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Introduction

« Suddenly uncertainty was inside the
citadel of mathematics itself, and it
appeared irreducible. »

— Michael Smithson

« The most merciful thing in the world,
I think, is the inability of the human
mind to correlate all its contents. »

— H.P Lovecraft

« Avant tout, ne te trouble point ; tout
arrive, en effet, conformément à la
nature universelle, et sous peu de temps,
tu ne seras plus rien, comme ne sont
rien Hadrien et Auguste. Ensuite, fixant
les yeux sur ce que tu as à faire,
considère-le bien ; et, te souvenant qu’il
faut être homme de bien et de ce que
réclame la nature de l’homme,
accomplis-le sans te détourner et de la
façon qui t’apparaît la plus juste, mais
que ce soit seulement avec bonne
humeur, modestie et sans
faux-semblant. »

— M. Aurèle
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1 The squeal and the associated problematics.

From many years, the squeal phenomenon has been a major issue for the transportation manufacturers
(automotive, railway or aeronautics), as long as for the scientific community. Indeed, this elusive
phenomenon, which generates sound levels above 100dB on a large frequency audible bandwidth, as
emphasised in Fig. 1, is perceived by the vehicle purchasers as a poor-quality indicator. This causes
an increase of the cost for the car manufacturers, due to client’s claims, despite that the braking
capabilities are not modified at all.

Figure 1: Classification of braking noises. [1]

This instability is characterised by oscillations of the system around an equilibrium position, which
is unstable and whose vibration levels can reach a limit-cycle, generating the generation of an acoustic
noise disturbance. The origin of these self-excited vibrations has been at the heart of the scientific
literature on brake noise and friction-induced-vibration. The resulting scientific research highlighted
that the emergence of the squeal noise is due to multi-level mechanisms – from the engineering to
molecular scale (Fig. 2) – occurring at the contact interface. The researchers then linked the propensity
of brake squeal with material, tribological and geometrical parameters.

In addition to these multiple origins, the squeal phenomenon is not deterministic and is difficult
to reproduce experimentally. Conversely, it is highly fugitive, variable or even considered chaotic.
Besides, this variability is existing and measurable within two braking systems of the same vehicle, as
shown in Fig. 3. The quantification and propagation of the uncertainties is a key aspect of the current
research to reproduce the phenomenon in numerical simulations.
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Figure 2: Phenomena emerging at the contact interface. [1]

Figure 3: Acoustic level of a left and right brake systems within the same vehicle on a frequency
bandwidth of 1 to 17kHz. [2]

The development of the computational power allows to numerically investigate the squeal phe-
nomenon thanks to a digital twin, based on a finite element model of the studied system. To char-
acterise the instabilities, two numerical methods are traditionally considered: the frequency and the
temporal approaches. The first one consists in studying the system stability around an equilibrium
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state by computing the eigensolutions of a quadratic eigenvalue problem. The analysis of the modes
is carried out in the sens of Lyapunov. By examining the sign of the real part of the complex eigen-
value, the stability of the given mode can be determined. This approach is clearly interesting from a
computational cost point of view, but was shown to be either under- or over- predictive. The second
approach hinges on the time integration of the dynamics equation, while taking into account the
material, geometrical and contact non-linearities. Unfortunately, the time integration is restricted to
reduced brake systems because of its computational cost. It is thus difficult to use for industrial brake
systems, with millions of degrees-of-freedom.

The frequency stability analysis was recently shown to produce promising results with the inte-
gration of the uncertainties into the simulation. Nonetheless, this increase of performance comes at a
cost of more expensive simulations.

2 Thesis objectives

This thesis is a multidisciplinary work and is focusing on computer science and mechanics. In addition,
the objective of this work is mainly dedicated to the development of new numerical strategies.

The main objective of this thesis is to suggest a new strategy of uncertainty propagation, for
squeal numerical simulations, to maintain the numerical cost acceptable. To do so, three sub-objectives
are pursued:

• The precision of the solution is a key factor to correctly estimate the uncertainties. The
purpose is, here, to propose a new reduced order method to improve the computation of the
eigensolutions of the system;

• The low cost of the solution is another key factor to propagate the uncertainties in a rea-
sonable computation time. The aim is here to investigate surrogate modelling strategy, which
allows reducing the computation cost by replacing the solver and approximating the solutions
of the solver;

• The efficiency of the uncertainty propagation step is the final key factor to provide a good
estimation of the uncertainties of the studied eigensolutions. The purpose is here to combine an
optimisation strategy with the fuzzy set theory.

3 Structure of the manuscript

This research manuscript is decomposed into six chapters.

The first chapter presents a state-of-the-art of the brake squeal phenomenon, from the exper-
imental investigations to study the emergence of the friction-induced-vibrations to the analytical or
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numerical methods to compute the squeal phenomenon. This review allows positioning the proposed
works in the squeal literature, especially for numerical methods, surrogate modelling, reduced order
model, optimisation and uncertainty propagation.

The second chapter aims at increasing the quality of the solutions of a large quadratic eigenvalue
problem. To do so, the traditional projection strategy is generalised with the addition of high-order
homotopy modes. The proposed method is finally applied to solve a stability problem, considering a
finite element model of a simplified brake system.

The third chapter assesses the performance of three surrogate models, namely a well-known
Gaussian Process and two deep learning methods, currently used by the machine learning community.
These approximation methods are used to replace the computation of the eigensolutions of a brake
system by an expensive solver. First, the determination of the coalescence graph while only considering
the friction coefficient allows accessing the capabilities of the different methods toward predictions of
the coupling state. Second, a multiparametric analysis is performed to account for the performance
of the Gaussian process models.

The fourth chapter is devoted to correct a deceptive prediction issue of the Gaussian Process,
highlighted by the different assessments of the third chapter. The causes of this issue are determined,
and a criterion is given to detect it independently of the dimensionality of the problem. A strategy
to restore the prediction capabilities is also proposed.

The fifth chapter proposes a new optimisation strategy to overcome a potential issue of the
traditional Bayesian Optimisation. A lack of exploration can arise in certain conditions, demonstrated
in this chapter, which causes the workflow to be stuck in local optima. The new strategy hinges on a
reformulation of the optimisation process into a multiobjective problem, which allows increasing the
exploration capabilities.

The sixth and final chapter introduces a new combinatorial strategy to efficiently propagate
the uncertainty by using a fuzzy formalism. Considering an α-cut discretisation of input fuzzy num-
bers, the Bayesian Optimisation process is integrated to compute the membership functions of the
eigensolutions.
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1.1 The problematic of Brake

The invention of the wheel marks the beginning of the revolution of the objects motion. With this
circular mechanical part, the terrestrial transportation of humans and goods really emerges. The basic
idea behind this invention is to transfer the mechanical energy of a generator (originally, produced
by humans or animals) to a given object by lowering the energy loss between those two entities:
the mechanical energy is hence transformed into kinetic energy, while the energy loss corresponds to
friction between the wheel and the road.

Quickly, the increase of velocity becomes an issue when the vehicle has to stop. The brake was
invented to fulfill this purpose. The idea of a traditional brake system is to increase the friction to
convert the kinetic energy into thermal energy. The transformation into thermal energy is the most
common way to reduce velocity, but other types of energy are used, namely the electric energy (with
the regenerative brake) and mechanical energy (with different mechanical systems which aims at rising
the drag of the vehicle).

Braking

Automotive Railway Aviation Cycling

Drum brake

Regenerative
brake

Disc brake

Compressed air
brake

Disc brake

Electromagnetic
brake

Tread brake

Compressed air
brake

Air brake

Disc brake

Compressed air
brake

Rim brake

Disc brake

Compressed air
brake

Figure 1.1: Braking technologies used for the four main types of transportation.

Fig. 1.1 suggests a classification of several types of brake systems, depending on the transportation
field. This classification is not exhaustive, but, instead, it presents the main technologies used for
braking. Usually, the compressed air brake is a mechanical system where the pressing of a pad or shoe
is performed using compressed air. The air brake corresponds to all the elements that allow increasing
the drag of the aircraft and spacecraft vehicles (parachute or spoilers).

Here, the focus is done on automotive vehicles. Commonly, two types of brakes are considered for
the combustion engine: the drum and disc brakes. The regenerative brake is restricted to hybrid or
electric cars. With regard to the drum brake, the mechanical system was used during the first part of
the XXth century, in both aeronautics and automotive industry. This system, shown in Fig. 1.2(A), is
composed of a drum (fixed to the wheel hub), two brake linings, lying on two lining tables, an actuator
and a return spring. Typically, when the driver hits the brake pedal, the actuator pushes the lining
tables and the brake linings come into contact with the drum, reducing the velocity of the vehicle.
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(a) Drum brake (b) Disc brake

Figure 1.2: Diagram of a drum brake (A) and a disc brake (B).

This brake system is cheap to produce, which explains its success during the first part of the XXth

century. Moreover, the system is closed, allowing a better tightness toward dust and water. This
tightness induces a low resilience toward heat with high temperatures, which increases the wear of
the brake lining. This issue, at first, caused little harm for the transportation fields but, quickly, with
the velocity rising – first, in aeronautics, and then, in automotive industry – the need for a more
sustainable mechanical systems was increasing.

The disc brake, shown in Fig. 1.2(B), was designed to improve the viability of the brake system.
This system is composed of a caliper, a disc, two brake linings, fixed on a backplate, moved by pistons.
Typically, when the driver hits the brake pedal, the pistons pushed the backplates, which moves the
brake linings against the rotating disk, reducing the velocity of the vehicle.

This mechanical system has the main advantage to allow a better dissipation of the heat generated
by the braking since the system is fully opened. Because of this lack of tightness, the disc brake is
more fragile to water, reducing the efficiency of the braking during rainy days. Conversely, due to the
rotation of the disk against the brake lining, the system is less sensitive to dust.

Nowadays, most of the cars are equipped with disc brakes due to its resistance toward heat.
Nonetheless, a fair amount of small cars are still equipped with drum brakes.
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1.2 Traditional methods to account for squeal in brake simulations

In practice, the kinetic energy is not fully converted into the thermal energy in all cases. In some
peculiar conditions, some kinetic energy of the vehicle is transformed into vibrating energy: acoustic
waves are then generated, resulting in a large variety of noises (denoted Friction-Induced Vibration
noises, hereby denoted FIV). Comprehensive reviews of these phenomena can be found in [7–13].

To understand the FIV phenomenon, scientists focused their research on small lumped models
[14]. The idea behind them is to simplify the associated physics to allow analytical computation of
the solutions. Originally, they were the only way to numerically assess complex phenomena, but, with
the increase of computer power, more and more computations were undergone through computers.
Nowadays, these models are still used to allow fast evaluations of numerical methods.

With regard to squeal, these models have allowed to investigate three theories, trying to find
explanations about the phenomenon. The first one, called stick-slip [15, 16], states that the squeal is
associated to a decreasing friction coefficient depending on the sliding velocity. The model, composed
of a mass in contact with a sliding band, switches between sticking phases and sliding phases. Spurr
[17] introduced the sprag-slip, where the friction coefficient is not dependent on the sliding velocity.
The causes of squeal is then explained by an accumulation of mechanical energy into the model. The
given model is composed of a bar in contact with a sliding band. Due to the force applied on the
bar, it bends and begins accumulating energy. Then, this energy goes beyond a threshold – which is
dependent of the angle between the bar and the sliding band – and is released in a single moment.
This alternance between those two types of events continues as the band is sliding. Finally, several
authors [18–20] introduced new phenomenological models to describe a derivation of the sprag-slip
theory, which is now the most favoured explanation for squeal phenomenon: the mode coupling.

To assess the squeal propensity of a brake system, several approaches exist and all consist in solving
the dynamics equation, with or without some additional assumptions. The most commonly used
strategy is the Complex Eigenvalue Analysis, hereby denoted CEA [21, 22]. It is a numerical method
that relies on a linearisation of the nonlinear dynamics equation. Solving the resulting differential
equation leads to the Quadratic Eigenvalue Problem (or QEP). This formulation of the linearised
dynamics equation allows studying the stability of a given system by computing its eigensolutions.
Then, these eigensolutions are analysed using the Lyapunov’s theory, which states that the system is
unstable if, at least, one eigenvalue has a positive real part.

The second way to address the squeal propensity of a brake system is to use direct time integration
of the differential equations. The intuition behind this method is to discretise the dynamics equation
along the time variable. To do so, several techniques are used [23–26], which falls within two categories:
the explicit or implicit schemes [27]. The entire time history of the model dynamics with the transient
and the stationary state can be determined by doing the time integration.
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Blaschke et al. [28] emphasised that the CEA predicts more instable frequencies than really
occurring on a brake system. AbuBakar and Ouyang [29] showed that there is a slight correlation
between the predictions of both analyses, since the CEA succeeds in predicting one of the three
unstable frequencies in the considered model. Massi et al. [30] compared both approaches with
experimental results, and the experiment unstable modes are well-correlated with the transient and
CEA results. Nonetheless, the CEA produces some additional unstable frequencies, which were not
observed experimentally. Oberst and Lai [31] showed that CEA leads to an under-prediction of the
unstable frequencies of the brake system. Finally, Sinou [32] highlighted that new harmonics can
emerge during the transient analysis. These harmonics are not predictable with a CEA, due to the
linearisation of the contact state during the first step of the computation. Hence, the CEA lacks
in predictability efficiency. Conversely, the time integration is much more efficient, but it is not
compatible with engineering time, whereas the CEA is.

1.3 Recent methods to account for squeal in brake simulations

1.3.1 Deterministic approaches

New methodologies have been developed to reduce the computational burden of the time integration of
the dynamics equation, while providing a better analysis tool than the CEA. The first three methods
hinge on the determination of only the stationary state of the time history of the brake system, while
the latest improves the capabilities of the CEA.

The shooting method [33] is a time integration procedure, which supposes that the vibration
response is periodic. From this assumption, the initial conditions and the periodic solutions (displace-
ment and velocity) are iteratively updated until the convergence of the algorithm. As the studied
phenomenon is subjected to self-excitated vibrations, the unstable frequency of the model is itself
an unknown of the system. The determination of these solutions (periodic solutions and unstable
frequency) method are highly expensive, especially for models with many degrees of freedom. Addi-
tionally, a good guess of the initial conditions has to be done to efficiently determine these solutions.
Charroyer et al. [33] developed a new strategy to compute the initial conditions that showed good
results for approximating the limit-cycles of a lumped model. Despite its computational attractiveness
compared to time integration, the method remains highly expensive as pointed out by Denimal [34].
Moreover, another limitation of the method is that only the periodic vibrations (where one mode is
unstable) is dealt with. The quasi-periodic vibrations scenario has not been assessed yet, and the
experimentations carried out by Loyer [35] showed that the squeal phenomenon can be subjected to
both periodic or quasi-periodic types of vibrations.

The Constrained Harmonic Balance Method (denoted CHBM) for periodic [36] and quasi-periodic
[37] solutions also aims at determining the stationary regime of the considered model. To do so,
the displacement and the forces are expressed as truncated Fourier series, by making the assumption
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that the vibration state is periodic. As the vibrations are self-excited, the unstable frequency (or
unstable frequencies, in the quasi-periodic case) is itself an unknown of the system and an additional
assumption has to be carried out: the real part of the considered unstable frequency must be equal
to 0. An algebraic system of equations is then solved with a Newton algorithm to determine the
solutions of the system. One of the main limitations of the method is the dependency towards CEA.
Indeed, the unstable modes are first determined with a CEA and fed in the algorithm. As highlighted
previously, the CEA can be under- or over-predictive, meaning that some frequencies are detected
unstable, whereas they are not. Injecting this information into the process yields a poor estimation
of the limit-cycles. In addition, the complexity brought by the damping and friction generally causes
the performance to be poorer.

The Modal Amplitude Stability Analysis, or MASA, [38], and its generalisation to quasi-periodic
vibrations, the Generalised MASA [39], is a complementary tool to CEA. The idea is to assume that
the contributions of an unstable mode on the vibration levels are determined by the first harmonics
of its fundamental. In addition, the mode shape and angular frequency are constant, whatever the
evolution of the dynamics response. When the first harmonics drives the dynamics response of the
system, the method allows a good identification of the unstable modes, as well as the associated limit
cycles. Nonetheless, the MASA is restricted to the analysis of periodic or quasi-periodic solutions [40].
Indeed, when the dynamic responses are driven by the other harmonics of the considered frequencies
(meaning that the system dynamics is complex), the contribution of the unstable modes is badly
estimated [34]. It is all the more problematic as the periodicity (or not) of the system dynamics
cannot be known a priori.

Finally, the Improved Squeal Detection Methodology (or ISDM) hinges on the creation of mode
families by considering the problem as non-probabilistic. In [41], the authors used a non-deterministic
modelling of the contact interface to determine the most unstable frequencies. To do so, the ran-
dom field theory is applied to model the height distribution of the surface nodes with a preliminary
knowledge of two topographical parameters: the form and the waviness. Then, by using mathematical
operations (KL expansion and Johnson transformation), the height of the surface nodes are obtained
and integrated in the numerical models. As the surface nodes are probabilistic distribution, a given
amount of realisations is computed to evaluate the uncertain eigensolutions. Nonetheless, the nu-
merical cost associated with the use of non-deterministic methods can become prohibitive when the
number of realisations used in ISDM is important.

Synthesis

Table 1.1 summarises the comparison between the different deterministic methods with respect to the
cost, the predictability and the initialisation complexity of the methods.

As highlighted before, the CEA and time integration methods have important limitations in terms
of respectively predictability and cost, justifying the needs for new methodologies. The CHBM and
the (G-)MASA present interesting results, but a clear limitation of those methods is the initialisation
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Table 1.1
Recent developments of deterministic methods.

Response type
Method Ref. Frequency Stationary
Shooting method [33] ✓
(C-)HBM [36, 37] ✓
(G-)MASA [38, 39] ✓
ISDM [41] ✓

of the methods. Conversely, the ISDM strategy presents an appealing compromise between cost and
predictability, with an easier initialisation. In this following research, the aim is to suggest strategies
to allow an improvement of both cost and predictability of the ISDM.

1.3.2 Approximation strategies

Reduced Order Models

The Reduced Order Model method (hereby denoted ROM) hinges on a projection on a smaller sub-
space. Traditionally, the projection on a subspace arises two times when solving a Friction-Induced-
Vibration problem. The first is when the contact is taken into account in the equations, allowing
expressing whether the nodes are in contact. The second corresponds to the reduction of the com-
putational cost. Indeed, the numerical models used in Finite Element Method (or FEM) usually
contain millions of degrees-of-freedom and this projection reduces the number of equations to roughly
a hundred. In return, the solutions determined on this subspace are estimations of the true solu-
tions. Several authors [42, 43] showed that in both cases if the reduced basis is a sufficiently good
representation of the complete model, then the estimation would be efficient.

The Component Mode Synthesis strategy showed good performance to describe the full brake
model, as shown in [43–45], but Loyer et al. [43] highlighted that the reduced basis must be selected
with an extra care: the unstable modes, the stable modes near the unstable modes harmonics and
combination of harmonics are not sufficient to provide a good reduction basis and other modes must
be added. Consequently, the numerical cost of this strategy quickly expands. Recently, other au-
thors [46, 47] introduced the Double Modal Synthesis method, which combines a traditional Modal
Synthesis with a condensation of the contact interface. The results are in good agreement with the
traditional strategy and the computational time is drastically reduced. Nonetheless, the convergence
of the method has to be strictly monitored. Lai et al. [45] proposed a new method, the contact
static approximation, which also allows a reduction of the computational time, while maintaining the
prediction performance. However, the case application used by the authors does not allow a general-
isation to other cases, since the nonlinear effects were directly integrated in the reduction basis. The
performance of the method was not assessed if important nonlinear effects were present in the full
model but not in the reduced one.
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The reduction of model size with reduced basis in brake squeal is tackled by [44, 48]. Massa et
al. [48] proposed a strategy to solve linear modal analysis, while Do et al. [44] suggested a method
to carry out reanalysis problem. The main limitation of the first research is that it does not take
into account the contribution of the damping in the system. The second research is especially suited
for reducing the numerical cost of multi-parametric studies, but has too only been applied to linear
modal analysis problem.

Surrogate modelling

The surrogate modelling principle hinges on replacing an expensive solver by a cheaper mathematical
function, allowing faster evalutions with new parameter values. To do so, a set of parameter values,
representative of the evolution of the considered solver, is evaluated to allow the surrogate model
acquiring knowledge about the solver. Then, after training the model, predictions for non-evaluated
sets of parameter values can be performed. Lü et al. [49] used regression to replace the solver and
performed uncertainty propagation, similarly to Treimer et al. [50]. Similar studies were carried out
with kriging surrogate model by [51–53]. Recently, Stender et al. [54] used Convolutional Neural
Networks to automatically detect brake noises in experimental sound signals.

Nonetheless, one of the main issue of surrogate modelling is that the model is created on a training
set which contains a limited amount of evaluated parameters values. Hence, if, for some parameters
values, the approximated function present a different behaviour than for the already evaluated pa-
rameter values, then the surrogate model will obviously not be able to predict the behaviour of the
solver.

Synthesis

Table 1.2 summarises the comparison between the different approximation methods with respect to
the cost, the predictability and the application field of the methods.

Table 1.2
Summary of the approximation methods with regards to three criteria.

Method References Type Application
Component Mode Synthesis [43, 44] ROM Resolution
Double Modal Synthesis [46, 47] ROM Resolution
Contact Static Approximation [45] ROM Resolution
Homotopy perturbation [48] ROM Resolution
CHOC [44] ROM Reanalysis
Regression [49, 50] Surrogate Resolution
Kriging [51–53] Surrogate Resolution
Neural Network [54] Surrogate Analysis

As highlighted previously, the contact reduction methods are interesting methods, but the com-
plexity of construction of the reduction basis is important. Thus, no reduction of the contact interface
is used in this research. With regard to the homotopy perturbation, the results provided by this
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method are interesting but only available for modal analysis. Thus, this research is oriented towards a
generalisation of this method. Finally, for the approximation methods, the reduction cost associated
with the approximation of the solver is interesting. Nonetheless, a correct use of these methods can
become tricky, depending on the parameter setting. Thus, this research focuses on the efficient use of
this type of method.

1.3.3 Uncertainties

The uncertain nature of the parameters of brake systems was observed quite early in the literature
[55, 56]. The origin of this nature is two-folds, as pointed out by Nobari et al. [53]. The first
one is aleatory uncertainty and refers to variations caused by deviations from the nominal values
of the studied properties. Typically, this type of uncertainty arises with material imperfections,
component geometries tolerances and manufacturing processes. The second origin is labelled epistemic
uncertainty, and is mostly caused by a lack of knowledge. This lack of knowledge can be alleviated
by increasing the knowledge about the studied phenomenon, whilst the aleatory cannot. As pointed
in several papers [57, 58], the friction and contact parameters are a major source of uncertainty and
must necessarily be considered to represent their evolutions [59].

Recently, some authors [41, 58–60] highlighted that the accuracy of the CEA can be enhanced
by considering the uncertainty into the squeal simulations. Ouyang et al. [61] described two types
of uncertainty methods in their review: the stochastic and the deterministic ones. Nonetheless, in a
broader sense, the methods are categorised as follows: probabilistic, non-probabilistic (or ensemblist)
and hybrid uncertainty – the deterministic methods being a subset of the ensemblist ones.

Probabilistic methods

The probabilistic methods usually hinge on a description of the parameters of the brake system as
random variables. The simplest approach is the crude Monte-Carlo Simulations (MCS) method [62],
which involves many calls to the solver to use the central limit theorem. It consists of the evaluation
of quantities of interest (mainly the complex eigenvalues calculated from the CEA) for a large sample
of uncertain inputs and of the building of statistical estimators, such as the mean and the standard
deviation. Indeed, Culla and Massi [63] used this approach to determine the probability density
function of the output eigenvalues of a simplified brake model. In practice, the MCS approach is not
usable since the squeal simulators are significantly expensive even though recent developments rely
on parallel computations.

To allow an efficient computation of the output probability density function with an acceptable
computational cost, alternative methods were developed, namely the perturbation methods, the Poly-
nomial Chaos Expansions (PCE) and the non-parametric approach [64]. This last approach, based
on a global uncertainty quantification and random matrices, was never used for squeal applications.
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The perturbation methods are based on a first or second order Taylor series expansion on a set of
zero mean random variables. This truncation is mainly due to difficulties associated to the high order
derivatives evaluation. Thus, Butlin and Woodhouse [65] applied the 1st-order perturbation method
to study the uncertainty of an FIV problem. However, the range of validity of this method is limited
to applications with a small variation of random inputs.

The PCE, introduced in the field of structural dynamics by Ghanem and Spanos [66], is the best
alternative to the MCS, and relies on the decomposition of quantities of interest on an orthogonal basis
of polynomials. Several authors have investigated this way to calculate the random complex eigensolu-
tions by taking two different types of approaches: the intrusive, which corresponds to a modification of
the studied problem, and non-intrusive strategies, which considers the studied problem as a black-box
function. Sarrouy et al [67] used an intrusive version by projecting the random eigenvalue problem
associated to the brake squeal model onto the PC space. This Galerkin way gives rise to an augmented
deterministic eigenvalue problem, allowing determining the unknown PCE coefficients. Moreover, to
manage quantities whose variations with respect to the random parameters are not continuous, the
authors proposed to divide the stochastic space and switch on the multi-element generalized poly-
nomial chaos. The authors targeted in the analysis the evolution of random friction coefficient and
the contact stiffness of the brake. An adaptation of this random strategy to CHBM was proposed
by Sarrouy in [68]. Meanwhile, Zhang et al. [60, 69] used the PCE with a collocation method to
determine the real parts of a brake system. Nechak et al. [70] investigated a non-intrusive version of
the PCE to avoid the solving a large numerical problem associated to PCE coefficients identification.
Indeed, the proposed solution hinges on a training set, as for surrogate modelling, to calculate the
PCE coefficients. It allows taking into account uncertainty of the nonlinear static equilibrium when
dealing with the stability analysis of nonlinear dynamical systems with random parameters. Recently,
Nechak et al. [71] highlighted the robustness of GPC and Wiener-Haar stochastic expansions for the
stability of uncertain nonlinear dynamical systems.

To model the corrected spatial variations, the use of independent random variables is not sufficient.
Thus, Heussaff et al. [72], Tison et al. [41] and Renault et al. [2] successively investigated the random
field theory for the modelling of the variability of brake linings. They progressively developed a
complete method allowing building real pad topographies from an experimental database and analyse
the effects on the frequency spectrum. The random field is the representation of the joint probability
distribution for a set of random variables. To achieve this, a multiscale strategy is investigated and,
each reconstructed topography relies on the adding of a random form and a waviness. The first scale
is based on a polynomial form, which is defined with a set of random control points. For each of
them, a probability density function of heights allows managing the whole of observed experimental
behaviours. Next, the second scale is generated thanks to a collection of random fields generated using
the Karhunen–Loève decomposition.

In the probabilistic methods, the uncertain parameters are treated as random variables whose
probability distributions are defined unambiguously. To construct the precise probability distributions,
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a large number of statistical information is necessary. To tackle this limitation, Lu et al. [73] proposed
an imprecise probability approach based on evidence theory [74, 75] to model data imprecision, induced
by a lack of or conflict information, observed in squeal applications. The proposed approach is
established by integrating Taylor expansion, subinterval analysis and surrogate modelling. Thus, the
uncertain parameters with imprecise data are treated as evidence variables, for which a belief measure
and plausibility measure are employed to evaluate system squeal instability via the damping ratio.

Ensemblist methods

In the literature, the ensemblist methods refer to two main types of methods: the interval [76] and
the fuzzy sets [77–79] theories. The first one describes the imperfection as an interval considering
only the lower and upper bounds of variation for the quantity of interest. The latter one is an
extension of the traditional set theory where any value of the non-deterministic parameters is linked
to a membership degree, varying between 0 and 1, instead of either 0 or 1. Meanwhile, several methods
allow propagating this variation of membership through the model to estimate the membership degree
of the quantity of interest. This modelling allows a broader and much more precise description than
the interval theory, while reducing the computational cost compared to a probabilistic method.

The reference method for fuzzy sets theory is the Zadeh’s Extension Principle, or ZEP. Practically,
this principle is not computationally acceptable since it produces an infinite number of combinations.
To study the uncertainty of the quantities of interest, a common strategy is to discretise the member-
ship degree into several values and to consider them as a collection of intervals. Hanss [80] proposed
the Transformation Method, which consists in a specific Design Of Experiments (DOE). This ap-
proach is comparable to the MCS for the probabilistic formalism, and implies the same limitations in
terms of computational time, especially when the number of parameters is important. Gauger et al.
[81] used the fuzzy sets theory to compute the fuzzy eigenvalues of the complex eigenvalue problem,
especially with a fuzzy friction coefficient and a fuzzy contact pressure. More recently, Hanselowski
et al. [82] performed a comparison between frequency and transient analysis, whilst considering un-
certain the stiffness, damping, friction coefficient and rotational velocity of the disk. By means of
the Transformation Method, the fuzzy real part and maximum limit cycle were estimated, showing a
strong correlation between the real part and growth rate of the temporal responses. Conversely, no
correlation was identified with the maximum limit cycle, highlighting the complementarity of both
strategies. To reduce computational cost for multiparametric studies, Massa et al. [83] used a fuzzy
reanalysis technique, developed in [84] to estimate the fuzzy frequencies and growth rate of a friction-
induced vibration problem as a function of fuzzy material, geometric and interface parameters. This
method hinges on the fuzzy logic, fuzzy sets and interval theories. The proposed approach decomposes
the fuzzy problem into interval problems and calculates interval output solutions by local min-max
optimisations for each α-cut level. Each calculation of the problem output data, which is useful during
the optimisation process, is reanalysed by integrating fuzzy logic controllers for the static step and
homotopy development and projection techniques for the modal step.
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Moreover, some authors highlighted that the fuzziness and interval uncertainty may exist in en-
gineering problems simultaneously. An uncertainty quantification method of brake squeal instabil-
ity involving two cases fuzzy–interval uncertainties was proposed by Lu et al. [85, 86]. The first
fuzzy-interval case considers both fuzzy parameters and interval parameters exist simultaneously and
independently in brake systems, whereas the second fuzzy-interval case is fuzzy-boundary interval
uncertainty case. All uncertain parameters are expressed as interval variables, but their lower and
upper bounds are treated as fuzzy variables rather than deterministic values due to subjective data.
The uncertain response is computed with the aid of the combination of level-cut strategy, Taylor series
expansion, subinterval analysis and Monte Carlo simulation to quantify the uncertainty in disc brake
squeal analysis.

Hybrid methods

The last category is dedicated to the hybrid uncertainty approach, which consists in managing both
probabilistic and non-probabilistic data. Indeed, Lu et al. [87] simultaneously considered interval and
random variables. The parameters of brake pressure, densities of component materials, and thickness
of backplate are treated as random variables; whereas the friction coefficient and Young’s modulus of
component materials are modelled as interval variables. A stability analysis of a brake system was
then performed using the Response Surface Method (or RSM) combined with the CEA calculations
to study the dominant unstable mode. This work was extended to random and fuzzy uncertainties
by the same authors in [88]. Moreover, Lu et al. [89] extended the evidence theory to solve the
hybrid uncertainty analysis problems with both random and interval variables. The effects of hybrid
uncertainty on uncertain output are assessed by belief measure and plausibility measure, which is
computed by subinterval perturbation technique. Finally, the proposed method is used to investigate
the squeal analysis of automotive disc brakes involving both random (elastic modulus of friction lining)
and interval properties (friction, contact stiffness).

Similarly, a recent work was proposed by Denimal et al. [90, 91], which consists in the combi-
nation of the PCE and kriging modelling. The idea is to associate both methods to give rise to a
hybrid surrogate model. This hybrid surrogate model is able to take into account two sets of uncertain
parameters and was used to predict the mode coupling instabilities for the Double Hulten phenomeno-
logical model. Recently, Denimal et al. [40] extended these works for investigating an uncertain brake
squeal analysis. The authors considered a random friction coefficient managed by a PCE whereas the
interval design parameters, namely some additional masses, are managed via kriging method. From
the PCE coefficients, the evolution of the mean and the variance of each eigenvalue is studied, allowing
obtaining a stochastic description of the system. Finally, the authors discussed the mode tracking
procedure, which is a crucial step for the definition of an efficient training set necessary to build the
surrogate models.
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1.4 Chapter outcomes

The purpose of this chapter was to describe the numerical simulation of the squeal phe-
nomenon and the recent developments of new numerical methods available in the liter-
ature to account for this phenomenon. As the squeal is highly fugitive, numerous experimentations
were carried out to identify the sources of the phenomenon and allow better numerical simulations.

Traditionally, two types of methods are usually considered accounting for the squeal
of brake systems: the frequency and temporal analyses. Some studies showed that the
frequency analysis can be under- or over-predictive, while the temporal analysis owns a
high computational cost, and cannot be considered by the industrialists.

Hence, the researchers investigated better strategies to either improve the representativity of the
frequency analysis or reduce the computational burden of the simulation. The most promising
strategy is the ISDM, since it shows better performance with the prediction of unsta-
ble frequencies and is compatible with the industrialist’s procedure of using frequency
analysis for computational reasons. Nonetheless, this method needs multiple calls to the solver to
propagate the uncertainty in the brake model, which increases the computational burden (while still
being cheaper than a temporal analysis).

To reduce this numerical burden, some authors used surrogate modelling to replace the
solver by a cheaper mathematical model. Nonetheless, this method has rarely been used with
the traditional uncertainty propagation methods. The following chapters will be aiming at the devel-
opment of several numerical methods to perform efficient uncertainty propagation.
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2.1 Introduction

As highlighted by the previous chapter, to study the instabilities of a brake system, a well-used
strategy in the industry is to determine the eigensolutions of the considered system by solving the
QEP. Due to many degrees of freedom, the large discrete models require a projection onto a relevant
subspace. Many strategies (sub-structuring [92], component mode synthesis [92], condensation [93],
reanalysis techniques [94] and so on) are based on the construction of reduced models by means of
projection on a basis of displacements. These methods are known to provide accurate results when
the reduced subspace is a close approximation of the full-order model [95].

In modal analysis, the classical method relies on building a basis with a set of eigenvectors of
the associated undamped model. For complex applications (vibroacoustics, fluid dynamics or FIV,
for instance), this basis is not generally suitable and can lead to significant errors. For example, one
of the reasons for potential errors in FIV problems is that the coupled normal modes are a poor
representation of the model dynamics subjected to friction.

In addition, for the aforementioned techniques, increasing the subspace size with additional vectors
of the same type slowly improves the solutions quality, making it not computationally attractive.
Other subspace strategies were investigated in other contexts such as Taylor series [96], perturbation
techniques [97–100], Padé approximants [101, 102] or Homotopy Perturbation Method (or HPM) [103].

At first, the HPM was used in the literature to calculate nonlinear solutions for different applica-
tions [104–107]. Duigou et al. [108] associated homotopy, asymptotic numerical techniques and Padé
approximants to investigate the vibrations of damped sandwich structures, whereas Boumediene et al.
[109] developed a reduction method for solving the complex nonlinear eigenvalue regarding viscoelastic
structures. Sun et al. [110] provided numerical solutions for sound-propagation computations using
the homotopy method. Next, Lee et al. [111] searched for asymptotic solutions of nonlinear problems
with the HPM to yield natural frequencies.

Secondly, several authors considered the HPM to estimate modified solutions of a perturbed prob-
lem by reanalysis or by ROM. Indeed, Sliva et al. [112] suggested solving the new eigenvalue problem
with the combination of a homotopy transformation and the perturbation method. Next, Li et al.
[113] worked on the computation of complex eigenpairs of modified asymmetric systems as a way of
creating a Campbell diagram of the modified rotor system. Massa et al. [114] integrated two-level
homotopy techniques to estimate instabilities of a friction-induced vibration problem. Do et al. [115]
used the HPM to reanalyse the modal bases of modified components of a mechanical system before
using them in the component modal synthesis. More recently, Massa et al. [48] defined a ROM for a
linear modal analysis by considering a projection basis made of high-order perturbed eigenvectors.

