¢')T € w(Up) is
equal to zero and consequently ihm E(t) = 0.

[=] We use a contradiction argument. Suppose that there exists k € {0, ..., N—1} such

that jyh = (gk_fil, so that gpk " = 0. Then

yn(t) = ©* " cos( g pt)

is solution of (5.4) with a constant energy. n

Remark 5.3.2. Our previous result is a discrete version of the continuous one [6] that
says that the energy of the solution of system (5.1) tends to zero if and only if

£# Vp,q €N,

2+1

5.4 Non exponential decay of the discrete energy

In this section, our goal is to prove the non exponential decay of solutions of (5.4).
First. we need the two following lemmas.
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Lemma 5.4.1. If there exist positive constants M and w such that for all yﬁo) and y,(j)m
RY,
Ep(t) < Me ™ E,(0), Vt > 0 (5.13)

holds, then there exist positive constants T and C such that for all y,(lo) and y,(zl) in RN, one
has

T T
E;p(un, 0) < C / it [P dt + O / (Anun)so | dt. (5.14)
0 0
where uy, is solution of (5.8) and Ej, (up, .) is defined by (5.11).

Proof: Let us suppose that (5.13) holds. It follows from the dissipation law (5.7) that for
all T > 0,

T 2
Eh(O)_E,,(T)=a/O |yi, | de. (5.15)

By (5.13), for T large enough (any T > I—E%TAQ suffices), one has E,(T) < %Eh(O), and so

T
3 1 1
04/ ‘?J}Nf dt > Ex(0) — 1 Ex(0) = 1 En(0) = 1 Ex{up, 0). (5.16)
0
Now, we split up y solution of (5.4) as follows

Yr = Up + W, (5.17)

where up, = (u;); is solution of problem without damping (5.8) and the difference wy =
(wj); solves

w — LTl o 00 t>0,j=1,..,N,j#jn
’ZUOZ“—O,’LUN+1—’LUN: t>0
SR S 5.18
S Zw}iN-}- = = ay_;N - h(Ahuh>j.w t>0 ( )
wi(t=0)=0wi(t=0)=0 j=1,.., N.
Denote by
N N 2
h 2 h w1 (t) — w;(t)
En(wn, t) = 3 | Z [wi(®)]* + 5 Z 1 . (5.19)
J=0,3#3n J=0
We easily check, like in the proof of Lemma 5.2.1, that
Ey(wn, t) = —w), (ay;. — h(Anua)jy)- (5.20)
Therefore
t t t
Eh(wh, t) = / E;l(wh, t)dt = —-a/ w;-Ny;-th -+ h/ w;\ (Ahuh)j,\,dt
0 0 0

t ¢ ¢
= -—a/o w;-Nu;-th—a/O(w;N)th—‘rh/o w; (Apun);ydt,
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by (5.17), which implies that

t 1 i
E;(wy, t) + a/ (w),) dt = —oz/ w; uy dt+ h/ w; (Anun)jydt.
0 0

0

By Cauchy-Schwarz’s inequality, we deduce that

t 1 t
a/ (W), )2dt < —a/ w;Nu;th—f—h—/ w;y, (Anun)jndt
0 0 0

(/Ot(w3~~>2dt)% (a (/Ot(u;N)Zdt)% +h (/Ot |(Ahuh)jN|2dt) %) ,
and therefore
a (/Ot(ué,v)zdt)]5 <a (/Ot(u;—NYdt)% +h (/Ot |(Ahuh)jN|2dt)]§ _

By a convex inequality, we obtain that

A

t t t
o2 / (w), dt < 207 / (, dt + 282 / |(Antn); | dt. (5.21)
0 0 0

By the estimate (5.16) and by (5.17), we find that

T T T
atun, 0) <o [ e <sa ([ et [ g P
0 0 0

and so, by the estimate (5.21), we obtain

En(un, 0) < 8a | |y | dt+16a | |uj ["dt+ —h® [ |(Apun);yl”dt
0 0 0
(5.22)
T 2 T 2
< O [ Juu[ e On [ (v e
0 0

The difference between (5.22) and (5.14) relies on the left-hand side. i.e. the energy
Er(up, 0) instead of E;, (uy, 0). To solve this problem, we notice that

. h
EJN (Uh, t) = Eh(uh, t) + —(’LL

5 L ()2 vt > 0. (5.23)

JIN
Deriving the previous identity (5.23), we have
0= E; (un, t) = Ep(un, t) + huj (t)uf, (t), Vi > 0,

and therefore ;

Ep(up, t) = Ep(up, 0) — h/ wj (s)uj, (s)ds, ¥t > 0. (5.24)
0
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Moreover, since Ej, (us,.) is constant, for all € > 0, we have

EjN<’LLh, O> = ']é‘/: EjN('U,h, t)dt
- - /0 6 (Eh(uh, t)+g(ugN(t))2> dt by (5.23)
_ 2 / (Bn(un, 0)+ (a0t~ [ ugN(s)u'.',(s)ds) dtby (5.24)
€ Jo € Jo 0

IN

h € €
En(up, 0) + Z/ ( JN(t))zdt—i— / (4}, (s)) )ds + ——/ uy (s)) ))*ds
0
h € 1
< Ep(up, 0)+§—/ (u;N(t))2dt+—/ (u;N(t))2dt+-—/ |(Anun) iy | dt
€Jo 2 Jo 2 Jo
by (5.8). Taking € = h, we have
h h2 h 0
EjN (uh, 0) S Eh(uh, O) +/ (U;-N(t»zdt + _é_/ I(Ahuh)le dt. (525)
0 0
Therefore with (5.22) and for T' > h, we obtain (5.14). |

Lemma 5.4.2. Assume that N is a multiple of ¢ and jy = N g, where p is odd (so that

zjy — ). Then for all T > O there exist a positive constant C(T) and initial data such
that the solution uy of (5.8) with these initial data satisfies

C T)
EJN(’U; ( </ | JN l dt+h2/ |Ahuh JNI dt)

Proof: Choose

0 )
g =gt P =0,

where k € {0, .. — 1} will be chosen later. It is easy to check that
up, = cos(y/ g, at) ™"
solves (5.8). On the other hand, we can verify (see [103] and Lemma 5.2.2) that

2—h
EjN (Uh> 0) = )

T 2 T 2
[ or s [Fa ol (526)
0 0

Since we assume that N is a multiple of ¢, that is to say N = mgq, where m € N, then
in = Ng = mp. First, we notice that

Ak h-

Moreover

\'DJN ‘ dt = >\k hT

I, :Jvh___ ]\(Tp — mp _>z_)
IN N g(N+1) N+1 ¢
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Secondly, we have

Yin =

kR _ g ((Qk + 1)7r]Nh> — s ((Qk + 1)7rmp>

2—h 2N +1
because h = x5 and so 2 — h = 221 Now, we fix k in the form
k= ]\r+ﬂ’

with 8 < 0 to determine. Therefore, by simple calculations, we get
(2k+1)jnh _ Np 28Np

2—h  q @ (2N+1)q
Thus, by choosing 23 = —2g, that is to say 3 = —¢q, then k = N — ¢ € {0,..., N — 1} for
N large enough. Again simple calculations yield
(2k +1)jnh
a_n P PT

P
2N +1°
As a consequence

cpﬁv“q’h = sin ((mp — D)7 + L ) = *sin (

T
2N +1 2N +1/°

Because 2N + 1 = 2—;’1, we obtain
- h
i "~ £ (7P,
when h — 0. Thus, for N large enough, by (5.26) and (5.10), there exists C' > 0 such that

/oT |, () dt < C (/\N-q,hT(”p)ﬂ;) '

(5.27)

Similarly we have

T . 2
h? / [(Apun)jyl® dt < B2NA_ [@N'q'h T < C(R*ANn_gwT) for a C > 0,
0

due to (5.27) and because h*Ay_, », ~ 1. Indeed, (—2”—2?2'1_)”;# = % — 5~ and thus, by
(5.10),

4 qm 4
AN—g.h = 73 €08 (QN " 1) ~ 7 (5.28)

Therefore, there exists C'(T") > 0 such that for h small enough,

T T
/O [ (1)) dt + 2 /O (Asun)su|2dt < C(T)Awgih?
< C(T)R*E;y (us, 0).