The purpose of this chapter is to show the limitations of the current subspace strategy and to
describe a novel method to better approximate the eigensolutions of the QEP. To do so, the traditional
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projection is enhanced with high-order modes, determined with the HPM. An algorithm is then
suggested as a generalisation of the traditional method to deal with the QEP.

To highlight the capabilities of the new suggested method, this chapter is organised as follows.
Section 2.2 directly jumps into the presentation of the common and the new subspace on which the
system of equations is projected. In addition, the suggested algorithm is described, as well as its key
parameters. Then, Section 2.3 proposes different assessments where the key parameters of the new
method are studied. This section is ended by an application of this method for an approximation
of a wide spectrum of the model. A simplified brake system is considered for the application of the
different assessments of the proposal.

2.2 Subspace projection bases

2.2.1 Complex Eigenvalue Analysis

This approach aims at solving the dynamics equation (Eq. 2.1) and is divided into two steps: first, an
equilibrium position is determined through an implicit solver; then, an eigenvalue analysis is computed
on the linearised problem.

MÜ + CU̇ + KΣU = FNL(U) + F (2.1)

where M, C and KΣ are respectively the mass, damping and stiffness matrices of the system. Ü,
U̇ and U are respectively the acceleration, the velocity and the displacements of the system nodes
and FNL, the nonlinear forces of the system and F are the external forces.

The determination of the equilibrium position hinges on the decomposition of the displacement U
into a mean value u0 and a small perturbation δu, given by (Eq. 2.2).

U = u0 + δu (2.2)

This mean position u0 is the static equilibrium position and can be computed from the static
problem (Eq. 2.3).

KΣu0 + FNL(u0) = F (2.3)

In addition, by assuming that FNL is of class C1 over R and since the pertubation δu is considered
small, the Taylor’s theorem can be used to develop the nonlinear contact loads around the static
displacement u0 into a first order polynomial.



Chapter 2. Homotopy perturbation technique. 25

FNL (u0 + δu) = FNL (u0) + δFNL (u0) δu + o((u0 − δu)2) (2.4)

Neglecting the rest of the Taylor series and substituting (Eq. 2.4) and (Eq. 2.2) in (Eq. 2.1), the
governing equation is rewritten as follows.

Mδ̈u + C ˙δu + KΣδu + KΣu0 + FNL(u0) + δFNL (u0) δu = F (2.5)

Finally, given (Eq. 2.3), the linearised form (Eq. 2.5) is simplified.

Mδ̈u + C ˙δu + (KΣ + δFNL (u0)) δu = 0 (2.6)

The dependence of (Eq. 2.6) over the contact state is explicit with the matrix δFNL (u0), which
itself depends on the equilibrium position u0. A slight change of the contact surfaces of the brake
pads and the disk might cause a completely different equilibrium position.

The solution of a homogeneous second order differential equation is given by (Eq. 2.7).

δu = Ψ exp (λt) (2.7)

Substituting (Eq. 2.7) in (Eq. 2.6) gives the Quadratic Eigenvalue Problem, where the quantity of
interest are the eigenvalues λi and the eigenvectors Ψi.

(
λ2
iM + λiC + K

)
Ψi = 0 (2.8)

where K = (KΣ + δFNL (u0))

A wide variety of problems can be tackled using the QEP, given by (Eq. 2.8). When the three given
matrices are Hermitian positive definite, or positive semidefinite for C and K, (Eq. 2.8) corresponds
to a structure modeled with viscous damping or a damped mechanical system where components are
only coupled by the normal contact entries. The eigenvalues of such problems are real or complex
conjugate and come in pairs. For gyroscopic systems, M and K are Hermitian, with M positive
definite, and C skew-Hermitian (C = −CH , with CH , the conjugate transpose of C). In this case,
the eigenvalues are purely imaginary. When the mechanical system is subjected to friction (such
as FIV problems), the tangential loads induce a non-symmetric stiffness matrix, resulting from the
tangential coupling. Even if the damping is not considered, complex solutions of the latter QEP can
reveal positive real parts. Other types of problems, such as vibroacoustic, fluid mechanics, control
theory and even numerical optimisation can also be reduced to a QEP. For a complete description of
those applications, the interested readers can refer to the paper of Tisseur et al. [116].
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The traditional strategy to solve the QEP is to linearise the problem by writing it in a 2n space.
By doing so, the Generalised Eigenvalue Problem (hereby denoted GEP) is emphased (Eq. 2.9).

Aui = λiBui (2.9)

where ui =

 ψi

λiψi

, λi and ψi being the eigensolutions of (Eq. 2.8).

The most common choice of linearisation is the first companion form, given by (Eq. 2.10) ; or the
second companion form, given by (Eq. 2.11).

A =

 0 N

−K −C

 ; B =

 N 0

0 M

 (2.10) A =

 −K 0

0 N

 ; B =

 C M

N 0

 (2.11)

where N can be any nonsingular matrix n× n.

The choice between those two forms depends on the nonsingularity of the mass and stiffness
matrices. Typically, in modal analysis, the second companion form (Eq. 2.11) is considered with a
matrix N equal to the mass matrix M. It allows conserving both the symmetry of A and B when
the mass and stiffness are symmetric.

With this linearisation, the problem is written in a form that the algorithms are capable of dealing
with (namely, the QZ algorithm [117]). Nonetheless, for large dimension problems, when matrix rank
is greater than 1000, these algorithms cannot solve (Eq. 2.9) because of the numerical cost.

To sort out this issue, a common approach is to project the matrices of the GEP onto a subspace
T to reduce the size of the problem. Considering this projection, the matrices A, B and the vector
ui take the form of (Eq. 2.12).

A =

 −TTKT 0

0 TTMT

 B =

 TTCT TTMT

TTMT 0

 ui =

 qi

s∗
i qi

 (2.12)

where ψ∗
i = Tqi.

Since the eigensolutions are determined in a subspace, s∗ and ψ∗ are the approximations of the
true eigensolutions.

2.2.2 Normal mode subspace

In practice, the subspace T, used for the projection, is composed of the first normal modes of the
associated conservative system given by the Linear Eigenvalue Problem (Eq. 2.13), also denoted LEP.
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These eigenvectors can be computed with a classical eigenvalue algorithm, for example, a Lanczos
solver.

(
KS − ω2

i MS

)
ϕi = 0 (2.13)

Both matrices MS and KS are obtained by considering the mass and stiffness of the system
components. Only the normal contributions of the contact interface are considered when solving the
LEP.

The projection basis T is built with nm normal modes of (Eq. 2.14).

T = [ϕ1 . . . ϕnm ] (2.14)

The above strategy is common and largely implemented in commercial finite element software. In
most of the practical problems, particularly the modal analysis with viscous damping, the approximate
solutions of (Eq. 2.12) are very satisfactory.

When studying the stability of rubbing systems, some discrepancies arise, due to the absence of
asymmetric contributions in the projection basis T. These errors clearly alter the judgment of the
behaviour of the mechanical system and can be reduced by adding appropriate modes, calculated from
the HPM presented in the next section.

2.2.3 Homotopy subspace

The main idea behind HPM is to combine the standard homotopy theory in topology and the per-
turbation technique. To do so, the linear and non-linear parts of the problem are separated and an
embedding parameter ε is introduced to highlight the non-linearity. Assuming that this additional
parameter is small, the approximate solutions of the considered equations can be written as a power
series in ε.

Homotopy decomposition

Considering the general case of the QEP, the basic idea of the suggested methodology is to introduce
the HPM in two ways. The first one concerns the symmetric and asymmetric contributions of the
mass and stiffness matrices. The decomposition in (Eq. 2.15) represents the symmetric contribution –
the S index – and the asymmetric contribution – the A index. The decomposition is here presented for
both mass and stiffness matrices for the sake of generality. Nonetheless, the asymmetric contribution
can easily be suppressed in the case of a purely symmetric matrix.
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M = MS + εMA

K = KS + εKA

(2.15)

The second decomposition is related to the damping, which is completely considered a non-linear
part of (Eq. 2.16). The decomposition of the damping matrix C is then different as all entries are
considered asymmetric contributions, such as:

C = εCA (2.16)

According to the HPM, the ith eigensolutions of (Eq. 2.8) are developed as a power series in ε with
a nominal term – the (0) index – and higher order contributions – indexed by (n) – and (d), the order
of truncation, such as:

λi = λ
(0)
i + ελ

(1)
i + . . .+ εnλ

(n)
i + . . .+ εdλ

(d)
i

ψi = ψ
(0)
i + εψ

(1)
i + . . .+ εnψ

(n)
i + . . .+ εdψ

(d)
i

(2.17)

Substituting Eq.(2.17), Eq.(2.16) and Eq.(2.15) into Eq.(2.8), the QEP is rewritten as follows:

[
(KS + εKA) +

(
λ

(0)
i + ελ

(1)
i + . . .+ εnλ

(n)
i + . . .+ εdλ

(d)
i

)
εCA

+
(
λ

(0)
i + ελ

(1)
i + . . .+ εnλ

(n)
i + . . .+ εdλ

(d)
i

)2
(MS + εMA)

]
(
ψ

(0)
i + εψ

(1)
i + . . .+ εnψ

(n)
i + . . .+ εdψ

(d)
i

)
= 0

(2.18)

From (Eq. 2.18), it is possible to identify the nth homotopy order and the high-order vectors
associated with that order. The next subsections describe the form of the nominal (0th order), the 1st

order and any nth order of the high-order vectors.

Nominal terms of the homotopic decomposition

The terms of the 0th order are simply obtained by setting ε = 0 in (Eq. 2.18), leading to a GEP
(Eq. 2.19) of the form:

(
KS + λ

(0)2

i MS

)
ψ

(0)
i = 0 (2.19)

(Eq. 2.19) has no asymmetric contributions. Moreover, substituting λ
(0)
i by jω

(0)
i (with j, the

imaginary unit) leads to the LEP in (Eq. 2.13), with a normalisation condition over the eigenvectors
(Eq. 2.20).

ψ
(0)T
i MSψ

(0)
i = 1 (2.20)
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1st order terms of the homotopic decomposition

Considering only the 1st order terms, (Eq. 2.18) is rewritten as follows:

(
KS + λ

(0)
i MS

)
ψ

(1)
i +

(
2λ(0)

i MSψ
(0)
i

)
λ

(1)
i + G(1)

i = 0 (2.21)

where G(1)
i =

(
KA + λ

(0)
i CA + λ

(0)2

i MA

)
ψ

(0)
i

Premultiplying (Eq. 2.21) by ψ(0)T

i and considering (Eq. 2.19), the 1st order homotopic eigenvalue
is written in the form (Eq. 2.22).

λ
(1)
i = −ψ(0)T

i G(1)
i

2λ(0)
i

(2.22)

Then, (Eq. 2.21) is written in the same form as (Eq. 2.19), with a non-zero right member.

(
KS + λ

(0)
i MS

)
ψ

(1)
i = F(1)

i (2.23)

where F(1)
i = −

(
2λ(0)

i MSψ
(0)
i

)
λ

(1)
i − G(1)

i

Unfortunately, the left member of (Eq. 2.23) is not invertible due to the symmetry of the matrices
K and M. Hence, another equation is needed to determine ψ(1)

i .

The chosen solution follows Wang’s proposal for the calculation of eigenvector derivatives in [118].
The idea is to express each perturbed eigenvector as a linear combination of the 0th order eigenvectors
ψ

(0)
i , i.e. normal modes, of the system. For the 1st order eigenvectors, the linear combination reads:

ψ
(1)
i =

N∑
k=1

c
(1)
k ψ

(0)
k (2.24)

In practice, the number nm of available normal modes is lower than N, causing an erroneous
approximation of ψ(1)

i . A common solution is to complete the development with a static correction
term Γ

(1)
i . The linear combination (Eq. 2.24) is then rewritten as (Eq. 2.25).

ψ
(1)
i =

nm∑
k=1

c
(1)
k ψ

(0)
k + Γ

(1)
i

Γ
(1)
i = K−1

S F(1)
i −

nm∑
k=1

ψ
(0)
k F

(1)
i

w
(0)2

k

ψ
(0)
i

(2.25)

For i ̸= k, the coefficients c(1)
k are calculated with (Eq. 2.26).
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c
(1)
k ̸=i = ψ

(0)T

i F
(1)
i

w
(0)2

k − w
(0)2

i

(2.26)

If i = k, (Eq. 2.26) cannot be evaluated. The coefficients c(1)
k=i have to be determined by other

means. A second convenient normalisation, given by (Eq. 2.27), is considered. Instead of directly
considering a perturbed mass normalisation homogeneous to (Eq. 2.20), this equation links the 0th

order eigenvector ψ(0)
i and the high-order eigenvector ψ(1)

i to the full mass matrix. The aim is to limit
the complexity of the following developments and use the orthonormal property of (Eq. 2.27).

ψ
(0)T

i Mψ
(1)
i = 1 (2.27)

Introducing (Eq. 2.15) and (Eq. 2.17) in (Eq. 2.27) and keeping only the 1st order terms, (Eq. 2.28)
reads as:

ψ
(0)T

i MSψ
(1)
i +ψ(0)T

i MAψ
(0)
i = 0 (2.28)

Substituting the 1st order eigenvector by the linear combination given by (Eq. 2.24) and considering
that normal modes are MS-orthonormals, the c(1)

k=i coefficient can be calculated with (Eq. 2.29).

c
(1)
k=i = −ψ(0)T

i MAψ
(0)
i (2.29)

nth order terms of the homotopic decomposition

Following the developments detailed in the previous section, the expressions to evaluate any nth order
of the ith eigensolutions can be determined and are given by (Eq. 2.30) to (Eq. 2.35).

(
KS + s

(0)2

i MS

)
ψ

(n)
i = −

(
2s(0)
i MSψ

(0)
i

)
s

(n)
i − G(n)

i (2.30)

where

G(n)
i = KAψ

(n−1)
i + CA
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k=0

ψ
(k)
i s

(n−k−1)
i + MA
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s(0)s
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i ψ
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i ψ
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i

)
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⌊ n
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k=1
s

(k)2

i ψ
(n−2k)
i


(2.31)
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where mod(x, 2) is the modulo 2 of x, ⌊x⌋ corresponds to the greatest integer less than or equal
to x, also denoted floor(x) and where the indicator function 1{n≥p} equals 1 if n is superior to p and
0 otherwise.

The equation of the nth homotopic eigenvalue is given by (Eq. 2.32).

λ
(n)
i = −ψ(0)T

i G(n)
i

2λ(0)
i

(2.32)

Using Wang’s proposal to determine the nth order homotopic eigenvectors, (Eq. 2.33) is derived.

ψ
(n)
i =

nm∑
k=1

c
(n)
k ψ

(0)
k + Γ

(n)
i

Γ(n)
i = K−1

S F(n)
i −

nm∑
k=1

ψ
(0)T

k F
(n)
i

ω
(0)2

k

ψ
(0)
i

(2.33)

Finally, (Eq. 2.34) and (Eq. 2.35) are determined following a similar reasoning than the one of the
first order.

c
(n)
k ̸=i = ψ

(0)T

i F
(j)
i

ω
(0)2

k − ω
(0)2

i

(2.34)

c
(n)
k=i = −ψ(0)T

i MAψ
(n−1)
i (2.35)

The computational cost of determining the perturbed eigensolutions is relatively moderate. Indeed,
in (Eq. 2.33), the first term of the sum is low-cost as the coefficients of the residue are determined
through simple operations. Conversely, the static correction Γ(n)

i is much more expensive to solve.
Indeed, the second term is of complexity O(nm×d2), with nm, the number of considered normal modes
and d, the homotopic order of truncation. The first term is of complexity O(N3), when using a LU
decomposition algorithm (N being the number of degrees of freedom). However, the decomposition of
the symmetric contribution of the stiffness matrix involved in these expressions is only needed once.
Hence, for the computation of first homotopy order, the numerical complexity is O(N3 + nm × d2);
for the other homotopy orders, the numerical complexity is O(nm × d2).

Construction of the enhanced projection basis

As the homotopy eigenvectors of (Eq. 2.33) are computed using the damping and asymmetric contri-
butions, the representativity of those phenomena is more important and increases with the number
of homotopy order. Thus, the key aspect of this method is to enhance the projection basis with
those high-order eigenvectors. In a way, the suggested method, denoted as HOmotopy PErturbation
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Projection (or HOPEP), retains the same characteristics of the classical method for large problems:
linearization of the QEP, projection to reduce the corresponding GEP and, then, resolution with a
global algorithm such as the QZ algorithm. HOPEP can thus be considered a generalisation of the
classical method.

The projection basis T in HOPEP takes the following form:

T =
[
ϕ

(0)
1 . . . ϕ(0)

nm
ψ

(1)
1 . . . ψ(d)

m

]
(2.36)

When dealing with complex values in numerical analysis, it is frequent to separate the real and
imaginary parts in mathematical expressions. This solution allows preserving a maximum of infor-
mation, but doubles the number of modes in the projection basis, and so, the time to solve the QEP.
A more economic solution considers only the real parts of the perturbed eigenvectors. It is, however,
important to keep sufficient information in the real part before the decomposition of the complex
quantities. A common method [119] is to scale the complex matrix with the maximum value in each
column and retains only the modified real part.

As the projection basis T in HOPEP is composed of a set of modes from different types or orders,
it is mandatory to proceed to an orthonormalization phase. Here, two numerical methods have been
identified. The first method is the so-called iterative Gram-Schmidt process [120]. This method is
accurate and allows computing an orthonormal basis preserving the initial size. The second method,
implemented in the Structural Dynamics Toolbox [121], orthonormalised the projection basis using a
preconditioned Cholesky decomposition and eliminate eventual colinear vectors using a singular value
decomposition. An advantage of this second solution is a lower numerical cost. For both methods,
the vectors of the basis are normalised thanks to the identity matrix.

Once the different calculations detailed above are performed, the modified projection basis T is
used in (Eq. 2.12) to solve the approximate solutions of the QEP.

Many tests showed that the performance of HOPEP relies on a good balance between the number
of normal modes, the number of perturbed eigenvectors and the maximum homotopy order. The
flowchart in Fig. 2.1 presents the strategy to efficiently build the projection basis. The algorithm
mainly focuses on the sequence and criteria used to define the number of normal modes (nm) and
the maximum homotopy order (d). Indeed, the number of perturbed eigenvectors (m) is fixed to the
number of mode of interest, since a stabilisation of all complex eigensolutions is desired in the entire
frequency band. It must be noted that each modification of the projection basis is followed by a new
evaluation of the QEP.

Starting with a number of normal modes equal to the number of modes in the frequency band of
interest, additional normal modes or homotopy orders are iteratively added to the projection basis.
The process is achieved by monitoring the evolution of the residual error and the convergence of
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Figure 2.1: Construction of the projection basis.

eigensolutions. For each mode, the residual error is calculated with the Manhattan norm of the
residual vector defined by (Eq. 2.37).

Ri = ∥
(
K + λiC + λ2

iM
)
ψi∥1 (2.37)

It is expected that the perturbed eigenvectors of any order, added to the projection basis, reduce
the residual error for all complex modes compared to those calculated at order 0. It is, however, more
relevant to first increase the number of normal modes, rather than homotopy order, if the residual
error is not reduced for all modes or at least many of them. The convergence criterion is evaluated
with the relative errors between eigensolutions of two successive orders. In practice, it is sufficient
to monitor only the real parts of eigensolutions. The algorithm stops when the relative errors for all
modes of interest are inferior to a given threshold; otherwise, a new homotopy order is added to the
projection basis.

Table 2.1 summarises all the parameters of the algorithm and highlights their main action.
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Table 2.1
Hyperparameters of the HOPEP algorithm.

Parameter type Symbol Purpose
Normal mode basis size nm Control the basis size used for the homotopy vectors
Homotopy vectors number m Control the added homotopy vectors number per order
Homotopy vectors order d Control the enhancement of the projection basis
Orthonormalisation scheme Choice of the orthonormalisation scheme
Vector decomposition method Control how the homotopy vectors are traited

2.3 Application of the HOmotopy PErturbation Projection method

2.3.1 Assessment procedure

To highlight the performance of the HOPEP method, the simplified disc-pad model (presented in
Fig. 2.2) is studied. The stability of this system is, then, analysed in the Lyapunov sense, through
the frequency method. This method involves a CEA, in which the system of equations is linearised
around a stationary state, as thoroughly described in (Eq. 2.2). The positive real parts of the complex
eigenvalues account for the unstable modes.

Figure 2.2: FE model of the simplified brake system.

Each pad is constituted of a lining with a centered diagonal slot and a backplate. The full mesh is
composed of 23,302 nodes and 19,104 linear brick elements. The coupled model contains 66,490 DOF.
The material properties correspond to cast iron for the disc, steel for the backplates and a sintered
material for the linings.
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Table 2.2
Geometrical and material parameters of the simplified brake model.

Component Parameter Value Unit

Disc

Thickness 25. mm
Inner radius 95.5 mm
Outer radius 152.5 mm
Density 7200. kg/m3

Young Modulus 130. GPa
Poisson’s ratio (ν) 0.3

Back plate

Thickness 7. mm
Inner radius 96.5 mm
Outer radius 151.5 mm
Angle 2π/7 rad
Density 7300. kg/m3

Young Modulus 170. GPa
Poisson’s ratio (ν) 0.3

Lining

Thickness 10. mm
Inner radius 96.5 mm
Outer radius 151.5 mm
Angle 2π/7 rad
Slot width 5. mm
Density 2600. kg/m3

Young Modulus (Ex) 6.5 GPa
Young Modulus (Ey) 6.5 GPa
Young Modulus (Ez) 3.5 GPa
Poisson’s ratio (νxy) 0.2
Poisson’s ratio (νyz) 0.15
Poisson’s ratio (νxz) 0.20
Shear Modulus (Gxy) 1. GPa
Shear Modulus (Gxz) 1. GPa

The material behaviour of the disc and backplates is supposed isotropic, but a transverse isotropic
material is considered for the linings. The dimensions and material properties of each component are
reported in Table 2.2.

The mass and stiffness matrices (respectively, M and K) of the simplified disc-pad are computed
using a commercial software, Abaqus. A Rayleigh damping (Eq. 2.38) is chosen to model the damping
matrix C of the system.

C = αM + βK (2.38)

The mass and stiffness damping coefficients, namely α and β, as well as friction coefficient µ
between pads and disc are reported in Table 2.3.

Finally, the fixed boundary conditions for all directions are applied on the nodes of the interior
diameter of the disc (the red markers in Fig. 2.2) and all translations along x and y are fixed for the
pads. Moreover, a pressure of 25 bars, represented by the red arrows, is applied on the external pad
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Table 2.3
Friction and Rayleigh coefficients for the brake system.

Parameter Value Unit
Friction coefficient µ 0.6
Damping coefficient α 25. s−1

Damping coefficient β 5.10−8 s

surfaces and a rotation velocity of 8.17 rad/s around the z axis is applied to the disc to initiate sliding
friction.

All the tests performed on the considered brake model require a starting phase to construct the
system matrices. Using the parameter values given in Section 2.2, the stiffness K, damping C and
mass M matrices of the uncoupled system (i.e., block diagonal matrices) are pre-computed in the
commercial software Abaqus and exported in a dedicated software developed in Matlab.

The symmetric contributions are given by (Eq. 2.39), using the normal connectivity matrix TN .

MS = TT
NMTN

KS = TT
NKTN

(2.39)

The asymmetric contributions are given by (Eq. 2.40), using the normal and tangential connectivity
matrices TN and Tf .

MA = TT
f (µ)M0TN − MS

CA = TT
f (µ)C0TN

KA = TT
f (µ)K0TN − KS

(2.40)

Section 2.3.2 to 2.3.3 analyse the effects of the key parameters over the convergence of the complex
eigensolutions. The algorithm presented in Fig. 2.1 is applied in Section 2.3.4. In each case, the
frequency band of interest is inferior to 20 kHz, which corresponds to roughly 74 complex modes.

For all the tests, the homotopy developments are limited to the 6th order, which represents a good
balance between precision and numerical cost. To assess for the precision of the suggested method,
the QEP Residual (hereby denoted QEPR), given by (Eq. 2.37) is monitored. The analysis of this
quantity is rather simple: the lower, the better. For the convergence of the complex eigenvalues, two
error criteria are monitored: (Eq. 2.41) for the real parts and (Eq. 2.42) for the circular frequencies.
The chosen relative error for complex eigenvectors, defined by (Eq. 2.43), is of the most accurate since
major errors in only one vector component are noticeable. It is relevant to consider that a value below
10% denotes a very good agreement. Finally, for the last assessment in Section 2.3.4, an eigenvector
correlation is performed with the most widely used MAC, recalled in (Eq. 2.44) for complex quantities
[122].
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eRe(λi) = Re(λ∗(n+1)
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i )
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(2.41)

e|λi| = |λ∗(n+1)
i | − |λ∗(n)

i |
|λ∗(n+1)
i |

(2.42)
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2.3.2 Impact of the projection basis definition

2.3.2.1 Convergence of the residue

The projection basis T, enhanced with the homotopic basis, depends on two main parameters: the
number of normal modes nm and the homotopy order d. Here, the influence of these parameters are
evaluated according to three configurations:

• A gradual increase of the sets of normal modes (from nm to 7 × nm);

• A set of nm normal modes, completed with a set of m perturbed eigenvectors (from 1st to 6th

order);

• A set of 2 × nm normal modes, completed with a set of m perturbed eigenvectors (from 1st to
6th order).

The first configuration is linked with the projection basis Tnorm; the second configuration, with
Tonce; and the third configuration, with Ttwice.

At each order, the perturbed eigenvectors are split into real and imaginary parts and then merged
with T. Then, the complete projection basis is orthonormalised using the iterative Gram-Schmidt
process in order to preserve all available information. The number of normal modes nm and perturbed
eigenvectors m is fixed to 74, which tallies with the mode number needed to stabilise the results of
the Lanczos algorithm over the studied frequency spectrum (from 1 Hz to 20kHz). Finally, it is worth
noting that the 0th order stands for a set of normal modes, whatever the considered configuration.
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Figure 2.3: Evolution range of the QEP residual as a function of homotopy orders ( is the mean
residue, is the min-max residue).

Observations

Fig. 2.3 shows the convergence of the QEP residue with the increase of the projection basis size. The
performance at each order is given as a variation range between the minimum and maximum residue.
Finally, the mean residue, computed over all the eigensolutions, is also shown.

For the first configuration, the projection basis Tnorm exhibits no clear improvements of the quality
of the eigensolutions. The mean and maximum residue are almost constant (resp. 107 and 108), for
all order. The minimum residue is even deteriorated with the order increase, whereas the number of
studied modes remains identical.

The second configuration, linked with the projection basis Tonce, provides some interesting im-
provements. Indeed, the minimum residue is slightly lowered, whereas the mean residue is moderately
improved from 107 to 106 decades. On the contrary, the maximum residue slightly worsens.

Finally, the third configuration exhibits the most interesting results. Indeed, the mean and max-
imum residues of the eigensolutions decrease fast (resp. from 107 to 104 and from 108 to 105). The
projection basis Ttwice causes the residues to be less widespread than the two other projection basis
(six decades for Tonce and four decades for Tnorm).

Discussions

The previous results have strong implications, especially for the subspace Tnorm. The evolution of the
residue over the order shows that widening the subspace with only normal modes is not necessarily a
good solution. Indeed, the minimum residue is worsening, and the other quantities remain constant.
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The additional vectors of Tnorm act as discrepancies and provide no qualitative representations com-
pensating for the absence of the asymmetric contributions in the system. Conversely, both homotopy
projection bases Tonce and Ttwice improve the quality of the computed eigensolutions, whether this is
slightly, moderately or greatly.

In a way, the results associated with Tnorm are logical, since no information about the tangential
contact forces and the damping are taken into account. For the projection bases Tonce and Ttwice,
the results are also logical. Indeed, the homotopy eigenvectors are approximated as a linear combina-
tion of normal eigenvectors and asymmetric contributions (Eq. 2.33), corrected with a static residue
(also derived from the asymmetric contributions). Thus, widening the sum on which the homotopy
eigenvectors are computed allows a better approximation, by providing additional information about
the symmetric and asymmetric contributions.

2.3.2.2 Convergence of the eigensolutions

Fig. 2.4 shows the convergence of the eigenvalue errors with the increase of the projection basis size.
The presentation of the results in the figure is similar to the previous plot.

(a) Real part (b) Circular frequency

Figure 2.4: Evolution range of the eigenvalue errors as a function of homotopy orders ( is the mean
residue, is the min-max residue).

Observations

The projection bases Tnorm and Tonce exhibit the same nature of errors for both the real and imag-
inary parts. The mean and max errors are moderately fluctuating around 100 for the real part and
10−3 for the circular frequencies. Conversely, the projection on the subspace Ttwice shows more in-
teresting results. In fact, in all cases, the evolution of the two convergence criteria presents the same
decrease, attesting the stabilisation of solutions. The main improvement is observed for real parts
where maximum relative errors calculated between order 0 and order 1 are relatively high, denoting
large discrepancies for some modes. Increasing the homotopy order significantly reduce these errors,
which can reach very low values for the circular frequencies.
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Figure 2.5: Evolution range of the eigenvector error as a function of homotopy orders ( is the mean
residue, is the min-max residue).

Fig. 2.5 shows the convergence of the eigenvector errors with the increase of the projection basis
size. The presentation of the results in the figure is similar to the previous plot.

The results for the eigenvectors approximated with the three methods are similar to the previous
observations. The projection basis Ttwice ensures a convergence of the eigenvectors, whereas for the
two other bases, the mean errors moderately fluctate around 101. The use of a wider normal basis for
the computation of the homotopy vectors allows a reduction of two decades on the magnitude error.

Discussions

The study of the convergence of the eigensolution magnitude error rises confidence on the consistency of
the quality of the computed solutions with the projection basis Ttwice. Indeed, as the magnitude error
of the given solutions decreases, the QEPR also decreases, meaning that the determined eigensolutions
are both converging and less erroneous.

Conclusions

In conclusion, these first results give the two main characteristics of the suggested method. Firstly, the
use of perturbed eigenvectors in the projection basis T greatly improves the QEP residue, provided
that the size of the normal mode basis is at least greater than the number of modes of interest.
Secondly, the stabilisation of QEP residue can be monitored with only the mean residue, as the
stability of the eigensolutions can be tracked with the mean real parts.
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2.3.3 Impact of the normalisation method

2.3.3.1 Convergence of the residue

The second test aims to study the influence of the orthonormalisation scheme as well as the de-
composition of complex perturbed eigenvectors, using either real or imaginary parts (labelled R+I)
or modified real parts (labelled Rm). The projection basis can be orthonormalised either with the
Gram-Schmidt process (labelled GS) or with the Cholesky decomposition (labelled Chol). In all four
cases, the configuration of the projection bases follows the best out of the previous test, namely a
normal mode basis of 148 eigenvectors completed with sets of 74 perturbed eigenvectors up to order
6.

Figure 2.6: Influence of the projection basis orthonormalisation on the residue. Evolution of the
mean residue as a function of homotopy orders.

Observations

Fig. 2.6 shows the evolution of the mean QEPR as a function of the homotopy order. First, all the
configurations show a reduction and a convergence of the residue. For the first homotopy order,
no difference is observed between the orthonormalisation techniques. Nonetheless, some differences
appear with the increase of homotopy order: the Gram-Schmidt algorithm provides results from 0.5
to one decade lower than the Cholesky decomposition, when the homotopy order is greater than 2.

For the decomposition of the complex perturbed eigenvectors, the modified real part is moderately
less efficient than the real and imaginary parts decomposition when orthonormalised with the Gram-
Schmidt process. Conversely, no differences are observed with the Cholesky decomposition.
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Discussions

A main feature of the suggested method, highlighted by those observations, is that the improvement
brought by HPM is still relevant whatever the orthonormalisation schemes and the decomposition of
the perturbed eigenvectors. Hence, it is possible to consider the modified real part decomposition
for lowering the numerical cost, without a too important reduction of the precision. Furthermore, if
the numerical cost becomes a problem, it may be once again reduced by considering the Cholesky
decomposition method, which is a lot cheaper than the Gram-Schmidt algorithm.

2.3.3.2 Convergence of the real part

Fig. 2.7 shows the evolution of the mean real part as a function of the homotopy order. The results
clearly show that the orthonormalisation schemes and the decomposition methods have no impact
over the convergence of the real parts, since the errors are both lowering and stabilising.

Figure 2.7: Influence of the projection basis orthonormalisation on the real part. Evolution of the
mean real part error as a function of homotopy orders.

Conclusions

In conclusion, the best configuration remains the one which uses the Gram-Schmidt process on the
real and imaginary parts of perturbed eigenvectors. Nonetheless, if the computational cost becomes
prohibitive (dealing with many eigensolutions or many degrees of freedom), it may be reduced by
considering less efficient configurations, which are faster to compute.
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2.3.4 Analysis of the algorithm performance on a large frequency spectrum.

2.3.4.1 Convergence of the eigensolutions and residue monitoring

In the HOPEP algorithm, the iterative construction of the projection basis T relies on the residue
criterion and the stabilisation criterion, which governs an increase of respectively the number of normal
modes and of the homotopy order. The residue criterion at order d is validated if the difference between
the residual error at that order and the residual error at order 0 is negative. Ideally, this criterion
should be validated for all complex modes. In practice, a reasonable threshold can be fixed to 95% of
the number of modes. With the second criterion, the solutions of the QEP are considered stabilised
if the relative errors between real parts of complex eigenvalues for two successive orders are inferior
to a given threshold, typically 5%.

In this section, the behaviour of these two criteria is studied through three configurations of the
projection basis. The first configuration corresponds to the initialization phase of the algorithm, where
the size of the normal mode basis is fixed to nm = 74 complex modes of interest. For the second con-
figuration, the normal mode basis is chosen in a frequency band increased by 10% (up to 22 kHz) and
contains nm = 93 modes. In the same way, the frequency band for the third configuration is increased
by 20%, which provides a normal mode basis of nm = 113 modes. For the three configurations, the
projection bases are progressively completed by the modified real part of perturbed eigenvectors up
to order 6 and are orthonormalised thanks to the Gram-Schmidt process. Only the 74 first complex
modes of the QEP are still studied, and the threshold stabilisation criterion is fixed to 5%.

(a) Residue checking (b) Stabilisation Checking

Figure 2.8: (a) Residual criterion checking per mode and (b) stabilisation criterion checking per
mode as a function of homotopy orders for the first configuration (nm = 74). A red dot indicates an

unsatisfactory check.
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Observations

The results of the first configuration are reported in Fig. 2.8, with the progression of the homotopy
order (from top to bottom). A red dot indicates that the residual improvement or the stabilisation is
not valid for the related mode.

With this configuration, the normal mode basis is not sufficient to stabilise the complex modes in
the higher frequency band and the residual error is not improved for 10% of modes, no matter what
the homotopy order is.

(a) Residue checking (b) Stabilisation Checking

Figure 2.9: (a) Residual criterion checking per mode and (b) stabilisation criterion checking per
mode as a function of homotopy orders for the second configuration (nm = 93). A red dot indicates

an unsatisfactory check.

In the same way, the results of the second configuration are presented in Fig. 2.9 and for the third
configuration, in Fig. 2.10. In both cases, the validation criteria show an improvement in both stability
and precision of the eigensolutions. However, for the second configuration, six homotopy orders are
needed to stabilise the modes in the entire frequency band. As expected, with the third configuration,
the results improve faster since three homotopy orders are enough to stabilise all modes.

Table 2.4 presents a focus on the real parts and frequencies calculated with the three configurations
from order 0 (normal modes only) up to order 3 in a way that shows the behaviour of the results
according to the setting of the projection basis more specifically. In this table, the positive values of
real parts, which correspond to the unstable modes, are highlighted in light gray.

From all the considered modes, only the mode 46 is not altered by the change of configurations
(i.e., the increase of normal modes). Conversely, all the other eigenvalues are affected, both in signs
and in values. Important variations of the real part values are even observed for mode number 47,
51 and 52. Nonetheless, they are quickly stabilised with homotopy order in the third configuration
(nm = 113).
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(a) Residue checking (b) Stabilisation Checking

Figure 2.10: (a) Residual criterion checking per mode and (b) stabilisation criterion checking per
mode as a function of homotopy orders for the third configuration (nm = 113). A red dot indicates

an unsatisfactory check.

For mode number 53, the real part is always negative for the first configuration (nm = 74),
indicating a stable mode. For the second (nm = 93) and the third (nm = 113) configurations, this
real part becomes positive as soon as one homotopy order is taken into account, but remains negative
if only normal modes are considered. In addition, as high fluctuations of the real part arise for the
second configuration when using homotopy order, a decrease of the difference between two orders is
occurring with the third configurations.

With regard to the modes 48 to 50, important fluctuations of real parts are observed depending on
the number of normal modes used in the projection basis. Regarding the first configuration, starting
with three stable modes, two unstable modes are finally detected if homotopy orders are added.
Nevertheless, the large variations of the values of the real parts lead to a doubtful perception of this
result. Conversely, for the second and the third configurations, the state of the modes is completely
different since only the mode number 49 is detected as unstable.

Discussions

The latter observation clearly shows that the stability of the eigensolutions is governed by a good
balance of normal modes and homotopy orders. Indeed, with the highest number of normal modes
without homotopy order, the modes number 48 and 50 would be considered unstable. However, the
amount of normal modes remains essential to improve the convergence of the stabilisation as it can
be observed for the third configuration compared to the second one.

All observations given above are also strengthened by the correlations and relative eigenvector
errors reported in Table 2.5. The comparison between eigenvectors of the same number can be
arguable because some MAC values, for modes 47 to 49, do not correspond to any agreement between
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Table 2.4
Real parts and natural frequencies for a selection of modes. Values are given for the three configurations

of the projection basis from homotopy order 0 (H0) up to order 3 (H3).

Modes No Re(si) |si|/2π Re(si) |si|/2π Re(si) |si|/2π Re(si) |si|/2π
nm=74 H0 nm=74 H1 nm=74 H2 nm=74 H3

46 -297.78 17001.38 -298.71 17029.26 -299.34 17047.79 -299.19 17043.26
47 -319.65 17641.22 -1427.77 17924.99 -1731.21 17996.67 -1441.13 18077.99
48 -321.24 17686.83 768.63 17925.94 1067.05 17997.88 771.11 18078.95
49 -331.27 17971.80 -1246.17 18003.58 -1825.61 18089.39 -1929.98 18101.83
50 -333.28 18028.20 581.42 18004.37 1154.87 18090.68 1258.38 18103.22
51 -338.68 18179.48 -338.65 18178.50 -338.61 18177.42 -338.51 18174.75
52 -338.91 18185.70 -338.99 18188.03 -339.06 18189.92 -339.44 18200.59
53 -359.81 18758.83 -355.64 18646.06 -351.56 18534.85 -350.79 18513.63

nm=93 H0 nm=93 H1 nm=93 H2 nm=93 H3
46 -298.17 17012.97 -298.78 17031.24 -299.09 17040.34 -299.06 17039.61
47 -322.16 17712.98 -327.70 17870.91 -333.02 18020.99 -333.46 18033.21
48 -1431.20 17995.62 -1646.37 18077.69 -1792.70 18099.79 -1846.34 18110.00
49 767.05 17996.57 976.42 18078.83 1121.21 18101.06 1174.13 18111.31
50 -398.73 18180.62 -400.09 18179.11 -427.55 18169.97 -421.89 18170.66
51 -278.72 18180.67 -277.25 18179.16 -249.14 18170.05 -254.85 18170.73
52 -347.09 18412.20 -1852.22 18437.30 -1375.01 18385.26 -1759.76 18380.07
53 -350.84 18515.19 1156.40 18438.63 682.86 18386.17 1068.07 18381.32

nm=113 H0 nm=113 H1 nm=113 H2 nm=113 H3
46 -298.51 17023.16 -298.79 17031.55 -299.06 17039.46 -299.05 17039.33
47 -1712.34 18024.67 -335.06 18078.15 -334.78 18070.33 -334.70 18068.11
48 1046.19 18025.87 -1882.10 18092.98 -1862.89 18104.09 -1879.42 18109.32
49 -972.06 18070.48 1211.12 18094.33 1191.11 18105.42 1207.27 18110.66
50 302.51 18071.03 -429.02 18166.02 -427.42 18168.34 -424.84 18168.38
51 -338.37 18170.82 -247.38 18166.10 -249.15 18168.42 -251.73 18168.46
52 -339.79 18210.32 -1763.65 18354.98 -1900.46 18358.83 -1913.93 18357.78
53 -353.23 18580.28 1073.78 18356.23 1210.35 18360.20 1223.90 18359.17

mode shapes. As no reference is available, the analysis of the eigensolutions is carried in the sense of
the convergence of the solutions.

First, one can observe a very good improvement in correlations and a drastic decrease in errors as
soon as both normal mode number and homotopy orders increase. This is particularly true for the
third configuration at order 3, where the relative eigenvector errors drop below 1%, denoting quasi
identical vectors.

Secondly, an initial increase of the normal mode basis brings better results for the second homotopy
order. Indeed, the first configuration is associated with a mean error of roughly 10% for the eigen-
vectors (and a correlation between the eigenforms of 98%), whereas the third configuration exhibits
a mean error of roughly 2% and a perfect correlation between the eigenforms. With regard to the
second configuration, the results are also better than the first configuration with a perfect correlation,
but the mean error is higher (about 15%).
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Table 2.5
MAC and relative eigenvector errors for a selection of modes. Comparison results are given for three

following homotopy order (H0-H1) to (H2-H3) of the three projection basis configurations.

Modes No MAC (%) eψ(%) MAC (%) eψ(%) MAC (%) eψ(%)
i-k nm=74 H0-H1 nm=74 H1-H2 nm=74 H2-H3

46-46 91. 15.34 98. 6.90 100. 1.34
47-47 85. 20.20 97. 8.81 99. 6.20
48-48 0. 70.31 97. 8.81 99. 6.20
49-49 4. 63.59 97. 9.36 100. 3.22
50-50 91. 15.23 97. 9.36 100. 3.22
51-51 99. 5.33 98. 8.57 97. 17.05
52-52 95. 16.26 97. 14.84 94. 27.45
53-53 94. 12.40 97. 9.31 100. 1.80

nm=93 H0-H1 nm=93 H1-H2 nm=93 H2-H3
46-46 97. 11.04 100. 4.02 100. 0.69
47-47 1. 11.32 100. 9.30 100. 2.61
48-48 72. 8.41 100. 8.14 100. 3.03
49-49 0. 8.41 100. 8.14 100. 3.03
50-50 97. 27.63 100. 42.86 100. 4.82
51-51 97. 27.63 100. 42.86 100. 4.82
52-52 95. 14.20 100. 5.89 100. 6.16
53-53 92. 16.74 100. 5.89 100. 6.16

nm=113 H0-H1 nm=113 H1-H2 nm=113 H2-H3
46-46 97. 8.31 100. 2.27 100. 0.51
47-47 1. 67.79 100. 1.03 100. 0.38
48-48 72. 27.41 100. 1.48 100. 0.61
49-49 0. 69.88 100. 1.48 100. 0.61
50-50 97. 14.85 100. 3.15 100. 0.72
51-51 97. 24.93 100. 3.15 100. 0.72
52-52 95. 12.54 100. 1.51 100. 0.39
53-53 92. 14.14 100. 1.51 100. 0.39

Conclusions

In conclusion, these results have highlighted the efficiency of the suggested algorithm to deal with
the computation of the eigensolutions of a brake system. One key aspect of the method is that the
precision of the solutions can be enhanced by initially widening the normal modes basis on which
the homotopy orders are computed. Hence, the computational cost of the suggested method can be
reduced.

2.4 Chapter outcomes

The purpose of this chapter was to highlight the limitations of the traditional strategy to
solve the Quadratic Eigenvalue Problem. As the FE models become more and more precise,
the number of equations (associated with the number of degrees of freedom) to solve exponentially
grow. Hence, a direct computation of the eigensolutions of the system is not achievable, since the
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QZ algorithm, used to solve the QEP, is too expensive (typically for N>1000). A projection over a
subspace is then used to reduce the size of the mathematical problem. This subspace is determined by
solving a traditional LEP, which encompasses neither the damping contributions nor the asymmetrical
contributions. This method was successfully used in modal analysis with viscous damping, but the
prediction of the eigensolutions of systems subjected to the FIV was systematically challenging.

Hence, the major proposal of this chapter is to introduce high-order eigenvectors to the
projection basis, which are computed from HPM. These traditional eigensolutions are written
as a series development, coupled with perturbation techniques. The classical QEP is then re-written
in several high-order perturbed eigenvalue problems. However, these problems were shown to be
ill-conditioned and do not allow the computation of the high-order eigenvectors. Thus, the complex
perturbed eigenvectors has to be expressed as a linear combination of the normal eigenvectors corrected
with a static residue, following Wang’s proposal [118]. Finally, the determined homotopy eigenvectors
are iteratively merged with the projection basis. A final step relies on decomposing the complex
eigenvectors according to several methods and to normalise the projection basis once again. This
method was proven to be a generalisation of the traditional projection approach.

The first experiment showed that the high-order eigenvectors greatly improve the precision
and the stability of the eigensolutions compared to the traditional projection method.
Two configurations of the given strategy were tested: for the first one, the number of normal modes
is equal to the number of homotopy eigenvectors; for the second one, the number of normal modes is
twice the number of homotopy eigenvectors. Both configurations perform better than the traditional
method, from one to four decades of improvement for the residue. For the eigensolutions stabilisation,
the first configuration similarly performs compared to the normal modes projection, whereas the
second configuration allows a better stabilisation. This experiment also showed that the stabilisation
can be monitored with the mean real part and the precision with the mean residue.

The second experiment investigated the effects of the orthonormalisation schemes (Gram-Schmidt
and Cholesky) and the decomposition methods (modified real parts and real+imag) over the homotopy
projection basis performance. As shown by the results, a modification of these methods does not influ-
ence the stabilisation of the eigensolutions, whereas the residue is impacted. The Gram-Schmidt,
linked with the Real+Imag decomposition, was found to be the most efficient scheme
to predict the eigensolutions. Nonetheless, the difference between this method and the worst one
is only one decade. Hence, if the numerical cost is of main interest, it is possible to downgrade the
precision of the results to speed up the computation of the eigensolutions.

The third experiment proposed an assessment of the HOPEP algorithm where, at each order,
m homotopy vectors are added, computed from nm normal modes. Besides, during each order, this
normal modes basis is widened until the residue criterion is fullfilled. Considering this algorithm,
three configurations were evaluated. The results showed that the precision of the solutions can
be enhanced by a widening of the normal basis completed by homotopy vectors. By
doing so, the correlation between the first and second homotopy order was the highest for the second
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and third configurations. Similarly, the errors for the eigenvectors computation dropped to 2%, on
average, for the third configuration.

All of these tests have risen confidence about the precision enhancement brought by the HOPEP
algorithm. This improvement comes at an additional numerical cost, which is quantified by the
numerical complexity: O(N3 + nm × d2) for the first homotopy order; O(nm × d2) for the other
homotopy order. For the analysis of different set of parameters of a brake system, this cost is clearly
acceptable if the number of homotopy vectors m and the number of normal modes nm are relatively
low.
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3.1 Introduction

Nowadays, the current trend is to consider uncertainty of the model parameters in numerical analyses
[50, 59] and optimisation processes [123] to improve the predictivity of simulations [41]. The aim is to
increase the reliability and robustness of designs by taking uncertainty of various kinds into account at
the earliest stage of design. Indeed, Sarrouy et al. [67] proposed solving stochastic quadratic eigenvalue
problems using intrusive polynomial chaos expansions and analyse the stability of a simplified brake
squeal model as a function of variable contact stiffness and friction coefficient. Massa et al. [83]
developed a numerical strategy to perform a FIV analysis, while considering model uncertainties using
a fuzzy formalism. In a more targeted way, Lu et al. [124] as well as Renault et al. [2] highlighted
the significant sensitivity of pad surface topographies through specific numerical simulations and
experimental correlations.

In parallel of improving the quality of the results of the solver, all these strategies generate an
additional computational cost. To decrease this computational burden while maintaining the numer-
ical precision, several authors proposed to use Reduced Order Methods or Surrogate modelling. For
instance, homotopy developments in a projection basis [125], the double modal synthesis method [126]
or the generalised modal synthesis with complex modes [46] can be used to improve the quality and
reduce the common burden of additional computations. Other researchers focused their developments
on surrogate modelling, mainly on kriging [51–53, 127]. These works highlight the capabilities of the
Gaussian Process to approximate frequencies and damping rates and to perform accurate sensitivity
analyses.

The deep learning methods, such as Deep Neural Networks [128–130] and Deep Gaussian Pro-
cesses [131, 132] were developed and successfully used to model complex behaviours, considering large
training sets and managing high dimensional problems [133–135]. Recently, Stender et al. [54] pro-
posed to use Deep Neural Network to detect, identify vibrations and predict brake squeal. Kong
et al. [136] optimised Deep Neural Network architecture to detect with high accuracy the fatigue
life of automotive coil springs. The Deep Gaussian Process was used in nuclear simulations [137] to
perform uncertainty propagation and parameter screening, whereas Tagade et al. [138] employed it
as regression for lithium-ion battery health prognosis and degradation mode diagnosis. Next, Hebbal
et al. [135] integrated a Deep Gaussian Process in Efficient Global Optimisation to study different
mathematical problems and an aeronautic application.

Albeit optimal training sets allow efficient surrogate model predictions, approximation errors nat-
urally arise for suboptimal training sets. Traditionally, in engineering applications, these training sets
are generated with space-filling strategies, which might be optimal if the number of samples is suffi-
cient. The curse of dimensionality causes the number of samples needed to construct optimal training
sets to grow exponentially with the number of dimensions. Unfortunately, due to the expensiveness of
each sample, the number of solver evaluations has to be restricted, inducing small suboptimal training
sets.
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The purpose of this chapter is to study the effects of these randomly generated training sets over
the performance of non-linear evolutions of FIV problems, while considering the three aforementioned
surrogate models, that is to say, Gaussian Process (GP), Deep Neural Network (DNN) and Deep
Gaussian Process (DGP). Conclusions about the most relevant hyperparameter setting are drawn
for these surrogate models, and the pertinence of the different models with respect to the sampling
density is addressed.

To highlight the capabilities of the three considered surrogate models, this chapter is organised
as follows. Section 3.2 reminds the testing model, the Double Hulten, and presents the mode pairing
strategy. Then, the surrogate model theory is introduced for the GP, DGP and DNN in Section 3.3.
Section 3.4 assesses the performance of the surrogate model with respect to the friction coefficient,
the driving parameters of the different coupling states. The best and worst hyperparameters are
then studied to highlight the possible downfalls of the given surrogate models. Finally, Section 3.5
studies several uncertain scenarios, where three, five and seven parameters are successively consid-
ered to draw conclusions about the hyperparameter setting and surrogate model performance toward
multiparametric scenarios.

3.2 Dynamics theory

3.2.1 Considered model

The assessment of the capabilities and limitations of the surrogate models presented in Section 3.3 is
done with the Double Hulten [34, 139], shown in Fig. 3.1.

Figure 3.1: Double Hulten model.

The displacement of each mass is given along the X-axis and Y-axis. The contact between the
masses and the bands is supposed to be permanent; the relation between the tangential friction force
FT and the normal friction force FN is linear and given by the Coulomb law (Eq. 3.1).
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FT = µFN (3.1)

Applying the classical Lagrangian formalism, the mass, damping, and stiffness matrices are deter-
mined in (Eq. 3.2).

M =



m1 0 0 0

0 m1 0 0

0 0 m2 0

0 0 0 m2


C =



c12 + ca 0 −ca 0

0 c11 0 0

−ca 0 c22 + ca 0

0 0 0 c21


(3.2)

KΣ =



k12 + ka 0 −ka 0

0 k11 0 0

−ka 0 k22 + ka 0

0 0 0 k21


KNL =



0 µk11 0 0

−µk12 0 0 0

0 0 0 µk21

0 0 −µk22 0



The parameters of the Double Hulten are split into two categories: the system and the contact
parameters; their reference values are recalled in Table 3.1, Table 3.2 and Table 3.3.

Table 3.1
Nominal value of the system parameters of the Double Hulten.

m1 m2 ka ca
(kg) (kg) (N · m−1) (N · s · m−1)

Nominal 1 1 1000 1

Table 3.2
Nominal value of the contact friction and stiffness parameters of the Double Hulten.

µ k11 k12 k21 k22
(N · m−1) (N · m−1) (N · m−1) (N · m−1)

Nominal 0 3000 6000 1000 3000

Table 3.3
Nominal value of the contact damping parameters of the Double Hulten.

c11 c12 c21 c22
(N · s · m−1) (N · s · m−1) (N · s · m−1) (N · s · m−1)

Nominal 1 1 1 1

To determine the eigensolutions (λi,ψi) of the system, the QEP (Eq. 3.3) is solved with the well-
known QZ algorithm, where the mass M, damping C and stiffness K matrices are given in (Eq. 3.2).

(
λ2
iM + λiC + K

)
ψi = 0 (3.3)
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where K = KΣ + KNL.

The coalescence graph of this model when considering the nominal parameters presented in Table
3.1, Table 3.2 and Table 3.3 is given in Fig. 3.2. Three mode couplings are respectively detected for a
friction coefficient of 0.2, 0.57 and 0.84.
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Figure 3.2: Evolution of the eigenvalue components with respect to the friction coefficient.

The imaginary part evolutions of the model eigenvalues are relatively smooth and present small
nonlinearities. Conversely, the real part evolutions of the model eigenvalues are more complex and
exhibit non-stationary behaviour. Indeed, for instance, the first real part eigenvalue is constant on
the majority of the design space, except when the friction coefficient µ is greater than 0.8.

From all eight functions (real and imaginary parts), the second and the third eigenvalues represent
the highest level of complexity. Nonetheless, to efficiently compare the capabilities and limitations of
the considered surrogate model techniques, all of these functions are considered in this chapter.

3.2.2 Mode pairing strategy

Traditionally, the mode pairing strategy hinges on the MAC, given by (Eq. 2.44). When considering
a multiparametric analysis, the strategy is to compare all eigenvectors ψj with a reference set of
eigenvectors (for instance, the nominal values of the parameters of the multiparametric analysis, P̂0)
and construct a family Fi for each mode of the system.

The first limitation comes from the reference set of parameter values P̂0. To be fully efficient, P̂0

must be quite close, in the MAC sense, to any set of parameter values P̂ of the design space D.

Fig. 3.3 shows a comparison between two families (circled in gray), generated with two different
reference sets of parameter values P̂0, depicted by a red star. The blue dots represent the evaluated
configurations ψk and the black arrows represent a pairing with MAC values greater than the threshold.
Fig. 3.3(A) shows a good choice for the reference set P̂0 since the given set is close to any member
of the eigenforms ψk. Conversely, Fig. 3.3(B) exhibits a poor choice since four configurations are not
included into the family F .
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(a) Good reference choice (b) Bad reference choice

Figure 3.3: Reference choice impact over the family construction.

The FIV problems are highly subjected to mode veering [3], which appears when modes are
coupling with each other. The veering is characterised by modes which approach each other and
suddenly veer away. Before the veering, the shape of the mode 1 and the mode 2 are respectively
given by ϕ1 and ϕ2. The modal form at the loci is a linear combination of ϕ1 and ϕ2. After the
veering, the mode 1 is characterised by the shape ϕ2 and the mode 2 by ϕ1. Fig. 3.4 shows an example
of veering.

Figure 3.4: Veering phenomenon [3]

In practice, choosing a veering shape to initialise the pairing strategy creates only one family and
not two. To prevent this issue, the reference has to be a modal form which is not in a superposed
state (either before or after the veering). For squeal problems, only the normal contact state (µ=0)
has the highest probability to be veering-free. Finally, the other parameters are set to the nominal
values, since the uncertainties are always defined around these values.

However, these conditions place the strategy in the state of Fig. 3.3(B), where some configurations
are not paired. To counterbalance this issue, the pairing process is executed iteratively: first, the
process is computed with the red star reference set P̂0. Then, the configurations ψk, which have
just been paired, are added to the reference set P̂0. This set is thus composed of four reference
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configurations for the given example of Fig. 3.3(B). The pairing process is started again until all
configurations have successfully been added to the reference set P̂0 to create the family F .

This strategy is used throughout this thesis for the pairing of the eigenvectors.

3.3 Surrogate modelling theory

3.3.1 Surrogate principle

The main idea behind surrogate modelling is to approximate an expensive function f : D → E , where
D = ∏D

i=1 [Li;Ui] and E is the image of D through the mapping function f ; with a cheaper model.
The variable D represents the number of input parameters, whereas Li and Ui are respectively the
lower and upper bounds of the ith dimension. D and E are respectively subsets of RD and R. To
construct an approximation of the considered function, the surrogate model hinges on the acquisition
of a priori knowledge. This a priori knowledge is given by a training set, from which the statistical
relationship between the inputs and the outputs is deduced.

Let T be a training set such as T = {(xi, yi)|i ∈ J1, nK}, where xi denotes an input vector of
(1 × D) dimension and yi is a scalar corresponding to the image of xi through f . In addition, the
matrix X ∈ Mn,D and the vector Y ∈ Rn contain all the inputs and outputs of the training set T .

Figure 3.5: Surrogate modelling workflow.

Fig. 3.5 shows a flowchart of the surrogate modelling computation. The dotted rectangles represent
the definition of the training set using a space-filling strategy, such as the LHS [140], and the evaluation
of this training set through a simulator. Then, the surrogate model is chosen, and its parameters are
defined. They are commonly divided into two categories: the fixed ones and the optimised ones. The
distinction is done through the consideration of several hypotheses about the training set and the
given simulator. Finally, the surrogate model is fed with the information from the training set to
carry out the predictions.

For a fixed training set, the prediction efficiency and time computation of a surrogate model is
clearly dependent on the setting of its parameters. Consequently, the techniques used to tune these
data are presented in the following subsections for both surrogate models. Throughout this chapter,
the fixed parameters are denoted as hyperparameters, as it can be denoted in the literature, and the
optimised parameters are simply denoted as parameters.
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3.3.2 Gaussian Process

A GP [141] is a stochastic process G, indexed by a set X ⊂ RD, such as any finite number of random
variables is jointly Gaussian: ∀p ∈ N∗,∀X = [X1, · · · ,Xp]T , G(X) ∼ N (µ(X),C(X,X)) with
G(X) = [G(X1), · · · G(Xp)]T, where µ(·) and C(·, ·) respectively stand for the mean and covariance
function of the GP. Using a GP as a surrogate model consists in considering the output prediction,
denoted by the random variable Ŷ, as a realisation of this stochastic process.

Since Ŷ is also Gaussian, its density function is described by its first two momenta µ̂ and ŝ, given
respectively by (Eq. 3.4) and (Eq. 3.5).

µ̂(x∗) = µ(x∗) + C(x∗,X)
[
C(X,X) + σ2

nI
]−1

(y(X) − µ(X)) (3.4)

ŝ(x∗) = C(x∗,x∗) − C(x∗,X)
[
C(X,X) + σ2

nI
]−1

C(X,x∗) (3.5)

where x∗ is any vector defined in D, µ the mean of the GP, C its covariance function, σ2
n the noise of

the data and I, the identity matrix.

Next, considering the covariance function defined by (Eq. 3.6).

C(xr,xs) = σ2
kK(xr,xs) (3.6)

where (r, s) ∈ J1;nK2, σ2
k is the signal variance (also called the noise of the kernel) and K the correlation

matrix (also called kernel function or kernel matrix).

Table 3.4 presents the most common choice for the kernel function. They are presented from the
least smooth to the smoothest. This property has a direct impact on the approximation of functions.
Indeed, the smoothness drives the GP prediction: the more the kernel is non-smooth, the greater the
non-linearity of the prediction will be.

Table 3.4
Kernel functions.

K(xr,xs)

Matern 3/2
(
1 +

√
3 |xr,xs|

)
exp

(
−

√
3 |xr,xs|

)
Matern 5/2

(
1 +

√
5 |xr,xs| + 5

3 |xr,xs|
)2

exp
(
−

√
5 |xr,xs|

)
Exponential quadratic exp

(
−|xr,xs|2

)



Chapter 3. Surrogate modelling of complex eigenvalues of brake systems 60

|xr,xs| :=

√√√√( D∑
i=1

(x(r,i) − x(s,i))2

θ2
i

)
represents the weighted Euclidian distance with θi being a

weight coefficient, called the lengthscale, allowing increasing or reducing the importance of a dimen-
sion.

The common way to optimise the GP parameters is through optimising the model evidence f(Y|X),
which is Gaussian, and determining the Maximum Likelihood Estimator (hereby denoted MLE). The
optimisation is carried out considering the loss function given by (Eq. 3.7). Typically, the MLE
corresponds to parameter values that maximise the probability of the random variable Ŷ.

Loss(Θ) = −n

2 log(2π) − 1
2 log

(
det(C + σ2

nI)
)

− 1
2

(
yT
(
C + σ2

nI
)−1

y
)

(3.7)

where Θ is the vector of lengthscale.

The second term of the sum is the regularisation coefficient that prevents the GP from overfitting.
The third term of the sum corresponds to the terms that try to fit the data.

Table 3.5
GP parameter and hyperparameters.

Name of the quantity Nature of the quantity Associated variable Equation
Data noise Hyperparameter σ2

n (Eq. 3.4)
Mean function Hyperparameter µ (Eq. 3.4)
Signal variance Hyperparameter σ2

k (Eq. 3.6)
Kernel function Hyperparameter K (Table 3.4)
Lengthscale Parameter Θ (Eq. 3.7)

The different surrogate parameters (hyperparameters and parameters) considered for the GP are
summarised in Table 3.5.

3.3.3 Deep Neural Network

A DNN [142] is a deterministic surrogate model composed of artificial neurons. An artificial neuron
corresponds to a coarse and over-simplified version of a brain neuron, called a perceptron [143], and
aims at mimicking the biological phenomenon that generates a signal between two neurons. A DNN
is then obtained by connecting perceptrons with each other and organising them in layers.

Fig. 3.6 shows an example of a neural network architecture. In this case, the input dimension d is
2 and the output dimension is 1. There are two intermediate layers, each composed of four neurons.
The input neurons on the left are associated with the input data (labelled Xd

s ), whereas the output
neuron on the right is associated with the output data (labelled ŷ1

s). The value of a neuron on the
intermediate layers is determined by carrying the linear combinations of the connected neurons from
the previous layer and then applying an activation function ((Eq. 3.8)).
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Figure 3.6: Structure of a neural network.

GD
(i)

i = ϕi(wT
i−1Gi−1) (3.8)

where i ∈ J1; pK, p is the number of hidden layers, D(i), the number of neurons per hidden layer, ϕi, the
activation function of the ith hidden layer, wi = [w1

i · · · wji · · · wD(i)
i ]T , the weight vector associated

with the ith hidden layer, and G = [G1
i−1 · · · Gji−1 · · · GD(i−1)

i−1 ]T , the neuron vector associated with
the previous hidden layer.

Table 3.6
Common activation functions.

ϕ(x)

ReLU max(0, x)

Hyperbolic tangent tanh(x)

Logistic 1
1+exp(−x)

The most common activation functions used in DNN are summarised in Table 3.6. These func-
tions coupled with the architecture of the neural network allow capturing the full complexity of the
considered functions. Nielsen [144] proved that one characteristic of this surrogate model is that it is a
universal approximator. Nevertheless, this strength is also one of its biggest weaknesses. Indeed, this
capacity to increase the complexity of the learning via the increase of neurons in hidden layers can
lead to overfitting [145]. Typically, this overfitting phenomenon is associated with weight values which
are too high. One way to try to remove this flaw is penalising the weight values with a regularisation
coefficient, such as in (Eq. 3.9).

Loss(W) = 1
2n

n∑
i=1

(yi − ŷi)2 + α

2

√√√√√
 p∑
k=1

D(k)∑
j=1

W 2
j,k

 (3.9)
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where W = [w1 · · · wk · · · wp] is the coefficient matrix for which each column corresponds to the
coefficient vector from the ith hidden layer and α the regularisation coefficient.

(Eq. 3.9) gives the loss function used for the neural network. This equation is equivalent to the
least squares method with an additional contribution which allows controlling overfitting. This control
is done by adding all the weight values together and multiplying them with a coefficient which modifies
the impact of the sum on the Loss function. Typically, from the observations made on these considered
functions, a value of α lower than 0.005 corresponds to a small regularisation, between 0.005 and 0.05,
to a medium regularisation and a value above 0.05 corresponds to a strong regularisation. This
hyperparameter has to be tuned cautiously since a high value prevents the surrogate model from
going through the training set points, inducing important error values, and a small value increases
the chance of overfitting.

The optimisation of the weight values linking the different neurons is done via backpropagation
procedure. First, the weight values are initialised randomly. Then, the Loss function is computed
and minimised using a classical gradient descent algorithm. In this research, since the data is scarce,
the optimisation is ensured by an L-BFGS (Limited-memory Broyden-Fletcher-Goldfard-Shanno) al-
gorithm [146–148].

Once the weight matrix is optimised, the prediction is carried with (Eq. 3.10).

ŷ(x∗) = ϕp(ϕp−1(. . . (ϕ1(w1x∗)) . . . )) (3.10)

Table 3.7 summarises the different quantities considered in the DNN surrogate model.

Table 3.7
DNN parameters and hyperparameters.

Name of the quantity Nature of the quantity Associated variable Equation
Activation function Hyperparameter ϕ (Table 3.6)
Weight matrix Parameter W (Eq. 3.8)
Number of hidden layers Hyperparameter p (Eq. 3.10)
Number of neurons per hidden layer Hyperparameter D(i) (Eq. 3.8)
Regularisation coefficient Hyperparameter α (Eq. 3.9)

3.3.4 Deep Gaussian Process

The DGP is a recent class of surrogate models [131, 132, 149] and is inspired by the Deep Learning
theory. The main idea is to capture complex variations of the underlying function by decomposing
the information embedded in the training set, i.e through nested structures. Thus, the DGP hinges
on neurons and layers, being a stack of GPs.
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Hence, a random vector Hℓ (Eq. 3.12) is introduced for each layer of the DGP. This random vector
is defined by a GP Gℓ given by (Eq. 3.11). This prior hinges on the fundamental assumption that the
current layer is only conditionally dependent on the previous layer random vector Hℓ−1.

Gℓ(Hℓ−1) ∼ N (µ(Hℓ−1), C(Hℓ−1,Hℓ−1)) (3.11)

for ℓ ∈ J1, LK, H0 = X and L is the number of hidden layers. µ and C are respectively the mean and
the covariance function of the ℓth layer.

Hℓ =



Hℓ
1,1 · · · Hℓ

1,j · · · Hℓ
1,D(ℓ)

... . . . ... . . . ...

Hℓ
i,1 · · · Hℓ

i,j · · · Hℓ
i,D(ℓ)

... . . . ... . . . ...

Hℓ
n,1 · · · Hℓ

n,j · · · Hℓ
n,D(ℓ)


(3.12)

where D(ℓ) is the number of neurons per hidden layer.

These priors are quite expensive to compute since they involve an inversion of the covariance matrix
C(Hℓ−1,Hℓ−1)) which is O(n3) for each layer of the surrogate model. To reduce the computational
cost of the matrix inversion, the pseudo-inputs [150] (also called inducing points in the literature) are
introduced. The main idea behind this trick is to increase the probability space with non-observed
points which will, to a certain extent, summarise the data and reduce the cost of the inversion to
O(m3), where m is the number of pseudo-inputs. For significant effects, m has to be a lot smaller
than n when considering large training sets. If the number of samples is small, this number can be
chosen with more flexibility.

For each layer, a random vector Uℓ and a set of pseudo-inputs, denoted Zℓ, are introduced. The
random vector Uℓ is defined using the aforementioned GP ((Eq. 3.13)).

Gℓ(Zℓ−1) ∼ N (µ(Zℓ−1), C(Zℓ−1,Zℓ−1)) (3.13)

where ℓ ∈ J1, LK and Zℓ = [zℓ1,1, ..., zℓm,D(ℓ) ]T .

Fig. 3.7 graphically exhibits how the different random variables interact with each other. The
straight green circles correspond to variables which are strictly Gaussian. The dashed orange circles
correspond to variables that are not conditionally Gaussian, and the blue rectangles symbolise the
conditioning process. In addition, each layer is conditionally independent to the others.

From this additional assumption, the model evidence f(Y|H0) can be written as (Eq. 3.14) and
similarly to the GP, it is optimised to obtain optimal values for the parameters.
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Figure 3.7: Structure of a DGP.

log
(
f(Y|H0)(y)

)
= log

(∫
Uℓ

∫
Hℓ
f(Y,Hℓ,Uℓ|H0)(y, hℓ, uℓ|h0)dHℓdUℓ

)
= log

(∫
Uℓ

∫
Hℓ
f(Y|HL)f(Hℓ|Hℓ−1,Uℓ)f(Uℓ)dHℓdUℓ

)
(3.14)

where Hℓ := {Hℓ}Lℓ=1, Uℓ = {Uℓ}Lℓ=1,
∫

Hℓ :=
∫

HL · · ·
∫

H1 ,
∫

Uℓ :=
∫

UL · · ·
∫

U1 and f(Hℓ|Hℓ−1,Uℓ)f(Uℓ) :=
L∏
ℓ=1

f(H
ℓ
|H

ℓ−1,Uℓ
)f(U

ℓ
).

This model evidence can be decomposed into two parts. The first member of the integrand
f(Y|HL) corresponds to the likelihood of the data. The second member f(Hℓ|Hℓ−1,Uℓ)f(Uℓ) is the DGP
prior. Unfortunately, this prior is not analytically tractable due to the successive inversion of the
covariance matrix C(Hℓ−1,Hℓ−1) which prevents the computation of the conditional density function
f(Hℓ|Hℓ−1,Uℓ).

Following a variational inference approach, the variational distribution q(Hℓ,Uℓ), reminded in
(Eq. 3.15), is introduced to remove this issue of tractability. The representativeness of the distri-
bution is maintained over the conditional density function f(Hℓ|Hℓ−1,Uℓ) and the approximation is
carried out on the inducing variables.

q(Hℓ,Uℓ) =
L∏
ℓ=1

f(Hℓ|Uℓ,Hℓ−1)q(Uℓ) (3.15)

where q(Uℓ) is the variational distribution of Uℓ and is Gaussian distributed with (Uℓ)q ∼ N (mℓ,Sℓ).
The subscript q refers to the variational nature of the distribution describing the random variable.
mℓ and Sℓ are the mean and the variance of Uℓ.
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The inducing variables can be marginalised to obtain the variational distribution of Hℓ which is
still Gaussian distributed with the mean given by (Eq. 3.16) and the variance given by (Eq. 3.17).

µ̃ℓ = µ(Hℓ−1) + A(mℓ − µ(Zℓ)) (3.16)

Σ̃ℓ = CHH − A(CZZ − Sℓ)AT (3.17)

where A = CHZC−1
ZZ , CHZ = C(Hℓ−1,Zℓ−1), CZZ = C(Zℓ−1,Zℓ−1) and CHH = C(Hℓ−1,Hℓ−1)

Thus, due to the conditional dependence of each layer given the previous layer, the computation
of a realisation of the density function (HL) is carried out by propagating the given input x through
each layer.