The main result of this section is the following theorem
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Theorem 5.4.3. Assume that N is a multiple of ¢ and jy = NE (hence z;, — £). Then
the decay of Ey, to zero is not uniformly exponential with respect to h. More preczsely there

do not ezzst posztwe constants M and w which are independent of h such that for all h > 0
and 4\ and y{" in RN, (5.13) holds.

Proof: Lemma 5.4.2 shows that the estimate (5.14) is not uniform with respect to k. By
Lemma 5.4.1, (5.13) cannot hold with M and w independent of h. n

In conclusion, the decay of E}, to zero is not uniformly exponential with respect to h
due to the existence of high frequency spurious solutions of the semi-discrete model. To
overcome this obstacle, we rule out the high frequency spurious modes.

5.5 Filtering technique

5.5.1 Interior observability of the discrete wave equation

We recall that every solution of (5.8) can be developped in Fourier series as follow

N-1
be kb
up(t) = ar, cos(y/Ag nt) + sin(4/Ag, nt) | ©®
] T

where ap, by € R, k=0,..., N — 1, are the Fourier coeflicients of the initial data, i.e.

N-1

w = apgth, yfP le
k=0 k=0

In order to obtain a positive counterpart to Theorem 5.4.3, we have to introduce suitable
subclasses of solutions of (5.8) generated by eigenvectors of (5.9) associated with eigenvalues
such that Ah? < . More precisely, introduce

Cu(y) = Z arp® P withax € R ),
Ak, <7y

the space spanned by the eigenvectors ** for which Az, < 7%

Moreover, in order to use Ingham’s inequality, we need an estimate between the squa-
reroots of consecutive eigenvalues entering in the Fourier development of the solutions of
(5.8) in the class Cy(7y). This is stated in the next lemma proved in [56].

Lemma 5.5.1. Assume that

v = 4sin® (7;6) (5.29)

for some 0 < e < 1. Then

Vien = Vi 2 meos (5)

for all eigenvalues in the range Ay Lh* < .
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Remark 5.5.2. Note that every 0 < 7 < 4 can be written in the form (5.29) for some
0<ex1.

Proof: This result is well known (see [56]), we give its proof for the sake of completeness.

Let us compute the gap
2 (2k + 1)7h . ((2k - 1)rwh
\% )\k,h -V >\k—1,h = E n <—§(2———_}2)—) — Sin m

g (2k+ 1)wh  (2k—1)7h

h

Se—h ~ 2e-h )@

= 5 :r 3 cosé&,
for & e [%’E;B:;h, %’g_%h] Moreover, the eigenvalue x5 = 75 sinz(%) satisfies Ah? <
v = 4sin®(%) if and only if sinz(%%é%’l) < sin?(%), that is to say if and only if
(2k +1)wh < e
2(2—h) ~ 2
because 0 < % < Z and 0 < ("’2';'2*'_1;:;” = é?;‘;_lgl’r) < Z (k < N) and because the function
sinus is increasing on [0, 7]. Since 0 < %2—_1—%'—1 <€ % < Ze < % and because the

function cosinus is decreasing on [0, §], we obtain

VA = V-1 = 27 cos(€) > 27 cos (Ie) > 7 COoS (ze) )

2—h 2—h 2 2
]
Now we take the sequence jy € N such that
ZTin =jNh——>§:§, when A — 0,
defined by
2N +1
i = [1’(2—;)] EN, (5.30)

where [z] means the integral part of z.

In the sequel, we need the following lemma which is proved in Lemma 3.1 of [103] by
the multiplier technique.

Lemma 5.5.3. For every T > 2, h > 0 and every solution uy, of (5.8), we have

—a

B (T A 2—h [T
(T - 2)Ej (un, 0)3—4—2/0 (%—j—) dt-{-T S iulN+1|2dt‘

We also use the following lemma proved in Lemma 2.9 of [97].
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Lemma 5.5.4. s is a rational number with an irreductible fraction
§= Z—;, where pis odd
if and only if there exists a > 0 such that

sin ((k + %)ws)

We are ready to prove the following uniform interior observability of the discrete wave
equation :

> a, Vk € N.

Proposition 5.5.5. Assume that € € (0, 1) is small enough such that

a > tan (E)
2 b

where a verifies

>a,Vk €N

1
sin ((k + 5)%{)
(which is possible, see Lemma 5.5.4). Then there exist T =T(y) >2 and C=C(y, T) >0
such that for every solution uy of (5.8) in the class Cy(7y), we have

T
(T = 2)E;,(un, 0) < C / ! ()] dt.
0
Proof: We rewrite the solution u, € Cp(7) of (5.8) as

up = § : Ckewk’htq)k’h,

[k, n|h< /s
where "
- ar — W0k -
Pk, = =k by Bk = \/ Ak by @ kb = Sﬁk’h, Cp = 5 y C—k = Ck-
Then. applying Ingham’s Theorem (see Lemma 5.5.1), there exist C > 0 and T > 55(2_%5
such that r
2 2| knl®
/ v dt > C Z el |i.nl® @fh
0
|uk.hth\/”7 (5.31>
= C Z lcel® M ﬁf,\h
|1k, n|R<VA

Now, we look for a condition that guarantees

2
>a,Vk€{0...., N~1}: A ph® <.

k.h
Pin
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Recalling that 7y = [”—(%] € N, we may write

2—h
Tiy =jNh,-—£—Tﬂ:7), with n — Oas h — 0.
q

Then

kho o (0 L 2Nk 1. (p 2
i = s1n((k+2)7r2_h = sin (k+2) qinz h
1
2

Thus, by Lemma 5.5.4, we obtain

1 1 2
]?’h > i - - 2_9 - n
@i | = |sin ((k -+ Z)Wq) cos <(k+ 2)7r2 —~ h)'
1. p 1 2n
— |cos ((k+ 2)7rq> sin ((k+ 2)7r2_ h)l
1. 27 1 2n
> 2\r _ 2
> a|cos ((k+2)7'2_h) sin ((k+2)7r2_h)‘

Now, by the choice of 7, we have

(2k 4+ 1)th _ me

2 < LT TR LI
M Sy ® TR <3

o o< (k+3 )271'77

1
S 7ren<—because77—>0 son < =.

2’ 2

Since the function sinus is increasing on [0, ], we may write

1 2n . . (TE€
S —_ T < 7 < —_—
n ((k+ 2)772 — h) < sin(men) < sin ( 5 ) ,

1 2n TE
—\7 > — .
os((k+2)72_h)'_cos(2)

Thus, by the assumption a > tan(%), we get

> acos (%) — sin (%) >C > 0.

Now, we can return to the inequality (5.31) and deduce that

/ | JN | at > C Z |Ckl2 /\k’h'

|MA h|h<

and then
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)7r2_ h) =+ cos ((k+ 2)7rq) sin ((k+ 2)71"

2n
2—h

(5.32)
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Then, we recall that Lemma 5.5.3 states that, for T' > 2, we have

R (T 2—h (T 2
(T = 2)Ej,, (up, 0) < ZZ/O (wjq — uj)*dt + T/(; || dt.
7=0

Moreover, applying Ingham’s inequality to the two terms of this right hand side, we get

haw [T , N ‘
3 I O M S W
3=0

j=0l#k,h,hﬁ\/-‘7

N (pl;,h__gol_c,h 2
= Ch3 Z lckl2/\k,hz <_.7_;*'_1_h_3__)

ik, n|R<VA =0
= Cr* > el Z M2 by Lemma 5.2.2
|k, n Py

Cy Z |ex|? A, th )2 because u € Ci(7),
I#k h|h<\/_

IA

and

T
2 [ivaler < ¢ % lalaalebl’
|k, n| R/
< C Z |ck|2 Ak, » because go’f\lf_l is bounded by 1.
[uk,hlhs\/'?