Combining (Eq. 3.15) with (Eq. 3.14) gives the logarithmic mathematical expectation of the model
evidence over the variational distribution of inducing variables ((Eq. 3.18)).

log
(
f(Y|H0)(y)

)
= log

(∫
Uℓ

∫
Hℓ
f(Y|HL)f(Hℓ|Hℓ−1,Uℓ)f(Uℓ)

q(Hℓ,Uℓ)
q(Hℓ,Uℓ)

dHℓdUℓ

)

= log
(∫

Uℓ

∫
Hℓ
q(Hℓ,Uℓ)f(Y|HL)

f(Uℓ)
q(Uℓ)

dHℓdUℓ

)

= log
(
E(Hℓ,Uℓ)q

[
f(Y|HL)

f(Uℓ)
q(Uℓ)

])
(3.18)

Since the logarithmic function is a concave function, the Jensen’s inequality [151] can be used to
obtain a lower bound of the model evidence.

log
(
f(Y|H0)(y)

)
≥ E(Hℓ,Uℓ)q

[
log

(
f(Y|HL)

f(Uℓ)
q(Uℓ)

)]

≥ E(Hℓ,Uℓ)q

[
log

(
f(Y|HL)

)]
+ E(Hℓ,Uℓ)q

[
log

(
f(Uℓ)
q(Uℓ)

)]

≥ E(HL)q

[
log

(
f(Y|HL)

)]
+ E(Uℓ)q

[
log

(
f(Uℓ)
q(Uℓ)

)]

≥ E(HL)q

[
log

(
f(Y|HL)

)]
−

p∑
ℓ=1

DKL

(
q(Uℓ)||f(Uℓ)

)
(3.19)

where DKL is the Kullback-Leibler divergence between the variational and the true distribution of
Uℓ.
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The lower bound given by (Eq. 3.19) is called the Efficient Lower BOund (hereby denoted ELBO)
and provides a tight bound for the model evidence. The Kullback-Leibler divergence is in closed form,
since both distributions are Gaussian distributed. Nevertheless, the tractability of the first term is
dependent of the type of likelihood chosen. Indeed, for the Gaussian and Poisson likelihood, this term
can be determined analytically. Otherwise, a Gaussian quadrature or a Monte Carlo sampling can be
used. For either case, the computation of the first term is done by propagating each instance into the
surrogate model.

Considering the expectation of the likelihood given the variational distribution, the first ELBO
term becomes (Eq. 3.20), since each sample from the training set T is independent.

E(HL)q

[
log

(
f(Y|HL)

)]
= E(UL

s )q

[
log

(
f(ys|HL

s )

)]
(3.20)

where (UL
s )q is a realisation of the variational distribution of UL for the sample xs, ys is the image

of xs through the function f and (HL
s )q is a realisation of the distribution of HL for the sample xs.

In addition, the re-parameterisation trick, introduced by Rezende et al. [152] and Kingma et al.
[153], in the context of Bayesian Inference, is considered and given by (Eq. 3.21). This trick allows a
better optimisation of variational distributions.

Hℓ
s = µ̃(Hℓ−1

s ) + ϵℓs

√
Σ̃(Hℓ−1

s ,Hℓ−1
s ) (3.21)

where ϵℓs is a Gaussian-distributed random variable given by (ϵℓs) ∼ N (0, I) with I being the identity
matrix.

Considering this trick and (Eq. 3.20), the ELBO reduces to (Eq. 3.22).

ELBO = E(ϵLs )

[
log

(
f(ys|HL

s )

)]
−

L∑
ℓ=1

DKL

(
q(Uℓ)||f(Uℓ)

)
(3.22)

where HL
s is determined with (Eq. 3.21). The analytical forms for both terms are given in (Eq. B.1)

and (Eq. B.2).

Once the parameters are optimised, the prediction is done by propagating vectors x∗ through
the surrogate model with (Eq. 3.23). Since (HL) is not Gaussian distributed and depends on the ϵℓs
random variable, T samples are drawn from its distribution and then averaged.

q(HL
∗ ) = 1

T

T∑
t=1

q(HL
t ) (3.23)

where q(HL
t ) is the tth realisation of the variational distribution of (HL).



Chapter 3. Surrogate modelling of complex eigenvalues of brake systems 67

Table 3.8
DGP parameters and hyperparameters.

Name of the quantity Nature of the quantity Associated variable Equation
Hidden layer number Hyperparameter p (Eq. 3.11)
Neuron number Hyperparameter D(ℓ) (Eq. 3.6)
Pseudo-inputs number Hyperparameter m (Eq. 3.13)
Kernel Hyperparameter K (Table 3.4)
Likelihood Hyperparameter f(Y|HL) (Eq. 3.14)
Lengthscale Parameter (Deterministic) Θℓ (Eq. 3.6)
Pseudo-inputs locations Parameter (Deterministic) Zℓ (Eq. 3.13)
Signal variance Hyperparameter σ2,ℓ

k (Eq. 3.6)
Data noise Hyperparameter σ2

n (Eq. B.1)
Mean function Hyperparameter µℓ (Eq. 3.16)
Variational mean Parameter (Variational) mℓ (Eq. 3.15)
Variational covariance matrix Parameter (Variational) Sℓ (Eq. 3.15)

Table 3.8 summarises the different quantities considered in the DGP surrogate model. The hyper-
parameters and parameters in italics are repeated for each layer. The signal variance and data noise
are fixed, invoking the same reasons as for the GP.

3.4 Analysis of the performance of the surrogate for a one-
dimensional problem

3.4.1 Preamble

The aim of this section is to account for the performance of the surrogate models presented in Section
3.3, when considering the approximation of the four complex eigenvalues of the Double Hulten. To
do so, the effects of the hyperparameter setting are thoroughly studied.

The most challenging one-dimensional configuration is considered by taking the friction coefficient
as an input variable. This parameter generates non-linear behaviours and asymmetries in the contact
matrices, and is, thus, the most complex parameter to manage.

Finally, for engineering applications, small training sets (about 200 to 300 samples max.) are
mandatory to maintain the computational cost compliant with industrial process. Hence, the number
of samples used to train the surrogate models is restrained following this limitation. The samples
number is parameterised with regard to the number of dimension to give a reference for the comparison
of scenarios with different number of dimensions.
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3.4.1.1 Toolboxes and hyperparameter setting

The current applications are based on different Python toolboxes. The GP model is constructed with
the GPFlow toolbox [154] and its parameters are optimised using the LBFGS algorithm [146–148].
Next, the DGP model is generated with the Doubly Stochastic toolbox [132] and its deterministic
parameters, namely the location of the pseudo-points and the lengthscales of the kernel of each
layer, are optimised using Adam [155]. With regard to the variational parameters, namely the mean
and variance matrix of each layer, they are optimised using the Natural Gradient descent method,
introduced by Salimbeni et al. [156]. For the DNN, the Scikit-Learn toolbox [157] is used, and the
optimisation is carried out with the LBFGS algorithm.

Some of the hyperparameters, reminded in Table 3.5, Table 3.7 and Table 3.8, are put aside in
this chapter and are not studied based on the following reasons. Since the solver is exact and the
data is standardised, there is no need to optimise the data noise and signal variance with respect
to the loss function. Following Ginsbourger’s conclusions [158], for the GP and the DGP, the mean
function is not considered and taken to be Zero function. As for the number of DGP pseudo-inputs,
Salimbeni’s formalism [132] does not allow inferring an optimal number, but rather to impose a user
selection of this number. Concerning the likelihood, it is also user defined and carries the hypothesis
on the relationship between the output and the realisation of the DGP. Finally, for the DNN, the
regularisation is traditionally set to 0.0001 [157].

Table 3.9 summarises the fixed hyperparameters of the study with their associated values.

Table 3.9
Fixed hyperparameters for the GP, the DNN and the DGP.

Surrogate model Hyperparameter name Symbol Equations Value
GP Signal variance σ2

k (Eq. 3.6) 1
GP Data noise σ2

n (Eq. 3.4) 10−6

GP Mean function µ (Eq. 3.4) Zero ()
DNN Regularisation α (Eq. 3.9) 0.0001
DGP Pseudo-inputs number m (Eq. 3.13) n
DGP Likelihood f(Y |HL) (Eq. 3.14) Gaussian
DGP Signal variance σℓk (Eq. 4.3) 1
DGP Data noise σ2

n (Eq. B.1) 10−3

DGP Mean function µℓ (Eq. 3.16) Zero ()

Similarly, the parameters of the optimisers are given in Table 3.10.

3.4.1.2 Experimental protocol

The approximated functions are given in Section 3.2.1 and correspond to the real and imaginary
parts of the four eigenvalues of the Double Hulten. As mentioned earlier, the friction coefficient is
considered variable, while the other parameters are fixed, following the values of Table 3.9. Ten
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Table 3.10
Optimisation parameters for the DGP.

Optimizer Name Value

Adam

Step 10−3

Learning rate (Alpha) 0.8
First moment decay rate (Beta) 0.8

Epsilon 10−8

Natural Gradient Step 10−3

randomly distributed training sets are generated for three different sizes: 6, 10 and 15 samples per
dimension, using an LHS.

Considering the surrogate model definition and the remaining hyperparameters (Table 3.11), sev-
eral values are tested to evaluate the performance of each surrogate model depending on its setting
and the number of samples used for training.

Table 3.11
Studied hyperparameters for the three surrogate models.

Surrogate Kernel/Activation function Hidden layers Neurons
GP RBF, Matern 3/2 (M32), Matern 5/2 (M52) - -
DNN ReLU, Tanh, Logistique J1, 4K {50,100,150,200,250,300}
DGP Matern 3/2 (M32), Matern 5/2 (M52) J1, 4K 1-3-7-10

For the GP, only the kernel is taken into account here. For the DGP and DNN, the deep nature
of these surrogate models requires a more complex architecture than the one of the GP. Thus, a
parametric study of the definition of hidden layers and associated neurons per layer is carried out in
addition to the analysis of the kernel/activation functions. The RBF function is put aside for the
DGP due to non-convincing results. The DGP architecture values were chosen with regard to the
literature [131, 132, 135] and the DNN was set according to many tests.

For the GP and DGP, the lengthscale is initialised at a value of 1, while the weight of the DNN are
randomly initialised. These quantities are then optimised, considering the optimisation algorithms,
presented in Section 3.4.1.1.

As the purpose is here to assess the surrogate performance over the entire model, the whole
spectrum is considered. Nonetheless, each real and imaginary parts of the eigenvalue is assumed to
be independent, inducing one surrogate training per quantity of interest. A CRMSE criterion, given
by (Eq. 3.24), is used to account for the whole spectrum approximation capabilities. To validate our
different predictions, a validation set of 10,000 values is defined.

CRMSE =

√√√√√√√
t∑

j=1

ntest∑
i=1

(yij − ŷij)2

t× ntest
(3.24)
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where ntest is the number of test values and t, the number of considered eigenvalues to approximate.
Then, yij and ŷij are the reference and the surrogate approximation values for the ith sample of the
jth eigenvalue.

3.4.2 Best hyperparameter setting for small training sets

3.4.2.1 Performance overview

Fig. 3.8 presents the CRMSE range of variation for the ten randomly distributed training sets –
the min-max bounds are given with squares, while the mean performance over the training sets is
displayed with a circle. In addition, the results considering the sample density (6, 10 and 15 samples)
are respectively shown in red, blue and black interval performance. For all the tested hyperparameter
setting, the CRMSE value is compared, and the configurations associated with the lowest CRMSE
value is denoted the best configuration. This analysis is carried out on the averaged CRMSE over the
training set.

The real and imaginary approximation performance are displayed on the left and right side of each
figure. Finally, a color map is added in the background to denote the interpretation of the CRMSE: a
CRMSE value greater than 1 is associated with a bad performance, while a CRMSE value lower than
0.5 is linked to a good performance. Between these two bounds, the results are mitigated and cannot
be considered efficient nor bad.

(a) Gaussian Process (b) Deep Gaussian Process

(c) Deep Neural Network

Figure 3.8: CRMSE range of variations for the best hyperparameter setting of the three considered
surrogate models.
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Observations

First, considering the best hyperparameter setting, the best surrogate model is clearly the DNN:
whatever the training set size, the mean performance over the ten training sets is associated with a
good CRMSE for the real part approximation, or at least a mitigated CRMSE (6 samples) and then
a good CRMSE (10 to 15 samples) for the imaginary part.

With regard to the DGP, the overall performance is slightly better than for the GP. Indeed, for 6
samples, both surrogate models almost perform identically. For the approximation of the real parts
with 10 samples, the DGP provides a better approximation since both mean and maximum CRMSE
are linked to a good CRMSE value (resp. 0.35 and 0.48). Conversely, the GP slightly performs worse
by providing a mean CRMSE of 0.61 and a maximum CRMSE of roughly 1. For other scenarios, the
results differ few.

Finally, the real part approximations are more sensitive to the sample distribution, especially for
the GP and the DNN. Indeed, the min-max bounds of the first surrogate roughly spread about 0.3
CRMSE points, while the latter bounds spread about 0.6. Conversely, the DGP allows more stable
approximations since the bounds spread are roughly 0.1 CRMSE points.

Table 3.12 exhibits the hyperparameter settings that led to the mean CRMSE, shown in Fig. 3.8.
These best settings are determined by taking the mean trend of the surrogate model performance over
all the considered training sets. Typically, a hyphen is put for surrogate models where no particular
mean trend can be emphasised, highlighting the instability of the given surrogate model toward its
hyperparameter setting. Moreover, for the DNN and the DGP, the values in the brackets give the
number of hidden layers and neurons. The bold text of Table 3.12 highlights the following observations
about the best hyperparameter setting.

Table 3.12
Best hyperparameter setting of GP, DGP and DNN.

Surrogate model Training set size 6 points 10 points 15 points
Approximated function Real Imag. Real Imag. Real Imag.

GP Kernel M32 M32 M52 M32 M32 M32

DGP Kernel M32 M32 M32 M32 M32 M32
Architecture (4,10) (2,10) (2,7) (3,7) (2,10) (1,10)

DNN Activation function ReLU ReLU ReLU Tanh Tanh Tanh
Architecture (4,150) - (4,300) - - -

The GP and DGP exhibits the highest performance when the Matern 3/2 is used, whatever
the considered approximated functions. For the architecture of the DGP, the best hyperparameter
setting is almost always associated with a medium deep structure. Finally, for the DNN, the
results are rather mitigated. Indeed, the performance for the small density sample distribution (real
and imaginary approximation) and the medium density sample distribution is maximised when the
ReLU activation function is considered; however, for the other considered scenarios, the Tanh is
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needed. In addition, no particular trend has been highlighted for the imaginary approximation with
regard to the hidden layer and neurons settings of the DNN.

Discussions

The results of the kernel functions are in a way relevant with the mathematical properties of these
functions. Indeed, the Matern 3/2 is only once differentiable, making it highly rough. The roughness
of this function allows the surrogate model to deal with higher non-linearities than the RBF, which is
infinitely differentiable and therefore highly smooth. This property is, thus, highly interesting while
dealing with friction-induced vibration problems due to the non-linearities involved in the models.

For the DNN, the hyperparameter setting instability is one of the main flaw of this surrogate
model. Indeed, this issue enforces the user to evaluate numerous configurations to find the best one.
This causes that no conclusion can be drawn towards the hyperparameter setting of this surrogate.
Some authors [159, 160] tried to tackle this issue, but it is still an open research.

3.4.2.2 Sample distribution density effect

Fig. 3.9 proposes an assessment of the approximation quality with respect to the sample distribution
density for a given training set. The first row of Fig. 3.9 (from (A) to (C)) corresponds to the
approximation with 6 samples; the second row of Fig. 3.9 (from (D) to (F)), with 10 samples; and the
final row of Fig. 3.9 (from (G) to (I)), with 15 samples. The hyperparameters used for training the
surrogate models are given in Table 3.12.

First, whatever the training set size, the prediction of each surrogate model is merely identical,
except for the 10 samples (Fig. 3.9 (D) to (F)) where the approximations are slightly different for a
friction coefficient between 0.8 and 1.

Moreover, as the use of a 6 samples training set allows a coarse prediction of the behaviour of the
considered function, a 10 samples training set gives a rather good approximation. The 15 samples
training set generates a perfect prediction, but the additional computation cost for computing the 5
additional samples is not justified, considering the given increase of precision.

Table 3.13
CRMSE values with respect to the sampling density for each surrogate model.

Gaussian Process Deep Gaussian Process Deep Neural Network
6 samples 0.91 0.518 0.666
10 samples 0.57 0.357 0.206
15 samples 0.119 0.113 0.128

Table 3.13 shows the CRMSE values for the configurations considered in Fig. 3.9. The previous
observations are confirmed by the numerical values of the CRMSE, namely that, for 15 samples, each
surrogate model provides the same level of performance; and that, for 10 samples, the approximation
is fair enough for any surrogate model.
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(a) Gaussian Process (6
points)

(b) Deep Gaussian Process (6
points)

(c) Deep Neural Network (6
points)

(d) Gaussian Process (10
points)

(e) Deep Gaussian Process
(10 points)

(f) Deep Neural Network (10
points)

(g) Gaussian Process (15
points)

(h) Deep Gaussian Process
(15 points)

(i) Deep Neural Network (15
points)

Figure 3.9: Comparison of each surrogate model approximation with respect to the sampling density.

3.4.3 Worst hyperparameter setting for small training sets

3.4.3.1 Performance overview

Fig. 3.10 presents the CRMSE range of variation for the ten randomly distributed training sets in
a similar way than for the best hyperparameter setting. For all the tested hyperparameter setting,
the CRMSE value is compared and the configurations associated with the highest CRMSE value is
denoted the worst configuration. This analysis is carried out on the averaged CRMSE over the training
set.

Observations

First, for the DGP and the DNN, the real part approximations are clearly acceptable when the number
of samples is greater than 10 points, even with a bad hyperparameter setting. Indeed, for the DNN,
the worst performance of the mean approximation of the real part is always associated with a good
CRMSE value. Conversely, for the DGP, it is at least linked to a mitigated CRMSE value.
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(a) Gaussian Process (b) Deep Gaussian Process

(c) Deep Neural Network

Figure 3.10: CRMSE range of variations for the worst hyperparameter setting of Gaussian Process
(A), Deep Gaussian Process (B) and Deep Neural Network (C).

However, for the GP approximation, the results are more problematic. Indeed, for the first surro-
gate model, the CRMSE range of variation is wider for a sample number of 15 than for the smaller
training set sizes. For instance, the range of variations are respectively about 1 CRMSE point and
3 CRMSE points, for the approximations of the real and imaginary parts. With regard to the DNN
imaginary part approximations, the results are also problematic, whatever the training set size. The
CRMSE is even greater than 10 for 6 training samples.

Table 3.14 shows the hyperparameter settings that led to the mean CRMSE, shown in Fig. 3.10.
The procedure is similar to the one explained for Table 3.12.

Table 3.14
Worst hyperparameter setting of GP, DGP and DNN.

Surrogate model Training set size 6 points 10 points 15 points
Approximated function Real Imag. Real Imag. Real Imag.

GP Kernel RBF RBF RBF RBF RBF RBF

DGP Kernel function M52 M52 M52 M52 M52 M52
Architecture (3,10) (4,10) (3,10) (4,10) (4,10) (4,10)

DNN Activation function TanH ReLU Logistique ReLU Logistique ReLU
Architecture (4,200) (4,300) - (4,200) - (4,200)

The worst GP and DGP settings are stable with regard to the kernel function. Whatever the
considered approximated functions, the RBF (resp. the Matern 5/2) gives the worst results. For
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the architecture of the DGP and the DNN, deeper structures cause the worst approximations,
since the worst hyperparameter setting is associated with 4 hidden layers for both surrogate models.
The DNN produces unstable approximation results, especially for the real prediction with 10 and 15
samples, where no particular hyperparameter setting has clearly been identified.

Discussions

The instability of the hyperparameter setting of the DNN is highlighted for the worst setting. Here,
the ReLU activation function generates bad approximations, especially for the imaginary functions.
This can be easily explained by the characteristics of the activation function. Indeed, the ReLU cannot
be differentiated due to the use of the maximum operator. Consequently, it is more adapted to highly
non-linear approximations. Here, the imaginary functions are the frequencies of the studied problem,
which remain relatively smooth, despite the (large) variation of the friction coefficient.

Conversely, the DGP exhibits more stable results than the DNN. The performance for the worst
hyperparameter setting is pretty close to the performance with the best setting. For instance, the
approximation of the imaginary functions with 10 samples generates an error of 0.42 with the best
setting, while an error of 0.5 is generated with the worst setting.

Finally, the observations about the roughness of the kernel functions are still valid here since the
smoothest functions (the RBF and the Matern 52) generate the worst approximations, respectively,
for the GP and the DGP.

The next section focuses on the two scenarios where the GP and the DNN produce erroneous
predictions. The purpose is to highlight the consequence of the issue of both surrogate models over
their approximation capabilities and to compare with the DGP approximation.

3.4.3.2 Erroneous predictions for GP and DNN

Fig. 3.11 focuses on a limitation of GP surrogate model for specific training sets. The GP prediction
Fig. 3.11(A) is constant on the majority of the design space, except at the vicinity of the samples of
the training sets. Hence, this deceptive approximation clearly affects the predictivity of the surrogate
model, yielding it unusable in this case. However, when a deep architecture is taken into account, this
problem of deceptive approximation does not appear. For both other surrogate models, the prediction
is almost perfect.

Similarly, Fig. 3.12 highlights a limitation of the DNN surrogate model that appears with 6 samples,
but can appear whatever the considered training set. Whereas GP and DGP approximation are almost
similar and quite efficient with regard to the training set information, the DNN does not give a good
approximation at all. Indeed, between each sample, the prediction is highly fractured.

This phenomenon is called overfitting and has first been emphasised by Runge [145]. In a nutshell,
the overfitting corresponds to the case when the surrogate model becomes very efficient to explain
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(a) Gaussian Process (15 samples) (b) Deep Gaussian Process (15 samples)

(c) Deep Neural Network (15 samples)

Figure 3.11: Comparison of each surrogate model prediction for a faulty GP setting.

the training set, but cannot explain other set of samples (namely the test set). Consequently, the
prediction oscillates quickly, and the surrogate model is unusable. This issue is known to be frequent
with neural network [142, 161]. This is still an open research field, although many methods have been
proposed to overcome this phenomenon [159, 160].

3.4.4 Conclusions

This section showed that, considering an optimal hyperparameter setting, the approximation provided
by the surrogate models are interchangeable and any of them can be used. In addition, the optimal
sample density is showed to be 10 samples per dimension since it allows a good representation of the
design space, while limiting the computational cost.

For the hyperparameter setting, the GP and the DGP were showed to be pretty stable. Indeed,
for both surrogate models, the Matern 3/2 corresponds to the best kernel function. For the DGP,
a mid-deep structure gave the most efficient approximations. For the DNN, the results were more
mitigated. Indeed, no clear conclusions were drawn from these results, and a good hyperparameter
setting for a given training set can become a bad setting for another sample distribution. This enforces
the user to evaluate a lot of configurations to find the most efficient one.

Consequently, the DNN is set aside due to its instability with respect to the hyperparameter
setting, whatever the number of samples in the training set and the quantity to approximate. In
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(a) Gaussian Process (6 samples) (b) Deep Gaussian Process (6 samples)

(c) Deep Neural Network (6 samples)

Figure 3.12: Comparison of each surrogate model prediction for a faulty DNN setting.

addition, the DNN does not provide a direct measure of the modelling uncertainty (the variance of
GP and DGP), which will be important for the use of Bayesian Optimisation in the following chapters.
It is possible to obtain a substitute to the variance when using the DNN, but the implementation is
more complex.

3.5 Applications of Gaussian Processes and Deep Gaussian Pro-
cesses in a multiparametric analysis

3.5.1 Hyperparameter setting of the Deep Gaussian Process in a multiparame-
teric analysis

3.5.1.1 Preamble

This section aims at highlighting the evolution of the DGP performance with respect to the dimension-
ality of the problem. Many tests showed that, unlike the GP, the hyperparameter setting conclusions
on the 1-dimensional problem do not extend to n-dimensional problems. Thus, a discussion on the
optimal architecture of the DGP is done to emphasise the relation between the system parameters
and the capacity of the DGP to efficiently approximate the whole frequency spectrum.
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To do so, the analysis is decomposed into two steps: first, the approximation of the eigenvalues
of the Double Hulten model is considered with five variable parameters. Then, three scenarios are
studied with three, five and seven variable parameters.

3.5.1.2 Five-dimensional study

The following parameters of the Double Hulten are considered variable: m1, m2, ka, ca and µ, with
a variation of ± 10 %, except for the friction coefficient, which varies between 0 and 1. The first
four parameters are similar to the structural parameters of a real brake system. With regard to the
training set T , used to train the surrogate model, ten sets, composed of 50 samples (10 per parameter)
are randomly generated using an LHS. A DGP is built for different hidden layers and neurons setting.

Observations

Table 3.15 and Table 3.16 shows the CRMSE values for the DGP prediction over an MC sampling
of 10,000 reference samples. The values for the hidden layers and neurons setting are given in these
tables.

Table 3.15
CRMSE for real part approximations.

Neurons Hidden layers
1 2 3 4

1 6.29 6.13 6.23 6.29
3 4.35 4.33 4.32 4.32
5 0.468 0.469 0.47 0.47
7 0.467 0.469 0.478 0.478
10 0.467 0.468 0.491 0.489

Table 3.16
CRMSE for imaginary part approxima-

tions.

Neurons Hidden layers
1 2 3 4

1 6.159 6.033 6.098 6.003
3 4.266 4.242 4.241 4.269
5 0.448 0.454 0.46 0.459
7 0.448 0.454 0.458 0.457
10 0.448 0.454 0.455 0.459

First, two levels of performance are highlighted in these tables. The DGP provides bad approxima-
tions when the number of neurons is lower or equal to 3. Conversely, when the number of neurons is at
least equal to 5, the approximations are efficient for both real and imaginary parts of the eigenvalues.

Secondly, the performance is quite stable over the number of neurons and the number of hidden
layers, with a CRMSE around 0.47 for the real part and around 0.45 for the imaginary part. Thus,
one hidden layer is sufficient to provide efficient approximations.

From the analysis of the previous results, the number of neurons has to be at least set to 5, which
corresponds to the number of parameters taken into account, for either the real or the imaginary part
approximations. To validate this assertion, the following section focuses on the study of scenarios
which involve several variable parameters.
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3.5.1.3 N-dimensional study.

The three considered scenarios are the following ones:

• 3 input parameters: m1, m2 and µ ;

• 5 input parameters: m1, m2, ka, ca and µ ;

• 7 input parameters: k11, k12, k21, k22, ka, ca, and µ.

Similarly to the previous test, for the performance evaluation, 10 training sets are randomly
generated with 10 samples per input parameter (30, 50 and 70 samples on overall for each scenario).

Table 3.17
CRMSE for real part approximations with 3D, 5D and 7D scenarios.

3D 5D 7D
Neurons CRMSE Neurons CRMSE Neurons CRMSE

1 6.355 1 6.29 1 6.219
2 4.349 3 4.35 3 5.319
3 0.491 5 0.468 5 4.722
4 0.491 7 0.467 7 0.541
5 0.491 10 0.467 10 0.541

Table 3.18
CRMSE for imaginary part approximations with 3D, 5D and 7D scenarios.

3D 5D 7D
Neurons CRMSE Neurons CRMSE Neurons CRMSE

1 6.079 1 6.159 1 5.876
2 3.915 3 4.266 3 4.969
3 0.471 5 0.448 5 4.101
4 0.471 7 0.448 7 0.537
5 0.471 10 0.448 10 0.538

Observations

The CRMSE values for each configuration and each scenario are given in Tables 3.17 and 3.18. The
assertion of the previous section is validated by those results since, for the 3D scenario, the number
of neurons has to be at least 3, and, for the 7D scenario, it should at least be 7.

Discussions

This observation has a strong implication: the formalism of the DGP used in this research is not
capable of doing dimension reduction. This limitation of the considered DGP allows stating a rule of
thumb about the setting of the DGP: the number of neurons has to be at least equal to the number
of parameters.
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Moreover, taking a number of neurons greater than the number of parameters also yield efficient
results, but, due to the stability of the DGP, its performance is not improved. In the studied applica-
tions, one hidden layer provides good performance for the surrogate model approximations. It limits
the computational cost induced by the inference of deeper and deeper models.

3.5.2 Comparison between GP and DGP performance

This section compares the prediction of the GP using the best hyperparameter setting, highlighted
in Section 3.4.2 and 3.5.1. To do so, the same experimental procedure than the one of the previous
section is used, meaning 10 randomly generated training sets with 10 points per dimension, for three
scenarios: 3, 5 and 7 parameters.

Table 3.19
Comparison between the GP and DGP CRMSE for real and imaginary part approximations with 3D,

5D and 7D scenarios.

GP DGP
3D 5D 7D 3D 5D 7D

Real 0.53 0.479 0.56 0.491 0.468 0.541
Imag. 0.51 0.464 0.55 0.471 0.448 0.537

Observations

Table 3.19 shows the CRMSE value for each surrogate approximation. The DGP performs better
than the GP, whatever the considered scenario or the approximated quantity (real or imaginary).
Nonetheless, the improvements brought by the DGP are small, roughly 0.2 points of CRMSE value.

Discussions

This observation arises some concerns about the relevance of the DGP, used for the approximation
of the eigenvalues of an FIV problem. Indeed, all the tests performed in Section 3.4 and 3.5 proved
the efficiency of the DGP; however, the computational cost of training this surrogate model is high.
For instance, a GP shows a training time of less than 1 second. The DGP training time is highly
dependent on its architecture and the dimensionality of the problem. For these tests, in a one-
dimensional problem, the training lasted 2 minutes to 30 minutes, on average; for a 5-dimensional
problem, the training lasted 2 hours to 6 hours. Obviously, this training cost can be leveraged by using
heavy parallelism, but, because of the precision improvement, using the DGP may not be relevant for
FIV problems.

Two main reasons can be invoked to justify this weak improvement of precision. The first one is
that, in the literature, the majority of works on DGP [131, 133, 149] use a great amount of samples
(from 39 to 5081 samples per dimension in [132], for instance). These training set sizes are not
reachable for our kind of application, especially with industrial models, and the DGP may not have
sufficient data to be trained.
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A second explanation is that the considered functions (the eigenvalues of the squeal problem) are
not sufficiently non-linear to highlight a large difference between GP and DGP approximations. For
instance, Damianou et al. [131] show the efficiency of the DGP with a Heaviside function, which
exhibits highly abrupt variations. Similarly, Hebbal et al. [135] use the DGP to approximate the
constraints of an optimisation problem. Typically, Fig. 3.2(A) and (B) clearly show that the evolution
of the real or imaginary part eigenvalues is non-abrupt, even in the coupling areas.

3.6 Chapter outcomes

The purpose of this chapter was to address the challenge of the computational burden of the
CEA in a multiparametric analysis. As the size of FE models become larger and larger, the
evaluation time of one set of parameter is increasing. In addition, the integration of uncertainties in
the simulations was proven to be challenging due to the additional evaluations of the solver. Finally,
the optimisation of the studied structure usually invokes multiple calls to the solver, burdening once
again the budget allocated for the study of a given physical phenomenon.

Hence, to tackle this issue, this chapter assesses the performance of three mainly used surrogate
models: the GP, the DGP and the DNN. The study aims at illustrating the impact of surrogate models
parameterisation for an FIV problem. A focus is made on suboptimal training sets. This suboptimality
is a consequence of the use of common random training sets, which need a high sampling density to
be fully efficient, non-achievable for traditional engineering applications.

The first experiment studied the effects of the most complex parameter of a friction-induced-
vibration problem: the friction coefficient. Three different training set density were considered, namely
6, 10 and 15 samples, for 10 randomly distributed training sets. The results showed that, given that
the hyperparameter setting is optimal, all the surrogates are interchangeable. In addition, from a
computational cost aspect, the 10 samples per parameter density produces relevant results. The 15
samples density is better, but the small improvement in precision does not counterbalance the increase
in the computational cost.

With regard to the hyperparameter setting of the surrogate models, the GP and DGP gave the
most efficient results when using the Matern 3/2 kernel function. The performance of
the DNN was highly unstable, and no trend was drawn from the results. Many architecture
configurations must be evaluated to determine the most suitable one. Hence, the DNN was set aside
for the second experiment.

The second experiment focused on the performance of GP and DGP with a higher number of
uncertain parameters, namely three, five and seven parameters. First, the results showed that the
number of hidden layer and neurons can be controlled to lower the computational cost
of the DGP. Indeed, the number of neurons can be set to be equal to the number of uncertain
parameters. As for the hidden layer number, it can be restrained to one. These rules of thumb
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are important since the computational cost of training the DGP is important. For instance, for a
5-dimensional problem, the inference step lasted two to six hours.

Finally, a comparison between the GP and the DGP for these multidimensional scenarios was
performed. The results showed that, even if the latter one outperforms the first one, the differences
between those two surrogates are small and the additional computational cost is not
justified. Two main reasons are discussed to explain this weak improvement. First, the studied
functions may be not sufficiently nonlinear. Then, the number of samples is too small, and the DGP
needs a higher sample density.

Considering these reasons, the Deep learning surrogate models are set aside. Following
the observations about the interchangeability of the surrogate models when optimally set, the GP
represents the best compromise for the FIV problem. Its training is indeed cheap and simple.
Nonetheless, it is also shown that some training sets may lead to incorrect predictions of this
surrogate model. This issue is addressed in the following chapter.
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4.1 Introduction

The previous chapter highlighted the performance of different surrogate models with regard to the
approximation of the complex eigenvalues of the classical QEP. The GP exhibits interesting perfor-
mance, while limiting the computational cost of inferring over the training set. Besides, from a design
point of view, the GP is a powerful tool for the designer. Indeed, compared to other surrogate models,
the modelling uncertainty, i.e. the variance, is estimated. The strength of this estimation is that this
surrogate model indicates areas of the design space which may be interesting to explore to improve the
representativity of the approximation. Hence, this information is of main interest in the pre-design
phase to improve the knowledge of the mechanical behaviour of the product at study. Moreover,
the use of the GP, and its first two statistical moments, is also relevant when optimising mechanical
parts. Indeed, the Bayesian Optimisation (or BO) [162] takes advantage of these moments to identify
potential interesting areas of the design space and increment the training set to converge towards the
global optimum.

Nonetheless, the previous chapter showed that some predictions are completely deceptive. Indeed,
the mean of the GP is constant for the majority of the design space for this case. Thus, this pathology
of the GP is problematic. Considering a complete design process, it can greatly affect both pre-design
and optimisation of mechanical parts, making this surrogate unusable.

This deceptiveness issue has been fewly tackled in the literature. Jones [163] was the first to
coin out the term "deceptiveness" to characterise the samples used to construct the prediction of the
GP, which produces erroneous predictions. Then, Forrester et al. [164] introduced the notion of
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deceptive functions to characterise the same phenomenon. It is worth-noting that, for both authors,
the deceptiveness (of the samples or the functions) illustrate a misprediction of the surrogate model and
not a pathology of the surrogate parameter optimisation. More recently, Benassi et al. [165] followed
a similar definition of the deceptiveness and suggested a Bayesian method to determine surrogate
parameters in an optimisation context. On the opposite side, Li et al. [166] illustrate a similar
pathology than the one emphasised in the previous chapter (without linking it to the deceptiveness of
the GP). The authors attributed this pathology to a loss of correlation and suggested a penalisation
method over the lengthscale vector to overcome it. Hebbal et al. [167] discarded the GP and highlight
the performance of the DGP to overcome this issue. Nonetheless, the issue remains rarely tackled in
the literature and most authors [168, 169] simply acknowledged or suffered the issue, without looking
for tackling it.

Thus, two main reasons can be summoned to characterise the deceptiveness of a GP prediction.
The first one corresponds to the sample location, which produces erroneous predictions, but the GP
is not pathological. The prediction misrepresentation is mostly caused by a lack of exploration in a
certain area of the design space. The second one is a problem arising from the classical way of training
the GP. Indeed, a loss of correlation is observed between samples, inducing flat predictions all over
the design space.

Since the behaviour of the function to approximate is not a priori known, there is no way to char-
acterise the deceptiveness of a function (or samples). Thus, a restriction of the term "deceptiveness"
to pathological predictions of GP, as highlighted by Li et al. [166] or Hebbal et al. [167], seems quite
natural.

Table 4.1 summarises the authors acknowledging the deceptiveness of the GP predictions and
whether they address it.

Table 4.1
Summary of the different approaches toward the deceptiveness of GP.

Cause Solution
Samples/Functions Surrogate model Yes No

Jones [163] ✓ ✓
Forrester [164] ✓ ✓
Benassi [165] ✓ ✓
Li [166] ✓ ✓
Hebbal [167] ✓ ✓
Lizotte [168] ✓ ✓
Chakraborty [169] ✓ ✓
Mohammadi [170] ✓ ✓

The penalisation method [166] introduces a penalty in the form of a sum of the lengthscale compo-
nents, which is a macroscopic approach. The main flaw of this strategy is that the lengthscale values
are all aggregated in one criterion, and the strategy cannot account for the effect of each component.
Besides, the deceptiveness issue is generally caused by only one ill-conditioned lengthscale value, which
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is hardly detected by the suggested method. As for the strategy proposed by Hebbal et al. [167],
the use of DGP was shown in the previous chapter not to be compatible with the friction-induced
vibration applications. Finally, the strategy of Benassi et al. [165] needs more data to describe the
probability distribution of the parameters of the GP. This data is, in practice, hard to obtain.