N
Therefore, since hZ(gp;C ~1, for T > cos('”)’ there exists C > 0 such that
J=0

(T = 2)Ej,(un, 0) SC > el hen
|k, n| RSV

This estimate and (5.32) lead to the conclusion. E

5.5.2 Some estimates

Lemma 5.5.6. There exist T > 0 and C(T) > 0 such that the solution wy, of (5.18) verifies

2T

2T h 2T . .
/ w2k = B)(2T = )de < C(T) | Enlun. )t + 5 / (w) (2T ~ t)dt.
0 0

0
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Proof: We multiply the first identity of (5.18) by (jh)(2T — t) === (which is the

discrete version of the multiplier (2T — t)w,(z, t)), we add on j = 1,..., jy — 1 and
integrate between 0 and 27. This yields
I - I, =0, (5.33)
where
jn—1

I _hZ/ w!/(jh)(2T — t)Mdt,

IN— 2T
Wit — 2W; + wjy Wji+1 — Wj-1
- ot b S
L hE:/O - (GR)QT - 1)y

j=1
For the first term I, an integration by parts yields (recalling that w(t = 0) = 0)

_ 10y Do Wikl — Wi
L = hZ/O wj(jh) = ((2T = 1) - )dt
where

Successive changes of variables lead to

IN 2T IN—2 2T
Z/ wi—1w;(j — Dh (2T—tdt-}:/ wiwi(j + 1)h(Q2T — t)dt
j=270

Il

Is

LT INT2 poT
= Z/ ; 1W;5 L5 — V(2T — t)dt — Z / JHw (7 + 1)h(2T — t)dt because wy = 0
0

J=1

IN=l et
= —Z/ wi(whyy — w)_))5h(2T — t)dt — hZ/ wi_wi(2T — t)dt

j=1 70
2T IN—2
+/ W _ywh, (i 1)h2T—tdt—hZ/ whwh(2T — t)dt
0

2T
+/ wh wh 1 jnh(2T ~ t)dt

IN—2

2T
= - hZ/ wh_ywi(2T ~ t)dt — hZ/ wh wi(2T — t)dt

*/ wh wh, 1 (2jxh — h)(2T - t)dt
0

200



This implies that

Iy = —3 Z/ w; 1W; (2T — t)dt — 5 E / w;'+1w9(2T —t)dt
1 Y0

j=1 0 i=
1 2T ,
+§/0 w;, W JN 2§k — R)(2T — t)dt,
and therefore
JN—1 w w. 2T
I, = hZ/ w}(jh) J+1h 3= ldt—i-zz:/ wy_wi (2T — t)dt
hJN 2 op . (5.34)
+3 Z/ wiwi(2T — )dt———2-/0 w; wi_1(2jnh — h)(2T — t)dt.
j=1 v0

Again performing some elementary changes of variables, we get

IN=1  LoT w w 2 2T (s — ws ) 2
R=-kY [ (_ﬂh__> er-oyie+ [ (——h———) jnh(2T ~t)dt. (5.35)
3 0 0

Inserting (5.34) and (5.35) into the identity (5.33), we have obtained that

1 2T JN—1 Wi — w_; 1d
5 ), wh w1 (2jnh — R)(2T — t)dt = hz wj(_yh)————-h— t
A N 2T hJN 2 2T
+§Z / w;_w; (2T — t)dt + 5 Z / wi . w;i (2T — t)dt
j=10 j=1 70

in=l por 2T .. .
+h S / (E%—“’—J)-?(QT — t)dt —/ (%—h’i&'—‘i)%m(zﬂ“ —¢)dt.

‘=0 Jo 0

We conclude by the inequality ab < % + -b2—2 by (5.19) and by the fact that jh < 1. |

In the same way, we have the following lemma,

Lemma 5.5.7. There exist T > 0 and C(T') > 0 such that the solution wy, of (5.18) verify

2T 2T

2T
/ w.;Nw_;[\'+1(2T - t) (2 - 2jNh - h)dt < C(T) / Eh(wh, t)dt+ -
0

1 (w), )2(2T —t)dt.
0

Proof: The proof is similar to the one of the previous lemma. Here, we multiply (5.18) by
(1—jh)(2T — t) 2222 we add this time on j = jy + 1,..., N and integrate between 0
and 27 B
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Remark 5.5.8. Lemmas 5.5.6 and 5.5.7 imply that there exist T > 0, a constant C(T) >
and another constant C > 0 (independent of T') such that

2T 2T

2T
(W + )5, (2T = 1) < OT) [ Bifun, e+ Ch /0 (W), )? (2T — t)dt.

because h — 0 and z;, = jyh — L € (0, 1).
Now, we are ready to prove the main estimate of this subsection.

Proposition 5.5.9. There exist T > 0 and C(T') > 0 such that the solution wy, of (5.18)
verifies

2T

T 2T 2T
[ <o ([ ap s [ oF doent [ im0 ).

where yp, (respectively up) is solution of (5.4) (respectively (5.8)).
Proof: By (5.18), we have

Wjy+1 = 2Wj + Wiy—1

7 = ay;, — h(Anun)jy,
which implies that
2(w.;N)2 = (wJN+l + IILJN l)w - ahy.;/m wJN + h2(Ahu;l)ij;N'

We multiply this identity by 27" — ¢ and integrate between 0 and 27T to find

2T 2T
2 / QT — 1)) )?dt = / (Wl oy + )t (2T — £)dt
4}

2T

2T
——ah/ Ui Wiy (2T — t)dt + h? (Anuy)jyws, (2T —t)dt.
0

By Remark 5.5.8, we obtain

2T 2T 2T
2 [ (T -t)(w) )dt < C(T) / Ey(wp, t)dt + Ch / (w),)*(2T — t)dt
) 0 0

0 2T

2T
—ah / gl (T — di+ k[ (Awy) s, (2T — t)dt.
0 0
(5.36)
Moreover, by (5.17)

or oT oT
—ah/ yiw;, (2T — t)dt = —ah/ (2T —t)dt — ah/ wy, w; (2T ~t)dt.
0
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Now, observe that

2T 1 d
/0 wi wi (2T —t)dt = 5/ d— (‘7T —t)dt

_ 1 / 2
-l / .

by integration by parts and because w; (t = 0) = 0, Vj. This identity in the previous one

yields

T T ah
—ah/ yiowi (2T — t)dt = —ah/ wy wy (2T — t)dt — 5 ( w; )?dt.  (5.37)
0 0

On the other hand, by Young’s inequality, we have for all ¢ > 0 :

2T 2T ' a2h2T 2T "y 2
—ah,/o uNwJN(QT—t)dtSE/O (ij) (2T — t)dt + ¢ /o (u uj, )dt.

Then (5.37) becomes

- o?R*T [* ah
—ah/ lev M 2T t)dt<6£ ( .’IN) (2T t)dH- /0 ( JN) dt— _é_/ ( ;A,)zdt.

2¢
(5.38)
For the last term of the right hand side of (5.36), we still use Young’s inequality and for
any € > 0, we get

2T h4 2T 2T _
h? / (Apup);pwy, (2T —t)dt < = ((Apup);n )2 (2T —t)dt + € / (w),, 22T — t)dt
0 hZTO 2T 2T 0
< 5 i ((Anub);p )t + € i (w),)?(2T — t)dt.

(5.39)
Inserting (5.38) and (5.39) into the estimate (5.36), we have obtained that

2T

2T 2T
2 / (T — t)w!, dt < OT) [ En(wn, )dt + Ch / (w!, 2(2T — t)d
0 0

2T 2 2
te / (w' 227 — 1)t + ST / W yeae— 2 [T (w2
0 2e 0 2 Jo

h*T / 2 - fayd )2 \
which implies that

a’h*T

2T 2T
/ (2T — 1)(2 - Ch — 20)(w), dt < C(T) / B (wn, t)dt + "
0 0

h*T
+_

] (C)s)a
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Taking ¢ = % and h small enough such that Ch < 1, we arrive at

2T 2T

2T
Ey(wp, t)dt+4a*h?T / (u])2dt+4h*T / ((Anuy)jx)?dr.
0 0

/ ZT(w;-N)Z(QT—t)dt < C(T) "
’ (5.40)

0

Now, by (5.20), we have

1
Eyn(wy, t) = Ep(wp. t) — Ep(wp, 0) = —/ wj (ey), — h(Anun) sy )ds,
0

which implies by Young's inequality, for all ¢ > 0 and ¢ < 27,

2T

t a B2 2T 5
Ep(wp, t) < (1 + a)e/ (w;,N)2ds + " (y;N)2ds + _AE/ (Ahuh)de.s.
0 0 0

Fubini’s theorem yields

/02T /Ot(wé,v(s)fdsdt = /O B / 2T('w;N(8))2dtd8 = /0 2T(w;N(s))z(zr— 5)ds.

Thus,

2T 2T aT 2T
/0 En(wn, )dt < (1+a)e /0 (w}, 2T~ e+ 5o [ )7

(5.41)
2¢ 0

Inserting (5.41) into (5.40) and taking € small enough, we obtain
2T oT oT
/ (W) @T-t)dt < C(M[| (W, ) dt+ h2/ (Apun)s dt
0 0
2T or
w2 [ Rt [ ()7
0 0

2T 2T 2T
- om ( / (v, )%dt + 212 / (Avun)?, dt + B / ((Ahug)jA,)th>.
0 0 0

As

2T T

IN

(w}, )2 (2T — t)dt > /0

we have proved the requested estimate. N

T
N ' ~ ’ 2 74
(u,jN 2(2f7"—t)dt > T/o (w; . )=dt,



5.5.3 “Quasi” exponential decay
We are ready to state the main result of this chapter

Theorem 5.5.10. Under the assumptions of Proposition 5.5.5, there exist T > 0, K >

0, w> 0 and 8 € (0, 1) such that any solution of (5.4) with initial data in the class Ch(7y)
verifies, for allt > 0,

Cone2 2(i+1)T 2(i-+1)T
En(yn, t) £ Ke ™ Ep(ys, 0)+Zﬁnﬂ <h2 / (Apun)3, ds + b / (Apup)3, ds |,
2

i=0 AT 2T
(5.42)
where n is such that 2(n — 1)T < t < 2nT and uy, is solution of the system (5.8).

Proof: Lemma 5.2.1 implies that
2T
EA(0) — Bx(2T) = o / (4, ). (5.43)
0
Writing, like in the previous subsection, y;, = up + wp, yields

[l < 2o, [+ 2 s, |

By Proposition 5.5.5, for filtered solution of (5.8), we have

(T —2)Ej,(us, 0) < C /0 ' |, (t)]2 dt. (5.44)
By the definition (5.6) of Ej and (5.11) of E;,, we have
En(yn, 0) = En(up. 0) < Ej, (up, 0).
Therefore -
(T = 2Bl 0 < C [0 + gy (0]
Then, using Proposition 5.5.9, we obtain

2T 2T 2T
(T = 2) By (s, 0) < C(T) ( /0 (4, Pdt + 12 /0 (Ayun)?, dt + I /0 ((Ahug)jA,)2dt) .

So, for T > 2, and since the energy FEj is decreasing, we have

o 2T 2T
En(Yn, 2T) < Ep(yn. 0) < C/ (¥, )2dt+C <h2/ (Apun)5 dt + h4/ ((Ahuﬁl)jw):)dt) :
0 0 0

The identity (5.43) vields
2T 2T
(1 + C’)Eh(yh, 2T> < CEh(yh, O) +C (h2/ (Ahuh)?th + h4/ ((Ahuﬁl)jN)zdt> ,
0 0
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and therefore

2T

C C 2T ,
Eh(yh, QT) S 1= CEh(yh, 0) 1+ C (h‘/ (Ahuh)z dt + h4 ((Ahuh)jN)2dt> .

0

We set 8 = 1+_C—0 < 1. Since the system (5.4) is invariant by translation, by iteration, we
find for all n € N,

(G+1)T 2(+1)T
Ey(yn, 2nT) < 8" Ep(yn, 0) + Z@n—f h? / (Apup)? dt + h* / (Apup)?, dt
i=0 2T 2T
Setting w = 7 In(%), we have obtained
n—1 ' 2(i+1)T 2(:+1)T
Ey(yn, 2nT) < e " Ey (ys, 0)-’;-z:ﬁ"'z h2/ (Apun)iydt + h4/ (Ahuh) At
prs 2T 2T

For arbitary ¢t > 0, there exists n € N such that 2(n — 1)T" < t < 2nT. By the decreasing
property of Ej, we conclude that

En(yn, t) < Enlyn, 2(n—1)T)
2(:+1)T 2(i+1)T
< e~win- l)TEh (yn, +Zﬁn—z h2/ (Ahuh) d$+h4/ <Ahu;1)§1\'ds
2

=0 iT AT
1 n—2 2(i+1)T 2(i+1)T )
< =e ™" E,(yn, 0) +ZB" t h2/ (Ahuh) ds + h4/ (Apuy);,ds |,
B = 2T 2T
which finishes the proof. n

In fact, we have the equivalence between the “quasi” exponential decay and the obser-
vability inequality :

Proposition 5.5.11. Let the assumptions of Proposition 5.5.5 be satisfied, then the follo-
wing assertions are equivalent

(i) There exist T > 0, K > 0, w > 0 and 8 € (0, 1) such that every solution of (5.4)
with initial data in the class Cp(7y) verifies, for allt > 0

n—2 . 20i+1)T 20i+1)T
Eh(yh, t) _<_ Ke‘“’tEh(yh, 0)—%26”“2 hQ / (Ahuh) ds + h4 /27— (4huh)mds N
=0 4T i

where n is such that 2(n — 1)T <1 < 2nT and uy, is solution of the system (5.8).
(ii) There exist positive constants Ty and Cy such that every solution uy, of (5.8) verifies

To

To
Ejy (up, 0) < Co/ ) ) dt +C (hz/ (Apun)? dt + R ((Ah%)jw)zdt)-
0

JO
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Proof: The implication (ii)=-(i) is due to the proof of Theorem 5.5.10 just by adding the
term Cp(h? fOZT(Ahuh)ﬁth + Rt 02T((Ahug)jA,)2dt) in the right hand side of (5.44).

The proof of the other implication (i)=(ii) follows the proof of Lemma 5.4.1. For Tj
large enough (T > In(#4)/w), by (i), we have

3 n—2 ‘ 20+ 1)T 2(i+1)T
EW(Ty) < ZEh(())juzﬁem*z iz / | (Anun)?, dt +h* / | (Apup)?, dt | .
=0 2iT 2iT
where 2(n — 1)T < Ty < 2nT, and then, by (5.15), we have
T n—2 2(i+1)T 26+ 1)T
En(un, 0) = Ex(0) < 4o / (4 2dt+4d B (h? / (Apup)? dt + h* / (Anup)?2,dt | -
0 =0 2T 2T

Then, (5.17) and (5.21) imply

To To
Eh(“h» 0) < C/ (U’;N)zdt + Ch2 (Ahuh).?zvdt
0 0

n—2 _ 2(i+1)T 2(+1)T
+4ZB”'2 h2/2 (Ahuh)%\,dt-%—h‘l/ (Ahu%)?th .