The purpose of this chapter is, first, to highlight the consequences of the deceptiveness of the GP
with respect to the surrogate model driving equations. Second, the traditional strategy is shown not
to be suited for the approximation of training sets that causes the deceptiveness and a strategy is
proposed to overcome the issue. This strategy aims at restoring the approximation capabilities of
the surrogate model. To do so, a detection criterion is derived from the likelihood equation and an
algorithm is then suggested.

To highlight the capabilities of the new suggested method, this chapter is organised as follows.
Section 4.3 presents and identifies the deceptiveness issue with the Xiong’s function, which allows
stating a detection criterion and a new algorithm in Section 4.4. Finally, Section 4.5 assesses the per-
formance of the new method for different application cases, namely the Xiong’s function, a benchmark
of non-linear functions and a friction-induced vibration problem.

4.2 Gaussian Process theory reminder

The GP was presented in Chapter 3 and is recalled here for practical reasons. A traditional GP
hinges on a primary assumption that any set of random variables defined from this process is jointly
Gaussian-distributed. Commonly, an additional assumption is added with regard to the likelihood,
which is taken to be Gaussian. Using those hypotheses and basic algebra, the first two moments ŷ
and ŝ of the output random variable Ŷ are given by (Eq. 4.1) and (Eq. 4.2).

µ̂(x∗) = µ(x∗) + C(x∗,X)
[
C(X,X) + σ2

nI
]−1

(y(X) − µ(X)) (4.1)

ŝ(x∗) = C(x∗,x∗) − C(x∗,X)
[
C(X,X) + σ2

nI
]−1

C(X,x∗) (4.2)

where x∗ is any vector defined in the design space, µ the mean of the GP, C its covariance matrix
and σ2

n the noise of the data.

The covariance matrix C is given by (Eq. 4.3):

C(xp,xq) = σ2
kK(xp,xq) (4.3)

where (p,q) ∈ J1;nK2, σ2
k is the signal variance and K, the correlation matrix (also called kernel

function or kernel matrix), xp and xq being any sample from X.
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In the previous chapter, the kernel functions were studied and the Matern 3/2 showed the best
performance for the approximation of the system eigenvalues. Hence, this kernel function (Eq. 4.4)
is considered in the following of this chapter to highlight the deceptiveness issue. Nonetheless, it is
worth-noting that the conclusions drawn for this kernel function extend to other traditional class of
functions.

K(xp,xq) =
(
1 +

√
3 |xp,xq|

)
exp

(
−

√
3 |xp,xq|

)
(4.4)

where |xp,xq| :=
√(∑D

i=1
(x(p,i)−x(q,i))2

θ2
i

)
is the weighted squared Euclidian distance and θi corresponds

to the lengthscale of the ith dimension.

Table 4.2 summarises the different parameters of the GP, enumerated in the previous chapter
and equations, namely the data noise σ2

n, the signal variance σ2
k and the lengthscale vector Θ. In

addition to the parameter name, complementary information is given about whether the parameter
is optimised or selected, as well as its initial value.

Table 4.2
Parameters of the GP.

Parameter name Computation Initial Value
σ2
n Fixed 10−6

σ2
k Fixed 1

Θ Optimized by MLE 1

Since the data from the training set are not noisy (the solver is exact), there is no need to consider
the data noise σ2

n, which is fixed at 10−6. Moreover, as the data are normalised in [0;1] range, the
signal variance, σ2

k, is not optimised for the proposed applications and is equal to 1. Nevertheless, it is
important to mention that the deceptive predictions can arise whatever the value of these parameters.

Regarding the lengthscale, its value is determined by computing the MLE (Eq. 4.5). The quantity
to maximise is rarely unimodal and, thus, complex to optimise.

maximise
Θ

(log(L)) (4.5)

where L is the likelihood of the GP, namely its probability density function, and its log-form is given
by (Eq. 4.6).

log(L) = −n

2 log(2π) − 1
2 log

(
det

(
C + σ2

nI
))

− 1
2

(
yT
(
C + σ2

nI
)−1

y
)

(4.6)

Overall, this estimator is quite efficient to determine the parameter values, which gives suitable
predictions. Nevertheless, in some cases, more or less frequently, depending on the multi-modality of
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the approximated function and its non-stationarity, finding the MLE can lead to parameter values
inducing ill predictions. The following section assesses the consequences of this issue, from a graphical
and mathematical points of view.

4.3 Identification of the deceptiveness issue

4.3.1 Graphical illustration

To highlight the studied problem, the prediction of Xiong’s function [171] is investigated with a GP
for two training sets. These are composed of 17 samples and present two different distributions along
the design space, as shown in Fig. 4.1 and Fig. 4.2 with the blue dots. In these figures, the black curve
corresponds to the target curve, whereas the red curve corresponds to the prediction of the surrogate.
The prediction variance is represented by the green dashed line.

0 0.2 0.4 0.6 0.8 1
-1.5

-1

-0.5

0

0.5

Figure 4.1: Prediction of the GP with the satisfying training set.

Fig. 4.1 shows a traditional prediction of the surrogate model. The poorly explored areas tend to
have worse approximations than well-explored areas and present important levels of uncertainty (here,
in the sense of surrogate modelling, i.e. variance). On one hand, between 0 and 0.2 abscissa, the
approximation does not capture the oscillations well. On the other hand, between 0.2 and 1 abscissa,
the target curve is well approximated.

A second prediction, given by Fig. 4.2, is more problematic. Indeed, the samples are evenly
distributed, which implies that the design space is well explored. The mean and variance predictions
of the GP are respectively flat and maximal in the majority of the design space, except in the vicinity
of the instances of the training set. The samples have no correlation with each other, causing the
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Figure 4.2: Prediction of the GP with the deceptive training set (b).

mean prediction to be equal to 0 in the standardised space, i.e -0.389 in the design space, and the
variance prediction to be equal to 1.

These observations validate the following statement: a GP is deceptive if ŷ is constant on all the
design space and ŝ is equal to 1, except for the elements of X where ŷ equals to the elements of Y
and ŝ equals to 0.

In the following sections of this chapter, the prediction presented in Fig. 4.1(A) is denoted as
a satisfying prediction, whereas the one shown in Fig. 4.2(B) is denoted as deceptive. The related
training sets are similarly denoted.

To analyse the difference between both predictions, a focus is done on the correlation matrix K,
which quantifies the correlation between each sample of the training set (Fig. 6.4). The higher the
correlation between samples, the greater the value is. A value of 1 corresponds to a full dependence
between instances (large and dark square). On the other hand, a value of 0 implies a full independence
between instances (vanishing blue square).

Fig. 6.4(A) shows the correlation matrix for the satisfying prediction, which exhibits different levels
of correlation. Some instances are strongly correlated, such as samples 2 and 7 (resp. X = 0.576 and
X = 0.6). The kernel value of these locations is 0.917 and is quite logical since these samples are close
to each other (distance of 0.024). Other samples present a mid-range correlation, such as samples 2
and 11 (resp. X = 0.576 and X = 0.449) with a kernel value of 0.547 and a distance of 0.077. Finally,
a majority of samples exhibit a low-range correlation, such as samples 2 and 10 (resp. X = 0.576 and
X = 0.169) with a kernel value of 0.029 and a distance of 0.407.

Fig. 6.4(B) shows the correlation matrix of the deceptive prediction, which, unlike the satisfying
training set, shows no correlation at all between samples. All the extradiagonal terms are equal to 0.
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(a) Satisfying training set (b) Deceptive training set

Figure 4.3: Correlation matrices of the GP for both training sets.

However, the distance between each sample is quite small (0.038 on average). Comparing it to the
previous covariance matrix values, the correlation would have been at least greater than 0.5.

Table 4.3
Quartiles for both training sets.

Quartile 1st 2nd 3rd 4th
Satisfying training set 0.0004 0.0152 0.17 0.947
Deceptive training set 0 0 0 0

Table 4.3 shows a statistical analysis of the quartiles of the extra-diagonal terms of the correlation
matrix for both training sets. For the satisfying training set, the 3rd and 4th quartiles are respectively
equal to 0.17 and 0.947 (approximately 30 values), exhibiting low-range to high-range correlations,
whereas, for the deceptive training set, all the quartiles equal to 0.

Considering that the kernel function depends not only on the distance between samples but also
on the lengthscale, the behaviour of the likelihood, which allows setting the lengthscale, is assessed in
Fig. 4.4. The optimum (or optima) is indicated with a black pentagram. These curves are typical of
satisfying and deceptive training sets.

For the satisfying predictions, the global optimum is clearly unique. On the other hand, when the
predictions are deceptive, the global optimum is not unique and is associated with a lengthscale close
to 0. The non-uniqueness is a consequence of the constant behaviour of the likelihood function when
the lengthscale is small. Here, when using an optimiser to find the MLE, the optimum lengthscale is
about 0.01 (the first value which induces no improvement of the objective function), whereas, for the
satisfying training set, this lengthscale is about 0.301.



Chapter 4. A restoration of the predictivity of Gaussian Process 91

0 0.1 0.2 0.3 0.4 0.5
-26

-24

-22

-20

-18

-16

(a) Satisfying training set

0 0.1 0.2 0.3 0.4 0.5
-500

-400

-300

-200

-100

0

0 0.01 0.02
-24.14

-24.13

-24.12

(b) Deceptive training set

Figure 4.4: Log likelihood of the GP for both training sets.

Thus, a satisfying prediction is characterised here by an optimum, which is not contained in the
plateau located close to 0. Conversely, a deceptive prediction is defined by an optimum located in
this plateau.

4.3.2 Investigations about the deceptive configurations

In the previous section, different observations showed that the deceptiveness of the prediction is the
result of a too small lengthscale, which is itself induced by a peculiar behaviour of the likelihood
function when setting the GP parameters. Thus, a mathematical analysis is carried out to emphasise
the implications of this observation on the driving equations of the GP, expressed in Section 4.2. The
equations are derived in their multidimensional forms.

Let i ∈ J1;DK, (p,q) ∈ J1;nK2 and let me consider the right limit of the covariance matrix C
(Eq. 4.7), when θi goes to 0:

lim
θi→0+

C(xp,xq) = σ2
k lim
θi→0+

K(xp,xq)

= σ2
k lim
θi→0+

[(
1 +

√
3|xp,xq|

)
exp

(
−

√
3|xp,xq|

)]
(4.7)

where

|xp,xq|2 =
D∑
j=1

(x(p,j) − x(q,j))2

θ2
j

=
(x(p,i) − x(q,i))2

θ2
i

+
D∑
j=1
j ̸=i

(x(p,j) − x(q,j))2

θ2
j

(4.8)

First case: xp = xq



Chapter 4. A restoration of the predictivity of Gaussian Process 92

then |xp,xq| = 0 and lim
θi→0+

C(xp,xq) = σ2
k (4.9)

Second case: xp ̸= xq

(i) x(p,i) = x(q,i) then

lim
θi→0+

|xp,xq| =

√√√√√√
D∑
j=1
j ̸=i

(x(p,j) − x(q,j))2

θ2
j

:= l ̸= 0

and then
C(xp,xq) = σ2

k

(
1 +

√
3l
)

exp
(
−

√
3l
)

(4.10)

(ii) x(p,i) ̸= x(q,i) then as
lim

X→+∞
X exp (−X) = 0

the following limit is deduced
lim
θi→0+

C(xp,xq) = 0 (4.11)

Regarding (Eq. 4.10), it cannot be defined as deceptive due to the observations made in Fig. 6.4(B).
In a more practical way, this case does not arise frequently, even at all in numerical applications.
Indeed, since most experimentations are based on an LHS sampling plan, the samples from T cannot
have identical values for a dimension i. In addition to this, due to the numerical precision of computers,
two values are not strictly identical, but rather equal within a constant ϵ, which corresponds to the
computer precision. This case can be dropped without loss of generality.

Thanks to (Eq. 4.9), (Eq. 4.11) and the above remark, the limit of C is given by (Eq. 4.12).

lim
θi→0+

C(X,X) = σ2
kI (4.12)

With regard to the prediction equations, the mean ŷ and the variance ŝ of the output random
variable are also impacted and become (Eq. 4.13) and (Eq. 4.14), when x∗ differs from the samples of
the training set.

lim
θi→0+

ŷ(x∗) = µ(x∗) (4.13)

lim
θi→0+

ŝ(x∗) = σ2
k (4.14)

If ∃ℓ ∈ J1;nK such that x∗ = xl ∈ X,
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lim
θi→0+

ŷ(xl) = µ(xl) + σ2
k

yl − µ(xl)
σ2
k + σ2

n

(4.15)

lim
θi→0+

ŝ(xl) = σ2
k − σ4

k

σ2
k + σ2

n

(4.16)

Thus, the following property can be stated without loss of generality: if θi goes to positive zero
and x(p,i) ̸= x(q,i), then the GP is deceptive, and reciprocally.

All the latter observations emphasised the consequences of a deceptive GP. Thus, the detection
of this issue is of great importance since, contrary to the function shown in Section 4.3 which is one
dimensional, most of the functions approximated with GP are not directly displayable due to the high
dimensionality of the studied systems. One has to use indirect techniques, such as projection onto a
space with fewer dimensions. Consequently, the deceptiveness issue cannot be efficiently assessed.

The following section suggests a method for the detection of this issue and a way to correct it to
approximate the underlying functions with GP efficiently.

4.4 Deceptiveness criterion and new strategy

The previous section showed that one of the properties of deceptiveness is that one element of the
lengthscale vector goes to positive zero. Since the behaviour of log(L) is not known, it is impossible to
determine a priori if the location of the samples in T will generate a near-zero lengthscale component,
and, thus, lead to a deceptive prediction. Consequently, the detection of whether the prediction is
deceptive has to be done after the conventional optimisation of the GP.

As emphasised in Fig. 4.4, when the lengthscale is small enough, the log(L) exhibits a plateau,
which holds the global optimum for which the prediction is deceptive. Thus, the main proposal of
this chapter is to use this particular behaviour as an automatic way of detection. It is formalised as
follows (Eq. 4.17), and a detection criterion can be stated from it, denoted Deceptive Upper Bound
(DUB):

lim
θi→0+

log(L) = −n

2 log(2π) − n

2 log
(
σ2
k + σ2

n

)
− 1

2(σ2
k + σ2

n)

n∑
j=1

y2
j (4.17)

Consequently, a GP of which the MLE is equal to the DUB is deceptive by definition.

One of the main advantages of this criterion is that it is independent of the dimensionality of the
problem, and can therefore be applied to any case. Moreover, its complexity is quite low since it is of
O(n), with n, the number of samples of the training set. The DUB can be viewed as a property of
the training set T in its general form, since it depends only on the set Y.
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Finally, the DUB can again be simplified when the samples included in T are standardised. The
DUB takes the form of (Eq. 4.18) with a constant complexity.

DUB = −n

2 log(2π) − n

2 log
(
σ2
k + σ2

n

)
− n

2(σ2
k + σ2

n) (4.18)

The algorithm for dealing with a deceptive GP is depicted in Fig. 4.5.

Figure 4.5: Workflow for the detection (and correction) of deceptive GP.

At first, the algorithm computes the GP considering (Eq. 4.6), where the log form of the likelihood
is optimised. Then, a comparison between the values of the DUB and the MLE is performed. If
both values are different, then the prediction can be carried out and the surrogate can be labelled
as satisfying. On the other hand, if both values are equal within a precision value, the surrogate is
considered deceptive.

In that case, a new training procedure, called Anti-Deceptive training (or ADT) is performed.
In this new problem, a constraint driven by the DUB is introduced, as expressed by (Eq. 4.19). To
introduce a distinction between both optimisation problems, the optimum found with this method is
denoted as Constraint Maximum Likelihood Estimator, or CMLE.

maximise
θi

log(L)

subject to | log(L) − (1 + k) DUB| ≤ 0
(4.19)

where k is a hyperparameter, which controls the difference between the CMLE and the DUB.

This parameter can be directly fixed at a value within the range [0-1] or optimised by studying
the convergence evolution of the mean and variance predictions for two successive values of k. These
two strategies are assessed in Section 4.5.1.
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In the next section, several numerical applications are proposed to highlight the performance of
the suggested method. First, the behaviour of the method is emphasised with regard to the hyperpa-
rameter k on Xiong’s function, which allowed describing the issue. Next, the method performance is
evaluated on multidimensional mathematical functions. Finally, an engineering problem is considered,
namely an FIV problem.

4.5 Applications of the suggested strategy

4.5.1 One dimensional problem

In this section, the suggested DUB detection criterion and the ADT procedure are investigated for
the prediction of Xiong’s function by considering the deceptive training set shown in Section 4.3.

Table 4.4
Quantities of interest for several hyperparameter values.

Hyperparameter value (k) CMLE θ
Quartiles

1st 2nd 3rd 4th
0.05 -24.12 0.01 0 0 0 0
0.1 -25.37 0.062 0 0 0 0.153
0.5 -36.79 0.139 0 0 0.018 0.562
1 -47.39 0.174 0 0.0003 0.049 0.667

Observations

Table 4.4 gives the CMLE and the lengthscale for different values of the hyperparameter k. In addition,
a statistical analysis on the extradiagonal values of the covariance matrix K is done with the four
quartiles of these values. In the present case, the DUB is equal to -24.12.

First, a value of 0.05 for the hyperparameter k has no impact on the CMLE. Indeed, the CMLE
is still equal to the DUB and the different quartiles equal to 0. When the hyperparameter value is
equal to 0.1, the CMLE is greater than the DUB in absolute value and the lengthscale begins to move
away from the boundary value at 0.01. Moreover, a correlation exists in K since the fourth quartile
is equal to 0.153.

Interesting results arise for the hyperparameter k of respectively 0.5 and 1. Indeed, the CMLE
is largely greater than the DUB in absolute value here, and the lengthscale is also greater than 0.01.
Moreover, the third quartile is equal to 0.018 for k=0.5 and to 0.049 for k=1. In a similar way,
some samples show strong correlations, since the fourth quartile is respectively about 0.562 and 0.667.
These last observations are very close to the satisfying correlation values found in Section 4.3.

Fig. 4.6 compares the mean and variance predictions of the GP, while Fig. 4.7 shows the correlation
matrices associated to the hyperparameter k=0.1, k=0.5 and k=1.
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Figure 4.6: Output prediction of the GP.

Considering the ADT, the mean prediction of the two GP matches the reference curve well
(Fig. 4.6(A)) when the hyperparameter is set at a value greater than 0.1 and the associated out-
put variance (Fig. 4.6(B)) has a more conventional behaviour. With a hyperparameter value of 0.1,
the mean prediction has still a deceptive behaviour for an input value greater than 0.4 where the
variance is almost equal to 1 between the samples of the training set. When using a hyperparameter
value of 1, the variance is much smaller, which can be problematic in applications where this quantity
is of main interest (BO [162], for example). Finally, for a hyperparameter value of 0.5, the mean
prediction is quite similar to the mean prediction associated with k = 1, but the variance is greater.

In addition, the correlation matrices, shown in Figs. 4.7 (A) to (C), confirm the observed trend,
by presenting a non-null correlation between the different samples. The correlation matrix associated
with a hyperparameter value of 0.1 clearly shows the weakest correlation between the samples, whereas
the one associated with k = 1 exhibits the highest correlation.

In complement to the previous analysis, Fig. 4.8 presents the convergence evolution of the mean
and variance predictions as a function of the hyperparameter k. The residue criterion (Eq. 4.20) is
calculated as follows:

Residue =

√√√√∑nval
j=1 |ŷi+1

j − ŷij |
nval × ŷi

(4.20)

where nval represents the number of values used for the prediction. The indexes i and i + 1
traduce the iterative calculation for two successive values of the hyperparameter k, whereas ŷij and
ŷi+1
j respectively describe the jth predicted responses at each iteration. Finally, ŷi denotes the mean

of predictions at the ith iteration.

Considering a convergence threshold equal to 10−2, which traduces a good stabilisation of the mean
and variance predictions, a hyperparameter k of 0.6 is a good choice. This procedure allows supplying
a more precise value of k but is slightly more time-consuming due to the different calculations of the
CMLE.
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(a) k=0.1 (b) k=0.5

(c) k=1

Figure 4.7: Correlation matrices of the GP prediction.

In conclusion, the observations carried out in this section have increased our confidence in the
pertinence of the suggested strategy, since the correlation has been restored between samples. Indeed,
the deceptiveness of the surrogate has been alleviated and the impact on the prediction and the
correlation matrix have been well established.



Chapter 4. A restoration of the predictivity of Gaussian Process 98

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
10

-4

10
-3

10
-2

10
-1

10
0

10
-3

10
-2

10
-1

10
0

Mean

Var

Figure 4.8: Convergence evolution of the predictions as a function of different values of the hyper-
parameter k.

4.5.2 Benchmark of functions

The purpose of this section is to highlight the performance of the suggested strategy on a benchmark
of mathematical functions described in Table 4.5 for the detection and correction of the deceptiveness
issue. These functions can be found in the literature [171–173] except for the functions n◦1 to 3, which
are described in Appendix A and yield similar properties than those of FIV problems.

The following table shows the different properties of the functions, namely their dimension, their
degree of non-stationarity and non-linearity and if they are multi-modal or not. In addition to this,
the number of points considered for this benchmark is added. The majority of functions are non-
stationary and non-linear, but some mid-range or low-range non-stationary or non-linear functions
were added to the benchmark to emphasise that the problem is not restricted to the aforementioned
functions.

In this benchmark, 10 satisfying and 10 deceptive training sets are considered to ensure the re-
peatability of the performance of the suggested strategy.

Table 4.5
Properties of the benchmark functions.

Function Dimension Non-stationarity Non-linearity Multi-modal Number of points
Xiong 1D High High Yes 10
Function n◦1 2D High High Yes 20
Heaviside 2D Mid High No 20
Function n◦2 2D High Mid Yes 20
Six Hump 2D Low Low No 10
Alpine n◦2 5D - - - 50
Schwefel 5D - - - 50
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Observations

At first, the efficiency of the detection criterion is evaluated. Then, the performance is investigated by
comparing the quartiles of the satisfying training sets, the deceptive training sets with computation
of the MLE and the deceptive training sets with computation of the CMLE.

Table 4.6
Detection criterion applied on satisfying training sets.

Function DUB MLE Percentage of detection
Xiong -14.19 -11.77 0%

Function n◦1 -28.38 -26.51 0%
Heaviside -28.38 -19.43 0%

Function n◦2 -28.38 -23.81 0%
Six Hump -14.19 -11.9 0%
Alpine n◦2 -70.95 -67.64 0%
Schwefel -70.95 -65.98 0%

Table 4.6 shows the results concerning the detection of satisfying training sets. The MLE and
the DUB values are given in this table. In addition, the percentage of detection are added, which
corresponds to the number of training sets detected as deceptive. For all functions, no deceptive
training sets have been detected, which confirms the initial assumption, since the MLE is greater than
the DUB.

Table 4.7
Detection criterion applied on deceptive training sets.

Function DUB MLE k⋆ CMLE Percentage of detection
Xiong -14.19 -14.19 0.5 -21.22 100%

Function n◦1 -28.38 -28.38 0.6 -45.32 100%
Heaviside -28.38 -28.38 0.8 -51.34 100%

Function n◦2 -28.38 -28.38 0.6 -46.74 100%
Six Hump -14.19 -14.19 0.4 -19.55 100%
Alpine n◦2 -70.95 -70.95 0.4 -99.31 100%
Schwefel -70.95 -70.95 0.4 -100.66 100%

Table 4.7 is similar to the previous one, except that it addresses the deceptive training sets. In
addition, the optimal value of k (convergence threshold equal to 10−2) and the CMLE are added. Since
the MLE equals the DUB, 100% of the sets are deceptive, which is graphically validated. Moreover,
when the Anti-Deceptive algorithm is used to correct the deceptiveness of the surrogate, the CMLE
is indeed greater than the DUB in absolute value, emphasising the efficiency of the algorithm.

To highlight the impact of the algorithm on the correlation matrix, the quartiles of this matrix
are studied for each case in Table 4.8.
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Table 4.8
Quartiles for the three considered cases and for all functions of the benchmark.

Quartile Satisfying training set Deceptive training set (MLE) Deceptive training set (CMLE)
1st 2nd 3rd 4th 1st 2nd 3rd 4th 1st 2nd 3rd 4th

Xiong 0.023. 0.094 0.269 0.733 0 0 0 0.013 0.005 0.026 0.115 0.704
Function n◦1 0.0004 0.004 0.044 0.77 0 0 0 3.9e−4 0.012 0.042 0.149 0.884

Heaviside 0.07 0.158 0.339 0.923 0 0 0 0.003 0.009 0.036 0.137 0.895
Function n◦2 0.018 0.065 0.171 0.859 0 0 0 0.006 0.003 0.016 0.064 0.756

Six Hump 0.018 0.065 0.171 0.859 0 0 0 2.3e−6 0.163 0.29 0.461 0.856
Alpine n◦2 0 0.002 0.004 0.781 0 0 0 0.002 0.053 0.092 0.163 0.763
Schewefel 0 0.001 0.014 0.801 0 0 0 2.6e−6 0.12 0.186 0.289 0.861
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At first, for the satisfying training sets, the first two quartiles are small (at best 0.06), except for
the Heaviside function where 50% of the extradiagonal values of the correlation matrix are lower than
0.158. Finally, for all functions of the benchmark, the 4th quartile is quite high and at least greater
than 0.7.

Considering the deceptive training sets, where the GP is optimised with the traditional MLE
value, for the 1st, 2nd and 3rd quartiles, all values equal to 0. It means that there is no low-range or
mid-range correlation between the samples of the training set. Finally, the 4th quartile is also small
with regard to the satisfying training sets, for any benchmark function.

When the GP is optimised with the suggested CMLE value, the results are more interesting.
Indeed, for all functions of the benchmark, 50% of the extradiagonal values of the correlation matrix
are around 0.02, except for the Six Hump with a 2nd quartile around 0.29. With regard to the 4th

quartile, the values are quite high and at least greater than 0.7. Finally, the correlation values are
quite similar to those from the satisfying training sets, meaning that the suggested method succeeds
in restoring a mid-range and a high-range correlation between the different training set samples.

Conclusions

The numerical experimentations on a benchmark of mathematical functions have confirmed that the
suggested method is efficient in restoring the correlation between samples. In addition, the detection
criterion works well for both satisfying and deceptive training sets.

4.5.3 Application to a Friction-Induced-Vibration problem

The purpose of this section is to assess the contributions of the given method, in an engineering
context, namely the approximation of the eigenvalues of brake systems. The considered model is
the Double Hulten, presented in Section 3.2.1. The aim of using this phenomenological model is to
simulate squeal with a cheap model, allowing performing multiple assessments, without bothering
about the computational cost. The approximated quantities are the eigenvalues λi of the system.

4.5.3.1 1-dimensional application

For this first test, the friction coefficient µ is considered. This parameter, which implies a nonlinear
behaviour of the complex eigenvalues, is allowed to evolve between 0 and 1. Fig. 4.9 highlights the
evolution of the real and imaginary parts of the third eigenvalue as a function of this parameter. The
reference and GP predictions are drawn before and after correction of the lengthscales. In the present
case, the hyperparameter k is equal to 0.5.

Here, the surrogate model result of Fig. 4.9(A) clearly does not succeed in producing a coherent
approximation of the complex evolution of the considered function. Consequently, the GP is not able
to assess for the different coupling states of the given frequency, causing it to be useless.
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Considering the CMLE, the GP predictions are quite acceptable given the non-linearity of the
studied functions and the number of samples.
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Figure 4.9: Evolution of real and imaginary parts of the third eigenvalue as a function of the friction
coefficient. Blue dots correspond to samples from the training set.

4.5.3.2 5-dimensional application

For this second test, five parameters are variable. Both mass parameters m1 and m2, ka and ca
are added to the friction coefficient. A variation of ±10% around the nominal value is taken into
account. Similarly to the previous test, 10 training sets are considered to highlight the efficiency
of the suggested strategy for both satisfying and deceptive cases. The training sets are composed
of 30 points, corresponding to a density of 6 points per dimension, which is a common practice in
mechanical problems (in a pre-design phase, for example). The DUB is equal to -42.568 in this case,
where the hyperparameter k is always equal to 0.5.

Table 4.9 exhibits the results of the considered squeal problem for the MLE/CMLE and the four
quartiles. The results are given for the satisfying and deceptive training sets. Both results with or
without the constraint for the deceptive training sets are considered.

The optimum for both satisfying and deceptive training sets with constraint is different from the
DUB. On the other hand, the deceptive training sets without constraint always give an MLE equal
to the DUB. Considering the quartiles, they are still equal to 0 for the deceptive surrogate optimised
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Table 4.9
Quantities of interest for the three considered type of training sets.

Training set type CMLE/MLE Quartiles
1st 2nd 3rd 4th

Satisfying training set -20.214 0.026 0.145 0.46 0.97
Deceptive training set (MLE) -42.568 0 0 0 1.73e−6

Deceptive training set (CMLE) -64.019 0.197 0.277 0.393 0.85

with the traditional method, contrary to the surrogate optimised with the suggested method where
the mid-range and high-range correlation values have been restored.

In addition, to highlight that a deceptive scenario can appear several times for a training set
whose size is increasing, three training set sizes are respectively defined with 20, 30 and 40 samples.
The training sets composed of 30 samples is built from that with 20 samples and 10 new samples.
Moreover, the training sets of 40 samples is built from the training of 30 samples, where 10 new
samples are added again.

Table 4.10
Quartiles for the three considered type of training sets.

Strategy CMLE/MLE Quartiles
1st 2nd 3rd 4th

MLE – 20 samples -28.38 0 0 0 2.85e−7

CMLE – 20 samples -42.71 0.284 0.383 0.491 0.867
MLE – 30 samples -42.568 0 0 0 1.73e−6

CMLE – 30 samples -64.019 0.197 0.277 0.393 0.85
MLE – 40 samples -56.76 0 0 0 4.7e−5

CMLE – 40 samples -85.84 0.183 0.269 0.394 0.884

Table 4.10 shows the quartiles for each considered training set size. The first observation is that the
issue of deceptiveness still appears, whatever the training set size, even when the number of samples
is increased. The randomly distributed samples clearly do not allow a correction of the deceptiveness
issue. Moreover, the deceptiveness issue is well-corrected as the quartiles indicate, when the suggested
strategy is considered.

4.6 Chapter outcomes

The purpose of this chapter was to investigate the deceptive prediction of the GP. This issue
is already known in the literature, but fewly tackled. Indeed, Jones et al. [163] was the first to coin
out this terminology. However, they attempt to describe the potentially misleading prediction of the
surrogate model by non-explored areas of the design space. Conversely, some strategies [166, 167] are
suggested in the literature to overcome the faulty prediction of the GP, due to the loss of correlation
in the covariance matrix of the random process. Nonetheless, these strategies are not relevant in the
context of friction-induced vibration approximations.
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Hence, the first proposal of this chapter is to propose a recalibration of the terminology to
describe this phenomenon. Then, this phenomenon is comprehensively studied with regard to the
evolution of the likehood and the covariance function with respect to the lengthscale. Following the
conclusion of this study, a detection criterion, the Deceptive Upper Bound, and a numerical
strategy to overcome the issue are proposed. The first one hinges on the mathematical analysis
of the phenomenon and is computed from a limit analysis. The latter one primarily derives from the
aforementioned criterion. The main idea is to train the surrogate model and to automatically analyse
the likelihood value. Then, depending on the criterion value, the GP is trained once again with the
ADT strategy. This strategy corresponds to the traditional optimisation of the likelihood, but with
an additional constraint to prevent the likelihood from reaching the DUB. This constraint is only
parameterised by one hyperparameter, one key aspect which shows the simplicity of the
ADT method.

The analysis of the phenomenon showed that the main cause of this issue is that a compo-
nent of the lengthscale vector goes to 0+. Using limit operations, this simple fact causes the
driving equations of the GP to become ill-defined. Indeed, the covariance matrix takes the unit form
and the mean and variance of the GP respectively become constant and equal to one, on the majority
of the design space. From these observations, the DUB criterion is stated by simply taking the limit
of the likelihood, when any lengthscale component goes to 0+.

The first experiment mainly focused on providing insights on how the suggested strategy is behav-
ing. To do so, the Xiong’s function was considered and the performance of the strategy was assessed by
monitoring the evolution of the correlation values in the covariance matrix. In addition, a discussion
on the setting of the hyperparameter of the strategy was performed. The different results showed that
values higher than 0.5 for this hyperparameter allows a restoration of the correlation
between the samples of the training sets. Additionally, an analysis of the convergence of both
mean and variance of the GP showed that, with a convergence threshold of 10−2, these two quantities
exhibit a good stabilisation for a hyperparameter value of 0.6.

The second experiment showed the performance of the suggested method for a large benchmark of
functions, which exhibit different levels of non-stationary and non-linearity. Two sets of 10 randomly
generated training sets were studied: the first one was specially designed not to produce deceptive
predictions, while the latter one was designed to produce deceptive predictions. The different re-
sults showed that the suggested strategy has a 100% rate of detection with regard to the
phenomenon. In addition, the correlation between the samples of the training set was successfully
restored for all the considered functions.

Finally, the third experiment proposed an application of the suggested strategy for the approxima-
tion of the eigenvalue of a brake squeal problem. First, a one-dimensional application is considered to
show the consequence of approximating the different coupling states with a deceptive GP prediction.
Then, a 5-dimensional application is performed to study the effects of increasing the training set on
the propensity of the surrogate model to be deceptive. The different results showed that, when the
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prediction is deceptive, the coupling state of the system cannot be efficiently identified.
This observation is quite problematic, especially when considering the use of the surrogate modelling
strategy in an industrial context. Additionally, a simple increase of the training set size cannot
be considered an efficient strategy to deal with this issue, as shown by the last test.
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5.1 Introduction

The optimisation of functions is a complex task to tackle. A wide variety of problems (e.g. engineering
design, machine learning) is concerned by extremely expensive objective functions. These problems
are generally characterised by black-box objective functions, whose algebraic definitions are unknown
or computationally expensive. Indeed, in engineering design, the objective function, evaluated through
a solver, may take several hours, several days or even months to be computed.

To tackle these optimisation problems, many algorithms were developed. For continuous optimi-
sation, Talbi [174] distinguishes the iterative methods from the metaheuristics. The iterative methods
correspond to the methods that usually get trapped in local minimum: stochastic gradient descent
[175], Adam [155] or AdaGrad [176]. Conversely, the metaheuristics have the ability to escape from
local minima but with an extra-computational cost for optimising the function.

Figure 5.1: Classification of metaheuristics [4]

Fig. 5.1 presents a non-exhaustive classification of the different metaheuristics. Despite their better
efficiency, these algorithms typically involve multiple calls to the objective function, making it hardly
usable with engineering problems.

For such expensive optimisation problems, a popular strategy is to use BO [177]. This algorithm
hinges on approximating the objective function with a surrogate model and then exploring the most
promising locations of the design space. The surrogate model is then refined and aims at the problem
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optimum. This approach was used in hyperparameter tuning [178], engineering design [162, 164],
robotics [179], drug design [180] or reinforcement learning [181, 182].

The determination of the most promising areas of the design space is carried out by using an
acquisition function (or infill criterion). A lot of acquisition functions are available in the literature,
mainly because no infill criterion dominates the other. Besides, the best choice can change during the
execution of the process, as stated by Shahriari et al. [183]. Traditionally, the acquisition function
provides new samples aiming for exploration, exploitation or both.

The Probability of Improvement [184] generates samples that aims for the optimum of the objective
function, but is known to focus too aggressively on exploration [163]. The Expected Improvement is
the most widely used criterion [162, 181] and the convergence rate of this criterion was proven in [185].
The Upper Confidence Bound [186, 187] aggregates directly the two momenta of the GP surrogate
model with a coefficient to control the balance between exploration and exploitation. Besides, Srinivas
[187] showed that a good tuning of this coefficient can offer significant performance improvements.
Other infill criteria can be used: Entropy Search [188], Thomson sampling [189] or portfolio of infill
criteria [190].