P iT 2T

Consequently, by (5.25), we obtain

To To
En(un0) € C [+ Cr [ (A
0 0

n—2 ‘ 2(i4+1)T 2(i+1)T
+4Zﬁ"-’ (h2 /2 (Anun)?, dt + h* / (Apup)3, dt
i=0

T 2iT

IA

To To
C/ (’I,L;N)th + Ch2 / (Ahuh)det
0 0

4 o 2 To ‘ ! 2
+_l_——ﬁ— <h2\/0‘ (Ahuh)det+ h‘l/(; ((Ahuh)jN) dt) \

because 2(i + 1)T < 2(n — 1)T < T, which finish the proof. =

We have seen in Theorem 5.4.3 that without filter, the energy does not decay uniformly
exponentially. Therefore, a natural question is : without filter, do we have a uniform ”quasi”
exponential decay of the energy E,?7 The following proposition gives a negative result,
which shows the advantage of the filtering technique.

Proposition 5.5.12. Assume that N is a multiple of q¢ and then jy = N %’. Then for all

T > 0 there exist a positive constant C(T) and initial data such that the solution u; of
(5.8) with these initial data satisfies

O(T) ’ o2 2 g 2 14 T / \2 g
Ej}\,<uh, O) > 72 lujN(c)| dt + h l(Ahuh)jN| dt + h ((Ahuh)j,\,) dt}.
’ 0 0] 0]
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Therefore the decay of Ey, is not uniformly quasi exponential with respect to h by Proposition
5.5.11.

Proof: We follow the proof of Lemma 5.4.2. We assume that N is a multiple of ¢ and,
thus, we can easily prove that jx given in (5.30) verify jy = N 2. Choose

0 /—g,
) =) 0ty =0

It is easy to check that
up, = cos(y/ Ay_g nt)" ®"

solves (5.8). We have seen in Lemma 5.4.2 that

2—-h
8

EjN (Uh, 0) = )\N—q,h>

and there exists C' > 0 such that

T 9 h?
/ |uj,, ()] dt < C)\N—q,hT(WP)zZ,
0
and .
B2 / ((Anun); P dt < CRPAN—q aT.
0
Moreover
(Anup)iy (8) = A2, il (= sin(y/ A b))
Thus T
2
e /0 (Ant); Pt < K5 n | T < Con_g w2T,

by (5.27) and (5.28).
Therefore, there exists C(T) > 0 such that for A small enough,

T T T
/ |u;N(t)12dt+h,2/ |(Ahuh)jN|2dt+h4/ ((Ahu;z)j,\,)zdt < C(T))x,»v-_q,hh2
0 0 0
< C(TYR*E;, (up, 0).

Remark 5.5.13. We can easily verify that (5.42) implies that there exist T > 0, K >
0, w > 0 and C > O such that every solution of (5.4) with initial data in the class Cip(v)
verifies, for allt > 0

Eh(yh, t) < Ke“"tEh(yh, O) —+ C(hEb(uh O) + hg’ﬁ’h(uh, 0)) (545)



where Ey, is a constant energy for the problem without damping (5.8) defined by

. h < (t
B 0= 53[0 Z (An)s (O (5.40)
7=
and Fy, is given by
A N o' u'(t 2 B N
n(up, 1) = 52 4nlt) ~ w0 +3 > 1 Anup)s (0]
=0 j=1

which is also constant and which is obtained by substituting uy by u), in the energy Ey (we
observe that uj, is a solution of (5.8) because (5.8) is linear).

In the general situation. the right hand side of (5.45) behaves as a non increasing
exponential function for t between 0 and — l'Lh + ¢ and is constant (proportional to h) for
t large, see Fzgure 5.1 But for smooth enough initial data y© and yV, and choosing
appropriately yh and y , we have

En(un, 0) = E(u, 0) and Fy(us, 0) — F(u, 0), when h — 0.

Therefore, the two last terms of the right hand side of (5.45) tends to zero as h — 0, which
means that the estimate (5.45) tends to the exponential stability estimate

E(y.t) < Ke™E(y, 0).

In that sense our estimate (5.45) is quasi optimal.

00 T t

w

F1G. 5.1 — Behaviour of the right hand side of (5.45)

In order to illustrate our results from Theorem 5.5.10 and Proposition 5.5.12 (or Theo-
rem 5.4.3), let us present the following numerical results. We consider the semi-discrete
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problem (5.4) with N = 2% and appropriate jx such that jyh approaches £ = 1/2. As
initial data, we take either y(© = V2% () = ¢ or @ = " y(V) = 0; corresponding
to high or low frequency data respectively. The logarithms of the discrete energies are
presented in Figure 5.2. The top curve of the figure is the logarithm of the energy of the
high frequency datum, while the bottom curve of the figure is the logarithm of the energy
of the low frequency datum. Hence we see that without filtering the decay of the energy is
not exponential (actually the energy decays very slowly from €833 to €833%8) For the low
frequency datum a quasi-exponential decay is detected (because the curve of the logarithm
of the energy is mainly a line up to t ~ 15 and mainly constant afterwards). These two
tests confirm the advantage of the filtering technique.

T g T T T T T T
0 5 10 15 20 25 30 35 40

F1G. 5.2 — The energy for a low (bottom curve) and high (top curve) frequency data
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Conclusion

Dans cette these nous avons étudié la stabilisation de quelques équations d’évolution par
rétro-action (feedback) ; plus particuliérement notre attention s’est portée sur les équations
des ondes, de la chaleur et des poutres. Nous nous sommes intéressés & trois axes principaux.

Tout d’abord, nous avons considéré la stabilisation de ’équation des ondes sur des
réseaux 1-d par des feedbacks situés aux noeuds en mettant en oeuvre deux méthodes
différentes. Dans le premier chapitre, nous nous sommes ramenés  I’étude d’une inégalité
d’observabilité pour le probléme conservatif, oll 'on impose la condition de Neumann
a la place des conditions de dissipation, et nous avons donné des conditions spectrales
fournissant la décroissance exponentielle ou polynomiale.

Dans le second chapitre, nous avons transféré des inégalités d’observabilité & poids, déja
existantes pour le probléme conservatif (ou la condition de dissipation est remplacée par la
condition de Dirichlet), en inégalités d’observabilité faibles pour le systeme dissipé. Grace
& une inégalité d’interpolation, nous avons obtenu des taux de décroissance explicites qui
dépendent des propriétés géométriques et topologiques du réseau.

Le second axe d’étude est la stabilisation de systémes avec un terme de retard dans les
feedbacks.

En supposant que le poids du feedback avec retard est plus petit que celui sans retard,
nous avons donné des conditions pour obtenir la stabilité forte, exponentielle ou polyno-
miale de I’équation des ondes sur des réseaux 1-d.

Nous avons ensuite développé une théorie abstraite pour les équations d’évolution du
second ordre généralisant ces résultats.

Enfin nous avons étudié le cas o le retard dépend du temps pour les équations des
ondes et de la chaleur. En émettant certaines hypotheses sur ce retard 7(t) (en particulier
la dérivée de 7 doit étre majorée par 1 et 7 borné) et en utilisant une fonctionnelle de
Lyapounov appropriée, nous avons prouvé que I’énergie est exponentiellement décroissante
et nous avons donné explicitement son taux de décroissance.

Le dernier axe de notre étude porte sur l'aspect numérique. Nous avons montré qu’une
technique de filtrage permet d’obtenir une décroissance quasi-exponentielle de 1'équation
des ondes discrétisée en espace par différences finies avec un amortissement interne. Sans ce
filtrage, le taux de décroissance ne serait pas uniforme par rapport au pas de discrétisation.

Une perspective de recherche intéressante porterait sur I’étude de la stabilité des équations
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d’évolution abstraites du second ordre avec des feedbacks avec retard dépendant du temps.
Dans un tel cas, comme le systéme n’est pas invariant par translation, la méthode du cha-
pitre 3 n’est plus utilisable et une fonctionnelle de Lyapounov appropriée, comme dans le
chapitre 4, pourrait répondre au probleme.
Nous pourrons étendre la stabilisation de ’équation des ondes dans un domaine de R™
avec un terme de retard dépendant du temps sur une partie du bord au cas non linéaire.
Nous pourrons également effectuer 'étude de la stabilisation de 'approximation par

¢léments finis des équations d’évolution du second ordre pour des feedbacks non bornés en
nous basant sur [96].

212



Bibliographie

[1] C. Abdallah, P. Dorato, J. Benitez-Read, and R. Byrne. Delayed positive feedback

can stabilize oscillatory systems. In ACC’ 1993, pages 3106-3107. San Francisco,
1993.

[2] F. Ali Mehmeti. A characterization of a generalized C*-notion on nets. Integral
Equations Operator Theory, 9(6) :753-766, 1986.

[3] F. Ali Mehmeti. Nonlinear waves in networks, volume 80 of Mathematical Research.
Akademie-Verlag, Berlin, 1994.
[4] F. Ali Mehmeti, J. von Below, and S. Nicaise, editors. Partial differential equations

on multistructures, volume 219 of Lecture Notes in Pure and Applied Mathematics,
New York, 2001. Marcel Dekker Inc.

[56] K. Ammari, E. M. Ait Ben Hassi, S. Boulite, and L. Maniar. Feedback stabilization
of a class of evolution equations with delay. Technical report. submitted.

[6] K. Ammari, A. Henrot, and M. Tucsnak. Asymptotic behaviour of the solutions and

optimal location of the actuator for the pointwise stabilization of a string. Asymptot.
Anal., 28(3-4) :215-240, 2001.

[7] K. Ammari and M. Jellouli. Stabilization of star-shaped networks of strings. Diffe-
rential Integral Equations, 17(11-12) :1395-1410, 2004.

18] K. Ammari and M. Jellouli. Remark on stabilization of tree-shaped networks of
strings. Appl. Math., 52(4) :327-343, 2007.

[9] K. Ammari, M. Jellouli, and M. Khenissi. Stabilization of generic trees of strings. J.
Dyn. Control Syst., 11(2) :177-193, 2005.

[10] K. Ammari and M. Tucsnak. Stabilization of Bernoulli-Euler beams by means of a
pointwise feedback force. SIAM J. Control Optim., 39(4) :1160-1181, 2000.

[11] K. Ammari and M. Tucsnak. Stabilization of second order evolution equations by a
class of unbounded feedbacks. ESAIM Control Optim. Calc. Var., 6 :361-386, 2001.

[12] W. Arendt and C. J. K. Batty. Tauberian theorems and stability of one-parameter
semigroups. Trans. Amer. Math. Soc., 305(2) :837-852, 1988.

[13] C. Baiocchi, V. Komornik, and P. Loreti. Ingham-Beurling type theorems with wea-
kened gap conditions. Acta Math. Hungar., 97 :55-95, 2002.

213



[14] H. T. Banks, K. Ito, and C. Wang. Exponentially stable approximations of weakly
damped wave equations. In Fstimation and control of distributed parameter systems

(Vorau, 1990), volume 100 of Internat. Ser. Numer. Math., pages 1-33. Birkhduser,
Basel, 1991.

[15] C. Bardos, G. Lebeau, and J. Rauch. Sharp sufficient conditions for the observation,
control, and stabilization of waves from the boundary. SIAM J. Control Optim.,
30(5) :1024-1065, 1992.

[16] A. Bdtkai. Second order cauchy problems with damping delay, 2000. Thesis, Tiibin-
gen.

[17] A. Bétkai and B. Farkas. On the effect of small delays to the stability of feedback
systems. In Ewolution equations : applications to physics, industry, life sciences and
economics (Levico Terme, 2000), volume 55 of Progr. Nonlinear Differential Equa-
tions Appl., pages 83-94. Birkhauser, Basel, 2003.

[18] A. Bétkai and S. Piazzera. Damped wave equations with delay. In Topics in func-
tional differential and difference equations (Lisbon, 1999), volume 29 of Fields Inst.
Commun., pages 51-61. Amer. Math. Soc., Providence, RI, 2001.

(19] P. Bégout and F. Soria. An interpolation inequality and its application to the stabi-
lization of damped equations. J. Differ. Equations, 240(2) :324-356, 2007.

[20] J. von Below. A characteristic equation associated to an eigenvalue problem on
c2-networks. Linear Algebra Appl., 71 :309-325, 1985.

[21] J. von Below. Classical solvability of linear parabolic equations on networks. J.
Differential Equations, 72(2) :316-337, 1988.

[22] J. von Below. Sturm-Liouville eigenvalue problems on networks. Math. Methods
Appl. Sci., 10(4) :383-395, 1988.

[23] J. von Below. Parabolic network equations, 1993. Habilitation Thesis, Eberhard-
Karls-Universitat Tiibingen.

[24] U. Brauer and G. Leugering. On boundary observability estimates for semi-
discretizations of a dynamic network of elastic strings. Control Cybernet., 28(3) :421~
447, 1999. Recent advances in control of PDEs.

[25] N. Burg. Controlabilité exacte des ondes dans des ouverts peu réguliers. Asymptot.
Anal., 14(2) :157-191, 1997.

[26] N. Burq and M. Zworski. Geometric control in the presence of a black box. J. Amer.
Math. Soc., 17(2) :443-471, 2004.

[27] T. Caraballo, J. Real, and L. Shaikhet. Method of Lyapunov functionals construction

in stability of delay evolution equations. J. Math. Anal. Appl.. 334(2) :1130-1145,
2007.

28] T. Carleman. Sur un probléme d’unicité pur les svstemes d’équations aux dérivées
partielles & deux variables indépendantes. Ark. Mat.. Astr. Fys., 26(17) :9, 1939.

214



129] J. W. Cassals. An Introduction to Diophantine Approzimation. Cambridge Univ.
Press, Cambridge, UK, 1966.

130] C. Castro and S. Micu. Boundary controllability of a linear semi-discrete 1-D wave
equation derived from a mixed finite element method. Numer. Math., 102(3) :413-
462, 2006.

[31] C. Castro, S. Micu, and A. Miinch. Numerical approximation of the boundary control

for the wave equation with mixed finite elements in a square. IMA J. Numer. Anal.,
28(1) :186-214, 2008.

132] T. Cazenave and A. Haraux. Introduction auz problémes d’évolution semi-linéaires,

volume 1 of Mathématiques & Applications (Paris) [Mathematics and Applications].
Ellipses, Paris, 1990.

[33] R. Déger. Observation and control of vibrations in tree-shaped networks of strings.
SIAM J. Control Optim., 43(2) :590-623, 2004.

[34] R. Déger and E. Zuazua. Controllability of star-shaped networks of strings. In
Mathematical and numerical aspects of wave propagation (Santiago de Compostela,
2000), pages 1006-1010. SIAM, Philadelphia, PA, 2000.

(35] R. Déger and E. Zuazua. Controllability of star-shaped networks of strings. C. R.
Acad. Sci. Paris Sér. I Math., 332(7) :621-626, 2001.