Recently, new approaches [191, 192] considering multiples samples were introduced as q-EI strategy.
This intuition behind q-EI is to divide the design space into q-areas and add one point per area. Other
authors [193, 194] suggested strategies relying on multiple samples. Bisch et al. [193] adressed BO
as a multiobjective infill problem by using directly the mean and the variance of the GP. Desautels
et al. [194] proposed a multipoint strategy relying on the Upper Confidence Bound for Bayesian
Optimization.

Following the works of these authors, this chapter proposes a new strategy, hinging on the definition
of a multiobjective infill criterion Bayesian optimisation. Two ways to perform this new strategy are
defined from the consideration of the EI and the variance.

To describe and assess the performance of the suggested strategy, this chapter is organised as
follows. Section 5.2 presents the Bayesian Optimisation process, by detailing the considered acquisition
functions in this chapter and proposing an application of the algorithm. Then, Section 5.3 discussed
the limitation of Bayesian Optimisation with regard to a certain type of functions. A new method is
proposed to improve the overall performance of the Bayesian Optimisation algorithm. Finally, Section
5.4 assesses the performance of the new strategy against the traditional Bayesian Optimisation process.

5.2 Bayesian Optimisation

5.2.1 Bayesian optimisation presentation

The Bayesian Optimisation process [195] is a strategy hinged on the surrogate modelling approach.
Here, the process is given for the GP surrogate model, but can be used with DGP [135] or DNN
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[196]. The main intuition behind this strategy is to increment the training set on which the surrogate
approximation is built to increase the available knowledge of the surrogate model. This acquisition of
knowledge is traditionally performed to aim at the global optimum of the approximated function.

Figure 5.2: Bayesian Optimisation workflow.

Fig. 5.2 exhibits a typical workflow of a Bayesian Optimisation process. First, an initial training
set is generated to allow the surrogate model making a primary approximation. Second, the prediction
of the mean and variance of the GP is performed. Then, an infill criterion (or acquisition function)
is evaluated to determine the new sample to add to the training set T . Finally, this procedure is
repeated until a stopping criterion is satisfied.

The basic idea behind the infill criterion is to highlight the potential behaviour of the approximated
function. The following reviews [181, 183, 197] give a comprehensive overview of the nature and
applications of these different acquisition functions. As pointed out in the introduction, the infill
criterion is a compromise between the exploration and exploitation.

First, the exploration aims at giving insights of the areas of the design which have been sub-
explored and where the surrogate model approximation is highly uncertain. Conversely, the exploita-
tion allows scanning the areas of the design already explored and which present a high probability of
holding the true global optimum of the approximated functions.

Traditionally, the Expected Improvement is the most thoroughly used for the optimisation, while
the variance is considered for the exploration of the design space [183].

Finally, with regard to the end computation of the algorithm, no stopping criterion is efficient to
work in all cases. Indeed, the first approach is to consider that the algorithm converges when the
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acquisition function level is under a certain threshold. In practice, this method does not succeed in
providing a good convergence, as it is emphasised in Section 5.3.1. Another method is to consider a
computational budget, where the user has a certain amount of available computations. In this case, the
convergence of the algorithm is not assessed. In the following applications of the Bayesian Optimisation
process, the end computation of the algorithm is performed considering the computational budget.

5.2.2 Acquisition functions

Expected Improvement (EI)

The Expected Improvement [162] is an infill criterion that combines both exploration and exploitation
by aggregating them together (Eq. 5.1). The first term of the equation corresponds to the exploitation
term, while the second term to the exploration term.

CEI(x) = (ymin − µ̂(x∗))
[

1
2 + 1

2 erf
(
ymin − µ̂(x∗)√

2 ŝ(x∗)

)]
+ ŝ(x∗)√

2π
exp

−
(
ymin − µ̂(x∗)
(
√

2 ŝ(x∗))

)2
 (5.1)

where ymin is the minimum of the evaluated solutions of the current training set at an iteration i.

Variance (Var)

The Variance corresponds to the second moment of the GP output random variable. It only carries
the exploration term and does not provide exploration capabilities.

Cvar(x∗) = ŝ(x∗) (5.2)

5.2.3 Application of the Bayesian Optimisation algorithm

The figures 5.3(A) and (B) give an example for two successive iterations of the application of the BO
algorithm to optimise a one-dimensional function, given by (Eq. 5.3).

y(x) = (6x− 2)2 × sin(12x− 4) (5.3)

The Expected Improvement expresses the interest of two areas of the design space for the first
iteration of the algorithm (Fig. 5.3(C)): the area located between 0.17 and 0.35 and the area located
between 0.61 and 0.67. The second area is the one that maximise the EI and, consequently, a new
sample is evaluated at this location. Then, for the second iteration (Fig. 5.3(D)), the surrogate model
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prediction is updated. The BO algorithm has increased its confidence in finding the area that yields
the global optimum by focusing on the second location.

(a) First iteration of the algorithm (b) Second iteration of the algorithm

(c) Corresponding Expected Improvement
of the first iteration

(d) Corresponding Expected Improvement
of the second iteration

Figure 5.3: Two successive iterations of the Bayesian Optimisation process.

Fig. 5.4 shows the convergence of the algorithmn. In that case, the slow convergence is surely slow,
but the algorithm converges toward the global optimum anyway.

Figure 5.4: Convergence of the algorithm.
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5.3 Proposal

5.3.1 Issue with the traditional Bayesian Optimisation workflow

The following application highlights a limitation of the traditional Expected Improvement. The func-
tion to optimise is the third real part of the eigenvalue of the Double Hulten (presented in Chapter 3).
The infill criteria (EI and Variance) are evaluated for the first iteration of the BO algorithm. Then,
the overall convergence process is assessed to highlight the issue of using the traditional EI.

The samples of the training set are generated with an LHS. The GP used to approximate the
evolution of the considered function is set with a Matern 3/2 kernel function and the variance and
kernel noises are fixed, following the reasons enumerated in Section 3.4.1.1. Fig. 5.5(A) shows the
mean and variance prediction of the GP and the corresponding evaluation of the considered acquisition
functions. The global minimum is located at a friction coefficient of 1, and the considered function
exhibits a local minimum for a friction coefficient of 0.475.

(a) GP prediction (b) Infill criteria evaluation

Figure 5.5: Prediction of the GP and the associated infill criteria evaluation.

Considering the locations of the samples in the design space, the GP prediction is quite logical.
Indeed, for a friction coefficient between 0.8 and 1, the prediction is erroneous as it would be expected
from the lack of sampling in this location. Consequently, the variance in this location is important.

The variance infill criterion, given in Fig. 5.5(B), exhibits a maximum for a friction coefficient value
of 1, inducing a new sample for this value, if this acquisition function would be used. Conversely, the
EI (Fig. 5.5(B)) shows a maximum for a friction coefficient value of roughly 0.42.

Observations

Fig. 5.6(A) shows the convergence of the BO algorithm for the considered function. The convergence is
very slow since the algorithm need 21 iterations to reach the global optimum of the function. Roughly
30 samples have to be evaluated for a one-dimensional problem.
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Figure 5.6: Convergence of the BO algorithm and assessment of the maximum EI value and the EI
value associated with the friction coefficient value of 1.

Fig. 5.6(B) exhibits the evolution of two locations EI values, namely the maximum EI value and
the EI associated with the friction coefficient value of 1. The latter one is always associated with a
small value of EI (between 10−4 and 10−5), indicating a small potential of holding the true global
optimum of the considered function, with regard to this infill criterion. Moreover, at the 20th iteration,
the maximum EI value has decreased until reaching the same value as the one associated with the
friction coefficient value of 1.

Discussions

From the following observations, two main remarks arise. First, the algorithm is obviously stuck in
the local optimum, located at a friction coefficient value of 0.475. Besides, all new samples between
the first and the twentieth iteration are added in this area. This local minimum has thus a large
influence area due to the bowl shape of the function, which has proven to be challenging for the EI
infill criterion.

Second, the EI acquisition function does not succeed in describing the potential of all the design
space areas, resulting in a lack of exploration. Here, the area associated with a friction coefficient of
0.8 to 1 always exhibits an important difference ymin − µ̂(x∗), causing the second term of (Eq. 5.1) to
be very small. Moreover, this area is not interesting with regard to the exploitation term, since the
difference ymin − µ̂(x∗) is obviously significant.

5.3.2 Multi-Infill Bayesian Optimisation process

As the exploration term of the EI can become useless in certain conditions, another strategy is needed.
Moreover, the Variance infill criterion cannot be considered as it owns any exploitation component.
Instead of proposing a complex strategy (portfolio of infill [190] or Entropy Search [188]), the main
proposal is to combine the two considered acquisition functions: Variance and Expected Improvement.
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To do so, the Bayesian Optimisation is stated as a bi-objective problem, following Bisch’s proposal
[193], where the first objective corresponds to the exploration and the second to the exploitation.
Typically, two main approaches exist in the literature to deal with multi-objective problem [198]. The
first strategy transforms the multi-objective problem into a mono-objective (aggregating or scalarising)
and is already used with EI [162] or UCB [187]. The second strategy is to construct a Pareto front.

Figure 5.7: Design space and objective space [5].

In Fig. 5.7, the design space shows the possible values that two variables x1 and x2 can take.
Evaluating this design space with the functions f1 and f2 results in the gray shape, which is expressed
in the objective space, with f1 in abscissa and f2 in ordinate. The Pareto front corresponds to the
bold black line, which is the set Y ∗ of solutions that dominates all the solution yn [199, 200].

In this case, the two objectives are conflicting. Indeed, the set of solution that minimises f1 (far left
of the Pareto front) is maximising f2, and vice-versa for the minimisation of f2. This conflict induces
difficulties in decision-making. Several approaches exist to determine the most efficient candidate and
usually rely on the decision-maker [201, 202].

Hence, the proposed strategy is to define a Pareto front of solutions, while considering the Expected
Improvement and the Variance as the two objectives of this Pareto front. This new strategy is called
Multi-Infill Bayesian Optimisation (or MIBO) and is available in two different versions.

Fig. 5.8 gives an overview of the suggested new strategy.

Multi-Infill Bayesian Optimisation - Independent

This version of MIBO is the simplest one: the idea is to add at each iteration a sample determined by
maximising the Expected Improvement and one by maximising the Variance. This strategy is denoted
MIBO-Independent (or MIBO-I).

Fig. 5.9 shows the solutions yn in the objective space in red, while the Pareto front is given in
black. In addition, the maximum EI value and the maximum Variance value are located in the Pareto
front. This front is determined with an NSGA-II algorithm [203], implemented in the jMetal toolbox
[204].
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Figure 5.8: Multi-Infill Bayesian Optimisation workflow.

Figure 5.9: Pareto front for the Double Hulten application with the MIBO-I strategy.

The location on the Pareto front of the new candidates gives insights on the nature of these
samples. For instance, the MaxVar sample is a full exploration candidate, while the MaxEI is a
trade-off candidate as it maximises the EI and generates a variance value of roughly 0.2.

Multi-Infill Bayesian Optimisation - Pareto

This version of MIBO consists in taking advantage of the diversity of candidates in the Pareto front.
The idea is still to add two samples per iteration of the algorithm, but these new candidates are not on
the extremities of the Pareto front, rather in the middle of it. This strategy is denoted MIBO-Pareto
(or MIBO-P).

To solve the issue of decision-making, the proposal is to use clustering methods [205, 206]. The idea
of these methods is to create a certain amount of groups depending on the similarity between them.
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Three major classes of clustering can be used to generate these groups: the K-Means [207], DBScan
[208] and the hierarchical methods [209]. The K-Means usually creates groups with a measure of the
distance between the instances and by pre-setting the number of cluster. The DBScan is a hierarchical
method that determines the number of clusters with a measure of the density between the instances.
Finally, the hierarchical methods create a tree of instances by merging or dividing the instances into
groups. In the sequel, the K-Means is chosen for its simplicity of implementation.

Figure 5.10: Pareto front for the application of Section 5.3.1 with the MIBO-P strategy.

Fig. 5.10 shows the Pareto front on which both candidates are located in the Pareto front and
are determined with the K-Means implementation of [157]. Here, the new candidates are neither full
exploitation samples nor exploration. They are rather a combination of both objectives.

5.4 Numerical experimentations

5.4.1 One dimensional problem

In this section, the suggested method is tested on the Xiong’s function, already used in Section 4.5.1
to study the deceptiveness of GP predictions. Ten random initial training set are generated to assess
the reproducibility of the suggested method. The traditional EI is denoted TradBO and is set for 60
iterations. The two suggested methods (MIBO-I and MIBO-P) are set for 30 iterations. The MIBO-P
is set according to the default parameters of the Scikit-Learn K-Means [157]. The global optimum of
the Xiong’s function is -0.609.

Observations

First, the convergence of the TradBo strategy is troublesome. Indeed, at the 60th iteration, the abso-
lute gap between the global minimum and the determined minimum is roughly 0.4 (i.e. an estimated
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Figure 5.11: Convergence rates of the three considered Bayesian Optimisation strategies for the
Xiong’s function.

minimum of 0.569), indicating the convergence in a local minimum. Moreover, the convergence pattern
shows that the algorithm remains stuck in a local minimum during roughly 50 iterations. Conversely,
both suggested methods escape from this local minimum quite early during the execution of the algo-
rithm. They visit a second local minimum during 15 iterations (i.e 30 added samples) and, then, find
the global optimum of the considered functions. The MIBO-I produces a final value of -0.608, against
-0.6089 for the MIBO-P – both values being fairly acceptable.

Discussions

Here, the suggested methods (MIBO-I and MIBO-P) produces better results than the traditional
strategy for Bayesian Optimisation. It shows that the issue of concentrating in a local minimum can
be overcome by adding samples determined from other infill criteria. Besides, the performance of the
MIBO-I strategy is interesting due to its simplicity. Indeed, the method only needs the definition of
the two considered infill criteria, without having to set other hyperparameters.

5.4.2 Benchmark of functions

This section aims at evaluating the performance of the proposed strategy on a benchmark of math-
ematical functions described in Table 5.1. The functions benchmark is available in the literature
[171–173] except for the functions n◦1 to 3, which are presented in Appendix A. All of these functons
exhibit high levels of non-stationarity and non-linearity, except for the function n◦3. This function is
smooth and nearly quadratic, but the global minimum of the function is hard to determine because
of highly attractive local minima.

The suggested algorithm is fed with initial knowledge acquired by ten randomly generated training
sets. These training sets are determined by a traditional LHS method. Three initial training sets are
assessed for the test : four, five and six points per dimension. Preliminary tests on the suggested
strategy showed that using too many initial samples tends to downgrade the performance of MIBO.
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Table 5.1
Properties of the benchmark functions.

Function Dimension Non-stationarity Non-linearity Multi-modal
Xiong 1D High High Mid
Function n◦1 2D High High Mid
Function n◦2 2D High Mid High
Function n◦3 2D Low Mid Low
Powell 4D - - High
Ackley 10D - - High
Powell 12D - - High

To optimise the acquisition function, several preliminary tests emphasised that determining the
global optimum of this function can become prohibitive while using metaheuristics such as CMAES
or DE [197]. Instead of depending on these methods, the strategy suggested by [210] is considered.
A large MC sampling is evaluated and the optimum of this sampling is determined. Then, a local
optimiser (namely, the LBFGS) is initialised with this optimum. Finally, this operation is performed
10 times.

The performance of the algorithm is evaluated by computing the absolute gap between the global
minimum of the studied function and the estimated minimum. The suggested method is compared to
the traditional Expected Improvement strategy.

The following results are presented in three sections, highlighting the different performance lev-
els. The first section shows the benchmark functions where the Independent version of the suggested
algorithm is the most efficient to determine the global minimum of the studied function, while the
second section considers the function where both methods outperform the traditional bayesian strat-
egy. Finally, the third section emphasises the benchmark functions where the Pareto version of the
suggested algorithm is the most efficient.

5.4.2.1 Case 1: MIBO-Independent outperforms the other methods

Fig. 5.12 shows the results of the benchmark functions n◦2 (left column figures) and n◦3 (right column
figures). The global optima of function n◦2 and n◦3 are respectively -1.3525 and -1.1895.

For both functions, the MIBO-I outperforms the two other methods, namely the MIBO-P and the
traditional EI, whatever the considered number of initial samples. The MIBO-P does not perform well
for the function n◦2 while it provides slightly better performance for the function n◦3. Nonetheless,
the difference is quite small between the last two methods.

For instance, with 4 initial samples per dimension, the MIBO-I provides an absolute gap of roughly
10−4 for the function n◦2 and 10−3 for the function n◦3. Conversely, the MIBO-P respectively gives an
absolute gap of 0.4 and 0.2, while the traditional EI performs better with an absolute gap of roughly
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(a) Function n◦2 - 4 initial points per di-
mension

(b) Function n◦3 - 4 initial points per di-
mension

(c) Function n◦2 - 5 initial points per di-
mension

(d) Function n◦3 - 5 initial points per di-
mension

(e) Function n◦2 - 6 initial points per di-
mension

(f) Function n◦3 - 6 initial points per di-
mension

Figure 5.12: Convergence rates of the three considered Bayesian Optimisation strategies for the
functions n◦2 and n◦3.

0.1 and 0.3. Hence, the absolute gap observed for the MIBO-P and EI are not good with regard to
the global optima of both considered functions, highlight the convergence in a local minimum.

For the function n◦2, the increase of the number of initial samples slows the convergence toward
the global optimum of the function. Indeed, the final absolute gap is respectively equal to 10−4 and
10−2 with 5 and 6 initial points per dimension. Conversely, no significative difference is noticed for
the function n◦3.
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5.4.2.2 Case 2: MIBO-Independent and MIBO-Pareto outperform the traditional
method

Fig. 5.13 shows the results of the benchmark function n◦1. The global optimum of this function is
-0.833.

(a) Function n◦1 - 4 initial points per di-
mension

(b) Function n◦1 - 5 initial points per di-
mension

(c) Function n◦1 - 6 initial points per di-
mension

Figure 5.13: Convergence rates of the three considered Bayesian Optimisation strategies for the
function n◦1.

Whatever the initial training set size, both MIBO-I and MIBO-P outperform the traditional EI.
Nonetheless, two levels of performance are distinguished from the results: first, for 4 and 6 initial
samples per dimension, the MIBO-P performs better than the other suggested algorithm; second, for
5 initial samples per dimension, the MIBO-I is slightly better than the MIBO-P.

The difference between the two suggested methods remains quite small, since both methods give
an absolute gap of approximately 10−2. Conversely, the traditional EI does not provide good results
since the absolute gap is about 10−1, suggesting a local minimum.

5.4.2.3 Case 3: MIBO-Pareto outperforms the other methods

Fig. 5.14 shows the results of the Powell 4D and 12D. The global optimum of both function is 0.

For these functions, the results of MIBO-I are quite troublesome, since the given strategy is less
efficient than the traditional method and generates an important absolute gap (around 102 for the
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(a) Powell 4D - 4 initial points per dimen-
sion

(b) Powell 12D - 4 initial points per dimen-
sion

(c) Powell 4D - 5 initial points per dimen-
sion

(d) Powell 12D - 5 initial points per dimen-
sion

(e) Powell 4D - 6 initial points per dimen-
sion

(f) Powell 12D - 6 initial points per dimen-
sion

Figure 5.14: Convergence rates of the three considered Bayesian Optimisation strategies for the
Powell functions.

Powell 4D and 103 for the Powell 12D). Similarly, the traditional method provides a bad approximation
of the global optimum of the studied functions. For instance, the level of error is equivalent with the
Powell 12D, but is lower with an absolute gap of 101 with the Powell 4D. Finally, the MIBO-P
clearly outperforms the two other methods by almost providing the global optimum of the considered
functions: the gap is equal to 10−1 for both functions.

With regard to the impact of the number of initial points per dimension, the effect is almost
inexistant for the traditional EI and MIBO-P. Conversely, for the Powell 4D, the convergence of the
MIBO-I algorithm is slightly faster with a higher amount of initial samples.
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Fig. 5.15 shows the results of the Ackley 10D. The global optimum of this function is 0.

(a) Ackley 10D - 4 initial points per dimen-
sion

(b) Ackley 10D - 5 initial points per dimen-
sion

(c) Ackley 10D - 6 initial points per dimen-
sion

Figure 5.15: Convergence rates of the three considered Bayesian Optimisation strategies for the
Ackley function.

For this function, the results are of the same nature as the Powell 4D and 12D. The MIBO-I and
the EI do not perform well: both find an optimum associated with a gap of 101. Conversely, the
MIBO-P provides the global optimum of the Ackley 10D function, since the associated gap is around
10−1.

5.4.2.4 Discussions

The suggested strategies show different levels of performance depending on the nature of the studied
functions. The function n◦2 is highly multimodal (7 local minima + 1 global minimum) with a highly
attractive minimum – this minimum forms a large bowl, similar to a two-dimensional quadratic
function. The function n◦3 has a low number of local minima, but the global minimum is located
on the extremities of the design space after a small bump. Consequently, this minimum is difficult
to reach. On the contrary, the function n◦1 owns a high number of local minima but without highly
attractive ones. For the multidimensional functions, the number of minima cannot be estimated, but
the design space is large.

As shown by the previous results, on one hand, the MIBO-I is efficient on the functions n◦2 and
3. On the other hand, the MIBO-P is not very efficient for these functions. It shows that the MIBO-I
can easily escape from local optima, while the MIBO-P has a higher propensity to be trapped in local
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optima (but lesser than the propensity of the EI). Hence, the MIBO-I tend to prioritise the exploration
over the exploitation.

With regard to the other functions (Powell 4D and 12D, Ackley 10D), the MIBO-P is highly
efficient, while the MIBO-I does not provide good solutions. In this case, the exploration property
of MIBO-I is problematic since this method can over-explore the design space, which is larger and
larger with the increase of dimensions. On the contrary, the MIBO-P allows really nice patterns of
convergence, highlighting a propensity of prioritising the exploitation over the exploration.

These observations can be linked with the way both strategies are constructed. Indeed, the MIBO-
I generates a trade-off sample (the one determined with EI) and a full exploratory sample (the one
determined with Variance). Thus, this MIBO-I has a higher probability to prioritise the exploration
over the exploitation. Conversely, the MIBO-P provides new samples that are on the Pareto front of
both acquisition functions. Hence, depending on the location on the Pareto front, the method can
generate samples that are more likely to prioritise the exploitation over the exploration.

5.5 Chapter outcomes

The purpose of this chapter was to address an issue of the most traditionally used acquisition
function for Bayesian Optimisation: the Expected Improvement. As this infill criterion
represents a good balance between exploration and exploitation, it might, under some circumstances,
focus on local minima with bowl-shape areas. These minima have a high attractor potential and
generally enforces the BO process to remain in it until a full exploration of this area. Then, the
algorithm can explore other areas and aim for better solutions. Hence, multiple unnecessary calls
to the objective functions are done, resulting in longer convergence. When the simulation budget
is small, these calls can cripple the process efficiency and induce a minimum that is not the most
interesting one.

The major proposal of this chapter is to propose a re-statement of the Bayesian Optimisa-
tion algorithm from a mono-objective to a multi-objective process. First, the consequence of
the localisation of the EI into local minima is highlighted: showing that the exploration term of the EI
does not succeed in making the algorithm escape from the local minimum. Then, a new strategy, the
Multi-Infill Bayesian Optimisation, is suggested. This new method consists in a reformulation of the
traditional mono-objective aspect of the BO algorithm into a multi-objective problem. In a nutshell,
the idea is to construct a Pareto front of exploration and exploitation. Then, two new candidates are
determined, instead of only one, allowing the injection of a denser information into the process.

The first version of the suggested algorithm (MIBO-I) is the simplest one and cor-
responds to the maximisation of two acquisition functions (the extremities of the Pareto
front). Conversely, the second version of the new strategy (MIBO-P) takes advantage of
the diversity of candidates provided by the Pareto front. The new candidates are generated
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with a clustering algorithm, the K-means method. Both methods allow the generation of samples
with different properties. For instance, the MIBO-I allows a generation of one full exploratory
sample (determined by maximising the Variance) and a trade-off sample (determined by
maximising the EI). On the contrary, the MIBO-P produces two trade-off samples between
exploration and exploitation.

The first experiment considers the optimisation of a simple one-dimensional problem. The results
showed that the two versions of MIBO produce better results than the traditional BO
process. In addition, the MIBO algorithm exhibited a lesser propensity to be stuck in a local
minimum than the traditional strategy.

The second experiment involves a benchmark of mathematical functions to assess the capabilities
of the suggested strategy for the optimisation of functions with different properties. The results
showed that the two versions of MIBO exhibit different levels of performance depending
on the nature of the considered functions. For instance, the MIBO-I performs better with
functions with large bowl-shape attractors that trap the BO process. Conversely, when
the design space is large, the MIBO-I tends to explore all the design space, making it useless to
determine the global optimum of the function, especially when the explored areas have no interest
for the EI. With regard to the MIBO-P, since both added samples are a trade-off between
exploration and exploitation, it produces excellent performance with large design spaces,
while generating poor results with functions that have large bowl-shape attractors.

Consequently, this chapter proposed a strategy that can perform better than the traditional BO
process. Unfortunately, an a priori knowledge is necessary to choose the most suitable
method. Thus, it would be interesting to pursue this research to explore other clustering methods
to generate other types of candidates.
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6.1 Introduction

As highlighted in Chapter 1, the integration of the uncertainties in the FIV simulations is an emerging
promising field of research to numerically predict the propensity of instabilities. Nowadays, the current
methods rely either on probabilistic strategies or ensemblist approaches. The probabilistic methods
allow a precise definition of the output uncertainties, but need a large amount of information, obtained
through numerous calls to the solver. Even if some strategies as polynomial chaos can reduce the
computational cost, these methods are not viable when the solver is highly expensive. From the
ensemblist approaches, the interval analysis is more affordable since only interval problem is solved.
Conversely, the fuzzy set theory provides more information (several interval problems are solved), but
is less cheap.

The computation of the output membership function, which is a tool similar to the probability
density function, can be complex. An early attempt to compute this function was fuzzy arithmetics
[211]. The intuition is to redefine the traditional algebraic operators in a fuzzy form. Nonetheless,
this approach leads to the overestimation of the output membership functions, as pointed out in [6].
Klir et al. [212] suggested a contrainted formalism to avoid the overestimation issue. More recently,
Ngan [211] proposed a new approach to fuzzy arithmetics. Nonetheless, this type of methods is not
really suited for engineering problems as shown by Buckley et al.[213].

The combinatorial methods [6] are a reference in the literature to compute the output fuzzy sets.
Indeed, they provide an automatic way to sample the different α-cuts of the output membership
function. Nonetheless, they fail to perform efficient sampling when the function is nonlinear [214] and
to handle high dimensionality.

Other authors hence suggested using perturbation techniques and optimisation to determine the
output fuzzy set. The quantity of interest is expended with a Taylor’s expansion series [215] or with
Padé approximants [216]. Then, a sensitivity analysis is performed on the first derivative of the
expansion to determine the monotonicity of the considered quantity. If the function is monotonous,
then a local optimiser is used to determine the value of the optimum. Conversely, if the function
is not monotonous, the optimum is not determined. Finally, when the function is expensive, it can
be replaced by the expansion series to speed up the evaluation of the output fuzzy set. The main
limitation of these strategies is that the estimated expansion series is valid only if the perturbation is
small. In addition, when the functions are highly nonlinear and multimodal, the approaches suggested
by the authors lack in efficiency.

To reduce the computational cost generated by multiple calls to the considered function when de-
termining the min-max bounds of each level of the fuzzy set, some authors used surrogate modelling.
Akpan et al. [217] approximated the simulator with a response surface model and carry out optimisa-
tion to determine the min-max of the α-cut to, finally, reconstruct the output fuzzy set membership.
Recently, a similar approach was suggested by Lu et al. [218] to determine the output fuzzy set of
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the eigenvalues of a brake system. As studied in Chapter 3 and Chapter 5, the training set on which
the surrogate model is trained needs to be the most informative as possible.

The purpose of this chapter is to propose a new combinatorial strategy which hinges on surrogate
modelling to reduce the computational cost and BO to produce efficient adaptative sampling of the
considered nonlinear functions.

To assess for the capabilities of the suggested algorithm, this chapter is organised as follows.
Section 6.2 reviews the fuzzy set theory and presents the traditional combinatorial strategies available
in the literature. Section 6.3 describes the proposed strategy by introducing the sampling strategy
and the algorithm associated with the new strategy. Then, Section 6.4 assesses the performance of the
suggested strategy. This method is compared with the literature strategies and the hyperparameter
setting is thoroughly studied. Finally, Section 6.5 highlights the performance of the given strategy to
estimate the coalescence graph of the eigenvalues of an FIV problem.

6.2 Fuzzy set theory

6.2.1 Some definitions

Fuzzy number

The fuzzy set theory, proposed by Zadeh [77–79], is a generalisation of the classical crisp set theory.
Both types of set correspond to a collection of elements which fulfills a condition A. The only
difference between those two types of set lies on the membership function µA(x), which corresponds
to the mathematical expression of the completion of A. On one hand, the fuzzy membership function
is defined on the continuous set [0; 1], while, on the other hand, the crisp membership function is
defined on the discrete set {0; 1}.

Additional properties are usually considered for the definition of fuzzy sets. The fuzzy set has
to be convex and only one element is associated with a membership value of 1. Finally, the fuzzy
membership function has to be at least piecewise monotonous, in the inclusion sense [219]. Given
these properties, the fuzzy set Ã is called a fuzzy number and is defined by (Eq. 6.1).

Ã = {(x, µÃ(x)) | x ∈ R} (6.1)

where, µÃ(x) : R −→ [0; 1].

This modification of the definition of the membership function (from the crisp to the fuzzy) allows
the modelling of a wider range of applications. The vagueness of a material or geometrical parameter
can then be described using a fuzzy set: a value of 1 would traduce an absolute confidence on the
parameter value, while a value of 0.5 would traduce a mid-confidence on the parameter value.
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The generalisation to n-dimensions is quite simple since the fuzzy number is not defined over R
but over Rn. In practice, a membership function is defined for each dimension.

Choice of the membership function

Several choices are available in the literature as, for instance, Triangular, Gaussian, and Quadratic
fuzzy numbers [6]. Nonetheless, this choice is highly arguable in the literature. Indeed, some authors
[83, 218, 220] prefer to keep the fuzzy representation as simple as possible. Other authors [221–224]
suggested enhancing the fuzzy representation with more complex fuzzy membership function, by using
either convex or non-convex functions.

The first approach owns the advantage of simplicity, but may be under predictive depending on
the complexity of the phenomenon. If the convexity is ensured, the second approach only needs
sufficient prior knowledge to describe the membership function. Otherwise, other methods to solve
the non-convex problem are needed (see aforementioned references about non-convexity of the fuzzy
sets).

Nonetheless, De Lima et al. [225, 226] showed that the fuzzy methodology with simple membership
functions is a good first approximation to quantify the uncertainty of a numerical model by comparing
fuzzy sets to several approaches (Monte Carlo and stochastic FEM). Hammell et al. [227] concluded
that triangular fuzzy numbers induce smoother results than trapezoidal fuzzy sets. Similarly, Adil et
al. [228] emphasised that triangular and trapezoidal fuzzy sets give better results than gaussian fuzzy
sets.

Hence, to ease the definition of the fuzzy numbers, each fuzzy number of this research is taken
to be triangular. In addition, the input P̃ is always normalised between 0 and 1 to work at the
same variation scale between the model parameters. The form taken into account in the following
applications is given by (Eq. 6.2) and shown in Fig. 6.1.

µp̃(x) =



x/x̄ for x̄ ∈ ]0; 1[, x ∈ [0; x̄[

(x− 1)/(x̄− 1) for x̄ ∈ ]0; 1[, x ∈]x̄; 1]

1 for x̄ =]0; 1[, x = x̄

[0;1] for x̄ = {0; 1}, x = x̄

(6.2)

where x̄ is the modal crisp value of the fuzzy set P̃ .

The Zadeh’s Extension Principle (ZEP) was first introduced in [229] as a way to compute the
solution of an input fuzzy set Ã through a functional f . This principle is given in its continuous form
by (Def. 6.2.1).
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Figure 6.1: A triangular membership function (x̄ = 0.5).

Definition 6.2.1

Let f be a functional mapping from a set X to a set Y, Ã, a fuzzy set defined by the membership
function µÃ on X, B̃, a fuzzy set defined by the membership function µB̃ on Y, x, an element
of X and y, an element of Y.

The membership function µB̃(y) is given by:

µB̃(y) =

 supy=f(x) min
{
µÃ(x)

}
if f−1(y) ̸= ∅

0 if f−1(y) = ∅
(6.3)

If X is the cartesian product of the sets X1 to Xd, with d, the number of dimension, then (Def.
6.2.1) becomes (Def. 6.2.2).

Definition 6.2.2

Let f be a functional mapping from a set X to a set Y, Ã, a fuzzy set defined by the membership
function µÃ on X, B̃, a fuzzy set defined by the membership function µB̃ on Y, x, an element
of X and y, an element of Y.

The membership function µB̃(y) is given by:

µB̃(y) =

 supy=f(x) min
{
µÃ(x1), · · · , µÃ(xd)

}
if f−1(y) ̸= ∅

0 if f−1(y) = ∅
(6.4)

In practice, the evaluation of this principle is not possible. As shown by Hanss [6], the use of the
ZEP for a simple addition between two fuzzy numbers leads to the enumeration of all the possible
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combinations to obtain a given real (which is obviously infinite). Hence, the input fuzzy set Ã and
output fuzzy set B̃ have to be discretised.

The most used discretisation scheme is the discretisation along µ-axis. The idea is to create m cuts
of the membership function, called α-cut, and to iteratively solve each α-cut problem as an interval
problem (Fig. 6.2). This strategy allows maintaining the independence between the discretisation ∆µ
and the parameter evolution. In addition, δµ is also invariant to arithmetical operations, meaning
that (∀i ∈ J1, nK, (cuti)input = (cuti)output).

Figure 6.2: Discretisation along µ-axis [6]
.

Other methods of discretisation exist as shown in [6], but these methods necessit the use of fuzzy
algebra, which is not suited for engineering problems.

6.2.2 Combinatorial methods and limitations

6.2.2.1 Presentation of the transformation methods

Principle

For all the following methods, the fuzzy vector Ã is considered, where each element of Ã is an
independent fuzzy number Ãi, associated with the membership function µÃi

.

Each element Ãi is then decomposed along the µ-axis and described by (Eq. 6.5), where Xj
i is a

crisp interval and m is the number of α-cuts.

P̃i = {X0
i , X

1
i , . . . , X

m
i } (6.5)

where P̃i is the decomposed version of Ãi, Xj
i = cutj(Ãi), for i ∈ J1,mK.
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Reduced Transformation Method

The Vertex method, also called the RTM, was first proposed by [214] to reduce numerical costs of
computing the ZEP. Note that this strategy was later formulated as a special case of the GTM [80].

All combinations between the minimum and maximum of each parameter α-cut is enumerated and
evaluated. The number of calls of the considered function f is nT = 1 + (m− 1) × 2n, where n is the
number of fuzzy parameters and m, the number of α-cuts.

Fig. 6.3 shows the distribution of the different combinations in a grid for two input fuzzy sets.
Each black dot corresponds to a combination to evaluate. Here, 17 samples have to be computed
(m = 5 and n = 2).

Figure 6.3: Localisation of the combination samples for the reduced transformation method for two
input fuzzy sets [230].

.

For monotonous functions (where the extrema are located on the vertices of the input fuzzy set),
Dong et al. [214] showed that the Vertex method determines the exact output fuzzy set Q̃. Nonethe-
less, other authors [231, 232] highlighted that, when the studied functions are non-monotonous, the
Vertex method cannot be considered an efficient strategy to determine the bounds of Q̃. Hence, for
complex real-life applications, better strategies have to be considered.

Generalised Transformation Method

To overcome the drawback of Vertex method, Hanss [80] suggests enhancing the array X̂j
i with addi-

tional samples. These samples are constructed as shown in Fig. 6.4(A). For instance, the sample c(2)
2,i

is built as the average of c(3)
1,i and c

(3)
2,i , and so on. Another feature of the GTM is that the number

of additional samples decreases as the α-cut increases: the additional samples number is m − 2 − i,
where i the α-cut level. Fig. 6.4(B) shows the corresponding mapping for a two input fuzzy sets.
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(a) Example for one input fuzzy set [6] (b) Example for two input fuzzy sets [230]

Figure 6.4: Localisation of the combination samples for the generalised transformation method.

Nonetheless, this better mapping of the design space can quickly become a burden. Indeed,
the number of calls of the considered function f is nT = ∑m

i=1 i
n, where n is the number of fuzzy

parameters and m, the number of α-cuts. For instance, for a 5-cuts one-dimensional fuzzy set, this
method needs 15 samples. For a 5-cuts five-dimensional fuzzy set, 4,425 samples must be computed
(for a comparison, only 129 configurations are needed with the reduced transformation method).

Other transformation methods

To reduce this computational burden, but still benefit from the better sampling of the input fuzzy sets,
Hanss [233] suggested discriminating the fuzzy parameters depending on their impact over the studied
functions. These parameters are classified either as generalised-parameters or reduced-parameters.
Then, the Extended Transformation Method (or ETM) is used to generate the different samples
combinations.

This method works as a compromise between the reduced transformation and the generalised
transformation method. It benefits from the advantages of both methods and tries to reduce the
impact of the drawbacks of each method. The number of calls of the considered function f is given
by nT = 1+∑m

i=2 2pr ipg , where pr stands for a reduced-parameter and pg, for a generalised-parameter
and n = pr + pg.

Finally, the Short Transformation Method (or STM) was suggested by [234] to take advantage of
the monotonic behaviour of eigenvalue shifts in modal analysis and harmonic excitation. The idea is
to determine the most influential diagonal in the parameter space. This detection is done by carrying
out a sensitivity analysis over an initial set of samples (computed at α=0). The number of call of the
considered function is nT = 1 + 2n + 2 × (m− 2).
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6.2.2.2 Limitations of these methods

The limitations of these transformation methods are two-folds. First, these methods do not cope well
with multi-dimensional problems.

Table 6.1 presents an evaluation of the number of samples nT generated using the techniques
presented above. For each method, the number of α-cuts is 5. The ETM is evaluated for two
configurations: the first one is obtained considering 2/3 of reduced-parameters and 1/3 of generalised-
parameters; the second one with 1/3 of reduced-parameters and 2/3 of generalised-parameters. In
industry, the computation budget is roughly about 200 to 300 evaluations of f , depending on the
specificities of the project. The green values correspond to an acceptable cost and the red values, an
unacceptable cost.

Table 6.1
Comparison of the number of samples needed for each technique (5-cuts fuzzy set)

.

Technique
Parameter 1 3 6 12

STM [234] 9 15 71 4,103
RTM [80] 9 33 257 16,385
GTM [80] 15 225 20,515 261,453,379
ETM (Config. 1) [233] 61 881 250,625
ETM (Config. 2) [233] 111 3,917 7,407,665

Only the short and reduced transformation methods are still usable in an industrial context for 6
fuzzy parameters, but when the number of fuzzy parameters is increased to 12, no techniques may be
used. Besides, the GTM even generate unrealistic evaluation procedure with more than 260 millions
samples.

Second, these methods do not deal well with highly nonlinear functions. The illustration of this
statement is done with the Xiong’s function. The input parameter is represented by a triangular fuzzy
set (Eq. 6.2), with a modal value x̄ of 0.25 and a membership discretisation m of 6. The output fuzzy
set Ỹ is evaluated with the RTM and the GTM. The first strategy generates 11 samples while the
latter induces 21 samples.

Observations

Fig. 6.5(A) shows an asymmetrical triangular set X̃, with a modal value x̄ of 0.25. The reference is
given in black, the samples associated with RTM in dark green squares and those of GTM in red
squares. Fig. 6.5(B) exhibits the output fuzzy set Ỹ , using both techniques.

Only the first two α-cuts are well approximated with both methods, since no significant difference
is observed; the maximum error is about 0.32% (for the estimation of the lower bound associated with
µỸ (x) = 0.8, ∀x ∈ J0.2; 0.4K).
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(a) Input fuzzy set (b) Output fuzzy set

Figure 6.5: Approximation of the output fuzzy set using the Reduced and Generalised Transforma-
tion Method for a non-symmetric input fuzzy set.

For the other α-cuts, the results are quite disappointing. Large errors are observed, especially for
the upper bound estimation, which lead to an underestimation of the output fuzzy set membership
function. For instance, the maximum error is about 2255% (for the estimation of the upper bound
associated with µỸ (x) = 0.2, ∀x ∈ J0.05; 0.85K)1.

Discussions

For the example presented in Fig. 6.5(B), both methods have largely presented suboptimal perfor-
mance. This is mainly a consequence of the high non-linearity nature of the problem to solve.

Considering the input fuzzy parameter X̃, defined with a modal value x̄ of 0.25 and an α-cut
associated with µX̃(x) = 0.2 (x ∈ J0.05; 0.85K).

Fig. 6.6 compares the parametric space associated with an α-cut1 with the parametric space as-
sociated with an α-cut2. The samples created with the RTM and the GTM are respectively given in
green and red squares. The extrema of the current α-cut are reminded in yellow stars.

As pointed out earlier, this problem is highly non-linear. Indeed, the variations of the left-side
parametric space contain both extrema of the current α-cut whereas the right-side parametric space
is almost flat.

Here, these sampling strategies are clearly not suited for this kind of problem. As the RTM
evaluates the bounds of the parametric space, the GTM generates computations in the next α-cut,
without creating samples in the α-cut1, which contains one of the extrema. In addition, the samples

1The error is high because of the true value of the upper bound, which is 0.009, making the error value hazardous
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Figure 6.6: Xiong function for the α-cut associated with µX̃(x) = 0.2.

generated in the α-cut2 are of no use at that moment of the algorithm, since the algorithm will
generate samples in the next α-cuts.

Then, to limit the computational cost, all the samples have to be included in the new parametric
space. Nonetheless, even if the GTM is restricted to these regions of the design space, it is still
unusable with non-linear problems. Indeed, as shown in Fig. 6.6, the left and right sides exhibit
different behaviours (resp. quadratic and almost linear). The static procedures, as RTM or GTM,
cannot adapt to such non-stationary evolution. Thus, it is not possible to rely on these methods,
especially with non-linear functions.

6.3 Proposed method

6.3.1 Snapshot generation

As highlighted in the previous section, at a given α-cuti, the combinatorial method can provide samples
in α-cuti + 1. Thus, for obvious reasons of computational efficiency, the snapshots generated by the
BO algorithm, presented in the following section, are sampled in the given α-cuti. The algorithm is
not allowed sampling in the other α-cuts.

To do so, a specific random sampling is, here, proposed by considering the following homeomor-
phism. To map a circle C = {(x, y) ∈ R2|x2 + y2} to a square S = {(x, y) ∈ R2||x| ≤ 1, |y| ≤ 1}, the
transformation is given by (Eq. 6.6).

(x, y) 7→
√
x2 + y2

max(|x|, |y|)(x, y), ∀(x, y) ∈ R2\{(0, 0)}

(0, 0) 7→ (0, 0)
(6.6)
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This transformation can easily be generalised for Rn and is here used, for each α-cut, to build
the training set, shown in (Fig. 6.7(B)), compatible with the suggested BO algorithm, from an initial
random training set (Fig. 6.7(A)). Fig. 6.7 illustrates the proposed implementation for two successive
α-cuts and 20,000 samples per cut.

(a) Traditional random sampling (b) Transformed random sampling

Figure 6.7: Transformation of the traditional random sampling with the considered homeomorphism.

Those transformations allow preventing the Bayesian strategy from sampling in another α-cut
than the one which is currently dealing with.

6.3.2 Bayesian algorithm

Two limitations of the current combinatorial methods are pointed out, namely the computational cost
and the numerical efficiency, while dealing with nonlinear functions. The proposal of this chapter is to
benefit from the surrogate modelling strategy (reviewed in Chapter 3) and the Bayesian Optimisation
strategy (reviewed in Chapter 5). The first method allows a reduction of the computation cost, while
the second allows an adaptability of the sample strategy.

The new algorithm, called FUZZy Bayesian Optimisation (denoted FuzzBO), is presented in the
flowchart (Fig. 6.8). First, an essential modification of the fuzzy paradigm is proposed here. The
traditional combinatorial strategies compute a given training set and then associate the evaluations
to their corresponding α-cut. Conversely, the suggested approach is an iterative process that evolves
from the top (µX̃(x̄) = 1) to the bottom (µX̃(x) = 0).

At first, the core element (µX̃(x̄) = 1) is evaluated. Then, the algorithm goes to the first α-
cut interval. A modified random sampling (with the transformation described in Section 6.3.1) is
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Figure 6.8: FuzzBO workflow.

evaluated to acquire knowledge about the behaviour of the solver in this cut. This training set is,
then, used to construct the GP to approximate the behaviour of the considered function for all the
design space.

After this step, the evaluation of the bounds of the current α-cut is performed. Two independent
optimisation problems are solved: one for estimating the optimal sample with regard to the minimi-
sation of the solver; one with regard to the maximisation of the solver. These optimisation problems
are solved by maximising the Expected Improvement, given for either the minimisation (Eq. 6.7) or
the maximisation (Eq. 6.8) of the studied function. The solution of those two optimisation problems
corresponds to the sample which has the highest probability to be the optimum of the considered
solver.

EImin(x) = αmin

(1
2 + 1

2erf
(
αmin√

2σ

))
+ σ√

2π
exp

(
−α2

min

2σ2

)
(6.7)

EImax(x) = αmax

(
−1

2 + 1
2erf

(
αmax√

2σ

))
+ σ√

2π
exp

(
−α2

max

2σ2

)
(6.8)

where αmin = ymin − f̂ , αmax = ymax − f̂ , ymin and ymax are the extrema of the training set and
f̂ , the prediction of the GP.

Before incrementing the training set, the distance between the two new candidates and the cur-
rent training has to be checked. This problem is responsible for causing the inversion of Cholesky
decomposition of the GP covariance matrix to fail. The chosen approach is to limit the proximity of
the samples by computing the Euclidean distance and ensuring that it is under a threshold sFuzzbo.
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Many tests showed that a practical value is 5 · 10−3. The new samples can, then, be added to the
training set to update the GP approximation. A new evaluation of the bounds is performed.

When the maximum number of iterations p is reached, the algorithm goes to the next α-cut and
a new initial training set is computed to acquire knowledge about this cut. The training set of the
previous cut is kept and merged with this new training set.

The number of iterations p is constant for each α-cut. The final number of samples, obtained after
the execution of the FuzzBO algorithm, is typically nT = m × (q + 2 × p) but, due to the proximity
issue, the previous formula is only an upper bound of the total number of samples.

The Bayesian algorithm is set for p iterations and, when the number of added samples has been met,
the α-cut is modified and the iterative process begins again for the next α-cut. Table 6.2 summarises
all the hyperparameters of the algorithm and highlights their main action. The first hyperparameter
manage the fuzzy parameters, while the two others control the Bayesian Optimisation; highlighting
the two main components of the suggested algorithm.

Table 6.2
Hyperparameters of the FuzzBO algorithm.

Parameter type Symbol Purpose
α-cut number m Control the discretisation of the membership function
Initial training set size q Control the initial diversification
Iteration number p Control the added samples number

6.4 Approximation of the output fuzzy sets

6.4.1 Assessment procedure

The case study is the Double Hulten, presented in Chapter 3. The purpose of using this phenomenolog-
ical model is to validate the proposed methodology with a cheap and practical model, which simulates
the brake squeal phenomenon. Hence, the benchmark is easier to compute compared to a classical FE
model - which may take a longer time for the completion of a simulation.

The parameters, as well as their range of variation (about 10% around the nominal value), are
shown in Table 6.3. They are normalised to 0-1 range, and then considered fuzzy inputs with a
triangular membership function. The fuzzy friction coefficient is constructed with a modal value
x̄µ = 0 and the fuzzy stiffnesses with a modal value x̄k = 0.5.

Table 6.3
Range of variation of the considered system parameters of the Double Hulten.

µ k11 k12 k21 k22 ka
(N · m−1) (N · m−1) (N · m−1) (N · m−1) (N · m−1)

Range [0;1] [2700;3300] [5400;6600] [900;1100] [2700;3300] [900;1100]
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Fig. 6.9 exhibits the form of the two considered types of fuzzy numbers. The reference output
fuzzy set for the following applications is determined by computing roughly 100,000 configurations for
each α-cut to find the extremums of these cuts.

(a) Friction coefficient fuzzy number (b) Other parameter fuzzy number

Figure 6.9: Forms of the considered fuzzy numbers.

The sections 6.4.2 to 6.4.4 analyse the capabilities and effects of key parameters of FuzzBO over
the approximation of the output fuzzy set. First, the suggested algorithm is compared to the state-
of-the-art methods, that are the RTM [80] and the surrogate modelling approach [141]. Secondly, the
impact of the Bayesian hyperparameter setting is emphasised. Then, following the conclusions about
the setting, the effect of the fuzzy discretisation is considered to explicit the behaviour of the algorithm
with coarser and refined fuzzy sets. The third complex eigenvalue is chosen because it presents the
most complex behaviour of the Double Hulten. Finally, the Section 6.4.5 studies a pairing issue that
was identified after execution of the FuzzBO algorithm.

Two metrics are used to assess the capabilities of the FuzzBO algorithm: the support and the area
of the fuzzy set, which is the Riemann integral of the membership function (Eq. 6.9).

Area =
∫ 1

0
µÃ(x)dx (6.9)

6.4.2 Influence of the Bayesian formalism

Three methods are here compared to assess the optimal way of generating the samples used to evaluate
the output fuzzy set: the deterministic strategy with the RTM, the fully Random strategy with GP
approximation and the incremental strategy with the FuzzBO algorithm.

A rather refined discretisation of the membership function is considered, with 7 α-cuts. The RTM
needs 385 samples to be computed, about 64 samples per α-cut. The same number of samples is used
to generate the LHS on which the GP is trained. For FuzzBO, the initial training set size q is fixed
to 30 and 17 iterations are used at each α-cut to solve the optimisation problems. Hence, the number
of samples is similar for all methods, i.e. 385 samples.
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The bounds of each α-cut are determined with the training set for the RTM and the FuzzBO
algorithm. For the GP, a prediction over a significant amount of samples is carried out, and the
bounds are computed with these predictions.

Figure 6.10: Comparison of the output fuzzy set approximation using RTM, GP or FuzzBO.

Observations

Fig. 6.10 compares the three considered methods for the estimation of the output fuzzy set. For the
RTM and GP, since both strategies do not ensure the convexity of the fuzzy set, the results were
modified to keep the convexity property.

For the RTM, the results are quite interesting. On the overall, the output fuzzy set is quite well
approximated, more especially for the minimum bounds of the last three α-cuts or the maximum
bounds of the first four α-cut. Conversely, the approximation of the maximum bounds of the last
three α-cut is moderately erroneous.

For the GP, the results are disappointing. Indeed, except for the approximation of the last two
minimum bounds, the approximation is highly inaccurate. Nonetheless, the trend of the output fuzzy
set is well approximated since its shape is quite similar from the reference output fuzzy set.

For the FuzzBO algorithm, the results are very interesting. This strategy allows an almost perfect
approximation of the minimum bounds and a pretty good estimation of the maximum bounds of the
output fuzzy set. In addition, the shape of the approximation is also good, despite the underestimation
of the maximum bounds.

Table 6.4 provides the values of the two considered metrics for the three methods. From the
different metrics values, it is obvious that FuzzBO outperforms the two other methods, since the
estimation error of the support is about 3.61% and the area is roughly 6%.
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Table 6.4
Comparison of the area and support approximation with RTM, GP or FuzzBO.

Method Support Area
Value Error Value Error

Reference 21.098 9.435
FuzzBO 20.336 -3.61% 8.684 -6.05%

RTM 17.835 -15.47% 8.082 -14.34%
GP 16.814 -20.31% 7.232 -23.35%

Discussions

As emphasised by Fig. 6.10, the considered frequency has a non-linear behaviour since the width of
the output fuzzy set greatly varies depending on the α-cut level. This observation can be linked to
the propensity of some eigensolutions of a brake system to become unstable. This instability generally
arises from a coupling with other eigensolutions, making it more difficult for conventional strategies
(RTM or GP) to correctly estimate the output fuzzy set.

Conclusions

These first results are very encouraging with regard to the capabilities of the suggested algorithm for
the estimation of the membership function of fuzzy sets. The iterative training sets strongly improve
the precision of the estimation and better handle the non-monotonicity of the considered functions.
The FuzzBO algorithm is less time-consuming and provides better results than the two other methods,
since, for each iteration of the algorithm, a GP and two optimisation of the infill criteria are carried
out. Nonetheless, the most time-consuming operation remains the evaluation of the solver, which is
more expensive than the execution of the suggested algorithm, especially in engineering applications.

6.4.3 Influence of the Bayesian hyperparameter setting of the FuzzBO algorithm

6.4.3.1 Area approximation

This first test aims at highlighting the effect of the Bayesian hyperparameter setting over the perfor-
mance of the suggested method. These parameters are the initial training set size q and the iteration
number p. The first one controls the initial amount of information available for the algorithm to
explore the design space, and the latter handles the amount of samples that the algorithm can add to
the training set T .

Here, the purpose is to link the setting of these hyperparameters to the characteristics of the
considered problem, i.e. the number of α-cut m and the dimensionality of the problem d. Thus, the
considered values of both hyperparameters are given as follows: {6, 7, 12, 14, 18, 21}, corresponding to
J1; 3K × d and J1; 3K × m values (with d = 6 and m = 7).
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Figure 6.11: Evolution of the area error with respect to the Bayesian hyperparameters of FuzzBO.

Observations

Fig. 6.11 shows the evolution of the area error with regard to the iteration number of the Bayesian
algorithm and to the number of samples of the initial training set.

First, for all configurations, the increase of the iterations implies a decrease of the area error.
Indeed, for 6 iterations, the area error associated with the 6 samples training set is roughly 15% and
decreases to 7%. Similarly, the area error associated with the 21 samples training set is about 12%
and is reduced to 6%, i.e. a reduction of 50% of the area error in all cases.

Secondly, the initial training set size slightly influences the performance of the algorithm, when
the number of iterations is high. Indeed, for 21 iterations, the area error spread is 1 percentage point
(from 6.2 to 7.3%). From 6 to 14 iterations, the initial training set size has a greater impact, since
the area error spread is about 3 to 4 percentage points.

To highlight the difference between the best configuration (21 initial samples and 21 iterations)
and the worst configuration (6 initial samples and 6 iterations), the approximation of the output fuzzy
set for both methods are drawn in Fig. 6.12. These configurations respectively generate an area error
of 6.2% and 14.94%.

For the first four α-cut, the difference between the two approximations are not very important.
Conversely, for the last three α-cuts, the difference is moderately important. The approximations are
more erroneous and the shape of the output fuzzy set is less well-approximated (the slope is the same
for the last three maximum bounds) for the worst configuration. For the best configuration, the slope
and the maximum bounds are better approximated.
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Figure 6.12: Comparison between the worst and best configurations for the area approximation (
area is 9.435; area is 8.849; area is 8.025).

Discussions

The results showed that an increase of the iterations of the FuzzBO algorithm allows a more precise
approximation of the output fuzzy set area. The sample number of the initial training set can also
help the algorithm to provide better results, and its effect is quite simple: the greater, the better.
Nonetheless, the effect of this parameter tends to fade away as the number of iterations increases.

In a way, these results show that the diversification brought by the initial training set has a
lower effect on the convergence of the suggested strategy, when the number of iterations is important.
As emphasised in Chapter 5, the infill criterion used in FuzzBO encompasses both exploration and
exploitation.

6.4.3.2 Support approximation

Observations

Fig. 6.13 shows the evolution of the support error with regard to the iteration number of the Bayesian
algorithm and to the number of samples of the initial training set.

With regard to the support, the effects of the iterations are more mixed. For instance, the per-
formance of FuzzBO with 14 initial samples fluctuates around 6%, even with the maximum number
of iterations. The other configurations are improved with the increase of the number of iterations,
despite some fluctuations. For instance, the 21 initial samples configuration generates a support error
of roughly 8%, with 6 iterations, which decreases to 2%, for 21 iterations.
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Figure 6.13: Evolution of the support error with respect to the Bayesian hyperparameters of FuzzBO.

Considering the effect of the training set size, the increase of the initial samples number has a
great impact on the performance of the algorithm. Contrary to the area approximation, the support
error spread is almost constant whatever the iteration number. Whatever the number of iterations,
the difference of errors between the best and the worst configurations is the same, around 4 percentage
points.

Moreover, the effect of the initial samples size is more random: the 7 initial samples configuration
provides better results than the 18 initial samples configuration; the 14 initial samples configuration
gives worse results than the 6 initial samples configuration. Nonetheless, the greatest initial sizes (18
and 21 samples) are less affected by the reduction of performance (fewer fluctuations).

Similarly to the area approximation, the difference between the best configuration (21 initial sam-
ples and 21 iterations) and the worst configuration (12 initial samples and 6 iterations) is highlighted
in Fig. 6.14. These configurations respectively generate an area error of 2.48% and 9.96%.

The target value for the lower bound is 48.35 Hz and the upper bound is 69.45 Hz. The gap
between the two configurations is quite small, since the worst (resp. best) setting gives a lower bound
of 49.07 Hz (resp. 48.55 Hz) and an upper bound of 67.96 Hz (resp. 69.12 Hz).

Discussions

The results showed that the number of iterations is also a key parameter to efficiently estimate the
support of the output fuzzy set. This observation rises confident on the behaviour of the suggested
method since, with more iterations, the Bayesian algorithm performs better.

Contrary to the area, the initial sample size effect is more random if the number of initial samples
is kept under a certain value. This observation is troublesome as it were. Indeed, it implies that the
infill criterion used for FuzzBO, the Expected Improvement, performs worse if the number of samples
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Figure 6.14: Comparison between the worst and best configurations for the support approximation
( support is 21.1 Hz; support is 20.57 Hz; support is 18.99 Hz).

is low. This effect has already been identified in Chapter 5 and indicates a limitation of the Expected
Improvement. Nonetheless, an increase of the iteration number fades this effect.

6.4.3.3 How to fix efficiently the FuzzBO parameters?

From the previous subsection, the results highlighted some influence of the different parameters of
the bayesian algorithm: the initial sample number and the iteration number. This section aims at
comparing several couples of parameter values, which, after the execution of the algorithm, produce
training sets of the same size.

Area error

Table 6.5
Comparison between the best and worst area approximation.

Best configuration Worst configuration
Final training set size Initial sample Iterations Perf. Initial sample Iterations Perf.

157 points 12 [2 × d] 7 [1 × m] 10.8% 14 [2 × m] 6 [1 × d] 12%
181 points 6 [1 × d] 12 [2 × d] 10.3% 18 [3 × d] 6 [1 × d] 11.4%
211 points 7 [1 × m] 14 [2 × m] 8.6% 21 [3 × m] 7 [1 × m] 11.1%
253 points 6 [1 × d] 18 [3 × d] 8.5% 14 [2 × m] 14 [2 × m] 8.5%
289 points 6 [1 × d] 21 [3 × m] 6.4% 12 [2 × d] 18 [3 × d] 7%
295 points 7 [1 × m] 21 [3 × m] 7% 21 [3 × m] 14 [2 × m] 7.8%
325 points 12 [2 × d] 21 [3 × m] 7.1% 18 [3 × d] 18 [3 × d] 7.2%

Table 6.5 summarises the different couples of parameter values identified here. The results shown
in this table come from the previous study on the area and support approximation. For a given final
training set size, a best and worst configurations are compared. The value of each parameter (initial
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sample number and iterations) is reminded as long as their dependence toward the characteristics of
the studied function. Finally, the area error is given in the performance column.

First, the best configuration is almost always associated with a high iteration number and a low
initial training set size (results for 181 to 325 points). Conversely, the worst configuration is always
linked to a high initial training set size. Nonetheless, the difference between the two configurations
are relatively low (between 0 and 2 percentage points).

No particular setting arises from the results. Indeed, whether it is the setting with respect to the
dimensionality or the α-cut, the results are either good or bad. For instance, for the training set of
181 samples, the best configuration is associated with the dimensionality – 1×d, for the initial sample
number; 2 × d, for the iterations – and the worst configuration is also linked to the dimensionality
– 3 × d, for the initial sample number; 1 × d, for the iterations. Similarly, for the training set of
211 points, the best configuration is associated with the α-cut discretisation – 1 × m, for the initial
sample number; 2 × m, for the iterations – and the worst configuration is also linked to the α-cut
discretisation – 3 × m, for the initial sample number; 1 × m, for the iterations.

Support error

Table 6.6
Comparison between the best and worst support approximation.

Best configuration Worst configuration
Final training set size Initial sample Iterations Perf. Initial sample Iterations Perf.

157 points 14 [2 × m] 6 [1 × d] 6% 12 [2 × d] 7 [1 × m] 7.8%
181 points 6 [1 × d] 12 [2 × d] 6.1% 18 [3 × d] 6 [1 × d] 9.7%
211 points 7 [1 × m] 14 [2 × m] 5.1% 21 [3 × m] 7 [1 × m] 5.5%
253 points 14 [2 × m] 14 [2 × m] 4.9% 6 [1 × d] 18 [3 × d] 5.4%
289 points 6 [1 × d] 21 [3 × m] 5% 12 [2 × d] 18 [3 × d] 5.2%
295 points 7 [1 × m] 21 [3 × m] 2.6% 21 [3 × m] 14 [2 × m] 4.2%
325 points 18 [3 × d] 18 [3 × m] 4.6% 12 [2 × d] 21 [3 × m] 5.1%

Table 6.6 summarises the different couples of parameter values identified here. The presentation
format is similar to the previous table.

The best configuration is here associated with only a high number of iterations. The initial
sample number is either low (for four final training set size) or high (for three final training set size).
Conversely, the worst configuration is almost always linked to a high number of initial samples.

As for the setting with respect to the dimensionality or the α-cut discretisation, the observations
are similar to those from the area approximation.

6.4.3.4 Conclusions

To conclude, these studies showed that the iteration number is the key parameter to set for the
Bayesian algorithm: the greater, the better. The effect of the initial sample number is more arbitrary,
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except if it is sufficiently high ( in this case, greater than 18 initial samples) where the performance is
stabilising. Nonetheless, the performance of FuzzBO was higher if the initial sample number is kept
low.

This observation allows the user of this algorithm to manage the computational cost of the sample
evaluations by simply controlling the number of iterations. Hence, the computational budget has to
be mainly spent with this key parameter. The Bayesian algorithm is, thus, set with a low number of
initial samples (about [1 × d], i.e. 6 points per α-cut) and a number of iterations depending on the
total number of samples allowed for the study.

6.4.4 Influence of the α-cut decomposition

This third test aims at highlighting the effects of the α-cut discretisation m over the performance of the
Bayesian algorithm. Typically, this parameter is also a key factor, since it controls the representativity
of the output fuzzy set.

Following the conclusions of the previous section, the initial samples number is given to 6 points
per α-cut and the number of iterations is parameterised according to a computational budget. Four
targeted computational budgets are considered, namely 100, 150, 250 and 350. However, some samples
provided by the Bayesian algorithm may be redundant (see Section 6.3.2 for some explanations). These
samples are removed to ensure the correct execution of the algorithm and thus, the true computational
budget is lower than the targeted one.

Table 6.7 recalls the true computational budgets and the associated number of iterations. For the
10 α-cut case, the true computational budget of 75 samples is too low (the number of iterations would
be 1) and has not been considered here.

Table 6.7
Iteration number with respect to the true computational budget.

True computational budget m = 3 m = 5 m = 7 m = 10
75 12 4 4
125 22 12 8 4
200 38 22 15 9
300 55 32 22 14

6.4.4.1 Fuzzy set output approximation

Fig. 6.15 shows the effects of the α-cut decomposition over the estimation performance of the output
fuzzy set for each considered discretisation.

In all cases, the output fuzzy set is well approximated, with a final training set size of 125 to 300
samples. For 75 samples, if the number of α-cut is 3, the approximation is fair enough, but for either 5
or 7, the approximation performance is not good enough. Indeed, as the configurations with a higher
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(a) 3 α-cuts (b) 5 α-cuts

(c) 7 α-cuts (d) 10 α-cuts

Figure 6.15: Output fuzzy set approximation with respect to the computational budget and the
α-cut number.

number of samples allow determining the overall shape of the output fuzzy set, the approximation for
m = 5 is not good (especially, for a membership value of 0.25). For the approximation for m = 7, the
output fuzzy set is better predicted than for m = 5, but still the shape is not fully correct.

In addition, the improvement brought by the increase of iterations between 75 and 125 samples is
moderately important compared to the other training set size increases. The precision improvement
brought from 125 samples to 200 or 300 is low. The effect of the iteration increase is rather important
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for the m = 5 and m = 7 approximations, whereas for the two other discretisation values, the effect
is quite minor.

This test confirms some previous observations, namely that the convergence of the FuzzBO algo-
rithm is greater if the number of iterations is important. In addition, even if the increase of α-cut
lowers the computational budget allocated per membership value, the suggested method still succeeds
in correctly approximating the output fuzzy set.

6.4.4.2 Area and support approximations

Table 6.8 shows the error associated with the area approximation for each final training set size and
α-cut number. It is worth-noting that the increase of the error approximation with the increase of
the α-cut number is completely natural, since the fuzzy output set shape is more and more complex
as the discretisation of the sets are more important.

First, the results show that an increase of the final training set size improves the quality of the area
approximation. Indeed, for all number of α-cuts, the error goes from 20%, on average, to roughly 5%.
Then, the ratio of computational cost becomes acceptable when the number of final samples reaches
125. Indeed, the area approximation error is about 10% with a low budget (125 samples) and quickly
drops to 7% with a greater budget (200 samples).

Table 6.8
Area error approximation with respect to the computational budget and the α-cut number.

m = 3 m = 5 m = 7 m = 10
nT = 75 11.23% 27.09% 19.36%
nT = 125 7.42% 10.75% 12.69% 9.03%
nT = 200 6.53% 6.59% 9.11% 5.05%
nT = 300 5.64% 4.9% 6.81% 3.17%

Table 6.9 shows the error associated with the support approximation for each final training set size
and α-cut number. Here, the observations are simpler since the support is similar for any discretisation
values m.

Table 6.9
Support error approximation with respect to the computational budget and the α-cut number.

m = 3 m = 5 m = 7 m = 10
nT = 75 11.61% 11.86% 10.38%
nT = 125 9.26% 8.71% 7.31% 9.78%
nT = 200 8.19% 6.95% 4.08% 6.14%
nT = 300 6.62% 3.22% 4.02% 6.19%

The results show that, for a small final number of samples (nT = 75), the support approximation
error is equivalent, whatever the α-cut number chosen. Conversely, when the final number of samples
increase, some discrepancies appear. From m = 3 to m = 7, the error associated with the support
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approximation clearly reduces: for nT = 125, the error goes from 9% to 7% while for nT = 300,
the error drops from 7% to 4%. However, for a discretisation value of m = 10, the support area
approximation is higher and may be comparable to either the error of m = 3 or m = 5, questionning
the efficiency of increasing the number of α-cut m, for the support approximation.

On overall, the error value remains acceptable for any α-cut value, when the final number of
samples is at least equal to 125. The ratio between the computational cost and the precision is also
acceptable since the support approximation error is roughly 7%, when nT = 125. Increasing the final
training set size is not optimal with regard to this ratio, since the support error drops to 5% for
nT = 300 (more than twice the number of samples).

Conclusions

Those observations show that the discretisation value of the input and output fuzzy sets m has a low
effect on the performance of the FuzzBO algorithm. Indeed, with regard to the shape of the output
fuzzy set, the approximation efficiently determines the shape, as long as the final number of samples,
i.e. the number of iterations of the Bayesian algorithm, is sufficiently high. For the area and support
approximation, the results are similar: the key aspect is to have a sufficient number of iterations.

6.4.5 Pairing issue

6.4.5.1 Highlight of the issue

After the execution of the FuzzBO algorithm, about 5% of the final training sets exhibit pairing issues.
To investigate the failure of the pairing procedure, the results presented in Section 6.4.2 to Section
6.4.4 were paired once again using a greater reference set of families (about 10,000 already evaluated
configurations).

Fig. 6.16 compares the real part of the third (first column) and fourth (second column) eigenvalues
of the Double Hulten model, where the eigenforms of the configurations were paired with two different
procedures. The first row corresponds to the pairing resulting from the common procedure presented
in Chapter 3, denoted sparse method, while the second row gives the pairing results obtained with
10,000 already evaluated configurations, referred as full method.

For the first row, the well-paired configurations are shown in black circles, whereas the bad-paired
in red squares. For the second row, the well-paired configurations are displayed in black circles.

One of the main properties of the eigenvalues of a system (even for squeal models) is that if the
variations of parameters between two configurations is sufficiently small, the variations of the outputs
can be considered small too.

In the light of the sample density of the full method and following the previous assertion, if the
red squared configurations are reported in the second row figures, they would have been nested in
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(a) Third real part (Sparse method) (b) Four real part (Sparse method)

(c) Third real part (Full method) (d) Four real part (Full method)

Figure 6.16: Comparison between the two pairing strategies [Projected on the µ-dimension].

an envelope made of the 10,000 evaluations. If the bad-paired configurations of the first and second
columns are inverted, these configurations fit well in the given envelopes.

The considered pairing strategy strongly hinges on the representativity of the families set. When
the evolution between some eigenforms are small, there is no need to over-sampling the associated
area of the design space. Conversely, in complex areas of the design space where the eigenforms of
two different eigenvalues are close to one another, an extra care has to be made on the quality of these
eigenforms. For instance, in veering areas, the MAC values may be high between coupled modes, since
their eigenform is a linear combination of the eigenform of the two modes before the critical coupling
point, inducing potential difficulties in the pairing process.

For the configurations of Fig. 6.16(A) and (B), the computation of the AUTOMAC for the eigen-
vector basis X reveals that roughly 4% (6 config. over 157) of the configurations exhibits high-coupling
state. Fig. 6.17 shows the AUTOMAC of the eigenvector basis for one of these configurations. The
big red (resp. blue vanishing) squares indicate high (resp. low) correlation between two modes.

Here, the eigenvector ψ1 and ψ2 exhibits a correlation of 97%. This high value obviously represents
a problem when using the MAC between two sets of parameters.

Table 6.10 presents a comparison when the modal forms ψ1 and ψ2 of the configuration 133 are
compared to the families F1 and F2 of the final training set, paired with the full method. With this
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Figure 6.17: AUTOMAC of the configuration 133.

strategy, the eigenvector ψ1 is associated with F1 and ψ2 with F2. The last two rows of the tables
correspond to the number of values where the corresponding eigenshape gives the highest correlation
value over 95%.

Table 6.10
Comparison of the MAC values of ψ1 and ϕ2.

Family F1 Family F2
ψ1 ψ2 ψ1 ψ2

Mean MAC 80,5 85,3 35.2 32.6
Max MAC 99.84 98,8 97.3 99.9

Values when MAC(ψ1,Fi) is higher 24 28
Values when MAC(ψ2,Fi) is higher 10 27

The results for both families F1 and F2 clearly show that there is some ambiguity about the
pairing of the eigenforms ψ1 and ψ2. Indeed, even if the maximum of MAC is given for ψ1 (99.84%),
the maximum of the MAC for ψ2 is very close to the latter one (98.8%). For the mean MAC, ψ2

shows the highest correlation with a value of 85.3%, meaning that, on average, this eigenform ψ2 is
closer to the family F1 than ψ1. The comparison with the family F2 exhibits similar conclusions.

Since the full method uses a huge database of configurations, this ambiguity is worked around
efficiently. In FE applications, it is impossible to create a set of reference configurations as used in
Fig. 6.16 to overcome the pairing limitation. Consequently, the following section presents a detection
criterion and a strategy to deal with this issue.