[36] R.Déger and E. Zuazua. Controllability of tree-shaped networks of vibrating strings.
C. R. Acad. Sci. Paris Sér. I Math., 332(12) :1087-1092, 2001.

137} R. Dager and E. Zuazua. Spectral boundary controllability of networks of strings.
C. R. Math. Acad. Sci. Paris, 334(7) :545-550, 2002.

[38] R. Déger and E. Zuazua. Wave propagation, observation and control in 1-d flexible
multi-structures, volume 50 of Mathématiques & Applications (Berlin) [Mathematics
& Applications]. Springer-Verlag, Berlin, 2006.

[39] R. Datko. Not all feedback stabilized hyperbolic systems are robust with respect to
small time delays in their feedbacks. SIAM J. Control Optim., 26(3) :697-713, 1988.

[40] R. Datko. Two examples of ill-posedness with respect to time delays revisited. JEEE
Trans. Automat. Control, 42(4) :511-515, 1997.

[41] R. Datko, J. Lagnese, and M. P. Polis. An example on the effect of time delays
in boundary feedback stabilization of wave equations. SIAM J. Control Optim.,
24(1) :152-156, 1986.

[42] R. Datko, J. Lagnese, and M. P. Polis. An example on the effect of time delays
in boundary feedback stabilization of wave equations. SIAM J. Control Optim.,
24(1) :152-156, 1986.

[43] H. O. Fattorini. Infinite-dimensional optimization and conirol theory, volume 62
of Encyclopedia of Mathematics and its Applications. Cambridge University Press,
Cambridge, 1999.



|44] E. Ferndndez-Cara and E. Zuazua. The cost of approximate controllability for heat
equations : the linear case. Adv. Differential Equations, 5(4-6) :465-514, 2000.

[45] E. Fridman and Y. Orlov. On stability of linear parabolic distributed parameter
systems with time-varying delays. CDC 2007, December 2007, New Orleans.

[46] A. V. Fursikov and O. Y. Imanuvilov. Controllability of evolution equations, vo-
lume 34 of Lecture Notes Series. Seoul National University Research Institute of
Mathematics Global Analysis Research Center, Seoul, 1996.

[47] R. Glowinski. Ensuring well-posedness by analogy : Stokes problem and boundary
control for the wave equation. J. Comput. Phys., 103(2) :189-221, 1992.

[48] R. Glowinski, W. Kinton, and M. F. Wheeler. A mixed finite element formulation

for the boundary controllability of the wave equation. Internat. J. Numer. Methods
Engryg., 27(3) :623-635, 1989.

[49] R. Glowinski, C. H. Li, and J.-L. Lions. A numerical approach to the exact boundary
controllability of the wave equation. I. Dirichlet controls : description of the numerical
methods. Japan J. Appl. Math., 7(1) :1-76, 1990.

[50] R. Glowinski and J.-L. Lions. Exact and approximate controllability for distributed
parameter systems. In Acta numerica, 1995, Acta Numer., pages 159-333. Cambridge
Univ. Press, Cambridge, 1995.

[51] K. P. Hadeler. Delay equations in biology. In Functional differential equations and
approzimation of fired points (Proc. Summer School and Conf., Univ. Bonn, Bonn,
1978), volume 730 of Lecture Notes in Math., pages 136-156. Springer, Berlin, 1979.

[52] J. Hale and S. Verduyn Lunel. Introduction to functional differential equations, vo-
lume 99 of Applied Mathematical Sciences. Springer-Verlag, New York, 1993.

[53] A. Haraux. Quelques propriétés des séries lacunaires utiles dans I'étude des vibrations
élastiques. In Nonlinear partial differential equations and their applications. College
de France Seminar, Vol. XII (Paris, 1991-1998), volume 302 of Pitman Res. Notes
Math. Ser., pages 113-124. Longman Sci. Tech., Harlow, 1994.

[64] G. H. Hardy and E. M. Wright. An introduction to the theory of numbers. The
Clarendon Press Oxford University Press, New York, fifth edition, 1979.

[55] C. Huang and S. Vandewalle. An analysis of delay-dependent stability for ordinary
and partial differential equations with fixed and distributed delays. SIAM J. Sci.
Comput., 25(5) :1608-1632, 2004.

(56] J. A. Infante and E. Zuazua. Boundary observability for the space semi-
discretizations of the one-dimensional wave equation. M2AN, 33 :407-438, 1999.

[57] A. E. Ingham. Some trigonometrical inequalities with applications to the theory of
series. Math. Z., 41(1) :367-379. 1936.

(58] E. Isaacson and H. B. Keller. Analysis of numerical methods. John Wiley & Sons
Inc., New York, 1966.

216



(59] T. Kato. Linear and quasilinear equations of evolution of hyperbolic type. C.LE.M.,
IT ciclo :125-191, 1976.

60] T. Kato. Abstract differential equations and nonlinear mized problems. Lezioni Fer-
miane. [Fermi Lectures]. Scuola Normale Superiore, Pisa, 1985.

[61] V. Komornik. FEzact controllability and stabilization. RAM : Research in Applied
Mathematics. Masson, Paris, 1994. The multiplier method.

[62] V. Komornik and P. Loreti. Fourier series in control theory. Springer Monographs
in Mathematics. Springer-Verlag, New York, 2005.

[63] J. E. Lagnese. Recent progress and open problems in control of multi-link elastic
structures. In Optimization methods in partial differential equations (South Had-
ley, MA, 1996), volume 209 of Contemp. Math., pages 161-175. Amer. Math. Soc.,
Providence, RI, 1997.

[64] J. E. Lagnese and G. Leugering. Domain decomposition methods in optimal control
of partial differential equations, volume 148 of International Series of Numerical
Mathematics. Birkhauser Verlag, Basel, 2004.

[65] J. E. Lagnese, G. Leugering, and E. J. P. G. Schmidt. Modeling, analysis and control
of dynamic elastic multi-link structures. Systems & Control : Foundations & Appli-
cations. Birkhéuser Boston Inc., Boston, MA, 1994.

[66] S. Lang. Introduction to Diophantine approrimations. Addison-Wesley Publishing
Co., Reading, Mass.-London-Don Mills, Ont., 1966.

[67) 1. Lasiecka and R. Triggiani. Control theory for partial differential equations : conti-
nuous and approzimation theories. I, volume 74 of Encyclopedia of Mathematics and

its Applications. Cambridge University Press, Cambridge, 2000. Abstract parabolic
systems.

[68] I. Lasiecka, R. Triggiani, and P-F. Yao. Inverse/observability estimates for
second-order hyperbolic equations with variable coefficients. J. Math. Anal. Appl.,
235(1) :13-57, 1999.

[69] G. Lebeau and L. Robbiano. Stabilisation de 'équation des ondes par le bord. Duke
Math. J., 86(3) :465-491, 1997.

[70] J.-L. Lions. Contrélabilité exacte. perturbations et stabilisation de systémes dis-
tribués. Tome 1, volume 8 of Recherches en Mathématiques Appliguées [Research
in Applied Mathematics/. Masson, Paris, 1988.

[71] J.-L. Lions. Exact controllability. stabilization and perturbations for distributed
systems. SIAM Rev., 30(1) :1-68, 1988.

[72] J.-L. Lions and E. Magenes. Problemes auz limites non homogénes et applications.
Vol. 1. Travaux et Recherches Mathématiques, No. 17. Dunod, Paris, 1968.

(73] K. Liu, Z. Liu, and B. Rao. Exponential stability of an abstract nondissipative linear
system. SIAM J. Control Optim., 40(1) :149-165, 2001.

217



(74] Z. Liu and S. Zheng. Semigroups associated with dissipative systems, volume 398
of Chapman & Hall/CRC Research Notes in Mathematics. Chapman & Hall/CRC,
Boca Raton, FL, 1999.