6.4.5.2 Detection criterion

The proposed criterion is very simple and directly hinges on the AUTOMAC, with real vectors.
(Eq. 6.10) is evaluated for the whole eigenbasis X , and, most of the time, ψi is only correlated with
itself (meaning only one 100% per mode).
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C(X ) = AUTOMAC(|X |) (6.10)

where X is the eigenbasis composed of all ψj . Hence, the element Ci,j of the matrix C gives the
correlation between the eigenvector ψi and ψj .

For the eigenvectors which are correlated with other eigenvectors of the basis X , the strategy
mainly depends on the number of correlated eigenvectors. If only one vector ψj is fully correlated
with ψi, then the common mode coupling is identified: the eigenbasis X is said to be 1-coupled. If n
additional vector are fully correlated with ψi, then the given eigenbasis is said to be n-coupled.

In practice, it is not possible to use a threshold k equal to 100%. Indeed, many tests showed that
a detection threshold k of 98% allows a correct detection of these pathological configurations. Hence,
it would mean that a configuration with a vector which holds two Ci,j greater than the threshold k

would be classified as pathological.

Fig. 6.18 shows an application of the statement about coupled modes with the final training set
considered for the display of the pairing issue. The 0-coupled configurations are given in green squares;
the 1-coupled, in red squares and the 2-coupled, in blue squares. Finally, the bad-paired configurations
are depicted with a black dot.

Figure 6.18: Superposition of the n-coupled and the bad-paired configuration.

First, three types of coupled configurations are here distinguished. A comparison with the bad-
paired configurations determined in Fig. 6.16 shows that only the 1-coupled configurations are con-
cerned by the pairing issue, whereas, interestingly, the 2-coupled configurations are well-paired.

An analysis of the pairing process highlighted that the blue configurations were the cause of the
pairing issue. Indeed, when the reference family Fi is incremented with these configurations, the
black-dotted configurations are paired with those configurations and the pairing strategy failed.
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Nonetheless, the full method of Fig. 6.16 does not exhibit this issue, since the sample density is
sufficiently high to absorb it. For the sparse method, these configurations introduce ambiguities in
the pairing process, resulting in the aforementioned pairing issue.

In practice, only one strategy almost succeeds in dealing with those n-coupled configurations and
is described in the following section.

6.4.5.3 Proposed strategy

As the 2-coupled configurations were identified to be the cause of the failing of the pairing strategy,
a rather naïve strategy is to remove them from the configuration set to pair. With regard to the 1-
coupled configurations, several tests showed that the pairing strategy succeeds in dealing with them.

Figure 6.19: Comparison of the removing strategy and the full method.

Observations

Fig. 6.19 shows the results of the pairing strategy without the 2-coupled configurations. Here, the
samples of the full method are only used to analyse the results of the new pairing strategy and are not
considered in this pairing strategy. The results show that, with this new strategy, the final training
set is nested inside the full method samples, which rises confidence about the performance of the
suggested strategy.

To assess for the performance of the suggested method, all the training sets obtained after executing
the FuzzBO algorithm are here considered. These tests allow studying the method over a large number
of training sets. Some detection threshold values k were tested to highlight the performance of the
strategy with respect to the number of removed modes.

Table 6.11 summarises the results of the suggested strategy. The best, mean and worst performance
assess the number of bad-paired configurations by comparing the final pairing to a pairing with the full
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Table 6.11
Number of badly paired configurations.

k value 85 90 95 97 98 None
Best performance 0 0 0 0 0 120
Mean performance 0.15 0.25 0.59 0.68 0.78 26.31
Worst performance 1 4 12 13 13 80

method. Finally, the performance of the classical strategy (sparse method) is showed by the column
’None’.

First, the mean performance shows great results since almost all the configurations are well-
paired: less than 1 configuration is badly paired, whatever the threshold value k. Conversely, the
sparse method exhibits poor results since, on average, 26 configurations are badly paired.

Secondly, the worst performance shows that the suggested strategy is not perfect. Indeed, depend-
ing on the threshold value k, some configurations are still badly paired. The greater the threshold
value is, the higher the badly paired configurations will be. Nonetheless, compared to the traditional
strategy, the suggested strategy still perform better and succeeds in pairing 95% of the previously
failed paired final training sets.

Table 6.12
Removed configurations.

k value 85 90 95 97 98 None
Mean removed configurations 18% 14% 7% 5% 3% 0%

Table 6.12 shows the percentage of removed points for each threshold value. Only the mean per-
formance values are emphasised since the best and worst performance values give similar percentage.

This table highlights the main drawback of this method, i.e. the removing of evaluated configu-
rations. For a threshold of k = 85%, about 18% of the total number of configurations are set aside to
allow a correct pairing of the other 82% of the configurations. For a threshold of k = 98%, about 3%
of the total number of configurations are set aside to allow a correct pairing of the other 97% of the
configurations.

These configurations correspond to a computational budget which has been spent to evaluate
them. For FE models, this computational budget is about hours per configuration. Thus, relying on
a strategy which set aside some evaluated configuration is not optimal.

Discussions

The removal strategy shows interesting results since it manages to counterbalance the effects of patho-
logical configurations, as highlighted by the comparison with the full strategy in Table 6.11. Nonethe-
less, after the execution of the FuzzBO algorithm, the final training set cannot be labeled well- or
badly paired since no reference is available (as with the full strategy).
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Thus, with regard to this issue, an additional step has to be considered when the algorithm
has ended. This step consists in using the removal strategy to pair the final training set. Then, a
comparison between the traditional pairing strategy (presented in Chapter 3) and the removal strategy
is done. If the pairing is different, the result of the removal strategy is kept – a different result would
mean that one of the configurations is pathological. If the pairing is similar, then the result of the
traditional pairing strategy is kept.

Finally, a natural questioning arises about the removed points. Several tests showed that it is not
possible to incorporate them after the first pairing, which would remain fixed. Indeed, the pairing
issue with these points is related to the lack of compatibility with the other computed configurations
of the training set. A possible solution would be to densify the number of computed configurations
at the vicinity of those removed points, allowing a better pairing.

6.5 Approximation of the coalescence graph

6.5.1 Assessment procedure

The aim of this section is to use the proposed algorithm to approximate the coalescence graph for a
given eigenvalue. The determination of this graph is done by determining the inferior and superior
bounds for each α-cut of the fuzzy friction coefficient. The other parameters are modelled as interval
fuzzy numbers. The case study used for this application is the same as the one used in Section 6.4.

The sections 6.5.2 to 6.5.4 assess the performance of the suggested method with respect to its key
parameters. First, the method is compared to a common strategy, which is the surrogate modelling
approach. Then, the effects of the Bayesian formalism are highlighted. Finally, a study over the
impact of the decomposition with the friction coefficient is carried out. For all these applications, the
most complex function is studied: the real part of the third eigenvalue of the Double Hulten.

One metric is used to measure the performance of the suggested algorithm: the CRMSB, which is
given by (Eq. 6.11). The analysis of this metric is rather simple: the lower, the better. Besides, the
interpretation is similar to the CRMSE, meaning that a CRMSB greater than 1 is associated with
bad results; a CRMSB lower than 0.5 is associated with good results. Between these two values, the
results are mitigated.

CRMSB =

√∑nd
i=1

(
yimin − ŷimin

)2
nd

+
∑nd
i=1 (yimax − ŷimax)2

nd
(6.11)
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6.5.2 Influence of the Bayesian formalism

Two strategies are here compared to account for the best way of generating the samples used to
construct a coalescence graph: the first is the fully Random strategy with the approximation of the
real part with the GP; the second is the incremental strategy with the suggested algorithm.

To do so, a rather refined discretisation of the friction coefficient is considered, with 11 values
(which corresponds to an increment of 0.1). The computational budget is set to 220 samples, which
corresponds to p = 7 iterations and q = 6 initial samples per friction coefficient values.

Figure 6.20: Comparison of the output fuzzy set approximation using GP or FuzzBO.

Fig. 6.20 compares the two considered methods. The reference min-max bounds are given in
black line. Fig. 6.20(A) gives the extremum bounds associated with the GP approximation, while
Fig. 6.20(B) those associated with the FuzzBO algorithm.

First, the results with the fully random sampling strategy (GP) are quite interesting. Indeed, even
if some bounds are badly approximated (namely, the maximum bounds for µ = {0.3, 0.4, 1} and the
minimum bounds for µ = {0.7, 0.8}, the approximation of the envelope of the coalescence graph is
pretty fair. The maximum error is, besides, located at a friction coefficient of 1, with a value of 3.17.

Conversely, the results with the adaptive sampling strategy (FuzzBO) are almost identical to
the reference min-max bounds. Indeed, the maximum gap is about 0.86. In addition, the friction
coefficient values where the fully random sampling underestimates the extrema bounds are clearly
well-approximated with the suggested method.
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With regard to the CRMSB values, the FuzzBO algorithm gives a CRMSB value of 0.413 and the
GP approximation generates a CRMSB value of 1.734, showing a clear benefit of using an adaptive
training set for the approximation of the coalescence graph.

6.5.3 Influence of the Bayesian hyperparameter setting

The first test aims at studying the performance of the suggested algorithm with respect to its Bayesian
hyperparameters. The first one is the initial samples size, which controls the initial amount of infor-
mation available for the method to initialise Bayesian optimisation; the second one is the number of
iterations, which controls the amount of samples that the suggested algorithm can add to the training
set T .

Here, four initial samples size are tested: J3; 6K; and four iteration number values are also tested:
J4; 7K. Ten different initialisations are evaluated for the randomly generated training set, to assess the
robustness of the suggested method.

Figure 6.21: Evolution of the CRMSB with respect to the iteration number for different initial
samples number.

Observations

Fig. 6.21 shows the evolution of the CRMSB with respect to the initial samples size and the number
of iterations.

First, the results show that, whatever the setting of the algorithm, the CRMSB is decreasing when
the number of iterations increases. For instance, for 4 initial samples per friction coefficient value, the
CRMSB goes from 1.3 to 0.92. Similarly, for 6 initial samples, the CRMSB goes from 1.38 to roughly
0.9.
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Secondly, as the effect of the number of iterations is clear and simple (the higher, the better),
the effect of the number of initial samples is more mitigated. Indeed, an increase of the number
of initial samples is not correlated with a better approximation of the bounds. For instance, for 4
iterations, the 3 initial samples configuration generates a greater CRMSB than the 4 and 5 initial
samples. Conversely, for 7 iterations, the 6 initial samples configuration provides a worse CRMSB
than the 3 initial samples.

Table 6.13
Mean computational budget spent by the FuzzBO algorithm.

Iterations
Initial samples 3 4 5 6

4 120.9 142.9 164.9 186.9
5 131.9 153.9 175.9 197.9
6 143 165 187 209
7 154 176 198 220

Table 6.13 shows the mean computational budget for each considered configuration. The aim
of this table is to highlight the contribution of the increase of samples with respect to the bounds
approximation precision.

For instance, the CRMSB value associated with (3,7) – where the first digit corresponds to the
initial samples size and the second digit with the iteration number – is roughly 0.92, whereas the
CRMSB of (6,7) is 1.03. Here, in this case, the number of samples generated with the first hyperpa-
rameter values is 154 against roughly 220. On the contrary, the CRMSB value, linked to (6,4), is 1.17
whereas the CRMSB value of (4,4) is 1.34. The final number of samples generated by the FuzzBO
algorithm is respectively 186.9 and 142.9 on average.

Discussions

These observations show that, as with the approximation of output fuzzy sets, an initial increase of
the training set T is needed only if the number of iterations is kept low. Conversely, if the number
of iterations is high, then the initial training set size has to be low to allow better performance of the
algorithm.

In a way, it means that the computational budget has to be spent on increasing the number of
iterations for the suggested algorithm. This result allows a simple control of the computational cost
of the algorithm and the performance of the final approximation of the bounds.

6.5.4 Influence of the interval decomposition

Following the previous observations, the initial number of samples is 3 and the iterations number
is set according to the allocated computational budget. Ten initial training sets are then randomly
generated to assess the performance of the algorithm.
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Table 6.14 gives the number of iterations of the FuzzBO algorithm with respect to the considered
computational budget and the number of µ-values. For the comparison, a focus is particularly made
on three coupling areas: between µ = 0.3 and µ = 0.45, between µ = 0.6 and µ = 0.7 and above
µ = 0.95.

Table 6.14
Iteration number with respect to the true computational budget.

True computational budget nµ = 5 nµ = 11 nµ = 16 nµ = 21
75 8 3 2 1
125 13 5 3 2
200 18 8 5 3
300 28 12 8 6

Observations

Fig. 6.22 highlights the results for each considered scenario. The resulting bounds are projected on
the µ-parameter plan to allow a one-dimensional display of the bounds evolution.
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Figure 6.22: Coalescence graph approximation with respect to the computational budget and the number of µ values.
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On overall, the evolution of the coalescence graph is well approximated, except for two areas: the
minimum bounds of the coupling area located between µ = 0.6 and µ = 0.7; the maximum bounds
of the coupling area located above µ = 0.9. This under performance is especially highlighted for
Fig. 6.22(B) to (D), since they sample more precisely these areas. Conversely, the only remaining
coupling area is well approximated, namely the area located between µ = 0.3 and µ = 0.45.

With regard to the performance of the algorithm, the increase of allocated samples with higher
iteration number provides small improvements of the coalescence graph approximation. Only two
cases show noticeable enhancements: the maximum bounds of µ = 1 and the minimum bounds of
µ = 0.6 for respectively 11 and 16 µ-values.

When comparing the discretisation of the friction coefficient nµ, the results clearly show that this
parameter affects the detection of the coupling areas. For instance, only one coupling area is detected
with five values of µ, while 11 values (or above) cases allow a fine detection of the coupling areas.

Discussions

First, the performance of the algorithm in non-coupling areas are interesting since it allows a good
approximation of the extremities of the coalescence graph. This shows that the Bayesian framework
is clearly able to deal with these problems when the non-linearities are not too important.

Second, with regard to the coupling areas, the performance is different depending on the complexity
of the coupling areas. The first coupling is associated with a rather easy configuration: the third real
part eigenvalue has not been coupled with another frequency yet. Conversely, the other couplings are
more complex, since the considered eigenvalue switches of coupling frequency.

This increase of complexity proves challenging for the FuzzBO algorithm and is linked to a flaw
of the Expected Improvement, already studied in Chapter 5. The Expected Improvement gets stuck
in a local optima and wastes iterations of the algorithm trying to escape from this area of the design
space.

Nonetheless, Fig. 6.20 clearly shows that the suggested algorithm can determine the full bounds
evolution of the coalescence graph. The main difference is that, in this case, the initial training set
is more informative, allowing a better convergence. Conversely, Fig. 6.22 presents the mean bounds
estimation, showing that, on average, the initial training set has a great impact over the performance
of the bounds if compared to Fig. 6.20.

6.6 Chapter outcomes

The purpose of this chapter was to highlight the limitations of the state-of-the-art methods,
used to propagate the uncertainty with the fuzzy set theory. As shown throughout this
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thesis, the evolution of the eigenvalues of a FIV problem are mainly nonlinear. The traditional meth-
ods, namely the RTM and GTM, are known in the literature to perform well when the considered
functions are monotonous. Conversely, these strategies are quite irrelevant for non-monotonous prob-
lems. Moreover, the Transformation Methods (Reduced and Generalised) do not cope well with a
high number of dimensions, since they need many samples to be executed.

To reduce the computational cost of evaluating the considered functions, some authors suggested
approximating the solver with a surrogate model, and then propagate uncertainty with the fuzzy
formalism. Whereas this strategy was shown to be relevant for lightening the computational cost of
the determination of the output fuzzy set, the precision of the approximation may reduce the precision
of the output fuzzy set representation.

Hence, the major proposal of this chapter is to combine the Bayesian Optimisation algorithm
with the fuzzy formalism. To do so, the fuzzy parameters are decomposed along the µ axis in
α-cuts. For each α-cut, two optimisation problems are solved: one for the minimisation and one for
the maximisation; to determine the samples which have the highest probability of being the minimum
(resp. maximum) of the considered solver. Then, the Euclidian distance between those samples and
the training set is checked before incrementing it. After a certain amount of iterations, the FuzzBO
algorithm changes the α-cut level and begins once the incrementing of the training set.

The first experiment proposes a comparison between the RTM, the GP modelling and the suggested
FuzzBO algorithm. The results showed that the FuzzBO algorithm improve the approximation
quality of the output fuzzy set. Indeed, the iterative training set succeeds in lowering the area
and support errors to roughly 5%. The static training set, generated by the RTM, performs better
than the fully random training set, with a performance of roughly 15% against 20% for the surrogate
modelling approach. Table 6.15 summarises the different characteristics of the considered methods.

Table 6.15
Performances of the three tested algorithms.

Method Flexibility Computational time Performance
RTM + ++++ ++
GP ++ ++ +

FuzzBO ++++ ++ +++

The second experiment assesses the effect of the Bayesian parameters over the performance of the
FuzzBO algorithm. Two parameters are studied: the number of iterations and the initial training set
size. The results showed that the estimation of the support and area is better if the number
of iterations is high and the initial samples number is kept low by setting it to 1×d, d, being
the dimensionality of the problem. This observation allows controlling the computational budget of
the Bayesian algorithm.

The third experiment tackles the effect of the fuzzy parameter, namely the number of α-cut, to
study the performance of the algorithm for coarser and refined fuzzy sets. The FuzzBO algorithm
provides a good estimation of the support and area for all considered α-cut discretisation.
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On this application, these observations show that the FuzzBO algorithm is clearly compatible with
industrial workflows, where the acceptable computational budget is around 200 to 300 samples, since
it allows a good representativity of the system uncertainties.

Finally, a pairing issue, which may arises when using the FuzzBO algorithm (or any
other parametric study), was studied. This problem was associated with the sparsity of the
samples in coupling areas. A detection criterion was introduced, relying on the definition
of n-coupled modes. Then, one strategy, hinging on this criterion, was proposed. On average,
this new method was successful, but some limitations have been identified. Even if the
removing strategy works well in the majority of scenarios, some final training sets remain challenging
to pair, emphasising that the detection criterion needs to be enhanced. Secondly, the model used
for this application only allowed to study the case of 2-coupled configurations. Thus, a
study on a model with much more degrees of freedom needs to be performed to explore the effects of
n-coupled configurations, when n is greater than 2. Since no reference is available, it is not directly
possible to determine whether the final training set is well-paired. To compensate for the absence
of such a reference, an additional step is considered: namely, a comparison between the traditional
pairing and the removal strategies. If this comparison shows that the pairing results are different, then
the removal strategy has to be considered; however, if the results are similar, then the pairing results
of the traditional strategy is kept. Other solutions involving iterative pairing – first, the 0-coupled
configurations are paired; then, the 1-coupled configurations and so on – were investigated, but have
not produced relevant results at the time. Nonetheless, it would be interesting to pursue this research
to better tackle this pairing issue and integrate the removed samples.

Then, a particular application of the algorithm to approximate the coalescence graph is proposed.
The aim is to assess the efficiency of the suggested algorithm with regard to the coalescence
graph. The first experiment associated with this application showed that the FuzzBO algorithm is
a relevant alternative to random sampling strategy with GP. Then, a sensitivity analysis toward the
hyperparameter setting was investigated, and the results emphasised that an initial increase of the
training set is only needed when the number of iterations is low, as with the approximation of the
output fuzzy sets. Finally, the last experiment has brought to light that considering only the
friction coefficient as a fuzzy parameter inevitably leads to difficulty to approximate the
coupling areas. These results showed that the initial training set information has a great impact on
the convergence rate.





Conclusions and outlooks

Conclusions

All the works which were carried out throughout this research focused on the developpement of new
numerical methods to provide a panel of strategies to handle uncertainty and optimisation of non-
linear and non-stationary functions, such as those encountered in the FIV problems. Thus, three
objectives were also pursued.

• The precision of the solution;

• The low cost of the solution;

• The efficiency of the uncertainty propagation step.

The first chapter focused on positioning this research with respect to the literature. The traditional
and more recent deterministic methods to determine the eigenvalues of a brake system were reviewed.
In addition, a focus about the approximation strategies (ROM and surrogate), which are nowadays
integrated in uncertainty propagation step, is proposed.

The second chapter considered the QEP which is used to determine the eigenvalues in the FIV
ones problem. The most commonly used strategy hinges on a projection on a subspace composed of
the normal modes of the conservative problem. Whereas this strategy provides good results in practice
for most problems, this strategy is not optimal in FIV ones since the asymmetric contributions (due to
the frictional contact) are not integrated in the subspace. Hence, a new strategy, based on homotopy
subspace, incremented with modes computed from the asymmetric contributions, is suggested. The
results showed an increase of precision on the computation of the eigensolutions of the system. In
addition, the suggested method allowed a stabilisation of the eigensolutions values of the system.

The third chapter investigated the performance of the surrogate modelling strategy to reduce the
computational cost of the solver. Three surrogate models – the GP, the DNN and the DGP – were
studied on non-linear functions. The results emphasised that the GP performs well, but exhibits
deceptive predictions for peculiar sample distributions. Interestingly, the use of deep structures can
help capturing the complex evolution of these functions and overcoming the deceptive GP predictions.
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Nonetheless, for the DNN, many architecture configurations have to be tested to find the most suitable
one. Similarly, the precision improvement given by the use of the DGP may not be computationaly
interesting, since the time cost of inference process is currently important. Nonetheless, the DGP
can be helpful in handling abrupt evolutions, due to the decomposition of the complexity in the deep
structure.

The fourth chapter adressed the predictivity issue of the GP emphasised in the previous chapter.
This issue, denoted as deceptive, was clearly formulated and showed to be dependent on the sample
distribution. Moreover, it was emphasised that an increase (or a decrease) of the samples on which
the surrogate is built does not necessarily correct the issue. Then, a detection criterion was derived.
From this criterion, a new strategy to overcome the deceptiveness issue was proposed. The results
showed that this strategy was efficient to correct and restore the predictivity of the GP on a large
benchmark of non-linear and non-stationary functions.

The fifth chapter highlighted an issue with the traditional BO strategy, which hinges on the EI.
This issue typically occurs when the studied function owns large attractive local minima and causes
the algorithm to be stuck in these local minima. Thus, multiple new samples are needed to escape from
these optima. Consequently, the convergence of the algorithm is slowed down and the computational
budget to determine the global optimum increases. A new strategy was then suggested to overcome
this issue by using multiple acquisition functions, namely the EI and the Variance in this research.
The results showed that a multi-infill process and an extraction of the new promising samples from
the Pareto front allow reducing the number of samples needed to converge toward the global optimum
greatly.

The sixth chapter considered the problem of uncertainty propagation with expensive non-linear
functions, described with a fuzzy formalism. The most common way to deal with these problems is
to use combinatorial methods, especially the Transformation Method family. Whereas this type of
strategies is particularly suited for weak non-linear functions, it was shown to produce non-optimal
evaluations of the membership functions due to static combinatorial training set. Hence, the strategy
proposed in this chapter relies on an adaptive combinatorial training set, created with the BO strategy,
to allow handling the uncertainty propagation for non-linear functions. The results guarantee a
building of the fuzzy output membership functions with a higher precision. In addition, the suggested
method is more computationally attractive than the traditional combinatorial methods.

This research has thus allowed to mitigate some scientific locks related to the objectives fixed at the
beginning of these works. The HOPEP method, suggested in the chapter 2, increased the precision
on the computation of the eigensolution of the system, as well as the confidence about the results.
For the ADT strategy, described in the chapter 4, it counterbalanced the deceptive predictions of
the GP, used to approximate the eigensolutions of the problem, allowing a better estimation of these
quantities.
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With regard to the low cost of the solution, the comparison of the surrogate models, carried
in the chapter 3, allowed to deduce the most fitting method to reduce the cost of the solver. The
MIBO strategy, presented in the chapter 5, also proved to reduce the estimation cost of the solution
by providing a faster way to determine the global optimum of the considered solver.

Finally, the FuzzBO algorithm, introduced in the chapter 6, allows a clear reduction of the com-
putational cost to estimate the solutions and an efficient way to propagate uncertainty.

Outlooks

Direct improvements of these research works

Some extensions to the different studies developed in this research can obviously be carried out. First
of all, the HOPEP algorithm, which was here applied to a single parametric scenario, can be generalised
to a multi-parametric scenario as shown in [84]. To reduce the computational cost of carrying out
multiple evaluations of different parameter values, the authors suggested updating the projection basis
with homotopy eigenvectors computed from specific parameter values. This method has proven to be
efficient in estimating the eigensolutions of a FE model with a great number of degrees of freedom for
the resolution of the LEP. Hence, an extension of these works to a multi-parametric FIV study would
be interesting to investigate the performance of the suggested method.

Recently, Tu et al. [235] used the homotopy perturbation method with a kriging surrogate model
to compute the eigensolutions uncertainties of an additively manufactured lattice structure model
subjected to linear buckling loads. The surrogate model was used to approximate the participation
factors associated to the reduction technique, computed using the Homotopy Perturbation Method.
Hence, a coupling of the GP with the HOPEP algorithm would be interesting to investigate. Two
strategies can be identified: for the first one, the eigensolutions, computed with the HOPEP algorithm,
could simply be approximated with a GP to reduce the computional cost of the multi-parametric study.
The second strategy, more intrusive, would rely on the approximation of participation factors for each
complex modes. This way is comparable to recent works performed by Denimal et al. [90] on the
integration of GP in Polynomial Chaos Expansion (PCE).

For the BO algorithm, two main improvements could be brought to this research. First of all,
Sadet et al. [236] showed that the deceptiveness of the GP can affect the performance of the algorithm
convergence by increasing the number of iterations needed to find the global optimum. This observa-
tion has only been made on the Xiong’s function, and an extension of this communication would be
interested to pursue for other non-linear functions. With regard to the MIBO strategy, only one type
of clustering strategies was investigated, namely the K-Means. The Pareto front of such problems
was shown to be piecewise continuous, and the K-Means method produced candidates in the same
areas of the objective space. Hence, other strategies as density-based [208] or hierarchical clustering
methods [209] could be investigated to generate samples in other areas of the piecewise Pareto front.
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Finally, for the FuzzBO algorithm, it would be interested to investigate the performance of the
Multi-Infill Bayesian Optimisation strategy for the uncertainty propagation step. In this research,
only the traditional method was investigated as preliminary tests with EI and segmentation of the
design space, not shown in this sequel, showed interesting results in preventing the EI from being stuck
in local minima. Nonetheless, the suggested algorithm in the last chapter still seemed to struggle with
the estimation of the last α-cut bounds, by being stuck in a local minimum. By a lack of time, the
MIBO strategy has not been applied for this problem, but as this method showed interesting results at
escaping local minima, applying it could improve the efficiency of the FuzzBO algorithm. In addition,
other strategies for the pairing of the eigensolutions in the case of fuzzy α-cut would be interesting
to investigate to allow keeping the pathological configurations. As the pairing procedure does not
succeed in pairing them correctly, these configurations cannot be directly taken into account. For
instance, evaluations of new configurations at the vicinity of these configurations could allow pairing
them correctly. The main complexity would be to define a criterion which allows selecting only
configurations that are sufficiently close to those pathological ones, close to well-paired configurations
and also not twice-coupled.

Future extensions of this thesis works

This last section focuses on the future extensions of these thesis works. Indeed, the new suggested
methods allow exploring new scientific opportunities. First, the suggested methods could be applied
to a squeal problem where the instabilities of an industrial FE model of a brake system is considered.
This would allow proving the efficiency of this thesis works in reducing the computation cost of the
multi-parametric study. In addition, these methods could be applied to the work of Tison et al.
[41], where the contact interface would be modelised by random fields. Indeed, the topographical
uncertainty seems to be a key parameter to understand the evolution of instabilities in FIV problems.

For the uncertainty propagation strategy, a coupling of the BO algorithm with the PCE could
be investigated to improve the organisation of the training sets and certainly reduce the number of
samples needed to perform a good approximation. Indeed, the issue of the training set definition,
discussed in the sixth chapter for the FuzzBO algorithm, is also present for the PCE.

Finally, a complete study involving a reliability analysis or an optimisation under uncertainty
could be carried out to highlight the performance of the suggested FuzzBO strategy.



Appendix A
New benchmark functions suggested in

this research

This appendix gives some information (general aspect of the function, location of the minimum,
non-linearity, equation) about the new benchmark functions used throughout this thesis.

1.1 Function n◦ 1

This function is based on the Xiong’s function and is defined by (Eq. A.1) for x ∈ [0; 1] × [0; 1]. The
function was constructed to introduce a linear decreasing dimension while keeping the evolution of
the Xiong’s function on the first dimension. This function aim is to study the performance of the
suggested methods in the case of the weakest non-linear behaviour in the second dimension. Indeed,
a decreasing dimension usually helps the optimisation algorithm to converge.

f(x) = −0.5
(
sin
(
40 (x1 − 0.85)4

)
cos (2.5 (x1 − 0.95)) + 0.5 (x1 − 0.9x2) + 1

)
(A.1)

The figures A.1(A) and (B) respectively show the overall behaviour of the function and a contour
plot where the minimum of the function is positionned.

The minimum is positionned in the same x1 as for the Xiong’s function and is equal to -0.833.
Nonetheless, two large attractive minimums are located around (x1, x2) = (0.5, 0) and (x1, x2) =
(1, 0), which causes the traditional optimisation algorithms to struggle to find the global minimum.
In addition, the minimum is located in a narrow valley of the function, complexifying the problem.

173



Appendix A. New benchmark functions suggested in this research 174

(a) Overall evolution (b) Contour plot

Figure A.1: Characteristics of the function n◦ 1

1.2 Function n◦ 2

This function is also based on the Xiong’s function and is defined by (Eq. A.2) for x ∈ [0; 1] × [0; 1].
The function was constructed to introduce a quadratic dimension while keeping the evolution of
the Xiong’s function on the first dimension. This function aim is to study the performance of the
suggested methods in the case of a higher non-linear behaviour in the second dimension. The quadratic
dimension greatly complexifies the optimisation problem to solve.

f(x) = sin
(
20 (x1 − 1)4

)
+ cos4 (x2 − 0.8) −

(
x1 − 7

6x2

)2
+ 1

2 (x2 − 0.8)3 (A.2)

The figures A.2(A) and (B) respectively show the overall behaviour of the function and a contour
plot where the minimum of the function is positionned.

(a) Overall evolution (b) Contour plot

Figure A.2: Characteristics of the function n◦ 2

The minimum is equal to -1.352. As for the previous function, two large attractive minimums
are located around (x1, x2) = (0.5, 0) and (x1, x2) = (1, 0), which causes the traditional optimisation
algorithms to struggle to find the global minimum. In addition, the minimum is also located in a
narrow valley of the function, causing a higher complexity of the optimisation problem.
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1.3 Function n◦ 3

This function is a polynomial and is defined by (Eq. A.3) for x ∈ [0; 5] × [1; 5]. The function is rather
simple compared to the two other functions. This function aim is to highlight the effect of the influence
of the large attractive minimums.

f(x) =
(
x2 − 3107

333 x1 + 2839
230 x

2
1 − 569

859x
3
1 − 2850

1097x
4
1 + 659

805x
5
1 − 177

2479x
6
1

)
x2

2 (A.3)

The figures A.2(A) and (B) respectively show the overall behaviour of the function and a contour
plot where the minimum of the function is positionned.

(a) Overall evolution (b) Contour plot

Figure A.3: Characteristics of the function n◦ 3

The minimum is equal to -1.189. As for the previous functions, two large attractive minimums are
located around (x1, x2) = (0.12, 0) and (x1, x2) = (0.79, 0), which causes the traditional optimisation
algorithms to struggle to find the global minimum. In addition, the minimum is also located in the
edge of the design space, which has shown to be quite difficult to handle with the traditional BO
strategies.





Appendix B
Analytical forms of the ELBO equation

(Eq. 3.22)

2.1 Derivation of the expectation of the likelihood in ELBO for a
Gaussian likelihood

The expectation of the evidence given the distribution of ϵLs is given by for a Gaussian likelihood.

E(ϵLs )

[
log

(
f(ys|HL

s )

)]
= −1

2 log(2π) − 1
2 log

(
σ2
n

)
− 1

2

(
(ys − µ̃s) + Σ̃s

σ2
n

)
(B.1)

where µs and Σs correspond to propagation of a vector x ∈ D through the layers of the DGP.

2.2 Derivation of the Kullback-Leibler divergence in ELBO

For the ℓth layer, the Kullback-Leibler divergence is given by (Eq. B.2).

DKL

(
q(Uℓ)||f(Uℓ)

)
= 1

2

n∑
i=1

log
(
det
(
CHℓ,Hℓ

))
) − 1

2

n∑
i=1

log
(
det
(
Σ̃ℓ
))

)

− n

2 + 1
2trace(C−1

Hℓ,HℓΣ̃ℓ) + mℓTCHℓ,Hℓmℓ

(B.2)
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Abstract

The automotive squeal is a noise disturbance, which has won the interest of the research and industrialists
over the year. This elusive phenomenon, perceived by the vehicle purchasers as a poor-quality indicator, causes
a cost which becomes more and more important for the car manufacturers, due to client’s claims. Thus, it is all
the more important to propose and develop methods allowing predicting the occurring of this noise disturbance
with efficiency, thanks to numerical simulations.

Hence, this thesis proposes to pursue the recent works that showed the certain contributions of an integration
of uncertainties into the squeal numerical simulations. The objective is to suggest a strategy of uncertainty
propagation, for squeal simulations, maintaining numerical cost acceptable (especially, for pre-design phases).
Several numerical methods are evaluated and improved to allow precise computations and with computational
time compatible with the constraints of the industry.

After positioning this thesis work with respect to the progress of the researchers working on the squeal
subject, a new numerical method is proposed to improve the computation of the eigensolutions of a large
quadratic eigenvalue problem. To reduce the numerical cost of such studies, three surrogate models (gaussian
process, deep gaussian process and deep neural network) are studied and compared to suggest the optimal
strategy in terms of methodology or model setting. The construction of the training set is a key aspect to insure
the predictions of these surrogate models. A new optimisation strategy, hinging on bayesian optimisation, is
proposed to efficiently target the samples of the training set, samples which are probably expensive to compute
from a numerical point of view. These optimisation methods are then used to present a new uncertainty
propagation method, relying on a fuzzy set modelisation.

Keywords : Structural dynamics, Squeal, Surrogate modelling, Reduced Order models, Optimisation, Un-
certainty

Résumé

Le crissement automobile est une nuisance sonore qui intéresse à la fois les chercheurs et les industriels.
Ce phénomène fugace, perçu par les acquéreurs de véhicule comme gage de piètre qualité, induit un coût de
plus en plus important pour les équipementiers automobiles dû aux réclamations-client. Par conséquent, il est
primordial de proposer et développer des méthodes permettant de prédire avec efficacité l’occurrence de cette
nuisance sonore grâce à des modèles de simulation numérique.

Ainsi, cette thèse se propose de poursuivre les récents travaux montrant l’apport certain d’une intégration
des incertitudes au sein des simulations numériques de crissement. L’objectif est de proposer une stratégie de
propagation d’incertitudes pour des simulations de crissement en maintenant des coûts numériques acceptables
(en phase d’avant-projet). Plusieurs méthodes numériques sont évaluées et améliorées pour permettre des
calculs à la fois précis et dans des temps de calcul compatibles avec les contraintes de l’industrie.

Après avoir positionné ce travail de thèse par rapport aux avancées des chercheurs travaillant sur la thé-
matique du crissement, une nouvelle méthode d’amélioration des solutions propres d’un problème aux valeurs
propres complexes est proposée. Pour réduire les coûts numériques de telles études, trois modèles de substitu-
tion (processus gaussien, processus gaussien profond et réseau de neurones profonds) sont étudiés et comparés
pour proposer les stratégies optimales que ce soit en termes de méthode ou de paramétrage. La construction
de l’ensemble d’apprentissage est un élément clé pour assurer les futures prédictions des modèles de substitu-
tion. Une nouvelle stratégie/méthode d’optimisation exploitant l’optimisation bayésienne est présentée pour
cibler idéalement le choix des données de l’ensemble d’apprentissage, données potentiellement coûteuses d’un
point de vue numérique. Ces méthodes sont ensuite exploitées pour proposer une technique de propagation des
incertitudes selon une modélisation par sous-ensembles flous.

Mots clés : Dynamique des structures, Crissement, Modèles de substitution, Réduction de modèles, Opti-
misation, Incertitudes.
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