[75] H. Logemann, R. Rebarber, and G. Weiss. Conditions for robustness and nonrobust-
ness of the stability of feedback systems with respect to small delays in the feedback
loop. SIAM J. Control Optim., 34(2) :572-600, 1996.

(76] G. Lumer. Connecting of local operators and evolution equations on networks. In
Potential theory, Copenhagen 1979 (Proc. Collog., Copenhagen, 1979), volume 787
of Lecture Notes in Math., pages 219-234. Springer, Berlin, 1980.

[77] L. Miller. Controllability cost of conservative systems : resolvent condition and trans-
mutation. J. Funct. Anal., 218(2) :425-444, 2005.

[78] A. Miinch. A uniformly controllable and implicit scheme for the 1-D wave equation.
MZAN Math. Model. Numer. Anal., 39(2) :377-418, 2005.

[79] M. Negreanu and E. Zuazua. A 2-grid algorithm for the 1-d wave equation. In
Mathematical and numerical aspects of wave propagation— WAVES 2003, pages 213~
217. Springer, Berlin, 2003.

[80] M. Negreanu and E. Zuazua. Uniform boundary controllability of a discrete 1-D wave

equation. Systems Control Lett., 48(3-4) :261-279, 2003. Optimization and control
of distributed systems.

[81] S. Nicaise. Diffusion sur les espaces ramifiés, 1986. These de Doctorat, Université de
Mons.

{82] S. Nicaise. Spectre des réseaux topologiques finis. Bull. Sci. Math. (2), 111(4) :401-
413, 1987.

[83] S. Nicaise. Polygonal interface problems, volume 39 of Methoden und Verfahren der
Mathematischen Physik [Methods and Procedures in Mathematical Physics/. Verlag
Peter D. Lang, Frankfurt am Main, 1993.

[84] S. Nicaise. Stability and controllability of an abstract evolution equation of hyperbolic
type and concrete applications. Rend. Mat. Appl. (7), 23(1) :83-116, 2003.

[85] S. Nicaise and C. Pignotti. Stability and instability results of the wave equation
with a delay term in the boundary or internal feedbacks. SIAM J. Control Optim.,
45(5) 115611585, 2006.

186] S. Nicaise and C. Pignotti. Stabilization of the wave equation with variable coef-
ficients and boundary condition of memory type. Asymptot. Anal., 50(1-2) :31-67,
2006.

[87] S. Nicaise and J. Valein. Quasi exponential decay of a finite difference space discreti-
zation of the 1-d wave equation by pointwise interior stabilization. Technical report.
submitted to Adv. Comput. Math.

[88] S. Nicaise and J. Valein. Stabilization of second order evolution equations with
unbounded feedback with delay. Technical report. submitted to ESAIM Control
Optim. Calc. Var.

218



[89] S. Nicaise and J. Valein. Stabilization of the wave equation on 1-D networks with a
delay term in the nodal feedbacks. Netw. Heterog. Media, 2(3) :425-479, 2007.

[90] S. Nicaise, J. Valein, and E. Fridman. Stability of the heat and of the wave equations
with boundary time-varying delays. Technical report. submitted to Discrete Contin.
Dyn. Syst.

[91] S. Nicaise and O. Zair. Identifiability, stability and reconstruction results of point
sources by boundary measurements in heteregeneous trees. Rev. Mat. Complut.,
16(1) :151-178, 2003.

192] Y. Orlov and E. Fridman. On exponential stability of linear retarded distributed
parameter systems. IFAC Workshop on TDS, September 2007, Nantes.

(93] A. Pazy. Semigroups of linear operators and applications to partial differential equa-
tions, volume 44 of Applied Math. Sciences. Springer-Verlag, New York, 1983.

[94] H. Queffélec. Les nombres. Problémes anciens et actuels. Mathémathémes. Ellipses,
2000.

[95] K. Ramdani, T. Takahashi, G. Tenenbaum, and M. Tucsnak. A spectral approach for
the exact observability of infinite-dimensional systems with skew-adjoint generator.
J. Funct. Anal., 226(1) :193-229, 2005.

[96] K. Ramdani, T. Takahashi, and M. Tucsnak. Uniformly exponentially stable ap-
proximations for a class of second order evolution equations—application to LQR
problems. ESAIM Control Optim. Calc. Var., 13(3) :503-527, 2007.

[97] R. Rebarber. Exponential stability of coupled beams with dissipative joints : a
frequency domain approach. SIAM J. Control Optim., 33(1) :1-28, 1995.

[98] R. Rebarber and S. Townley. Robustness with respect to delays for exponential
stability of distributed parameter systems. SIAM J. Control Optim., 37(1) :230-244,
1999.

[99] W. Rudin. Real and compler analysis. McGraw-Hill Book Co., New York, third
edition, 1987.

[100] D. L. Russell. Controllability and stabilizability theory for linear partial differential
equations : recent progress and open questions. SIAM Rev., 20(4) :639-739, 1978.

[101] L. H. Suh and Z. Bien. Use of time delay action in the controller design. IEEE Trans.
Automat. Control., 25 :600-603, 1980.

[102] L. R. Tcheugoué Tébou and E. Zuazua. Uniform exponential long time decay for
the space semi-discretization of a locally damped wave equation via an artificial
numerical viscosity. Numer. Math., 95(3) :563-598, 2003.

1103] L. R. Tcheugoué Tébou and E. Zuazua. Uniform boundary stabilization of the finite
difference space discretization of the 1-d wave equation. Advances in Computational
Mathematics, 26 :337-365, 2007.

[104] H. Triebel. Interpolation theory, function spaces, differential operators, volume 18
of North-Holland Mathematical Library. North-Holland Publishing Co., Amsterdam,
1978.

219



[105] M. Tucsnak and G. Weiss. How to get a conservative well-posed linear system out of
thin air. II. Controllability and stability. SIAM J. Control Optim., 42(3) :907-935,
2003.

[106] J. Valein and E. Zuazua. Stabilization of the wave equation on 1-D networks. Tech-
nical report. submitted to SIAM J. Control Optim.

[107] T. X. Wang. Stability in abstract functional-differential equations. II. Applications.
J. Math. Anal. Appl., 186(3) :835-861, 1994.

[108] T. X. Wang. Exponential stability and inequalities of solutions of abstract functional
differential equations. J. Math. Anal. Appl., 324(2) :982-991, 2006.

[109] G. Q. Xu, D. Y. Liu, and Y. Q. Liu. Abstract second order hyperbolic system and

applications to controlled networks of strings. SIAM J. Control Optim., 47(4) :1762-
1784, 2008.

[110] G. Q. Xu, S. P. Yung, and L. K. Li. Stabilization of wave systems with input delay
in the boundary control. ESAIM Control Optim. Calc. Var., 12(4) :770-785, 2006.

[111] E. Zuazua. Some problems and results on the controllability of partial differential
equations. In Furopean Congress of Mathematics, Vol. II (Budapest, 1996), volume
169 of Progr. Math., pages 276-311. Birkhauser, Basel, 1998.

[112] E. Zuazua. Boundary observability for the finite-difference space semi-discretizations
of the 2-d wave equation in the square. J. Math. pures et appl., 78 :523-563, 1999.

[113] E. Zuazua. Controllability of partial differential equations and its semi-discrete ap-
proximations. Discrete Contin. Dyn. Syst., 8(2) :469-513, 2002. Current develop-
ments in partial differential equations (Temuco, 1999).

[114] E. Zuazua. Optimal and approximate control of finite-difference approximation
schemes for the 1D wave equation. Rend. Mat. Appl. (7), 24(2) :201-237. 2004.

[115] E. Zuazua. Propagation. observation, and control of waves approximated by finite
difference methods. SIAM Rev., 47(2) :197-243, 2005.






